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The pu-Camassa—Holm (uCH) equation is a nonlinear integrable partial differential equation closely
related to the Camassa—Holm and the Hunter—Saxton equations. This equation admits quadratic
pseudo-potentials which allow us to compute some first-order nonlocal symmetries. The found
symmetries preserve the mean of solutions. Finally, we discuss also the associated uCH equation.
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1. Introduction

In this paper, we study the pCH equation, which was derived recently in [12, 16] as
w(ug) — Uppy = —2p(w) Uy + 2UgUspy + Ulhggy, (1.1)

where u(x,t) is a spatially periodic real-valued function of time variable ¢ and space variable
re St =100,1), u(u) = fol udz denotes its mean. The uCH equation describes the propaga-
tion of weakly nonlinear orientation waves in a massive liquid crystal with external magnetic
field and self-interaction. In this form the uCH equation appears as the geodesic equation
on the diffeomorphism group of the circle corresponding to a natural right invariant Sobolev
metric.

By introducing m = Au = p(u) — uze, where A := p — 02 is the inertia operator (0
stands for %), Eq. (1.1) becomes

my = —umg — 2mu,, m = u(u) — Ugy. (1.2)
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The uCH equation is closely related to the Camassa—Holm (CH) equation [1, 6] with
A=1-09?

Ut — Upgw + SUUy = 2UpUpy + Ulpra (1.3)
and to the Hunter-Saxton (HS) equation [11] with A = —§?
Utz = 2UpUpy + Ulpps .- (1.4)

Similar to its relatives (1.3), (1.4) the uCH equation is a model for wave breaking, that
is, it admits smooth solutions which break in finite time in such a way that the wave remains
bounded while its slope becomes unbounded [12]. The uCH equation also admits peaked
solutions (peakons): for any c¢ € R, the peakon u(z,t) = cp(z — ct), where

o(z) = %(12:132 +23), forz € [-1/2,1/2] (1.5)

and ¢ is extended periodically to the real line, is a solution to (1.1). It is proven in [2] that
the periodic peakons of the uCH equation are orbitally stable in H!'(S').

The uCH equation is also well-posed (see [12]). This equation enjoys other geometric
descriptions [7], for example, it is geometrically integrable. Moreover, its Kuperschmidt
deformation is also geometrically integrable [4].

The uCH equation is formally integrable (see Sec. 2) and bi-Hamiltonian. Let us define
the Hamiltonians

1 1
Hy = 5 /umdac, Hy = / <,u(u)u2 + §uu§> dz. (1.6)

Then, Eq. (1.2) can be presented as

0H> 0H,
=Bl —==_p— 1.7
my Sm. Sm. ) ( )
where B! = 04 = —03, B> = m0 + Om are the two compatible Hamiltonian operators.
In fact, there exists an infinite sequence of conservation laws H,[m],n = 0,4+1,+2, ...,

such that

0H, 0H,, _
1 no_ 2 n—1
B om =5 om

the first few of them in the hierarchy are Ho, H; given above and

m

1 2
H(] :/mdx, H_l :/\/ﬁdaz, H_2 = —E/mS/zdx. (18)

Note that
Hy = /mdx = /(u(u) — Ugg)dr = p(u). (1.9)
Then u(uy) = 0 on solutions to the uCH equation — this fact can be seen also if we integrate

both sides of Eq. (1.1) over the circle and use the periodicity. This implies that the mean
of any solution u is a constant in time and hence is completely determined by the initial
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condition [12]. This fact is crucial for the calculations in Secs. 3 and 4. Then, Eq. (1.1) can
be written in the form:

Utz = —20(U) Uz + 2UgtUspy + Ul (1.10)

just as it is introduced in [12] under the name pHS equation.

There is a lot of activity in extending the CH, HS and pCH equations to multi-component
ones recently. In [22] the authors consider the geometric integrability of two-component CH
and HS systems. They also obtain a class of nonlocal symmetries for these systems. In
[26] the author proposes a two-component generalization of the pCH equation. Then he
shows that this generalization is a bi-hamiltonian Euler equation and can be viewed as a
bi-variational equation. In [13] the author studies the periodic u—b equation which contains
the uCH equation for b = 2 and p Degasperis—Procesi equation for b = 3, respectively. Then
the author shows that the yu — b equation can be realized as a metric Euler equation on
Diff*°(S1) if and only if b = 2 i.e. for the uCH equation.

Let us mention also the paper [24] where the authors introduce the multi-component
Hunter—Saxton and pCH systems. They show that these multi-component systems are geo-
metrically integrable. For the three-component CH and HS systems they find nonlocal
symmetries depending on the pseudo-potentials.

The paper is organized as follows. Section 2 contains some facts around the notion of a
scalar partial differential equation describing pseudo-spherical surface. Then the pseudo-
spherical character of the puCH equation is recalled. A quadratic pseudo-differential is
presented. In Sec. 3, we first review the theory of nonlocal symmetries of partial differ-
ential equations. We follow mainly [10]. The more detailed description can be found in
Krasil’shchik and Vinogradov [14, 15] (see also [19]). Another point of view can be seen
in [5] where higher degree potential symmetries are introduced which lead to nonlocal
conservation laws and nonlocal transformations for the equations. Then we give nonlocal
symmetries for the pCH equation. We consider only symmetries which preserve the mean
of solutions, because they are found in a simple way. In the general case, one has to solve an
integro-differential equation for the characteristic of the symmetry. The general approach
for finding symmetries of nonlocal equations is given by Zawistowski [25]. In his approach
there is no need in introducing nonlocal variables, so it is different from the approach taken
in this paper. The Zawistowski’s approach naturally leads to the solving of a system of
integro-differential equations for the coefficient determining the generator of the symmetry.

In Sec. 4, we first discuss the existence of other symmetries, different from those found
in Sec. 3. Then the associated pnCH (AuCH) equation is introduced by analogy. The Lie
algebra of nonlocal symmetries for AuCH is presented and an one-parameter family of
solutions is given.

2. The pCH Equation and Pseudo-Spherical Surfaces

In this section we recall some definitions and facts about the equations of pseudo-spherical
type. They are introduced by Chern and Tenenblat [3]. One can consult, for example [18, 20]
for more details.

Definition 2.1. A scalar differential equation Z(z,t,u, ug,. .., uzmm) = 0 in two inde-
pendent variables x,t, where uzngm = 0"y /(0z"0t"), is of pseudo-spherical type (or, it
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0. Christov
describes pseudo-spherical surfaces) if there exist one-forms w® # 0
w = for(z, t,u, .. ugrp)de + foo(z,t,u, ... Ugsa)dt, a=1,2,3, (2.1)

whose coefficients f,3 are smooth functions which depend on z,¢ and finite number of
derivatives of u, such that the 1-forms @® = w*(u(z,t)) satisfy the structure equations

do' =@ A%, dw? =o' Ae®, do® =o' Ao?, (2.2)

whenever u = u(z,t) is a solution of = = 0.

Equations (2.2) can be interpreted as follows. The graphs of local solutions of equations
of pseudo-spherical type can be equipped with structure of pseudo-spherical surface (see
3, 18, 20]): if @' A @? # 0 the tensor @' ® @' + ©? ® W? defines a Riemannian metric of
constant Gaussian curvature -1 on the graph of solution u(x,t) and @? is the corresponding
metric connection one-form.

An equation of pseudo-spherical type is the integrability condition for a sl(2,R)-valued
problem

dp = Qy,

where € is the matrix-valued one-form

1 2 1,3
Q:de+Tdt:§<w1°iw3 ”_w;"). (2.3)

Definition 2.2. An equation = = 0 is geometrically integrable if it describes a nontrivial
one-parameter family of pseudo-spherical surfaces.

Here, by a nontrivial one-parameter family of pseudo-spherical surfaces we mean that it
is not a constant and further, the parameter cannot be removed via transformations which
preserve the Riemannian structure of the pseudo-spherical surface (see [8] for a discussion).

Hence, if = = 0 is geometrically integrable, it is the integrability condition of one-
parameter family of linear problems 1, = X, = T%. In fact, this is equivalent to the
zero curvature equation

X, — Ty + [X,T] =0, (2.4)

which is an essential ingredient of integrable equations.
Another important property of equations of pseudo-spherical type is that they admit
quadratic pseudo-potentials. Pseudo-potentials are a generalization of conservation laws.

Proposition 2.3 [18]. Let = = 0 be a differential equation describing pseudo-spherical
surfaces with associated one-forms w®. The following two Pfaffian systems are completely
integrable whenever u(xz,t) is a solution of Z =

—2dT = w3 4 w? — 2Tw! + (w3 — w?) (2.5)
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On the Nonlocal Symmetries of the uCH Equation
and
2dy = w3 — w? — 29wt + (WP + W?). (2.6)
Moreover, the one-forms
O=uw'—TW —w?) and 6 =—-w'+yw®+w?) (2.7)

are closed whenever u(x,t) is a solution of = = 0 and I' (respectively 7) is a solution of
(2.5) (respectively (2.6)). 0

Geometrically, the Pfaffian systems (2.5) and (2.6) determine geodesic coordinates on
the pseudo-spherical surfaces associated with the equation = =0 [3, 18].
Now consider the yCH equation (1.2).

Proposition 2.4. The uCH equation (1.2) describes pseudo-spherical surfaces, and hence,
is geometrically integrable.

For validation of the Proposition 2.4 we give the associated with (1.2) 1-forms (see for
example [4, 7]). Note that p(ug) = p(us) = 0 is used since the structure equations are valid
on the solutions to the pCH equation

1 2 1 [n? 1 2]
w1:§ (nm—%+2> d:c+§ _%u—n(ux+um+§> +u(u)—2u+ﬁ_ dt,
w? = ndx + (1 — nu + u,) dt, (2.8)
| n? 1[n? 1 2]
3
— = /) il A - 2 — = | dt.
w 2<nm 5 >dx—|—2_2u n um+um—|—2 + p(u) +2u 77_dt
For the matrices X and T in (2.4) we get
1 2 1 (T T
X == n - C T=- 11 12 ’ (2.9)
2 \nm — 5N 2\To1 —Tn

where

1 2 1
T =1—nu+ ug, T12:2<—u—|—5>, Tglz%u—n<ugj+um+§>+u(u)

(2.10)

Hence, we have a zero curvature representation X; — Ty, + [X,T] = 0 for the system (1.2).
From (2.9) it is straightforward to obtain the corresponding scalar linear problem

Yor = (3m)

1 Uy + MW
Py = <_U_77w+5>¢m+mTM¢a

(2.11)

which coincides with those in [12] upon setting A = 7/2.
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In order to find pseudo-potentials for the uCH equation we denote

1 2 2 1 3 3

Whew = W'y Wheyw = W, W =w".

With these forms the Pfaffian system (2.6) becomes

2

e = =292 — 2y + nm — % (2.12)
2

272 1
2y, = —% + 292w — 29(1 — nu + ug) + [%u - <ux +m+ 5) + ,u(u)] . (2.13)

After some manipulations the above system obtains the form:

772
2y, = —29% — 2y +ym — -,

2
29 = =27 = (27 + )l + ) ~ 2y~ 7.
Applying the transform v — v —1/2 we get
Yo =—7+ gm (2.14)
Ve = —%2 — (yu)z + @ (2.15)

Multiplying the first Eq. (2.14) by —1/7n and then adding the result to the second Eq. (2.15)
we get the following result denoting A = /2.

Proposition 2.5 [4]. The uCH equation (1.2) admits a quadratic pseudo-potential -y,
defined by the equations

_ T =
m= -t (2.16)
22 U
= _% — (yu)g + % (2.17)

where A # 0,m = p(u) — ugyy. Moreover, Eq. (1.2) possesses the parameter dependent
conservation law

1

%:ﬁ

As an application we use pseudo-potential v to obtain some conserved densities for the
1CH equation. One possible expansion of « is

y=Aly 0+ Y AT (2.19)

n=1
Substituting this into (2.14) gives

_ _ e _ 1 mp 1( M )
71_\/7,%7 Y0 = 4m7 7—1_32m5/2+8 m3/2 .
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and the other v_,, are obtained recurrently by

1
V=(n+1) = _ﬁ (Y=n)z + ZV—ﬂj—n , n2>2.

In this way, we can obtain local functionals H_1, H_5 (1.8) and so forth, see also [12].

3. Nonlocal Symmetries for the yCH Equation

Nonlocal symmetries have been studied rigorously by Krasil’schik and Vinogradov [14, 15].
Here we give a brief description of the accompanying notions and facts. Note that there
is a substantial geometry which we do not even present here. We follow mainly [9, 10].
Before starting we recall some usual conventions. The independent variables are denoted
by z%,i = 1,...,n and dependent variables by u®, o = 1,...,m. Partial derivatives with
respect to z’ are indicated with sub-indices. The total derivative with respect z* is denoted
by

D; = axz Z Z qua aa (3.1)

a=1#J>0

where the unordered k- tuple J=(1,---37%),0 < 1,72, . .-, jk < n indicates a multi-index
of order #J = k,u%; = 8:;:1 and Dy = D; Dj,---Dj,.

Definition 3.1. Let N be a nonzero integer or N = oo. An N-dimensional covering 7 of a
(system of ) partial differential equation(s) =, = 0,a = 1,...,k, is a triplet

({7’ 0=1,... N {Xp,b=1,...,N,i=1,....n};{Dsi=1,...,n}) (3.2)

of variables v°-“nonlocal variables”, smooth functions X;;, depending on z*, u®,~? and finite
number of partial derivatives of u®, and linear operators

~ 0
Di=D;+) XibW (3.3)
b=1
such that the equations
Di(Xj) = Dj(Xw), 4,j=1,...,n, b=1,...,N (3.4)

hold whenever u®(z*) is a solution to Z, = 0.

The operators D; satisfy D;(7") = X, and these equations are compatible due to (3.4).
Since we expect that on solutions to the system =, = 0 the total derivatives D; become
usual partial derivatives, the equations

P
ozt

= Xa (3.5)

have to be satisfied on the solutions u®(z*) of Z, = 0. These compatible equations give the
relations between u® and new dependent variables 4*. Conversely, a set of equations of the
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form (3.5) which are compatible on solutions to the system =, = 0, determines a covering
7 = (7°, Xs, D;) where the differential operators are defined as in (3.3).
We define the nonlocal symmetries as follows

Definition 3.2. Let Z, = 0,a = 1,...,k be a system of partial differential equations,
7 = (7%, X3, D;) be a covering of Z, = 0. A nonlocal 7-symmetry of Z, = 0 is a generalized
Symmetry

o, 0 p O
X = b — R—— —
TS DR W
of the augmented system

P
Ozt

— X (3.6)

Hence, in order to find nonlocal symmetries, we can proceed as in the local case consid-
ered, for example, in Olver [17] We need to check the conditions [15, 17]

_ 0y’
prX(E,) =0, and prX i X =0 (3.7)
in which
0 p O
prX=X+) djao+) Yo7
az; ou§ bZ; 873
and

¢3 = D, (df‘ - Z&’ﬁ) +2_ G ¢y =Dy (sob - Zf’%’) + 2 €

As elaborated in [17, Chap. 5], it is enough to consider “evolutionary” vector fields X of
the form:

m a N a
X = § GY § HY . .
= oue + ot oyP (3:8)

Using this form of the vector field X the symmetry conditions (3.7) can be transformed
further (see [9, 10]). Note that the nonlocal symmetries send solutions to the system Z, = 0
into the solutions of the same system.

We now examine the nonlocal symmetries of the pCH equation (1.10) considered as
a system of equations for the variables m and w, namely (1.2). We search the nonlocal
symmetries that preserve the mean of solutions, that is, the integral p(u) = [ udx remains
the same constant after the action of any symmetry on a solution.

We have already found a pseudo-potential v in (2.16) and (2.17), given by

=\ _2’ :<% b ) 3.9
Yo =Am =%, v 5 Ty ) (3.9)

1250025-8 418
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Let § be the potential defined via compatible system of equations

0p =7, O =—+—<—uy. (3.10)

Proposition 3.3. The evolutionary vector field

V = Gl2 + G2i = ’7626& — A(mg + 4?71’)/)62‘s g

Ou om ou om’ (3.11)

is a nonlocal symmetry for the wCH equation (1.2).

For the proof of this proposition we need to explore only the first part in the symmetry
conditions (3.7). Then a long, but straightforward computations give the result.

Following [9, 10, 18], we note that Proposition 3.3 simply says that the infinitesimal
variations of v and m along the flow of the vector field V' are given by

uy =€, my = —\(mg + 4my)e?, (3.12)

where 7 is the parameter along the flow and for each solution u(x,t),m(x,t) of the pCH
equation (1.2), the deformed u(z,t) + Tu,(x,t) and m(x,t) +7m.(x,t) satisfy (1.2) to first-
order in 7. Note that as u and m move along the flow of V', so do 7y and 4. Hence, in order
to find the flow of V' we need to find their variations with respect to V.

Let us consider the potential § determined by the compatible system of equations

2
Be =me®, B = <;7 - um> e®. (3.13)
The system of Eqs. (3.9), (3.10) and (3.13) allow us to define a three-dimensional covering
7 of the pCH equation (1.2) with the nonlocal variables v, and (3.

Theorem 3.4. The following vector fields are the first-order generalized symmetries for
the augmented pCH system (1.2), (3.9), (3.10) and (3.13), which preserve the mean of the
solutions to the pCH equation (1.2)

Wy = —ut% + (mau + Qmux)f)im - [@ + 72 <u — %) — YUy — )\um] %
(B L) g () (314)
Wg:ux%+mx8im+(/\m—v2)%+vg+me%%, (3.15)
Wi = % + 2ﬂ%, (3.16)
W, = %, (3.17)
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0 0 0
26 26 2,26
Ws = — = «+4 —_ — —
5=7¢" o A(m my)e — A“me 5
—223= — (Ame® 4+ \26%) =, (3.18)
00 0B

Consequently, these vector fields are nonlocal symmetries of the pnCH equation (1.2).

Again, the proof of Theorem 3.4 is a straightforward computation (see a comment on
the availability of other symmetries at the beginning of the next section).

Corollary 3.5. The five nonlocal symmetries (3.14)—(3.18) generate a Lie algebra L and
their commutators are presented in Table 1.

Remark 3.6. If we introduce the vector fields h := —Wj,e = %W4,f = —%W5, we
find that the commutators [h,e] = 2e, [h, f] = —2f,[e, f] = h, i.e. e, f,h generate a copy
of sl(2,R). Therefore, £ is isomorphic to the direct sum of si(2,R) and the Abelian Lie
algebra, generated by Wi and Wh.

Remark 3.7. Note that W; and Wy are merely the generators of the shifts with respect
to the independent variables — they are % and —8%, respectively.

Next we study the flow of the vector field (3.18). We take it because the others are
simpler — W and W5 correspond to translations with respect to ¢ and z, respectively, and
W3 and W,y do not involve the main variables v and m. Let again 7 be a parameter along
the flow, so the governing equations are

% e, (3.19)
%—T =—-A <%—ZL + 4mv> e, (3.20)
% = —A2me®, (3.21)
% = —\23, (3.22)
g_f = —me® — N3, (3.23)

Table 1. The commutation table of 4CH nonlocal
symmetry algebra.

Wy Wy W3 Wy Wi
Wi 0 0 0 0 0
Wo 0 0 0 0 0
Ws 0 0 0 —2W, 2Ws
Wy 0 0 2Wy 0 —2\2Ws
Ws 0 0 —2Ws  A’Ws 0

1250025-10 420
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with initial conditions

u(z,t,0) =ug, m(x,t,0)=mg, ~(z,t,0) =29, (x,t,0)=70, [B(z,t,0)= [
(3.24)

in which ug(z,t), mo(x,t),v0(x,t), do(x,t) and Gy(x,t) are particular solutions to (1.2), (3.9),
(3.10) and (3.13).

We can obtain from the general theorems on existence, uniqueness, and regularity of
solutions to symmetric hyperbolic quasi-linear systems such as (3.19)—(3.23) (see Taylor
[23, Chap. 16]) that if we start with initial data

ug(x,t), mo(x,t), ~olz,t), do(z,t), Polx,t) (3.25)

belonging to the Sobolev space H*(S1), with k > 3/2, then the system (3.19)-(3.23) with the
initial conditions (3.24) has solutions u(x,t,7), m(z,t,7),v(x,t,7),0(x,t,7) and ((z,t,7)
on an interval I, 7 = 0 € I, belonging to L (I, H*(S))N Lip(I, H*~*(S')). The local
solutions u(x, t,7), m(x,t,7), y(z,t,7),0(x,t,7) and B(x,t,7) are smooth provided that the
initial data are smooth. Moreover, if we start with smooth initial conditions (3.25), globally
defined for z € S!, we can find (at least for small values of 7) families of solutions to the
uCH equation also globally defined for z € S*.

Our aim is to obtain explicit formulas for the functions wu(z,t,7), m(z,t, 1),
v(z,t,7),0(x,t,7) and [(z,t, 7). Similarly to the case of the CH equation [9, 10, 18], we
have the following proposition.

Proposition 3.8. If the variables m and u are related by (1.2), the functions 7,6, are
defined by the Egs. (3.9), (3.10), (3.13) and m,~,0,3 satisfy Egs. (3.20)(3.23), then u
satisfies (3.19).

Proof. We compute the derivative (3, using (3.13), (-; using (3.23) and simplify the
obtained expressions using (3.9), (3.10), (3.13) and (3.20)—(3.23). The result is intuitively
clear since the operator A = p — 62 is invertible [12]. O

Therefore, we can restrict ourselves to the projection of (3.18) on the space of m,~,§
and (3.

0 0 0 0
Wpr = —A(m, + 4m’y)e25% — /\Zme%% - /\2ﬂ% — (Ame® + /\ZﬂQ)% (3.26)
or we study the Eqgs. (3.20)—(3.23) with initial conditions
m(x,t,0) =mo, ~(x,t,0) =79, 0(x,t,0) =7, [zt 0)=_/Sp. (3.27)

As in [10] we change the independent variables 7,2 with the variables £ = 7,1 = n(7, ),
subjected to the conditions

n(r=0,z)=xz, n= — e, (3.28)

Then after simplifying the resulting equations with the expressions for v,, d,, 5, from (3.9)
(3.10) and (3.13), we get

aom -
8—7' = —4)\7’77,(7', 77)’)/(7-7 77)625( 777)7 (329)
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oy _ 2 _26(tn)

5, = ~(Tm)7e T, (3.30)
o)

5 = Ay (7, m)eX ™M — X28(r, ), (3.31)
op 2 2

LA .32
= X6, (3.2)

together with (3.28), which is equivalent to

Oz

5= Ae20(Tm) (3.33)

The following Proposition provides the explicit solution of the above system (note that 7
appears here as a parameter).

Proposition 3.9. The initial value problem (3.29)—(3.33), with initial conditions my =
m(0> n)a Y = V(Oa 77)7 50 = 5(07 n)a ﬂO = ﬁ(0> 77) and Zo = x(oa 77) =1, has the solution

1+ 7(A2f0 — Myoe®) 1"
m =

1+ A2G7 ma, (3.34)
Y= — Avﬁe%m, (3.35)
§ =60 — In(1+7A*By — TAy0e™™), (3.36)
=1 +§gﬁ07’ (3:37)
x=n+ A (3.38)

14 7A28) — TAype2d’

Corollary 3.10. Let ug(z,t) be a solution of the uCH equation. Then the solution u(x,t,T)
to the initial problem

?)_1; = V(a:,T)e%(x’T), u(z,t,0) = ug(x,t), (3.39)

in which y(x,t,7) and 0(x,t,7) are determined by (3.35), (3.36) and (3.38), is a one-
parameter family of solutions to the pnCH equation (1.2).

Remark 3.11. The formulas of the above type are used in [10] and [19] for computation
of explicit particular solutions to the CH equation and the Kaup—Kupershmidt equation,
respectively. Let us recall that the solutions of the pCH equation are periodic by its defini-
tion. The trivial solution and the constant solution do not give much. The next in order of
complexity smooth periodic solutions are the traveling waves [12]. They are expressed via
elliptic functions. This makes the calculations in applying the above formulas and Corol-
lary 3.10 very difficult. Anyway, the derivation of the formulas (3.33)—(3.37) is not in vain.
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They can be used to construct a Darboux-like transformation for the yCH equation. The
construction is completely similar to the one appearing in [9, 10], so we omit it.

4. Discussion

In this paper, we use the approach from [10] to compute some first-order nonlocal sym-
metries for the pCH equation. Only symmetries that preserve the mean of solutions are
considered. It is needed to point out that we do not find all nonlocal symmetries, since they
depend essentially on the possibility to construct nonlocal variables and the corresponding
equations. There exist other symmetries for certain. Here is an example of a symmetry
which do not preserve p(u) (kindly provided by the referee)

rT—x, t— —, U TU,
T

where 7 is a parameter. Then the pCH equation is invariant. However, this symmetry cannot
be extended to a symmetry for the augmented pCH system (1.2), (3.9), (3.10) and (3.13).

It may be interesting to see another object connected with the pCH equation. Recall
that the so called associated Camassa—Holm (ACH) equation is introduced by Schiff [21].
Let us give by analogy the associated pu-Camassa—Holm (ApuCH) equation. Define

p=+m, dy=pdxr—pudt, dI =dt (4.1)

and replace in Eq. (1.2). Note that this change of variables is justified since if m(0) is
positive, then m(x) > 0 as long as u(x,t) exists (see [12] for the proof). One finds

2

pr p

pr=—puy, —p <—> + 5 = p(w). (4.2)
p Yy

This is the analogue of the ACH equation — the associated p-Camassa—Holm (ApuCH)
equation. It is not clear yet whether this equation is of use. Nevertheless, our aim is to
study nonlocal symmetries of the AyCH equation. First of all, we transform the equations
for 7,6 and 3 (3.9), (3.10) and (3.13) using (4.1).

Proposition 4.1. The AuCH equation (4.2) admits a pseudo-potential v and potentials
0, B determined by the compatible equations, respectively

Ap Y plu) o
=5 = oy — 4.
WE T T 5 oy DUy (4.3)
0l puy Y
Oy =—~, op="AL 4+~ 4.4
Y p7 T 2 + 2)\7 ( )
2
_ P 25 T 9s
ﬁy 56 9 /BT - 2)\26 . (45)

As in the previous section, we consider symmetry vector fields which preserve u(u).

0 B B o .0
_ 1 2 1 2 3
W= Glg, + Gl + H o P g e HY (4.6)

where G, H? are functions of the variables vy, T,u, p,~,d, 3 and Dys Uy, UT .
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Theorem 4.2. The following vector fields are first-order generalized symmetries for the
augmented ApCH system (4.2)—(4.5)

_ 9 2 pu) B i
Wi=urg, - a < 2 m“y) 9y
puy 7\ 9O P s 0
+( 5 T /\> 2 T2 o (47)
9 p 7 YO P g0
Wg—uya +py8 <?——> +]—)%+§€ %, (48)
10 0
3_5%_‘_/8%’ (4.9)
0
Wy = 25 (4.10)
0 0 0
_ 269 9 25 O 2 25 O
W (v + Apuy)e 5 + 2A\pye B + \y’e 9
+ (N2 — Me%)ﬁ + A%Qi (4.11)
96 B '

Therefore, these vector fields are nonlocal symmetries for the AuCH equation (4.2).

Corollary 4.3. The five nonlocal symmetries (4.7)—(4.11) generate a Lie algebra L and
their commutators are presented in the Table 2.

Note that £ is again isomorphic to a direct sum of sl(2,R) and Abelian algebra generated
by Wi and W5, which are equivalent to — aT’ 8%, respectively.

One can find a Darboux transform for the ApyCH equation just in a way described in
[10, 21]). Instead taking this direction, we conclude the section by obtaining solutions to
the ApuCH equation using the nonlocal symmetries. We consider solutions generated by the
flow of the vector field (4.11). The flow of (4.11) is governed by the system of equations

ou

5 = —(7+ dpuy)e®, (4.12)
0
% = 2\pye?, (4.13)

Table 2. The commutation table of AuCH
nonlocal symmetry algebra.

Wi Ws W3 Wy Wi
Wi 0 0 0 0 0
Wy 0 0 0 0 0
Ws 0 0 0 —Wa Ws
Wy 0 0 Wy 0 —2\2W5
Ws 0 0 —Ws 2X2W; 0
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v 2 26

— = 4.14
o Ay“e™, ( )
96 o5 2

o = Aye™® + A7, (4.15)
9 _ e, (4.16)
or

with initial conditions w(y,7,0) = wo,p(y,7,0) = po,¥(y,T,0) = ~,0(y,T,0) =
00, B(y,T,0) = By. Easy calculations produce

TAype? 2 26
"}/(T) =7 (1+m s 5(7’) :50—111(1—7')\ ,80+TA"}/Q€ 0), (417)
B TAype2® 2 _ bo
p(T) = po <1+ 1= x% ) B(r) = v (4.18)

It remains to obtain u(7) from (4.12). Note that in contrast to the ACH equation, here
it is not possible to get u(7) directly from (4.2). To find u(7) we need to solve the initial
value problem

0 0
= (T TS ) T T 0) = wa(n D) (219)

where ug(y,T) is a particular solution to the AuCH equation. Solving this initial value
problem, we will find one-parameter family of solutions to the AuCH equation.

Example 4.4. As we mentioned above u(u) is a constant on solutions. Let us suppose that
p(u) = A > 0. It is not difficult to be verified that the system (4.2)-(4.5) has a particular
solution

z 24z 1, — 24z
2+ 2\ 4 z
VoYY 4z 1.21
Pbo A <2—Z) ’ Uuo )\(2_'_2)27 ( )

where z := A2 exp (vV2\y + T). Then using (4.17) and (4.18) we find

z

By, T, 1) = PP ek (4.22)
Yy, T,7) = A <%> : (4.23)
oy, To7) = %ln \2[2 +i2(:r K (4.24)
p(y, T,7) = V2\ (%)2 (4.25)
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Now with these ~(y,T,7),(y,T,7),p(y,T,7) we solve the initial value problem (4.19),

(gfz)z. Some computations produce

where ug(y,T) = up = —%

4 z(t+1
u(y, T,7) = —Xm (4.26)

Therefore, the functions p(y, T, 7),u(y, T, 7) from (4.25) and (4.26) provide one parametric
family of solution to the AuCH equation (4.2).
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