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We report triangular auto-Bécklund transformations for the solutions of a fifth-order evolution
equation, which is a constraint for an invariance condition of the Kaup—Kupershmidt equation
derived by E. G. Reyes in his paper titled “Nonlocal symmetries and the Kaup—-Kupershmidt
equation” [J. Math. Phys. 46 (2005) 073507, 19 pp.]. These auto-Bécklund transformations can
then be applied to generate solutions of the Kaup—Kupershmidt equation. We show that triangular
auto-Bécklund transformations result from a systematic multipotentialization of the Kupershmidt
equation.
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Introduction

In his paper [7], Reyes reports an invariance of the Kaup—Kupershmidt equation

25
Gt = Qezzze + 99Qzzs + EQIQxa: + 5q2Qx7 (11)

by the following proposition.

Proposition 1 ([7]). The Kaup—Kupershmidt equation, (1.1), is invariant under the trans-

formation q — @, in which

Gd=q+3(InB),y, (1.2)

where the variables ¢ and B are related by

Baze 3 (B’
q(x,t) = — 5 +Z(B > (1.3)
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and B(z,t) is a solution to

TXT

B, 4B, 4 B? 16 B3

B 5. _BeBee 5B,  65Buw.Bl 135BI
- TXTITT

(1.4)

In this letter we report a class of auto-Backlund transformations, known as the triangular
auto-Béacklund transformations (or A-auto-Bécklund transformations [5]), by a systematic
multipotentialization of Eq. (1.4). Triangular auto-Bécklund transformations have been
defined and demonstrated in our recent paper [5]. For details on the multipotentialization
procedure we refer the reader to our papers [2, 3]. We show that the equation,

2
VpxVUraxx VypxVrzx
Vi = Vpggas — D +5 5 (1.5)
Vg v2

plays a central role in the construction of solutions of the Kaup—Kupershmidt equation and
consequently we find the general stationary solution of (1.5) by calculating its first integrals.

We remark that both Eqgs. (1.4) and (1.5) first appeared in a paper by Weiss [9] on
the Painlevé analysis in the form of singularity manifold constraints for the Kupershmidt
equation (see [9, Eq. (3.32)]) and the Caudrey-Dodd—Gibbon equation (see [9, Eq. (3.21)]),
respectively. For more details on the Painlevé analysis and singularity manifolds we refer the
reader to [8]. Furthermore, both (1.4) and (1.5) are known symmetry-integrable equations
and appear in [6] as part of the list of fifth-order semilinear integrable evolution equations
(see [6, Eqgs. (4.2.12) and (4.2.11)]). The recursion operators for both Egs. (1.4) and (1.5)
are given in [4].

2. Multipotentializations and A-auto-Bicklund Transformations
Let
up = Flu] (2.1)

denote an evolution equation in u, where F[u] denotes a given function that depends in
general on z, t, u and x-derivatives of u. The procedure to potentialize (2.1) in the equation

vp = Glug] (2.2)

is well-known (see e.g. [1, 3]). Equation (2.2) is known as the potential equation of (2.1). For
the benefit of the reader and to establish the notation we describe this procedure briefly:
The potentialization of (2.1) in (2.2), if it exists, is established by a conserved current ®![u]
of (2.1) and the relation to the potential variable v is then

vy = ul, (2.3)
where

Dy®'[u] + D, ®"[u]| =0 (2.4)

ur=Fu]

and @7 is the conserved flux of (2.1). Here D; and D, are the total ¢t- and z-derivatives,
respectively. Conserved currents, ®![u], for (2.1) can be obtained by the relation

Alu] = Eu]®'[u], (2.5)
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where A is an integrating factor (also called multiplier) of (2.1) that can be calculated by
the relation

Elu)(Alu]us — Alu]Flu]) = 0. (2.6)
Here El[u] is the Euler operator,
- 3} 0 0 0 0
Elul =+ —Dyo—— —Dyo—+ D2 — D3
[u] ou ° Oty Lo Ouy T Ouay @ © Ousy +

A multipotentialization of (2.1) exists if (2.2) can also be potentialized. A A-auto-Béacklund
transformation for (2.1) exists if (2.2) potentializes back into the original Eq. (2.1). In fact
we have define three different types of A-auto-Bécklund transformations. Details are in [5],
where several examples of A-auto-Béacklund transformations are given for some third-order
and fifth-order evolution equations, as well as for systems in (1+ 1) dimensions and higher-
dimensional evolution equations.

Our starting point is the Kupershmidt equation

Ki = Kegowe + MK Koge + Kop) — A;(K 2 Kago + 5K Koo + K3) + %K Ky (27)
which potentializes under
U, =K (2.8)
in the first potential Kupershmidt equation,
Up = Usarew + Mo Usn — ?(UQ?UW +UUp) + (%)4 U, (2.9)
and, in turn again potentializes under
Uy = —% exp<—?U) (2.10)

in a second-potential Kupershmidt equation,

DUprlprzs  1DUZ 65u2 Uppe  135ul,

= — LT — . 2.11
= Yezes Uy 4, u2 16u3 (2.11)
In addition, the first potential Kupershmidt equation (2.9) also potentializes in
2
UVt = Uggaax — 5Uxxvxxxx + 5Uxx112xxx (212)
Vg vz
under
5 A
Vg = Xexp<gU> . (2.13)

A connection between the Kupershmidt equation, (2.7), and Eq. (2.11) is given by the
differential substitution
5 Ugpy

which is obtained by combining U, = K and u, = —5/(2)) exp(—2U/(5))).
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Furthermore, we can connect the first potential Kupershmidt equation, (2.9), and the
Kaup—Kupershmidt equation

2

for arbitrary constant p # 0, by the differential substitution (given in [6] for the special

case, it =5 and A = 5)
2 A
Q= <—> U — <—> Us. 2.16
. 5 (2.16)

We now focus our attention on Eq. (2.11). For this equation the most general second-
order integrating factors are

A fu] = ou P ugy,  Agfu] = al(uuy® Pugy — 2u;1?), (2.17)
which leads to two potentializations in (2.12) with o = —3/4, namely
Ve =ur 2 v =uug?, (2.18)

respectively. See the diagram below. Furthermore, the most general second-order integrating
factors of Eq. (2.12) are

1
Anfv] = o222 SV, n=0,1,2,34, (2.19)
xX

The integrating factor Ag and A4 lead to the potentialization of Eq. (2.12) in equation (2.11),
namely

—2 4, -2
Use = Uy~ Udg =V Uy, (2.20)

respectively. See the diagram below.

Diagram:

Eq. (2.11) in uy Eq. (2.11) in us

—1/2 —1/2

Ut = Ugpzzxr — 57-7 Uzmvxmmx + 5U Ummvmmm

% m

Eq. (2.11) in ug (2.11) in uy

Combining the above potentializations for the Egs. (2.11) and (2.12), leads to the following
A-auto-Backlund transformations for these equations:

Proposition 2. The Fq. (2.11), viz.

Uy 4wy, 4 u% 16 u3

Ut = Uggrxze —
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admits the following A-auto-Backlund transformations:

1/2
uj, uj, 3/ |Y
7,% J U]-’x
Uj, 3/4 1
Uj+1,00 = Uj+1,z |: ’ljjﬂ;m:| + 4uj-/&-1,l“ [1—/4] y (221b)
’ J?m

where uj and wj1 satisfy (2.11) for all natural numbers j.

Proposition 3. The Eq. (2.12), viz.

2
VUgrVzzax Vg Uz
5 + 5

2 )
Vg T

Ut = Ugpppxr —

admits the following /\-auto-Bdacklund transformations:

(v 1
1,TT
Vj+1l,x0 = Vj+l,z —:| -, (222&)
L v.]7l. /l]‘]’m
(v 1
1,TT
Vjtlar = Vj+la —] +—, (2.22b)
L Vjx Vi,
- 2
Vjar  oVjz Yj
Vjlar = Vj4la | — 2= | + ——, (2.22¢)
L Yj,a Uj Uy,

where vj and vj1 satisfy (2.12) for all natural numbers j.

Remark 4. We note that in addition to the transformations given by Propositions 2 and 3,
both (2.11) and (2.12) admit the symmetry transformation

1 1
Uj+1 = —— + constant, vj11 = —— + constant (2.23)
U Uj

—1/2 —-1/2

. . . . . . o . o 2
which are included in the diagram: combine v, = Uy with v, = Uty ;' and u, = vy,

x
with u, = v%vi 3, respectively. Note that these relations were also identified by Weiss (see
relation [9, (3.37)]).

Remark 5. The A-auto-Bécklund transformations (2.21a) and (2.21b) given in Proposi-
tion 2 can be linearized, as those are in the form of first-order Bernoulli equations under
the substitution w11, = wji1.

3. Solutions

In the above diagram it is clear that Eq. (2.12), viz.

2
Mg Vrrzs i 5'0333; Vpax

Ut = Ugpppxr — )

Vg v2

plays a central role in the connection between the Kupershmidt, the Kaup—Kupershmidt
and Eq. (2.11).
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We now find the most general stationary solution for Eq. (2.12) by calculating the first
integrals and the general solution of the ordinary differential equation

2
Mg Vrrzs T 57-717377-1333333

= 0. (3.1)

Vprrrr — 3
Vg v2

We find that Eq. (3.1) admits five second-order integrating factors, {Ag, A1, Aa, Ag, Ay}

An(xavavawvmx) =an—5 — (32)

where
ap(v) =" withn=0,1,2,3,4.

Here the primes denote derivatives with respect to v. The corresponding first five integrals
are then

! 2 2 "
Uge lay, 1 wvi.. 1, vgn vi, la,
I, = <an_ Vprrx — ian + —On—% + 5— | Uzax

vl 202 vd §a"@ v 2w,
Lo 1 (4),,2
—§anvm—|—1an vy, n=20,1,234.

Combining Iy, I, I, I3 and Iy, we obtain
vy = (Igv* — 410% + 6150° — 4130 + I,)V/?,
with the condition
Ioly — ALT3 + 313 = 0.

So the general solution of (3.1) is given by the quadrature
/(10u4 — ALv% 4 61y0% — Alzv + 1) Y2dv = 2 + C, (3.3)

where C' is a constant of integration. Since the quadrature (3.3) contains five independent
free constants, it represents the most general stationary solution of (2.12). This solution
can now be used to generate nonstationary solutions for (2.12) by the A-auto-Béacklund
transformations of Proposition 3 and, by applying the transformations in the above diagram,
solutions of (2.11) can be constructed. Then by Proposition 1, the so constructed solutions
of (2.11) lead to solutions of the Kaup—Kupershmidt equation, as well as solutions of the
Kupershmidt equation by the differential substitution (2.14).

For example, by (3.3) with [( = Iy = [ = I, = C = 0 and I3 = —2 we obtain the
solution

v(x,t) = 222
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for (2.12) and hence the solution
u(z,t) = 16x

for (2.11). Applying now, for example, the A-auto-Bécklund transformation (2.21a) leads
to the solution
L, 4 5 2.3 3 4 -1
u(z,t) = 2T = o + 2cfz® — 4cjx — iz — B76¢1t + ca,
where ¢; and ¢y are arbitrary constants. Applying again (2.21a), setting ¢; = ¢o = 0 for
simplicity, we obtain the following solution for (2.11):

1 13 36 s 203 5o 1o oas oora 20087 54
Proposition 1 can now be applied with the above solutions of (2.11) (put u(x,t) = B(x,t)
in (1.2) and (1.3)) to gain solutions for the Kaup-Kupershmidt equation (1.1). Furthermore,
solutions of the Kupershmidt equation, (2.7), are then given by the differential substitu-
tion (2.14).

u(z,t) =
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