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N-coupled nonlinear Schrédinger (NLS) equations have been proposed to describe N-pulse simul-
taneous propagation in optical fibers. When the fiber is nonuniform, N-coupled variable-coefficient
NLS equations can arise. In this paper, a family of N-coupled integrable variable-coefficient NLS
equations are studied by using a generalized version of the dressing method. We first extend the
dressing method to the versions with (N + 1) x (N + 1) operators and (2N + 1) x (2N + 1) oper-
ators. Then, we obtain three types of N-coupled variable-coefficient equations (N-coupled NLS
equations, N-coupled Hirota equations and N-coupled high-order NLS equations). Then, the com-
patibility conditions are given, which insure that these equations are integrable. Finally, the explicit
solutions of the new integrable equations are obtained.

Keywords: Variable-coefficient; the generalized dressing method; integrability.

Mathematics Subject Classification 2000: 22F46, 53C35, 57520

1. Introduction

The dressing method is a power tool for studying integrable nonlinear evolution equations.
This method was first presented by Zakharov and Shabat [15] and used to solve some
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nonlinear evolution equations. Subsequently many authors developed the dressing method
and obtained explicit solutions of a number of nonlinear evolution equations [3, 5, 14, 16].
In [4, 9], Dai and Jeffrey extended the dressing method to a generalized version for solving
nonlinear evolution equations with variable-coefficients, in which a key is that variable-
coefficient dressing operators are transformed to different variable-coefficient ones.

As the technology of optical fibers for long distance communication and signal process-
ing has rapidly developed, coupled nonlinear Schrodinger (NLS) equations have become
a hot research topic. Hasegawa and Tappert [7] theoretically proved that the principle of
soliton in optical fiber is based on the exact balance between group velocity dispersion
(GVD) and self-phase modulation (SPM). Mollenauer [12] verified the principle with the
aid of experiments. N-coupled NLS equations (homogeneous and inhomogeneous) model
N-pulse simultaneous propagation. Nakkeeran in [13] studied a family of N-coupled NLS
by using Backlund transformation method. In [8], Hioe discussed the solitary wave solu-
tions for N-coupled NLS equations. Actually, some NLS equations with constant coeffi-
cients are so idealized that they fail to model some complex physics situations, thus a
class of variable-coefficient Higher-order NLS (HNLS) equations have arisen in physics
fibers. Kodama and Hasegawa first presented the integrable variable-coefficient HNLS
equation [10]

iy + a(2)uy 4+ b(2)ulu® + (e(z,t) +icr)u
+ihy (2, t)ug + pu(|ul®)e +il(2) (u|ul?); + ib(2)ug = 0. (1.1)

In the sequel, many investigators carried out research in this topic from different aspects [1,
6, 11].

In this paper, we first extend the generalized dressing method to (N +1) x (N +1) matrix
operators, from which we propose the integrable variable-coefficient N-coupled cylindrical
NLS equations:

102 . 102
Qjt + %ijx + (Pl +ix?p1 + agpa — %) Q; +x(p1 — p2)Qjz

N
—iepaQ; > Qi =0, j=1,...,N, (1.2)
=1
which govern simulatance propagation of fields in our homogeneous fiber medium, with
the effect of GVD, the inverse velocity and self-phase modulation, where, pi1, p2 and ag are
arbitrary functions of ¢, the coefficients of Q;, @; ZZZL |QiI%, Qjzz, Qjz, are related to gain
(loss), phase modulation, GVD and the inverse velocity.
And the integrable variable-coefficient N-coupled Hirota equations:

. N
tp2 . .
Gy T 5 Gjaa — 1€P2 > lanl?a; + 2izpog; + pr(2q;)e
n=1
P N N
3 *
+ Z qj,xxr — 3e <§:1 ‘Qn|2%,x + z:l QnQH,IQj>] =0, (13)
n= n=

with p1, p2 being arbitrary functions of y.
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In addition, we apply the generalization to the (2N 4+ 1) x (2N + 1) matrix operators,
we derive the integrable variable-coefficient N-coupled high-order NLS equations:

P3\ UkX ) 3p3 Y 1
1——)— B ] X - — _
“WJF( 1) 12 +(p1 21(sJr 4 >“’“+p1< 12) <“’“X 6“"’)

N N
P3
| exxx £ 3uy, Z Jus % + Guyx Z |Us|2]
s=1 s=1
ip3
- %kax - —Uk Z Jus|? = (1.4)

where p1, p3 are arbitrary functions of Y.

This paper is organized as follows. In Sec. 2, we briefly describe the generalized dressing
method and its properties. In Sec. 3, as an application, this generalization is applied to a
family N-coupled NLS equations. Their solutions and Lax pairs are also given. In Sec. 4,
we give some simplest cases for reductions and discuss their solutions form.

2. A Generalized Dressing Method

First, we summarize the outline of the generalized dressing method. To this end, we consider
three integral operators F(z, z,v), K4 (x, z,y), K_(z, z,y) defined by

Ki(z,z,y)Y /K+xzy ¥(z)dz,
K_(z,z,9) / K_(z,z,y)¢(2)dz, (2.1)
F(z,z,y)¢ / F(x,z,y)Y(2)dz,

where F(x,z,y), Ky (z,2,y), K_(z,2,y) are n x n matrices, 1(z) is any n x 1 matrix.
K. (z,z,y) and K_(z,2,y) are the Volterra operators, so that K (x, z,y) = 0 for z < x and
K_(z,2,y) =0 for 2 > x. We assume that (I+K;)™! exists and F admits the triangular
factorization

I+F=(I+K,)'I+K.), (2.2)

where I is the identity operator. From (2.2), a direct calculation shows that F and K
satisfy the Gel’fand-Levitan—Marchenko (GLM) equation [15]

o0
K (2,2,y) + F(z,2,y) + / K. (2,5.9)F(s,2y)ds =0, = > . (2.3)
T
Similarly, we have

F(z,z,y) — K_(x,2,y) —|—/ Ky(x,s,y)F(s,2z,y)ds =0, =z <.
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Here it is supposed that

+00 t+oo
swp [ |Ka(o, s )0l < +oo. sup [ |Plaz )bz < +oo, 0> —cx.
X0 xo
We now introduce two differential operators My and My, defined by
M; = a0, + A(l’,tm),
mo i (2.4)
M,, = 50, + L(z,t,), L(z,tn) b]—],
J=0 Oz

where o, 3,b; are matrix functions of their arguments. Suppose that the operator F com-
mutes with My and My,, that is

My, F] = MyF — FM; =0, [Mp,F] = My F — FM,, = 0. (2.5)
Equation (2.5) together with (2.4) implies the following equations
aF, + F.a+ Az, ty)F —FA(z,t,) =0, (2.6)
BF, +LF — FL*(z,ty) = 0, (2.7)
where
Ui Y
FL' (2, tn) = ZO(—l)Ja—g(Fbj(z,tm)).
j=

Now we “dress” the two differential operators My and My, to obtain the dressed operators
N; and Ny,. The dressing procedure is accomplished through the relations

Ni(I+Ky) - (IT+Ki )My =0, 28)
2.8
Nm(I+Ky) — (I+ K )My =0,

where N7 and Ny, can be ensured to be simple differential operators by the above equations.
A key of the generalized dressing method is to let the differential operators My and My,
satisfy the relation

M1, Mpy] = ¢1M1 + ¢oMp, (2.9)

where ¢1 and ¢9 are arbitrary functions of their arguments. According to [4, 9], the corre-
sponding dressing operators obey the equation

[Nl, ] ¢1N1 + ¢2 (2.10)

We consider the case of m = 3 and denote t3 = y, Ny = M7 + Dy, No = M3 + Ds. For
convenience, we denote K = K (x, z)|,—,. From the first expression of (2.8), we obtain

D1 :al?—l?oz,

(2.11)
aK, + A(z,y) K + D1 K + K, — KA(z,y) = 0.
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Using the second expression of (2.8), we have Dy = C + C30,,, where

Co — byK + Kby — 2b5K, — b3 Ky |aey — (Kb3(2))2]sms = 0,

~ . (2.12)
Kby —b3K =0
and C is determined from (2.10) by the following two equations:
OéClx + ACl - ClA - CQAx + leo - bQDl - Dl,y - lelx — bQD]_xx
—b3D144z + D101 — C1D1 — C9Dy; = ¢1Dy, (2.13)
aCy — Cia+ aCyy + ACy — C9 A+ Dby — b1Dq
—2bD1, — 363D, + D1Cy — CoDq = 0. (2.14)
Further, from (2.9), we derive ¢ = 0 and
abyg — bpar + Aby — b1 A + aby, — 2b9 A, — 3b3 A, = o1,
(2.15)

aboy — ﬂAy —boA + Abg — b1 Agy — baAzz — b3Apse = ¢1A

Actually, we obtain nonlinear evolution equations from (2.13). In what follows, we give the
solution formula of the obtained equations.
Assume that (2.6) and (2.7) have solutions in the form of separation of variables

F(z,z,y) = Zf;fr:ygg(z Y), (2.16)

where f;(z,y),gj(2,y) are some n x n matrices. Moreover, we suppose that

N
K(z,z,y) Zkﬂ z,9)9;(2, ). (2.17)
7j=1
Substituting (2.16) and (2.17) into the GLM equation (2.3) yields that

N
K = Z k‘](x,y)g](l‘,y) = _(fla f2> T fN)L_l(gla92> cee 7gN)T’ (218)
j=1
where L is defined by

le = 5jl +/ gj(say)fl(say)dsa 1< j7 <N (219)

and ¢;; is the Kronecker’s delta.
For the case of N =1 in (2.16), we have known that

0 ~1
R——f [1 T / 01(s) fl(s)ds} o (2.20)
x
In view of (2.20), the one-soliton solutions of the obtained equation are given.
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3. Applications to the Integrable Variable-Coefficient
N-Coupled NLS Equations

In this section, we will discuss a family of the integrable variable-coefficient N-coupled NLS
equations, including integrable variable-coefficient N-coupled cylindrical NLS equations,
integrable variable-coefficient N-coupled Hirota equations, integrable variable-coefficient
N-coupled mKdV-type equations and high-order NLS equations. Further, some new con-
clusions of these equations are given. For convenience, the same symbols stand for different
means in different sections.

3.1. Variable-coefficient N -coupled cylindrical NLS equations
Let M4 and My be

Ml = a@x + LUCLQI, (31)
My =10, + ,020405 + xp110,, (3.2)

where p1, po and ag are functions of ¢, and

1 ... 0 0 1 .- 0 0
a=1i , 1= (3.3)
0o --- 1 0 0o --- 10
0 - 0 -1 (N+1)x(N+1) 0 - 01 (N+1)x(N+1)

Substituting (3.1) and (3.2) into (2.15), we have

p1 — 2p2ag = ¢1, aoys + 2p1ag — 2p2af = 0.

1
62fpldt(co—f2p26*2fpldtdt)7

From which, it yields that ag = where ¢y is an integration con-
stant.

Similarly, we derive from (2.11)

0 e 0 q
Dy —i : " ; a
0 . 0 an
—eq; - —eqiy 0
with RGN+ — ﬁ BN+1) — 6% /k\:;(fj) _ ‘U;Z;’ E£N+1N+1) _ Szi\f awl?, €
(l,7= 1 .. ,N ). It yields from (2.12) that Co = paD;. For the sake of simplicity, we denote
k
Cy = (C} (N+1)x(N+1), C2 = (@ S))(N+1)><(N+1)> (k,s=1,...,N+1).
From (2 13) and (2.14), we obtain
l € X iN
ij ) = /L%QJQI ) Cl(] +1) 022 4jx,

N+1j .€02 N+1N+1) 692
oY = i, o Z‘
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and the integrable variable-coefficient N-coupled cylindrical NLS equations:
N

. P2 . .
gjt + p1(2qj)z + p2aoq; + 175 Qjza — 1€P20; Z l@|>=0, j=1,...,N. (3.5)
=1

Under the transformation ¢; = Qje%QEQ, the above equations are reduced to different inte-
grable variable-coefficient N-coupled cylindrical NLS equations:

1p2 . 102
Qjt + %ijm + <p1 +ix?p1 + agpa — %) Qj +z(p1 — p2)Qjz

N
—iepaQ; Y |QiP =0, j=1,...,N. (3.6)

=1

Equation (3.5) have Lax pair Ny and Ny defined by

Ny =M; +D;, Nz2=M;+ D3, D=0 +Cq0,,

where
elqi? €q1qn —q
|Q1\* Chqiv 1z 0 0 ”
_ €q2q17 - €q24N —q2z
i . . : :
==L z . Ca=ipy
. ) 0o .- 0 qN
€qng; - elgn] —qNz e 0
. N —eq; - —eqly
By €y, —€lal
In what follows, we will derive the one-soliton solution of (3.5).
From (2.6) and (2.7), we have the equations for F
aF, + F,a+ (x — 2)agF =0, (3.7)
Fi+p1(t)(xFy + 2F,) + p1(O) F + pa(t)(aFpy — Fiza) = 0. (3.8)
In view of (3.7), we set F as follows
F(jN+1) — ij+leia70(x2+z2)+ﬂjN+1(x+z)’ F(]l) — 0,
N+ wN+1je_ia70(12+22)+HN+1]'(33+Z)7 FNFINFL) 0, (3.9)
with FUY being elements of F.
Substitution of (3.9) into (3.8), we derive
OtpriN+1 + [p1 — 2a0p2)pin 1 = 0,
Opin+1j + [p1 — 2a0p2)pin+1j = 0,
(3.10)

OywjiNy1 + [p1 — 2a0p2 + 2ip2uj2-N+1]ij+1 =0,

wn 115 + [p1 — 2a0pa — 2ipapiy o Jwnt1; = 0.
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We assume that pjny1 = pin+1, pN+1j = in+11 and F = f(z,t)g(z,t), with

iM-HMN 1T
0 0 WIN41€ 2 *
f(l‘,t) = ,a012+
0 R 0 wNN—ﬁ-le’LiQ HIN+1T
2 2
.G.OZE .G.OI
—i—5—+ x —i—5—+ T
WN11€ 5 THUN+11 WNLINE 5—TUN+11 0
.a022
e T2 thNt112 0 0 0
2
,llOZ
0 e g teNtmz L 0 0
9(z,t) =
2
,llOZ
0 0 e el teN+11Z 0
ia022+ 2
0 0 e 0 =5 tN 1

Let K = k(x,t)g(z,t). We take N =1 in (2.16). From (2.19), we obtain

(MIN41TEN+11)Z

1 0 _ WiN41€
HIN+1HHUN411
0 0 w2N+1e(”1N+1+MN+11)93
HIN+1HHEN+1,1
L= .
0 1 wNN+1e(l‘1N+1+MN+11)I
MIN+1+HUN+11
wN+1le(”1N+1+“N+11)z wN+1Ne(N1N+1+NN+11>E 1
PIN+1FTUN+11 HIN+1HUN+11
= N - WiNPIUNAL  2(puN1 N 1)T ¢
where ‘L| - 1 ZjZI (UN11+p1N+1)? € ’ (N+1N+1) 1’ L

(L(lk))(NJr(l)X(A)fH), |L| is determinant of L, L’("lk) is algebraic cofactor of L.
From (2.20), we can derive

-~ 1
BT
w1N+1L>(k1N+1)€(MN“+“N+“)33 Wi N4 2N +17Fiaoz?
w2N+1L’("1N+1)e(M1N+1 +UN+11)T w2N+1€2u1N+1x+iaox2
X
wNN+1L’('<1N+1)e(M1N+1 FUNF11)T wNN+1€2H1N+1I+ia0x2
2 PIN+1HAN+11)T

N * 20N 11T—1a0T
Dk=1 WN 1L €N

N *
Dk=1 wN+1kL(N+lk)e(

From which, it yields the one-soliton solution of (3.5):

2 . 2 2 2 i 2 2
@5 = — T wiNg1 €007 PHINTIT gt — e 0T TN
IL| L
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where
N
L* _ . . _ * _ *
WN+1kb(jiy = WN+1j,  WiN+1 = €WN415,  HN+11 = HIN+1
k=1
N
L(]k) = wN—‘rljwkN-‘rl’ L(]J) =1- WN4+1kWEN+1,
k=1,k#j
are used.

Further, we obtain the one-soliton solution of (3.6):

2q, .
Qj =~ ﬁijH@l

(ao—%)xz'f‘?mzvﬂx_

According to the form |L|, we can find that ﬁ has not singular solution for (e = —1)
and has singular solution for (e = 1). Therefore, the one-soliton solution of (3.5) for has
singular solution for (e = 1). Theoretically, we can give N-soliton solution of (3.5) and (3.6).
However, it is necessary to complex calculations with the aid of mathematics.

3.2. Variable-coefficient N -coupled Hirota equations

We set M; and M3 to be

M; = ady + ap(y)1, (3.11)
Mg = 10, + Ip3(y)0; + pa(y)ad; + Lzp1(y)de + xpo(y)er, (3.12)

with o and I are given in (3.3).
Substituting (3.11) and (3.12) into (2.15), which gives that

p1 = @1, agy + prag+ po =0,

from which, we have ag = e~/ Py (e — i poef P14 dy), with ¢ being an arbitrary constant.
In the same way, we obtain

0 0 q1
D1 =1 5
0 0 qN
_qu .. _Eq}k\f 0
~p . ~ . * ~ 12 ~(]4 *
where, EUN+L) %g’ EN+1) %’ ;N—HN—&-I) _ _62;}/:1 \qJQ\ ,kmlj) _ _quzj’ lj =
1,...,N.

Using (2.12)-(2.14), we have Cy = pyDy + 3p3K,. C} is to be determined by (3.13)
and (3.14).
Substitution of (3.11) and (3.12) into (2.13), we have

aCy — Cia — pQOéDLq; + 3p30&f/€mm — 3,03D1,m¢ + ?)pg(DII/(\v17 — I?xDl) =0, (3.13)
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aCiy +zpo(Dia — aDq) — 2p1 D1z — paDize — p3D1 zaa
+D1Cy — C1Dq — CQDLI — Dl,y = ¢1D1. (314)

From which, we derive

. N . N
1j 3eps i€p2 N+1N+1 3eps 1€p2
o = - @e)e — —gag O = TR Y (e + 2 D gl
j=1 J=1
iN+1) _ 1p2 3p3 N+1j ip2 | 3€p3
ij +1) = 2+ 2 C£ +15) = €5t — G (315)
2 4 2 4
and the integrable variable-coefficient N-coupled Hirota equations:
1p a
2 . .
Gy + 5 Qe = iep2 Y lanlaj + 2izp0g; + pr(10;)a
n=1
p N N
3 *
+ Z qj,xxx — 3¢ (Z ‘Qn|2Qj,a: + Z ann,xQJ)] =0. (3-16)
n=1 n=1

The nonlinear wave propagation of simultaneous fields in an optical fiber with core
medium for not homogeneous, with the effects, various GVD, SPM, higher-order dispersion
(HOD) and Kerr dispersion is by governed by the integrable variable-coefficients N-coupled
by (3.16).

The Lax pair is N7 and No, given by

Ny =M; +D;, Nz2=M;+Ds3, D3=C0C +Cq0,,

with
3e 2 i€ 2 3 i
— 2 q1|2 — 2|1 %qm + %qu
E
03 (907 )e — “L2gog - 2 Qo + 5222
Cl - ’
36/33 _ _z p2 303 4 2
(aNay)z ING] B aNzz + 5N
3ep3 1EP2 % 3ep3 N 12 1€p2 N 12
7 Qe — 2 @1 Ty Zj:l 951z + =5 Z]’:1 |91
3ep: 2 3p3 .
—= ] Q10 +ip2qu
L +
92z + 1p2G2
Cy =
_ 3e 3 .
2aN G} e SN +ipgn
_ 3eps 13€p3 N 2
2 q 1692% T T T Zj:l ‘QJ|

In the sequel, we shall discuss the solution of (3.16).
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From (2.6) and (2.7), we have the equations for F’

aF, + F,a=0, (3.17)
Fy+ po(zaF — zFa) + p1(eFy + 2F.) + p1 F (3.18)
+ P2(ame - zza) + ,03(Fzzz + Fzzz) =0. '
From (3.17), it is easy to derive
FUNFD _ pUN+1) — o pINFL) _ p(N+1) — (3.19)
FW) 4 pU) — o, pWNHIN+D L pI(NHIN+D) _ (3.20)
Let
FUN+L) — ij+lest+l(z+2)’ FN+L) — /wN_,’_ljeSNJrlj(m‘i‘Z)’
3.21
FU) —o, FWHIN+) —o [ 45=1,... N. (3:21)
Substitution of (3.20) into (3.18), we arrive at
OysjN+1 + p15jN+1 +ipo =0,  OySn+1j + p15n+1j — tpo = 0,
Aywin+1 + (p1+ 2ipasiy g + 20385y )win 41 = 0, (3.22)

Aywn+1j + (1 — 2ip283 115 + 2035% 1)) wN+1 = O,

from which, we obtain

sinp1 = e P (Co - i/ﬂoefpldydy>,

sny1j = P <Co +i/00€fpldydy>>

_ — [ (p1+2ip2s? +2p3s3 d,
ij+1 _CjN—i-le f(p P28 N 1T 4P ]N+1) y7

—p1+2ipas? —2p3s3 dy
w1y = enpajel CPFEPN TR ),

with cg, ¢jn41 and cy1; being arbitrary constants.

We suppose that sjyi1 = siv+1, SN+1j = SN+11, Syyq = SinNg1 and F(z,2,y) =

f(x,y)9(z,y), where f(z,y) and g(z,y) are given by

0 cee 0 wlN_HeSlNHﬂJ
0 e 0 ’UJ2N+1€81N+1I
)
O 0 e 0 TUNN+1651N+1$
WN11€NTIT e NFIE ey et NI 0
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eN+IE 0 0
0 eSN+11% 0 0
9(z,y) =
0 eSN+112 0
0 0 ennnt
Using (2.16) (N = 1), it yields that
1 0 wi N p1eCINFLHINF1DE
o SIN+1tSN+11
0 0 won p1eCINFLHNF1DE
SIN+1tSN+11
L =
wynp1eFINHIFIN 411
0 1 _
SIN+1tSN+11
_wN+116(31N+1+SN+11)I _wN+1N6(SlN+1+SN+“)I 1
SIN4+1FTSN+11 SIN4+1TSN+11
From (2.20), we have
-~ 1
R=——
|L|
w L* 6(81N+1+8N+11)$ w e251IN+1T
IN+1 (1N+1) IN+1
2
w2N+1L2<1N+1)6(81N+1+SN+11)$ woNL1€ SIN41T
X
w L* 6(81N+1+8N+11)$ w e251IN+1T
NN+1 (1IN+1) NN+1
N LT * 25N 4117 N Tk (siN4+1+sSN+11)T
Zj:l wN-‘rlJL(lj)e Zj:l wN+1JL(N+1j)e

Thus, the one-soliton solutions of (3.16) are given by

2
L]

281N 41T

q; = WjiN+1€ ) (3.23)

N
2j=1 WiNHIWN 1 e2siNg1tsN1)T
(sinN+1+sn+11)?

where |L| =1 —
€Wy q; are used.
According to the form of |L|, it is easy to see that the one-soliton solutions of (3.16) is
dark soliton solution for (e = —1) and bright soliton solution for (¢ = —1). Similarly, through
tedious calculations, we can drive N-soliton solutions of (3.16) with help of mathematics.

N
» 2= wNuL{y) = wyyj and win =

3.3. Integrable variable-coefficient N -coupled mKdV-type equations and
high-order NLS equations

Soliton solutions to the mkdv equation is important in inhomogeneous plasmas, which
describe produced filamentation by the ponderomotive force between the dispersive effects
and the nonlinear perturbation.
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We consider operators M and My defined by

M; = ad, + ag(y)I, (3.24)
Mz = 10, + 1p3(y)0; + L2p1(y) s, (3.25)
where
a=il- : , I=|" - (3.26)
0 1 0 0O --- 10
0 0 -1 (2N+1)x (2N+1) 0 - 01 (2N+1)x (2N+1)

Substitution of (3.23) and (3.24) into (2.6) and (2.7) yields that

ag = coe P (3.27)
where cg is an arbitrary constant.
Similarly, we have
0o 0 -~ 0 ¢
0 0 -~ 0 g
Dy —i Do .o S
0 0 -~ 0 gqn
0 0 - 0 dqy
G @ gy 0
7.(2k—12N+1) _ & 71.(2k2N+1) _ 49 7.(2N+1,2n-1) _ w L2N+12n) _  _an
where k( +)_q2k7k( +1) _— E@N+12n-1) _ 4o L(2N+12n) _ G

2
_ 4gn E(2N+1,2N+l) o
= 55—, kg =

SN gs?, (nk=1,...,N). |
With the aid of (2.12)~(2.14), we have Cy = 3p3(y)Ky. C1 = (C17) gni1ywansny i
determined by (3.27) and (3.28).
Substitution of (3.23) and (3.24) into (2.13) and (2.14) produces that

k _
2
EE-12n-1) _ quah 72K=120) _ gugn R(2k20-1) _ 4ian 7(2k.2n)
2 » M - T 2 » M

aCy — Croa+ acoy + 3p30&f?mm —3p3D140 + 3,03(D1I?$ — I?le) =0, (3.28)
aCry — D1y — 2p1D1y — p3Diges + D101 — C1Dy — CoDy, = 1Dy (3.29)

From which, we obtain

2n—12N+1)  3P3 m2N+1)  3P3 ON+1,2n—1 3p3
C{ " +) = —Qnaa; C{ m2N+) = nz? C§ L2n—1) = - Anza>
4 4 4
IN+1,2 3p3 2%k—12n—1)  3P3 X 2%k—1,2 3p3
C£ +12n) = - 4 dnxxs Cf 1) = 4 (q n)xa Cf ™) = 4 (Qan)xa

N

2%,2n—1)  3P3, 4 « 2%,2 3p3 , IN+1,2N+1)  3P3

ot = g, O = Lgian)e, O I
s=1
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Further, the integrable variable-coefficient N-coupled mKdV type equations are derived:

e}

Gy + p1(Tqr) + 4

N N
Qkaze + 3Gk Z ‘QS@ + 6qkz Z |qs|2] =0. (330)

s=1 s=1

Under the transformation

i Y Y
— u (XY —(x - = =Y, z=X-—.
qe(®,y) = up(X,Y) exp 6< 18>, y=Y, = B

Equations (3.29) are reduced to the integrable variable-coefficient N-coupled high-order
NLS equations:

P3\ Ukx ? 3p3 Y i
1——)— Ly X - = _
“’“Y+< 1) 12 +<p1 216 4 >“’“+p1( 12) <“’“X 6“"’)

N N . . N
P3 tp3 tp3
+ — |upxxx + 3ug Z |us|%( + 6urx Z ‘USP] — —UEXxX — — Uk Z |us|2 = 0.
s=1

4 8 4

s=1 s=1

(3.31)
Then Egs. (3.29) have Lax pair Ny and Ny, defined by
N; =Mj; +D;, Nz2=M;y+ Dz, Dz=C)+ a0y,

where D1 is the same as before, and

)2 (@)2 - (@dy)e (@an)s Qax
(@): oz - (Fan)e (dan)s Toa
-
4 anva))e (ava)e - lav2 (an)? ANzz
(gnade (ava)e -+ (@0)2  lawf? UNos
e e —GNee Ve 230 |l
and
lal* (@)? - @gy  qan 1z
@)? lal* - day Gy s
02_32ﬁ ¥ 2 2
aNgi  anqr - lanv]® (aw) qNz
aNvgt ava - (ay)? vl Tne
@ Qe o e —aNz 2200 |al?

Next, we shall formulate one-soliton solutions of (3.29).
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Similarly, we obtain the evolution equations for I

oF, +F,a=0, (3.32)
Fy+p1(aFy + 2F,) + p1 F + p3(Frge + F.z2) = 0. (3.33)
From (3.32), we have
FEE=12NHD) — gy 1o eS2h-12n+1(@+2)
FQRNTY) — o0 eS2ken+1(@+2)
FONHLIZE=1) oo eSantiak-1(@+2) (3.34)
FONFI2K) — oo eS2n+12k(a+2)

F2k=12n-1) _ p(2k-12n) _ p(2k2n—-1) _ p(2k2n) — p@EN+I12N+1) _ (.
Substitution of (3.33) into (3.32) yields that

OySok—12N+1 + p152k—12n+1 = 0, OySopan41 + p1saken+1 = 0,
OysoN412k—1 + p1San+12k—1 = 0, Oysont12k + p1savti2ke = 0,

Oywor—12N+1 + (p1 + QPSSgk_12N+1)w2k—12N+1 =0, (3.35)
ayw2k2N+l + (p1 + 2038§k2N+1)w2k2N+1 =0,

3 _

Oywant12k—1 + (P1 + 20385 N 11981 ) WaN+126—-1 = O,
3 _

Oywan 412k + (p1 + 203855 191 ) WanN 12k = 0.

Further, we suppose that

— [ prd
Sok_ 19N +1 = S2kAN 11 = S2N4+12k1 = S2N+ 12k = Coe d P1UY,

o — +2p3s3 d o — +2p3s3 d
Wok—12N+1 = Cop—tan41€d PIIR a2 gy ) = eppo e O1ERSSaN )Y,

f(91+2p333k21\7+1)d97 _f(/’1+2/’35§N+12k)d?!

WIN4+12k—1 = C2N+12k—1€ WoN+12k = C2N+12k€ )

where cop—12N+1, CokaN+1, Can+12k—1 and con 412k are arbitrary constants, cq is an arbitrary
negative constant.

In the same way, we assume that F(z,z,y) = f(x,y)g(z,y),

0 A 0 w12N+16512N+11
0 B 0 w22N+1eS12N+1$
f(xa y) = ,
0 A 0 7«U2N2N+16512N+1x
w2N+1les12N+1$ e w2N+12N9512N+1m O
eS12N+17 0 . 0 0
0 eS12N+12 .. 0 0
g(Z, y) =
0 0 ... @S12N+1% 0
0 0 .. 0 eS12N+17
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Using (2.20), we derive

2s x
1 . 0 _ WiaNyieI2NAT
2812N+1
2s x
0 o 0  woan 1€ 12N A1
2812N+1
2s x
0 . 1 _ Wonany1e INAL
2812N+1
2s x 2s x
 won 11212V H1 C wangiane™ 12N+ 1
2812N+1 2812N+1

Further, it can be shown that

* * *
w12N+1L(12N+1) s ’LU12N+1L(2N2N+1) w12N+1L(2N+12N+1)
* * *
w22N+1L(12N+1) te w22N+1L(2N2N+1) w22N+1L(2N+12N+1)
. 6281N+1$
K=-"—
|L|
* * *
w2N2N+1L(12N+1) ce w2N2N+1L(2N2N+1) w2N2N+1L(2N+12N+1)
2N « 2N s 2N s
2= wan+iLly gy 2 wanaylion ) 2o wan+1i Lian 4y

Thus, one-soliton solution of the integrable variable-coefficient N-coupled mKdV equation
(3.29) is given by

2
2s T _
qr = _mka—lﬂV-ﬁ-le WHE k=1,...,N, (336)
where
ZN_ W2j2N+1W2N+125 T W2j—12N+1W2N+125—1
|L‘ — 1 . ‘]—1 J ; J J 64312N+1x
)
451941
Wok— 19N 41 = Cop_1an 1€ ) PIE2PISE N ),
: : * S S * S *
In the derivation, L(2N+12N+1) = 1, wog_19N+1 = WopoN+1) W2N+12k—1 = Won 419k
WaN412k—1 = —WakaN+1 are used.

4. Reductions and Conclusions

In this section, we will discuss the simplest reductions of one-field case.

Case 1. The Eq. (3.5) (N =1) is reduced to

. P2 .
Gt + p1(2q1)z + p2a0qr + i qrex — iepaqi|q1* =0, (4.1)

2
which has Lax pairs Ny, No defined by

(1 0 . 0 q1
N; = I
1 z<0 _1> 0z + zag +Z<—eqi‘ _1>>
(1 0\ .2 .02 dal®  —qu. . 0 q1
No=1 10, —i—
2 &H—PQZ(O _1) Oy +xp110, 12 (—qux —elqi|? +1p2 et 0)
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where [ is a unit matrix. Equation (4.1) has one-soliton solution

2 2
_ tapgx 4212
Q1 = — 7 7Wi2€
L] ’
2 _ 94 2
where ‘L| =1- —wiz%i;zl €4u12x’ M1 = Mol = ef(QpQ pl)dt, Wiy = ef(QpQ P1 21p2u12)dt7 wo =

ced 2p2—p1+2ipap3, )dt

Specially, p1 = 0,p2 = —2t,a¢9 = %, Eq. (4.1) is reduced to the well known cylindrical
NLS equation

g + Uge + 2itu + 2ulul? = 0. (4.2)

Case 2. Equation (3.6) (for N = 1) is reduced to the following equation

ip2 . . P3 3p3
761111 - ZEPQQ1|QI|2 + 2izpoqr + Pl(fUQ1)x + ZQl,xmx - 67\Q1|2(J1,x =0, (43)

which has lax pairs N1, Ny given by

(1 0 {0 ¢
N1—1<0 _1)8x—i—:t:ag(y)f-i-z<_6qT 0>,

0
-1

1y +

(1
Na =10, + 1m0+ iy ) B+ Tom ()0 + ol

1€p2

. <—%pg|q1\§ — 20012 Epsqies + s )

3p3

- 3€ 2 3 .

( —i =02 gy L 1a +Z/32€11>

X
* . * 3eps3 2

—8 4, —iepqi  —=F a1

where [ is a unit matrix.
The one-soliton solution of (4.3) is

; — 1 _ _wiswai 2(s12+s21)x — o) prdy

with |L| =1 GiatsaZ® ,S12 + S91 = ce ,
_ . 2 o a3 _ _ 95 2 a3 .

wig = cyeJ (P1200281542038%) 401 = ecqe ) (P12ip2531+203531) ¢ > 0 is a constant. From

the form of the solution, it is easy to see that the solution is singular for (e = 1).

Case 3. Equation (3.29) is reduced to the following equation for (N = 1)

q1y + p1(zq1)e + %[fhxazx +3q1]q112 + 6q12|¢1]?] = 0. (4.4)
Its lax pair is N1, Ny defined by
1 0 0 0 0 ¢
Ni=i[0 1 0|0y +aoly)l+il 0 0 gqf],
00 -1 aq q 0
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\fh\?; (Q1):2¢ Qlzx

3p3 .
N = 10, + Ip3(y)9: + Tzp1(y)y + | @i lall g

|Q1\2 (Q1)2 1z
P3
+ =1 (@)? ol g, |0

2 2
4, —qiz 2lq1]
Its one-soliton solution is given by

2

2s13T

q1 = — i wise
L] ’
2 2 3

45%3
clge—f (Pl+2/’33?3)dy, cp,c13 and co3 are arbitrary constant, which shows that the solution
q1 is singular.

We have applied the generalized dressing method to a family N-coupled NLS equations.
The hierarchy can be reduced to variable-coefficient N-coupled cylindrical NLS equations,
variable-coefficient N-coupled Hirota equations and etc. The derived equations in our paper
are all reduced to well-known constant integrable equations for choosing special parameters.
Therefore, the obtained new equations have some important physical applications, especially
in optical fiber. In [2], Burtsev et al. have investigated the well known cylindrical NLS
equation (4.2) with variable spectral parameter. In fact, the equations in our paper can
also be derived by the method described in [2]. Essentially, the generalized dressing method
described in our paper is applied to variable coefficient spectral parameters. The point is
the same to that paper [2]. The different lies in that “spectral parameters” in our paper
is hidden and is visible in [2]. The generalized dressing method has the advantages of by-
passing the scattering problem entirely, for example, scattering data. Moreover, the method
is more intuitive and in keeping with the spirit of the original dressing method [15]. The
method can be used to construct a large class of integrable variable coefficient equations in
a systematic way, along with their soliton solutions. The solutions can be more general than
those obtainable by the inverse scattering technique. The generalized dressing method has
extensive applications, however, the method has also limitation. For example, the Ablow—
Ladik hierarchy, self-dual network equations and some discrete equations have not been
solved by using the method. These problems need further discussion.
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