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On the basis of the theory of algebraic curves, the continuous flow and discrete flow related to the
relativistic Toda hierarchy are straightened out using the Abel-Jacobi coordinates. The meromor-
phic function and the Baker—Akhiezer function are introduced on the hyperelliptic curve. Quasi-
periodic solutions of the relativistic Toda hierarchy are constructed with the help of the asymptotic
properties and the algebro-geometric characters of the meromorphic function and the hyperelliptic
curve.
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1. Introduction

The relativistic Toda lattice

1
ag(n) = §a(n) [a*(n+1) —a*(n—1) + b(n+ 1) — b(n)], 1)
bi(n) = b(n) [a*(n) — a*(n — 1)].

was first introduced by Ruijsenaars [16] and has been extensively studied by many authors.
For instance, its integrability has been proved by the author himself, and in a list of papers
by Bruschi and Ragnisco, in the case of a finite lattice (periodic case and free ends) [2-4].
Oevel, Fuchssteiner and Zhang investigated the integrability structure of the infinite rel-
ativistic Toda lattice from the Lie-algebraic point of view [14]. Alber found a nonlinear
family of relativistic Toda lattices with corresponding stationary and dynamical systems,
and reduced the finite-gap problem to the Jacobi inversion problem [1]. Ohta, Kajiwara,
Matusukidara and Satsuma obtained its Casorati determinant solution [15]. Suris studied
algebraic structure of discrete-time and relativistic Toda lattices [17]. Under a constraint
between potentials and eigenfunctions, the discrete spectral problem associated with the
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relativistic Toda lattice is nonlinearized so as to be an integrable symplectic map of Neu-
mann type, and the calculation of the finite-band solutions of the relativistic Toda lattice is
reduced to the solution of a system of ordinary differential equations plus a simple iterative
process of the symplectic map [18]. The relation between 2+ 1-dimensional modified Toda
lattice and the relativistic Toda flows are revealed in [7]. A Darboux transformation for
the relativistic Toda lattice is constructed, by which exact solutions of the relativistic Toda
lattice equation are presented [19].

We recall here the basic definitions for the relativistic Toda lattice and its various dif-
ferent forms. In terms of the canonically conjugate variables (q(n, t), p(n, t)), the infinite
relativistic Toda system is defined by the following Hamiltonian [2, 14, 16]

N|=

H(q,p) = Y {exp(p(n))[1 + exp(a(n — 1) = ¢(n))]

nez
X [1+expla(n) — q(n+1)]* -2}, (1.2)

whose canonical equations of motion of the Hamiltonian system reads

au(n) = e(n),
(1.3)
pe(n) = =d(n —1)(e(n) + ¢(n — 1)) — =d(n)(c(n) + ¢(n + 1))
where
c(n) = exp(p(n))[1 + exp(g(n — 1) — g(n — 1))]2[1 + exp(q(n) — g(n + 1))]2,
(1.4)

 expla(n) — gqn+ 1))
) = T exp(a(n) — qln + D)

Substituting (1.4) into (1.3) and canceling variable p(n), the equations of motion (1.3) are
written in Newtonian form

4n(n) = () <qt<n )

exp(g(n —1) —¢q(n)) _
1+exp(g(n —1) —q(n))

@t(n+1)

exp(q(n) —q(n —|— 1)) >
1+ exp(gq(n)
1 5

Differentiating (1.4) with respect to ¢ and substituting (1.3) yield the following lattice [3]
ce(n) =c(n— De(n)d(n — 1) — e(n)e(n + 1)d(n),
di(n) =d(n)(1 —d(n))(c(n) — c(n + 1)).

A further useful form of the relativistic Toda lattice can be obtained from (1.6) by setting

r(n) = c(n)d(n), s(n) = c(n)(1 - d(n)),

(1.6)

so that we have [4]

si(n) = s(n)(r(n — 1) —r(n)),
re(n) =rn)(s(n) —s(n+1)+r(n—1)—r(n+1)),

(1.7)
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which can be written as (1.1) in terms of new variables
r(n) = —a®(n), s(n) = —b(n). (1.8)

The main aim of this paper is to construct quasi-periodic solutions of the relativistic
Toda hierarchy based on the approaches in [5, 6, 8-10]. This is realized through three main
steps. First, based on the resulting Lax representation, the relativistic Toda hierarchy is
decomposed into the solvable ordinary differential equations. Second, the determinant of
Lax matrix serves as a base to construct the associated algebraic curve and the Abel-
Jacobi coordinates, through which the continuous flows and discrete ones determined by
the time variable ¢, and discrete variable n, respectively, are straightened out and the
linear superposition yields the solutions of the relativistic Toda hierarchy, expressed in the
Abel-Jacobi coordinates. Here straightening out of the various flows means that the Abel—-
Jacobi coordinate is a linear function of the associated flow variables t,, and n. Third,
an inverse procedure is indispensable in transforming the explicit solution in the original
coordinates. The main tool in our theory is the asymptotic properties and the algebro-
geometric characters of the meromorphic function and the hyperelliptic curve.

The outline of this paper is as follows. In Sec. 2, we introduce the Lenard gradients and
derive the relativistic Toda hierarchy with the aid of the stationary zero-curvature equation,
in which the first nontrivial member is the relativistic Toda lattice. In Sec. 3, we introduce a
Lax matrix and establish a direct relation between the elliptic variables and the potentials.
The relativistic Toda hierarchy is separated into solvable ordinary differential equations.
In Sec. 4, the hyperelliptic Riemann surface of arithmetic genus N and the Abel-Jacobi
coordinates are introduced from which the corresponding various flows are straightened
out, including the continuous and discrete ones. In Sec. 5, quasi-periodic solutions of the
relativistic Toda hierarchy are constructed in terms of the Riemann theta functions accord-
ing to the asymptotic properties and the algebro-geometric characters of the meromorphic
function on the hyperelliptic curve.

2. The Relativistic Toda Hierarchy

In this section, we construct the relativistic Toda hierarchy. Throughout this paper we
suppose the following hypothesis.

Hypothesis 2.1. Assume that a and b satisfy
CL(', t)>b('a t) € (CZa le Ra a(n> ')ab(n> ) S Cl(R)a ne Z>
a(n, t)b(n, t) #0, (n,t) € Z xR,

where C% denotes the set of all complex-valued sequences indexed by Z. For the sake
of convenience, we denote by E* the shift operators acting on complex-valued sequences

f ={f(n)}nez according to
(BXf)(n) = f(n£1), neZ

and define difference operators by A = F — 1, A* = E~ — 1. Moreover, we will frequently
use the notation

= =5, fect
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Let us consider the discrete spectral problem

1 [0 —a?(n)
Xn+1 = UnXTLa UTL = ( ) ) (21)
a(n) \1 X —x"1b(n)

where a(n) and b(n) are two potentials, and A is a constant spectral parameter. To derive
the relativistic Toda hierarchy, we introduce the Lenard gradient sequences

KnS’j_l(n) = JnSj(n), JnS’_l(n) = 0, ] Z 0, (2.2)
KnSi1(n) = JuSi(n),  KnSo(n) =0, j <0, (2.3)

where S;(n) = (S\"(n), S (n))", §;(n) = (5 (n), $(n))T, and take

0
2a(n) .
S_i(n) = . . So(n) = 1 (2.4)
b(n)
as a starting point of (2.2) or (2.3), and two skew-symmetric matrix operators are defined as
1
w _ [ 50(L = 2%a(m)  a(n)Abn) L ( 0 a(n) )
—b(n)A*a(n) 0 ’ ~A*a(n) 2(A*a2(n) — a?(n)A)

It is easy to see that

ker J, = {c15_1(n) + c2S_a(n) |Vei, 2 € R},

ker K,, = {¢180(n) + c291(n) |V er, e2 € R},
where ¢; and co are two arbitrary constants, S_o = 5’1 = (ﬁ,O)T. Then S; (j > 0) and
S; (j < 0) are uniquely determined by (2.2) or (2.3), respectively, up to a term ¢;.5_1(n) +
c2S_2(n) or ¢1.50(n) + ¢251(n), which are always assumed to be zero. For example, the first
two members are

2a(n)(a®(n+1) +a*(n) + a®>(n — 1) + b(n 4+ 1) + b(n))
So(n) = ( a2(n) + a(n — 1) + b(n) ) B
~ 2a(n)
$i(n) = 1 b(n + 1)b(n) | (26)

a®(n) a’(n —1)
2(n) ( QO R Y- >

Assume that the time evolution of the eigenfunction y, obeys the differential equation

- (A(m)(n) AB®@) (p)

Xntm = Vnm)Xna Vnm = \O(@) (n) _ A(m) (n)> , M= (mlamQ) € N%, (27)
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where A (n), B (), O™ (n) are polynomials of the spectral parameter A, which take

the form
A () = b(n)S® (n) — %A*anS(l)(n) _A25@)(n),
B®@(n) = —2a2(n — 1)S®(n), C®(n) =253 (n),
—mo+1
S( ( ) _— Z 5(2 ( )/\le 29 +ﬁ ZQ+ S( )( ))\—2m2—2j’ (2.8)
7=0
(2) 2my —2 EEARNCY! —2ma—2j
53 (n )—aZS L()NMTE g ST S () AT
7=0
Then the compatibility condition (0/0t)Ex, = E(9/0t)xn of (2.1) and (2.7) yields the
zero-curvature equation, Uy ¢, + U, Vy™ — i Wy, = 0, which is equivalent to a hierarchy
of the relativistic Toda lattices:
(a(n), b(n))f, = aXm, (n) = BX 4y (n), m1 >0, mg>1, (2.9)

where X, = KnSmi—1 = JnSmy, Xom, = KnS’_mQ = JnS_mQH. The first member in
(2.9) is the relativistic Toda lattice

Aty (1) = aa(n)(a®(n+1) —a®(n — 1)

+b(n+1) —b(n)) — Pa(n) <b(n1—|—1) - b(il)) ,

a’(n — a?(n
bro.1) (n) = 2ab(n)(a*(n) — a*(n — 1)) — 26 < b(gz - 11)) ~b(n (+ )1)> .

(2.10)

Equation (2.10) is, respectively, reduced to the two members in the relativistic Toda lattice
hierarchy

(n)(a*(n+1) —a*(n — 1) +b(n + 1) — b(n)),

= b(n)(a®(n) - a*(n — 1)),

ag(n) = é“(”) <b(n1—|— 1) b(i”b)) ’

a’(n—1) B a®(n)
b(n—1) b(n+1)

bz(n) =
fora=0, 3= —%, T =1(0,1)-

3. Evolution of the Elliptic Variables

In what follows, we will establish a relation between the elliptic variables ;(n) (see (3.18)
and [12]) and the potentials a(n), b(n) in the discrete spectral problem (2.1). Let ¢(n) =
(¥1(n), ¥2(n))T and p(n) = (v1(n), v2(n))T be two basic solutions of (2.1) and (2.7). We
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introduce a Lax matrix

1 0 -1 G(n) AF(n)
W, == T T = , 3.1
5 (W(n)e(n)” +e(n)y(n)”) (1 0 ) <AH(n) _G(n)> (3.1)
which satisfies the Lax equations
Wys1Up — UsWi, = 0, Wiy, = [V, W,]. (3.2)

Therefore, det W is a constant independent of n and ¢,,. In fact, we obtain by the first
expression of (3.2) that W1 = U, W, U, L. Then det W,, .1 = det W,,, which means that
det W,, is independent of n. In a way similar to the continuous case, a direct calculation
shows that (det W), = 0.

In the following,_we shall solve the Lax equations (3.2), by which we derive explicit
expressions of G(n), F(n), H(n) in the Lax matrix W,, and show them to be polynomials of
A and A~1. Equation (3.2) can be written as

F(n+1) + a2 n)H(n)
(A = b(n))F(n+1) - n
(A = b(n)H(n) + (G(n +1) + G(n)) =0,
(A2 = b(n))AG(n) + XN2a?(n)H(n + 1) + X\2F(n) = 0,
and
G(n)s,, = N2B™ H(n) — X201 (n)F(n),
F(n);,, =240 (n)F(n) — 2B™ (n)G(n), (3.4)
H(n), = =20 (n)G(n) — 24 (n)H(n).

|3

Suppose functions G(n), F(n) and H(n) are finite-order polynomials in A:

Gln) = 0, QP(n) — S A%a(m)Q (n) ~ X' (n),

F(n) = =2a*(n —1)Q® (n—1), H(n) =2Q%(n),

—No+1

Q(l ZQJ . )\2N1 2 4 Z Q /\—2N2 2] (3.5)
7=0
—No+1

Q(2 ZQ] 1 )\2]\71 2]+ Z Q A 2No— 2]

7=0
Substituting (3.5) into (3.3) yields
KnQj-1(n) = JnQj(n),  JnQ-1(n) =0, j=0,
K,Qj—1(n) = J,Q;(n), K.Qo(n)=0, j<0, (3.6)
KnQNl—l(n) = JnQ—N2+l(n)a

)
)
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with Q;(n) = (Q\ (1), QP ()T, (j = 0); Q;(n) = (@ (n), QP (n))7. (j < 0). Tt is easy to
see that the equation J,Q_-1 = 0 and K,Qo(n) = 0 have the general solution:

Q-1(n) = ap4+5-1(n) + do,4+5-2(n), (3.7)
Qo(n) = ag,—So(n) + éo,—S1(n), (3-8)

where ag y, &4+ and o, ép — are constants. Noticing S_g = 5’1 € ker K,, Nker J,, acting
with the operators (J, ' K,)**1 and (K, 1J,)F, respectively, on (3.7) and (3.8). We obtain
from (3.6) and (2.2) that

ZOCJ +Sk J + ()[k+1 +S ( ) + dk+1,+5_2(n), 0 S k S Nl, (39)

k

Q_k(n) = Zaj,_S_Hj(n) + éék7_S_2(n), 0< k< Ny, (3.10)
=0
where a1 ¢, ..., Q1,4+, Q145 Qhpl 45 O —y ..., 0 G, ..., 0y _ are constants. Sub-

stituting (3.9) and (3.10) into the final equation in (3.6) gives rise to the N-order stationary
relativistic Toda lattice

ap+ XN, (n) + - +an, +Xo(n) Fan,—1-X_1(n) + -+ g, X_n,(n) =0.

From (3.5), (3.7)—(3.10), we have

Ni1+1 No—1

2(N1+1)—2j5 2N2+2J
= R S g
7=0
No—1
Zf]-‘r JAPNTE 4 Z fi—(n)A—2R 2 (3.11)
7=0
No—1
Zh]+ )\2N1 2]+ Z h]7 A 2N2+2]
7=0
where
go+(n) = —ao+, g1+(n) = —2a01a*(n — 1) — a1 4,
fo (n) = —200,4a%(n 1),

fi+(n) = =209 ya*(n — 1)(a*(n — 1) + a®(n — 2) + b(n — 1)) — 201 ya*(n — 1),
hot(n) = 2004, hiy(n) =200 (a®(n) 4+ a®(n — 1) + b(n)) + 201+, (3.12)

2ap,—a?(n —1)

90,—(72) = Qap,—, gl,—(n) = b(n)b(n _ 1)

+ 051,—7
200 —a*(n — 1)

fo,—(n) = — bn—1)
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_ 2a9_a*(n—1) a’(n—1) a*(n—2) 201, —a?(n — 1)
fi-(n) (1)72(1@ 1) <1 bn) | bn—2) > - 1b(n 1)

200, 209, a®(n) a’(n—1) 201 —
ho—(n) = 30y M- = 330 <1+ bt 1) b= 1) ) TOR

Subsequently, it will be useful to work with the homogeneous coefficients, g, +, fj,i,

and iLj’ +, defined by the vanishing of all summation constants oy, 4+ for k= 1,2, ...

,J, and

(3.13)

jeN.

Qo, + = 17
go+(n)=—=1, go-(n) =1, 9j=(n) = gj=(n)lay . 1,0, L =0k=1,..j>
5 p 2a(n — 1)
=—2a%(n—1 (n)=-"——
zf;07+(n) a (n )7 fO7 (n) b(n _ 1) b
f],i(n) = fj,i(n)|a07i:1,ak,i:0,k:1,...,j7
. . 92 .
ho+(n) =2, ho—(n)= w, hj+(n) = hj,i(n)‘ao,izl,aki:(),k:l,m,j’

By induction one infers that

k
gj+(n) = z;) aj 1 +0k+(n), fij+(n)

k .
hjt(n) =3 aj g thg+(n).
=0

k R
= > aj_+frt(n),
=0

(3.14)

Remark 3.1. As an useful tool to dlstmgulsh between nonhomogeneous and homogeneous
quantities g; +, fj +, hj +, and g; +, f],i, j. 4, respectively, we now introduce the notion

of degree as follows. Denote

L R S
and defines deg(a™) = 1, deg(b)) =2, r € Z.
Using (3.5), (3.6) and (3.11), then results in
deg(gr+) = 21, deg(gi,-) = [ € N,
deg(ﬁJr) = 2]+ 2, deg(f ) = [ € Ng,
deg(hy ) =21, deg(h;_)=—21—2, 1eN.
Noticing (3.5) and (3.11), we can write F'(n) and

form

N
F(n) = —2aq +a*(n — 1)z Hz—,u]n—l)
N j=1
H(n) = 2ag,42~ 2 H(Z —pi(n)), N =Ni+Ny,
j=1
1250030-8

r €7,

(3.15)
(3.16)
(3.17)

H(n) as finite products which take the

(3.18)
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Quasi-Periodic Solutions
where z = A2, and the roots {u; (n)}{n; (n)} are called elliptic variables. Comparing the
coefficients of z in the expressions of F(n), H(n) in (3.11) and (3.18) readily yields trace

formulas for f; +, hy+ in terms of symmetric functions of y;(n) and 0y (n), respectively. For
simplicity, we just record the simplest cases

a
a?(n) +a?(n — 1)+ b(n Z“J a1’+
07+
I Oéo+ 1N
b(n) ao,_ H“ﬂ

Since det W, is a polynomial that only depends on z, whose coefficients are constants of

(3.19)

the n-flow and ¢,,-flow, we have
—det W,, = G*(n) + zF(n)H(n) = R(z), (3.20)
from which we obtain
G(n)] ) = V Bk (n)). (3.21)
Noticing (3.4) and (3.18), we get

N
H ()t oy ) = —200,4+ 1,1 ()i () 72 T (i (0) = ()
gf;i (3.22)
= 2y/R(ui,(n))C™ (n)| .y )
which means the Dubrovin equations for the time variation of j1;(n)
o () = \/R(uk(n))g@) (M) (111 () | o)
o a0+ [ Ii=1(ue(n) — p;(n)) '
i#k
with 1 <k < N, m = (m1,mz), my >0, mg > 1, and
mi —ma+1
CE )., =203 SP ()7 +28 Y 8P () (3.24)
j=0 j=0

4. Straightening Out of Various Flows

In the section, we first define a hyperelliptic curve K with the aid of the determinant for
Lax matrix W,,. Then we introduce a fundamental meromorphic function and Abel-Jacobi
coordinates on Kp. The corresponding continuous flow and discrete flow are straightened
out under the Abel-Jacobi coordinates. Here the meaning of straightening out of the various
flows is that the velocities of the Abel-Jacobi coordinate along the discrete n-flow and
continuous t,,-flow are constant (see Theorems 4.6 and 4.9).

According to (3.1) and (3.2), one infers that the expression, R(z) = G? + zFH =
—det W, is a constant independent of n and t,, with 2 = A%, in other words, R(z) only

1250030-9 497
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depends on z. Assuming in addition to Hypothesis 2.1 that
ao+ € C\{0}, m = (m1,mz) € N\{(0,0)}, (4.1)

one may write R(z) as
2N+2

Riz)=a} 27 [[ (¢ —2), {m¥"PcC\{0}, N=Ni+NyeNy. (42)
j=1

Moreover, (3.20) also implies

2IN+2
;1_% 22M2R(2) = a0,+ H = ao _ (4.3)

and hence,

2N+2 2

H 2= B (4.4)

Equation (3.20) allows us to introduce a hyperelliptic curve Ky of arithmetic genus N
(possibly with a singular affine part) defined by

2N+2
Ky :Fn(zy) =1y* — g 122 R(z) =y? — [] (z—2)=0. (4.5)
j=1

The curve Kpn can be compactified by joining two points at infinity, Pyt, where Pyt #
P . For notational simplicity the compactification is also denoted by Ky. Points P on
KN\{Poo+, Po—} are represented as pairs P = (z,y), where y(-) is the meromorphic func-
tion on Ky satisfying Fn(z, y) = 0. Here we assume that the zeros z; of R(z) in (3.20)
are mutually distinct, which means z; # z, for 7 # k, 1 < j, k < 2N + 2. Then the
hyperelliptic curve K becomes nonsingular. According to the definition of Iy, we can lift
the roots {p;(n)} of H(n) and {u; (n)} of F(n) to K by introducing

/lj (na tm) = (:U’j (na tm)a —Oé&i,uj (77’7 tﬂ)NQG(uj (77’7 tﬂ)a n, tﬂ))a (46)
/lj_ (na tm) = (:U’J_ (na tm)a O‘(]_,1+:U’]' (77’7 tﬂ)NQG(uj_ (na tm)a n, tm))a (47)
where j =1,..., N, (n,t,) € Z x R. We also introduce the points Py + by
0407_
Po,i - (an(PO,i)) = <07 :t—) € ]CN (48)
o, +

We emphasize that Py + and Ps+ are not necessarily on the same sheet of Ky.

Next, we briefly recall our conventions used in connection with divisors on K. A map,
D : Ky — Z, is called a divisor on Ky if D(P) # 0 for only finitely many P € Ky. The
set of divisors on Ky is denote by Div(Ky). We shall employ the following notation for
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divisors,
Dgog = Dg + Dq,, Dqg=Dg, + -+ Dqy,
Q={Q1,...,Qn} €Sym"(Ky), Qo€Kn, NEN,
where for any @ € Ky,
1, for P =Q),
0, Pekny\{Q},

and Sym™(K ) denotes the Nth symmetric product of Ky.
From (4.5) we know that

(JzaJrz_QNQy2 = G? + 2FH,
that is
(0,12~ M2y + G)(ag.4 2~ Voy — G) = 2FH,

then we can define the fundamental meromorphic function ¢(-,n,t,,) on Ky by

¢(P n.t ) — a0,+Z_N2y B G(”? tﬂ) — ZH(”? tﬂ)
T F(n,tn) ao+2 N2y + G(n, ty)’
P=(zy) €Ky, neN, (4.9)

with divisor (¢(-,n,t,,)) of ¢( -, n, t,,) given by
(@, n,tm)) = D, o(nitm) — PP pi(ntm) (4.10)
using (3.9). Here we abbreviated
é(rnw tm) = {/jl(rnw tm)a s aﬂN(na tm)}a Q(na tm) = {ﬁl(n> tm)> s 717N(na tm)}

In order to straighten out of the corresponding flows, we consider the Riemann surface
Ky and equip Ky with canonical basis cycles: a1,...,an;b1,...,byx, which are independent
and have intersection numbers as follows

aioaj:O, biobj:(), aiObj:(Sij.
For the present, we will choose our basis as the following set

l—ld
o= —2 1< |<N, (4.11)

a&izQNQR(z)

which are N linearly independent homomorphic differentials on K. By using the cycles a;
and b;, the period matrices A and B can be constructed from

Aij:/ (Di, Bz]:/ W;-
a; bj

It is possible to show that matrices A and B are invertible [11, 13]. Now we define the
matrices C' and 7 by C = A=, 7 = A7!B. The matrix 7 can be shown to be symmetric
(15 = 7j) and it has positive definite imaginary part (Im7 > 0). If we normalize @; into
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the new basis w;

N
wj=Y Cua, 1<j<N, (4.12)
=1

N
/ w]' = E le/ (:)l = 5ji7 / w]' = Tji'
a; =1 a; b;

Let 7 be the lattice generated by 2NN vectors d;, 7j, where 6; = (0,...,0, 1, 0,...,0)
~—
Jj—1 N—j
and 7; = 76;. The complex torus J = cN /T is called Jacobian variety of Ky. Now we
introduce the Abel map A(P) : Div(Ky) — J

A(P) = /P Y A (S meb) = Y meA(Ry). (4.13)

where P, P, € Ky, w = (w1, ...,wy). The Riemann theta function is defined as [11, 13]

then we have

0(P,D)=0(A— A(P)+ A(D)) (4.14)
with P € Ky, D € Div(Ky), and A = (Aq,...,Ay) is defined by

N P
Aj==(1+15) Z/ /wj, j=1,...,N.
=3

Define the Abel-Jacobi coordinates

N N N (P(uk(n))
pnst,) = A <Z P(Mk(”))) = A(P(ux(n))) = Z/ w, (4.15)
k=1 k=1 k=110

where P(ug(n)) = (ux(n), /R(ux(n))). The components of the Abel-Jacobi coordinates in
(4.15) read

i (n,tm) N 123 Zl_le
pj(n,tm) = Z/ cer = Z Zle 5 s (4.16)

k=110 k=1 1=1 2(Po) (o 222 R(2)

where 1 < j < N. Without loss of generality, we choose the branch point Py = (zj,,0),
Jo € {1,...,2N + 2}, as a convenient base point on Ky, and z(Fp) is its local coordinate.
Then according to (4.13) and the definition of Riemann theta function in (4.14), we have
tm)) = O(A = A(P) + p(n, tm)).

0(P, Dpn,

From (3.23), we obtain

-1 N C 1— lc(m)
O ps(intm) = 55" Oyt bt _ g (SO O )

=1 k=1 \/040 +,uk2N2 Mk) =1 k=1 H;;llf(/ik - Mz‘)

HE(4.17)
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Before discussing the following theorem, we start with some elementary results. Let

{z};=1  an2CC

for some N € Ny and & C C, such that [£| < min{|z1|7,...,|22n42|7'}, and abbreviate
EZ(Zla"wZQN-‘r?)a 1_1:(21_17"'7'22_]\1[4,_2)'
Then
1
2N+2 2 x
[Ta-2%9] => ar¢d, (4.18)
j=1 k=1
where
aO(é) = 17
k . .
27 )+ (2 o :
o= S S Chvel e pen. (419)
J1senjoN+2=0 2 (]1!) "'(]2N+2!)

JittiaN+2=k
The first three coefficients are given explicitly by

2N+2 2N+2 2N+2

. . 1 . 1 3
o) =1, (=5 > 2 Gal=7 ) zatg ), 54 (4.20)
J=1 g k=1 j=1
j<k
In a similar way, we have

2N+2 % o0
[[a-%9] =S a2, (4.21)
j=1 k=1

where
a (é) - 17

k

wE= X Gy

J15eJ2N+2=0
Jit-+iaN+2=k

(271)! - (2)2n42)!
s (Janve2)? (271 — 1)+ (2)ang2 — 1) (4.22)

J1 J2N+2
X2y - Zynie, KkEN.

The first few coefficients explicitly read

| 2N+2 1 2V+2 1 2N+2

ao(z) =1, aiz) = -5 oz aa(z) = 1 >z — 3 > 4 (4.23)
=1 j k=1 =1
! ]j<k !

Next, we turn to asymptotic expansions of various quantities in connection with
the relativistic Toda hierarchy. We begin with some general results associated with the
relativistic Toda hierarchy. Considering a fundamental system of solutions Wi(z,:) =

(P1.+(2, ), 24 (2,))T of U(2)Vi(2) = WI(z) for z € C, with U given by (2.1) such
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that
det(V_(z), ¥4 (2)) # 0.
Introducing
Ao
O+ = Vit
then ¢y satisfy the Riccati-type equation
@t — (2 D)pa =2, 2= N2 (4.24)
and one introduces in addition,
- 2
F=—-]: 4.25
by — O (4:25)
X O+ + o
G=-*+—"" 4.26
by — - (4:26)
o =227
H=—""—. 4.27
bt — o (4.27)
Using the Riccati-type equation (4.28), one derives the identities
Ft+4d’H =0,
(z—b)FT —d*(GT +G) =0,
(z=bH+G"+G =0, (4.28)
(z—b)AG + za’H' + 2F = 0,
G*+2FH =1.

Moreover, (4.28) also permit one to derive nonlinear difference equations for G, F, H sep-
arately,

((a™)*(z = b)?FT + z(aa™)*F — 2a’F™)? — 4a®(a™)*2(z — b)?FFT

= 4(aa)*(z — b)?, (4.29)
(z=b)(z=b)G? = 2(a” ) (GT+G)G+G7)=(2—b)(z—b), (4.30)
(za®H" — (2 = b)*H — 2(a”)?H")? —4(a™)?2(2 — b)?HH™ = 4(z — b)%.  (4.31)

Next, we assume the existence of the asymptotic expansions of F, G, H as P — P4 and
P — Py +. More precisely, near % = 0 we assume that

(Z) ‘Z‘:—>0 :FZ]EZH—Z_I 17 ( ) |2i0 :Fzgl,-i-z )
zeCR =0 zeCRr =0 (4 32)
0o .
: = h .z e N,
( |z]—0 - Z L+ 0
zeCRr =0
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for z in some cone Cr with apex at z = 0 and some opening angle in (0,27], exterior
to a disk centered at z = 0 of Sufficiently large radius R > 0, for some set of coefficients
fl,-i-a 9+ lv"Ll,Jr, [ € Np, and the sign depends on whether P tends to P — Pyt or P — Py
Similarly, near z = 0 we assume that

F(z) = iZfz G(z) = iZgz

|z|—0 \Z\—>0
zeCh =0 zeCy =0
(4.33)
oo
|| 0 b2, 1€Ny,
zeCy =0

for z in some cone C, with apex at z = 0 and some opening angle in (0,27], interior to
a disk centered at z = 0 of Sufficiently small radius » > 0, for some set of coefficients
ﬁ_, Ji,—, lvll,_,l € Np, and the sign depends on whether P tends to P — Fy . or P — Fy _.
Then we can prove the following result.

Theorem 4.1. Suppose a, b € CZ, a(n)b(n) # 0, n € Z, and the existence of the asymp-

totic erpansions (4.32) and (4.33). Then F(z),G(2), H(z) have the following asymptotic
expansions as P — Py, z € Cg, respectively, P — Py +,z € Cy,

Z = :FZfl-i-z _7 Z = :Fzgl-i-z )

|z —0 |z —0
2eCpr zeCpr
(4.34)
)
g = h =1 e Ny,
9, Pt en
zeCR =0
and
o)
S hd G = sy
) o — o0 &
z€Cr - z€Cyr
(4.35)
H = +) h_ 2, leN,
Z |z]—0 Z b= 0
z€Cr =0

where fl,i,gli, izl’i are the homogeneous versions of the coefficients fi 4+, g1+, + defined in
(3.11). In particular, fi+, Gi+, hi+ can be computed from the nonlinear recursion relations

for =—2(a"),

fra==2@)*((a" )+ (a ") +b),

for==2(a)*((a") + (a™ )" + (aa™ ) +2(a"a" ")’ + (a7)’b +2(a”)*b"
+(a ") 4200 )% + (@ )T+ (00)P),
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-1 -1
1 ~ ~ _ ~ ~
(a4 Z fm,+fl—m,+ - 4a4b Z fm,—i—fl—m—l,—i—

ﬁ7+ = _ﬁ
4a*(a™) —

m=1
-1 -1
- 2‘14(@_)2 fm,+fl:m71’+ - 2(a_)4a2 Z fm,—i—fltm,lgr
m=0 m=0
-2 -2
+(aa ) Y i omea + 63" (07> ot fiomoas (4.36)
m=0 m=0
-2

-2
A+ —\2,,4 P pe
S oY1 ) N A
m=0 m=0
-2 -2
+ 4‘12 (a_)4b_ m,+fltm,27+

fm’+fl:m73,+

-3
o) m,+fl—m—4,+> , >3,

Jo,+
Gor =2(a) = (@) (a® + (a™)? + (a7 ) +b+b),
W= -1
gi+=75 Gm+G1-m—1,4+ — (b+07) I+ Jl—m—1,+
2 (mz—:l e mz_:o e (4.37)
1-2 -1
00 Gmadiem—z+ — @)D Gt (G 1y
m=0 m=0
-1
+§l—m—l,+ + gl_—m—l,—l-) - (CL_)2 Z .é'r—;,—kgl__m_l,_'_) ) ! > 3a
m=0
hos =2, hiy =2(a®+ (a”)?+b),

ho = 2(a* + (a™)* + (aa™)? + 2(aa™)? 4 a0t + 2020 + (a"a=")?

+2(a7)%b+ (a™)%b™ +b?),

-1 -1 -1
N 1 N N N N R R
b =7 (Z Rt P =40 g b1 —20% Y R b
m=1 m=0 m=0
-2 -2

-1
=2 Y g himmer s+ at YR 66 R
m=0 m=0 m=0
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-2 -2 -2

+(a)* Z o, hl_ m_2+ T 4a2b Z ﬁ;7+ﬁl_m_2,+ —2(aa™)? Z ﬁ;7+ﬁﬁm727+
m=0 = m=0
-2 . A -3 -3 A
F 4020 Ty gy = A0 T s — 20767 It By
m=0 m=0 m=0
-3 . A -4
—2007 )02 Y by g AV By 4+> 1> 3,
m=0 m=0
(4.38)
;o 2(an)?
fO,— - = b ’
; 2(a”)? (a2 (a7)
= 1
o= (1 5+ ).
; 2(a”)? (@) (a)t 2(a)* 20 7) 2@ a ") (a)*
o= 1
f2 (b-)? ( Tty T Y YT T
TR 0 o w2y
(b——)2 b2b+ (b=—)2b
b -4 -3
P +)4 A+ P+ +4 +
fim = a ey ((a AP SR s
-3 A -3
—202(a ") Y fromes o —2a% (@)Y fd AT
m=0 m=0
-2 -2
+(a’a’+)4 fm, fl m 2—+6( +)4b2 Z fnt,— ltm—Q,—
m=0 m=0
-2 -2 . .
SR S Al s o (T b ) Y Ay A
m=0 m=0
—2a’( me lm2 +4a bem lm2—
4b3me Fit e, — 2a°( Wme from—1,—
m=0
-1 . A
—2a'(a™)?V? Z fm e 1,— + (a™)"0! Z fnt,—fltm,—> , 123
m=1
(4.39)

a~ 2
do—(m) =1, gu(n)= 200

. 4(a”)2(b+b7) B 4(aa™)?  4(a"a"7)?

P = T )2 02— b(b-)2b——
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= -
G- = 5= ( > Gm-Gi-ma— +(b+D) Z Jm,—Gi—m—1,~

-1
+bb~ ng - —m,+

m=1

m=0
-1
+@)?) Q?;,_Qfml,> , 1>3, (4.40)
m=0
N 2 . 2 a? (a_)2
ho . = — h 1+ =
0 b 1, b2(+b++b >,

+ + =+ + + +

S at (@) 2a% 2(a)?  2(aa™)?  (a)’b  (a7)?b
he,— =3 <1+ btz ()2 bt b= bto- o (bT)2 0 (b7)?

(aa™)?b  (a"a"7)?%b
T T )% )

~

-3 -3
_ 2 +
hly— - 4b3 (Z h —hl —-m—4,— 4bmz:1h —hl m—3,— — 2a mzzoh , hl m—3,—

-3 —2 -2
P2 h by, +al Z W b 60D h hi_gn -
m=0 =

m=0
-2 -2 -2
(a2 b o 400> B g —2(aa”)? > R R,
m=0 m=0 m=0
-2 R -1 . -1 )
+4(a7) Y hun by o = AV P gy - — 2067 by
m=0 m=0 m=0

-1 -1
_)2b2 Z ilm’_ill_m_l,_ + bt Z iLm,_iLl_m7_> , 1 >3.
m=0 m=1
(4.41)

Proof. A direct calculation shows that fl + satisfies (4.36) and (4.39), g; + satisfies (4.37)
and (4.40), ﬁl,i satisfies (4.38) and (4 41). In order to prove (4.34) and (4.35), one only
need to prove fl’i = fl’i, 9+ = i+, Iy 4+ = hl +, | € Ng. We first consider the expansions
(4.34) near 1 = 0 and the nonlinear recursions (4.36)-(4.38) in detail. Inserting expansions
(4.32) for F' into (4.29), expansions (4.32) for G into (4.30), expansions (4.32) for H into
(4.31), then yields the nonlinear recursion relations (4.36)—(4.38), but with fl 5 G+ hy +
replaced by fl 5 G4 hy +- The signs of fo +5 90,45 hg + have been chosen such that the
coefficients fo . = —2a%(n — 1), Jos = —1, ho+ = 2. for, o+, ho+ are consistent with
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(3.11) for o+ = 1. Thus, one concludes that
fiv = fres G =gt My =hy, 1eN,
for certain values of the summation «; . In order to prove that
fir=Ffis G+ =0+ luitr=hs, €N,

and hence all a; 1,! € N vanish, we now depend on the notion of degree as introduced in
Remark 3.1. To this effect, we recall that

deg(fi+) =20+2, deg(g+)=2l, deg(hy+)=2l, €N

Similarly, the nonlinear recursion relations (4.36)—(4.38) yield inductively that deg(f; ) =
21 +2,deg(g.+) = 2,deg(h; ) = 21, 1 € Ny. Hence one concludes

fix=f+e G+=0+ hgy=h, leN.
In a similar way, we can prove that

fi—=fi—s G-=0q,-, h_=Hh_, [N O

Given this general result on asymptotic expansions for Laurent polynomial associated
with relativistic Toda hierarchy, we now specialize to the algebra-geometric case at hand.
We recall our convention y(P) = F(("V"1 + O((™Y)) for P — Py (where ( = 1) and
y(P) = £2%= + O(¢) for P — Py . (where ¢ = 2).

Q0,4

Theorem 4.2. Assume a,b € C% a(n)b(n) # 0,n € Z, and suppose P = (z,y) €
KN\{Psost, Po+}. Then zN2G y, 2N2F/y, 22 H [y have the following convergent expansions
as P — Py,

™ G(2) c M F(z) c
< ) _ N ¢+l
i Y ) SO

Qo+ Y =0 @0+ Y 0
N - (4.42)
22 H(z) S|
= h +
aw.+ ¥ oo ?; 1,+€
and as P — Py +,
No G & N2 F
z z R z
EARRC(CIN o Zf ¢,
Qo+ Yy (=0 =0 ao+ Y C—>0 ( )
4.43
e RS
Qo+ Y C—>0 l ’

where ( = z71 (respectlvely, ¢ = z) is the local coordinate near Pyt (respectively, P —
Py 1), and fli, Ji+» hli are the homogeneous versions of the coefficients fi+, g1+, hi+
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as introduced in (3.11). Moreover, one infers for the z;j-dependent summation constants
aj4,0=0,...,Nyand oy _,1 =0,...,No — 1 in G(2), F(2), H(2) that

ot = a0tk (2), 0<k<N;; ap_=oag-ap(z '), 0<k<No—1, (4.44)

where z = (21,...,20N42), 2+ = (zl_l,.. 22]\1,+2)
aO(Zil) = 17
k . . +5 +7
2 | 2 'Z J1 J2N+2

N : ’
itama=o 222G (Jan2! )2 (2j1 — 1)+ (2jon42 — 1)
Jite+jany2=k
In addition, one has the following relations between the homogeneous and nonhomogeneous

recursion coefficients:

flj:—QOiZOél R e 1=0,., Niys, — 0, (4.46)
k=0
aOiZal k gkﬂ:a l:()a"'aNl-Hsiila (447)
hix = o+ Z (2 ez, 1=0,...,Nijs, — 0, (4.48)
k=0
aOiflﬂ:—Zal R fras =0, Nigs, — 0, (4.49)
k=0
I
a0 sdis = Y G-p(Z N ges, 1=0,..., Niys, £1, (4.50)
k=0
I
aorhis =Y G k(T hex, 1=0,...,Nigs, —0s, (4.51)
k=0
where
k . . +j tjon+2
253\ ...(2 1g= +
&0(§ﬂ:1) —1, dk(éﬂ:l) _ Z (241) (2j2n+2) 1 IN+2 . keN.

T2 ) P
J1ye-sJ2N+2=0 2%k (‘h!) o (‘72N+2!)

JittiaNy2=k

Here we used the convention

0+ = (4.52)

1, —.
Proof. Now, we introduce the holomorphic sheet exchange map
1Ky =Ky, P=(zy) =P =(2-y), yP)=-yP), PP ey

Identifying ¢ (z,-) with ¢(P,-) and ¢_(z,-) with ¢(P*,-), then ¢(P,-) and ¢(P*,-) satisfy
the Riccati-type equation (4.24). From the definition of meromorphic function ¢ in (4.9)
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and the expressions (4.25)(4.29), we have

- 2 2 F(z)

P30 o) " aor v 459
L WP P 2N Gl

C= o) —o(P) " a0s w 459
o 2T 0P)AP) 2 H() )

¢(P)—o(P*)  aos y

Moreover, as P — Py 1, one obtains the following expansions using (3.11):

N2 F(z2) k = N
— > @A) ZfNQH,cﬁquNch”

o+ Y C—>0 040+ <k =0 =0

[e.@]
= F) fisd (456)
N
N2 o0 N2_1 N1+1
22 G(z) ¢ . & Niti N
(gL Y <:0$060,+ (/CZ:—Q%(Z)C Z:gNQ—],—C + Z_:QN1+1—],+C
= j=0 s
o0
o T2l (4.57)
1=0

No oo No—1
Z_H( z) _ :F% (Z&k(é)ck> ZhN2 — N1+J+Zth j+§ 1—J

@+ Y (=0 a, k=0 7=0 7=0
(o]
_ G 4.58
; OJF; 14€ (4.58)

This implies (4.42) as P — Pyoy. Similarly, as P — Py +,

Ny No—1
2 Fz) _ - ( &k(é_l)ck> Zsz 1—j,— CN1+j+ZfN1 ¢

Q.+ Y =0 ao— \i < 4
oo
o ; hi-d (4.59)
N> 1 00 Na—1 N+ |
jo + G;Z) o Tan (1«—0 é‘k(—_l)ck> JZ:O gN—j— M+ ; Ny 41 (NI
oo
So lz% a=C (4.60)
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2N H(z) 1 E I\ ok gl Ni+j
=+ ap(z77)¢ Ang—1—j,— N+ Chy (N
ag+ Yy (=0 ap,— kZ:O jzo 2 / JZ; 1
(e}
=+ h_ch 4.61
So TN ¢ (4.61)

Thus, (4.43) holds as P — Py 4.
Next, by comparing powers of ¢ in the second and third term of (4.56) and (4.59),
respectively, formula (4.49) follows. Similarly, we can get formula (4.50) and formula (4.51).
Finally, multiplying (4.18) and (4.21) and comparing coefficients of (¥, one finds
Zfzo (2t éy_1(2FY) = k0, then, one computes

! k
Oéo,ﬂ:zal—k fki—zal k(2 Z N fsr = fix, keNg. (4.62)
) k=0 5=0

Hence (4.46) holds and (4.44) can be proved using (3.14). The proofs of expansions (4.47)
and (4.48) follow precisely the same strategy and are hence omitted. ]

Assuming N € N to be fixed and introducing
Se={l=(,....lx)eN|1<l;<---<l, <N}, k=1,...,N,
1) = {1=(ly,....ls) €Sp|Li#jsi=1,... .k}, k=1,....N—1,j=1,...,N,

one defines the symmetric functions

‘IIO(E):]W ‘I,k Zuh :U’lka :17"'7N7
leSk
T (u Sy, k=1, ,N—1, j=1,...,N,
1e1t?

Ti(w) =1, Th(w) =0, j=1,...,N,

where = (p1,. .., un) € CV. Introducing

N N
H(z) =[]z = 1) =D ®(w)z",
j=1 1=0
one infers
N

H [k = Hj)-

7j=1

JF#k
According to Lagrange interpolation theorem, we have the following important facts (these
theorems were proven in detail in [5, Theorem D.1, Lemmas D.2 and D.3]).
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Theorem 4.3. Suppose that ji1,...,un are N distinct complex numbers. Then,

-1
'LL . .
Z ~ T)(1) = 0Nk — Chrt ()01, N1,
H,

=1 (Mj)
l=1,...,.N+1, k=0,...,N—1. (4.63)
Theorem 4.4. Suppose that jiy,...,un are N distinct complex numbers. Then,
Wi (p) + T () =T (), j=1,...,N, k=0,...,N—1,  (4.64)
k .
> W (s =T (), j=1,....,N, k=0,...,N, (4.65)
1=0

Assume that p; # ps for j # j, we introduce the N x N matrix By (u) by
Hj i L

j-1 N
Bi(4) =1, Bu(y) = | ov (4.66)
RS BNV TS (s — i) ’ '
i#k k=1
where 1 = (p1,...,pn) € CV.
Theorem 4.5. Suppose that ji1,...,un are N distinct complex numbers. Then,
_ j N
By(w) ™" = (Th (1) s (4.67)
From (3.18), we have
N N
M2 H(n) =200 4 H(z — 1j) = 200+ Z \IIZ(H)ZN_Z.
=1 =0
Then hy y =200+ (), 0 <1< Ny, by =200+ Py g(p), 0 <I< Ny — 1
With these preparations, we can derive the following important result.
Theorem 4.6 (Straightening out of the continuous flow).
Ot p(nstin) =Y, my >0, mp > 1, (4.68)
where
mi 2N 42 —2 ma—1
Y =20 "y, Cn+2( J] 2| 8D A4Cmyss m1 20, my>1,
1=0 j=1 1=0

p(n,tm) = (p1(nytm), ..., pn(nytw)), C,. = (Cipy...,Cnr), 1 < v < N, and the recursive

formula:
T
Yo = 1a "M=—-——, Ve = —— Z(_aj,+)7k—ja (469)
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k
« o o, — . 1 .
-1 =0 :_E:_a._ L
Y0 s N oo Yk oo, j—l( Js )k J

Proof. From (3.9) and (3.10), we arrive at

hk_;,_ Zaj+0k ]+

with C’,gm_ir) (n) = 2S,(€2_)1(n), C’,g’m_)( ) = 25 ,Z( ), which implies by induction that

C,i,mﬁ(n)——thk L+(n —2Z'Yl‘1’k 1(p

)

k
™ (n) = —Z%h kel —
1=0

7

(4.70)

(4.71)

(4.72)

(4.73)

(4.74)

In fact, it is obvious that ho(n) = a07+00(m) (n) = 20 . If (4.73) holds for a fixed k € Ny,

then a direct calculation shows by (4.71) that

(m)

(m)  _ (m)
a0+ Cpi 4 = b4 — a1, 4Gy

= ag O = 0<k+1,+0(()m)
= hpet1,+ + (—a,470) e + (—o1 471 — a2, 90) -1+
o (a4 = — agr14)ho+
k+1

=Y k114
1=0

Therefore (4.73) holds, in a similar way, we can prove (4.74).
From (3.24), (4.17), (4.73), (4.74), and use Theorems 4.3-4.5, we deduce that

mo—1 mi
x (ﬂ > o Y 0&“71@)%"1%)

_1
m1 2N+2 2 mo—1
= —QQZ’le—ijN—l + 2 H Zj 16] Z ’?ijmz—l-
1=0 j=1 1=0

This completes the proof of the theorem.
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In what follows, we shall discuss the straightening out of the discrete flow. Consider the
fundamental solution matrix of (2.1) by

W) 2@(n
M, = ()A(mf(n) = (p ( ) P E ;) , My = ((1) ?) ) (477)

which can be expressed explicitly as
My 1= UpUp_1---Uy. (4.78)

By mathematical induction, we have

e (0 —a*(0)
' a(0) <1 A x%(o)) ’

(4.79)
1 —a?(1) —Aa?(1) + A" ta?(1)b(0)
My = ——— J
a(0)a(1) <)\ — A1) A2 = (a2(0) + b(0) + b(1)) + )\‘2b(0)b(1)>
2
W) = & (n—1)
P )
n—3 n—2 n—2
_\n—2 4\ 4 (Za2(j) + Zb(])) — (_1)n—1/\—n+2 H b(])} 7
j=1 j=1 j=1
a2(n )
@ (n) =
n—3 n—2
> AL an S(Za2(]>+zb(])) ny n+1Hb ,
o o (4.80)
Wy = 1
T )
n—2 n—1 n—1
x AT \n=3 (Za2(j)+Zb(j)) oo (=) T Hb ,
Jj=1 j=1 J=1
(4.81)
@) = =
150 a(j)
n—2 n—1 n—1
< AN A2 ST 43 0G) | 4 AT T eG) - (482)
=0 =0 =0

The discrete commutative equation, W, U, — U,W,, = 0, is the key to straighten
out of the discrete flow, which means that the solution space of the linear equation (2.1),
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Exn = U,Xxn, is invariant under the action of W,,. Let a07+Z_NQQ and x, be the eigenvalue
and eigenfunction, respectively, of W), in the solution space. Then they satisfy

Exn =UpXn, Waxn = 050’+Z_N2QXn. (4.83)

It is easy to see that det(agz V20— W,) = a%7+z_2N2g2 — G%*(n) — A2F(n)H (n), which
yields to the algebraic curve K. There are two eigenvalues o™ = 4p, and

0=y 2" \/G2(n) + XN2F (n)H (n). (4.84)

The eigenfunctions of the Lax matrix W), are called the Baker functions after some kind of
normalization, which can be taken as

X (n) = ¢ Xn + Xn (4.85)
with
G(0) £ a2 N2
+ +
= ) 4.
¢ NH (0) (4.86)

Proposition 4.7. Let ¢T(n,\) be the second component of the Baker function xT(n,\).
Then

N (n
g (n,N)g~ (n,\) = H(n) = H Z:'Zj((o)) (4.87)

j=1
Proof. Using (4.78) and the first expression of (3.2), we have
W, M, = M, W, (4.88)
from which we can derive (4.87) through some direct calculations. O
Using (4.84), (4.86) and (3.11), we obtain
0 =NV 4 a1 (A 2+ 0N},

ct = —a?(-DA 1+ 0\ %)}, (4.89)

c=-M1+0\?)}.

Substituting (4.81) and (4.82) and the second expression of (4.89) into
qt(n,\) = ctqM(n) + ¢ (n), we obtain

An

T )= ———{1+0\? 4.90
q"(n,A) n;;ga(j){ +OM\)} (4.90)
for A — oo. Using (3.87) and (3.90), we have
n—1
g (n,A) =[] al)A {1+ 0\ ?)} (4.91)
j=0

for A — co. According to (4.86) and (4.89), it is easy to see that Ac™ and Ac™ are analytic
functions of z, which can be viewed as the values of the single-valued function [Ac|(P) on
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the upper and lower sheets of I, respectively. Moreover, it is obvious that the function

N1 (n) and X\"¢® (n) are (n — 1)th and nth order polynomials of z = A2, respectively.
Therefore, the expressions

2k, ) = () { a2 ) + ) 20)

A (2k 4+ 1,0) = (AWM (2k + 1) + ¢ (2k)

(4.92)

determine two meromorphic functions of z on Kn: ¢(2k, P) and [Ag|(2k + 1, P). In the local
coordinates ¢ = 271, ¢ = 27 N~1y, the equation of Ky near infinity is written as

2N+2

E-R(O)=0, R)= ] a-20. (4.93)

=1

On Ky there are two infinities and two zeros

Poo:l::(czoaé:qzl)> PO,:I:: ZZO,y:

which are located on the upper (Ps—, Py, +) and lower (Ps, Py, —) sheets, respectively. By
(4.89) and (4.90), the principal asymptotic terms of the two meromorphic functions near
P, _ are

Sk Skl
H?iol a(j) H?io a(j)
and their principal asymptotic terms nears Py are
2k—1 2k
q(2k, P) H a(j)z", N2k + 1, P) ~ [ ali)=". (4.95)
j=0
Similarly, for A — 0 we obtain
2 4 - a’2(_1) 2
g:a07_+a1,_/\ +O()\ ), c = b(—l) A{1+O(A )},
T bG)
g (n,\) = (=1)" a—) {1+ 0(\)}, (4.96)
J=0 J
(2 = (—1)n 20 1:[ —‘7/\”{1 OO}
b(n) i b(y)

Therefore, the principal asymptotic terms nears Py are

2k—
q(2k, P) ~ ((—1:[

\h.

k
. M@k +1,P) ~— ,
57 Pl oy L5(j)

O‘
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and their principal asymptotic terms near Py _ are

2k— . 2k .
] Lk ] Lk
q(2k, P) | | —= [Aq](2k + 1, P) | | —= 4.98

Based on the formula (4.87), and through an elementary analysis, it is easy to prove the
following facts.

Proposition 4.8. The Baker function q(2k, P) has the following properties:

(1) N simple poles at p1(0),...,un(0) and two poles of kth order at Ps_ and Py _;
(2) N simple zeros at p11(2k), ..., un(2k) and two zeros of kth order at Psy and Py 4.

The Baker function [Aq](2k + 1, P) is of the properties:

(1) N simple poles at 111(0),...,un(0) and a pole of (k+ 1)th order at Pso— and a pole of
kth order at Py _;

(2) N simple zeros at pi(2k +1),...,un(2k + 1) and a zero of kth order at Pt and a
zero of (k + 1)th order at Py 4.

Theorem 4.9 (Straightening out of the discrete flow).

p(2k +1) — p(0) = 20 + A, (mod J), (4.99)
p(2k) — p(0) = 2kQ© . (mod 7) (4.100)
or
o, 1=
p(n) — p(0) = QOn + (hy +h_), (mod J), (4.101)
where
POO
00 = l(m —h.), hi= / T (4.102)
2 Py, +

Proof. For n = 2k + 1, we introduce the meromorphic differential on Ky:
d
w2k +1) = {d_ In[Aq](2k + 1, P)} dz, (4.103)
z

which has poles at 11;(0) and p;(2k + 1) with the residues —1 and 1, respectively, and poles
at Psot, Pso—, Po—, Py + with the residues k, —(k + 1), —k, k + 1, respectively. Let €2 be
the Abel differential of the second kind, and w(P, @) be the normal Abel differential of the
third kind with the residue 1, —1 at P, @), respectively, and the properties

/w(P,Q):O, /w(P,Q):27r\/—_1/QPw]-. (4.104)

a; bj

Here wj is the normalized Abel differential of the first kind given by (4.12). Then differential
(4.103) can be written as a linear combination of 2, w(P,Q) and w; in view of the poles,
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that is

w(2k—|—1) Q—I—kw( Py, Py )—|—kw(P0 +,P0_)+W(P0’+,POO_)

N
+ > w2k + 1), 115(0)) + Ze]wj, (4.105)
7j=1

where e; are some complex numbers. The integral of (4.105) along a; gives ¢; = 2mn;/—1,
while the integral of (4.105) along b; yields

N o rpj(2k+1) Poo Pooy Poo N
Z/ w =k / / wl+/ wl—l—ml—anle, (4.106)
=1

Po,+ Po,+ j=1

where n; and my are certain integers. Therefore, (4.99) holds. For n = 2k, we consider the
meromorphic differential on KCn

w(2k) = {% In q(2k, P)} dz

N
= Q0+ kw(Poot Poom) + kw(Po e, Po-) + > w(p;(2Kk), 11 (0
7=1

(4.107)

_l_
1=
bﬂb

Similar treatments lead to the proof of (4.100). O

Now we have a clear evolution picture of the continuous flow and discrete flow through
the Abel-Jacobi coordinates: (1) they are straightened out; (2) they commute each other.
Therefore, the compatible solution of various flows are obtained simply by a linear super-
position. Specifically, for the relativistic Toda hierarchy we have

p(n,ty) = 0Oy 4 X(m)tﬂ +

#(m + o)+ po, (4.108)

where
P(111(0))
Po = Z /

5. Quasi-Periodic Solutions

Equation (4.108) gives the explicit solution of the relativistic Toda hierarchy in the
Abel-Jacobi coordinate p(n,t,). In order to get the explicit solutions of the relativis-
tic Toda hierarchy in the original coordinates a(n) and b(n), we discuss the asymptotic
properties of the fundamental meromorphic function ¢(P,n,t,,) on Ky. Based on the divi-
sor of ¢(P,n,t,,) and the properties of the normalized Abel differential of the third kind,
we derive the explicit Riemann theta function representations of the meromorphic function
(P, n,ty), from which explicit Riemann theta function representations of solutions for the
relativistic Toda hierarchy are obtained in the original coordinates. The class of solutions
given by the Riemann theta function is quasi-periodic because the Riemann theta function
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is multivariable and periodic for each variable, but usually it is not a periodic function for
all the variables.

Let us consider the hyperelliptic curve Ky: y* — o izZNQR(z) = 0 and the fundamental
meromorphic function ¢(P,n,ty,) on Ky

o +2 N2y — G(n,ty) zH(n,tm)

Pon,ty) = -
(P, t) F(n,ty) o+ 2 N2y + G(n, ty,)’

where P = (2,y) € KN\{Pso+, Pso—, Po +, P,—}. The divisor of ¢(-,n,t,,) gives by

(¢('a n, tm)) = Dg(n,tm) - Dg—(n,tﬂ) + P0,+ — Poo—

with

s tm) = {10, tm), - AN tm) b B (00 tm) = {47 (0, tm), - - iy (R, tm) ).
Next we turn to asymptotic properties of ¢ in a neighborhood of Py4 and Fp 4.

Lemma 5.1. Suppose that a(n,t,,) and b(n,t,,) satisfy the hierarchy of relativistic Toda
equations (2.9). Let z; € C\{0}, (1 < j < 2N +2), and P = (z,y) € KN\{Psot, Poo—;
Py, Py} and (n, ty) € Z x R. Then

-1+ 0(¢), as P — Py,
1
o(P) = ¢=-, (5.1)
o)L 1 00), s PPy 2
(a™)?
CHO),  as PRy
P(P) = - (== (5.2)
¢—0 b
(@)? +0((), as P— Py _.

Proof. Introducing the local coordinate ¢ = 2!

(3.5), (3.11) and (4.9), we have

near P+ and ¢ = z near Fp 4, from

M N gor + 914¢ +924C + 950CC + O(CY), as P — P,

G = (5.3)
UM (g0 +0(0)), as P — Py,
Na N
z
o -1
2004 (a™)? - (=)
9 J:]-
5 || —n; ¢, as P — Py,
20,4+ (a )2}:[1 ! >
(=0 N+1,N N
(=) A —1y—1
L= () )Y s P Ros
_ N — ( 7 ’ ,
oot P L
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¢M _ 2
_ 1 O( P — Py,
2004 (a™)? +;M] ¢+OE) ], as & Loot
CiO CNlb_ N
-1 2
— O( P — P,
200,—(a™)? Z C+0(7) ), as P — Pos,
j=1 (5.4)
( IN+2 )
FN T =500 = w0 IZ% . =P R
j=1
y = 1 (5.5)
(=0 oN42  \2 2N42 ) N 0o
II = (=508 = 253 anz)h, as P R,
j=1 j=1 =0 Q0+ 1T
where z = (21,...,22n12), 271 = (zl_l, 221\1,+2)
aO(Zil) = 17
k . . +j tjoN+2
251)! - (2 P RN e 5.6
ap(zth) = Z T (2‘71) (22n+2)!%1 QNTLQ , keN. (56)
G1semsfaN42=0 2 (]1!) (]2N+2 ) (2]1 - 1) (2]2N+2 - 1)
Jit+-tjanio=k
Then according to the definition of ¢ in (4.9), we finally obtain that
PPy, t) = (o427 Ny — G) x F~!
[Fao+ (14 a1(Q)¢ + a2(A)¢% + az(A)¢* + 0(¢Y)
—(go+ + 91.4C + 924+ 934+ + O(¢H)]
- 1 - ) ——¢ ! P — Py
=0 | x [ 14D pu7¢+0(¢?) 200 (@20 as P — P,
—|*ap (1 — _ ——(1 P — P
[t0—(1+0(0) = (- + O(0))] o s 1+ 0O). a5 P = Pu
(—1+0(¢) as P — Py,
L
- 14 0(1), as P — Py,
(a™)?
o)1
<0 EC +0(¢?), as P — Py 4,
L + O(() as P — P,
\ ((1_)2 ’ 0,—>
which proves (5.1) and (5.2). O
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Next, we shall derive the representation of ¢, a*(n) and b(n) in terms of the Riemann

theta functions. Let w(3) P be the normal differential of the third kind holomorphic on

KN\{Po+, Psx—} with sunple poles at Py 4 and P, _, corresponding residues 1 and —1,
respectively, which can be expressed as

N
(3) Y+ yo,— dz 1 ' -
WPO PPl = T?‘F@H(Z_ﬁ])dza PO,— = (anO,—)> (57)

j=1
where 3; € C, j =1,..., N, are constants that are determined by
(3) _ _
/ Why 4 P = 0, j=1,...,N.
aq

7

If the local coordinate near Py is given by ¢ = 27!, then we have the asymptotic expan-

3)

sions of wpy .,p,_ hear Pooyt:
7+l oco—

0 (o]
wg))w,Poof (P) giﬂ { ¢! }d{ + Z q+ 1w q+1<q dg, as P — Puox (5.8)
q=0

and similarly (using the local coordinate ¢ = A near P +)

-1 00
wg),+,Poo—(P) - {C }d{:l: Z(Q+1)W2+1Cq ¢, as P — Py+. (5.9)

q=0

In particular,

P
(3) _ 0 } oot [e%9) 2
w = +wy"T Wi+ 0O , as P— Py, (5.10
/Fb PO,—O—yPoo— ¢—0 { _ ln(c) 0 1 C (C ) ,+ ( )

P
: In
/PO Wiy pe = { (()O } + Wl £ 0+ 0(¢?), as P — Pyi. (5.11)

Given these preparations, the theta function representations for ¢(P, n, ty,), a®(n, tm),
b(n, ty,) then read as follows.

Theorem 5.2. Let P = (2, y) € KN\{Psot; Poo—s Po,+, Po, -}, (0, tm) € Z x R, Suppose
a(n, ty), b(n, t,,) satisfy the hierarchy of relativistic Toda equations (2.9), and assume that
zj, 1 <j <2N+2,in (4.2) satisfy z; € C\{0} and zj # z, as j # k. Moreover, suppose that
Dy, t,,) s nonspecial for each (n, tm) € ZxR. Then ¢ admits the following representation

Q(POO—H D[L*(n t ))Q(P D,u(n tm)) 3
¢ P7 n, tm = —€Xp _wOO-‘r = — oXp (/ w( | ) ’
( _) ( 0 )Q(POO-H Dg(n,tm))e(P Du (n, tm)) Py Fo, 4 Foo

(5.12)
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Finally, a*(n, tm), b(n, tm) are of the form

)Q(POO—H DE*(n, tm))H(POO_’ Dﬁ(n:tm))
Q(P(XH-, Dé(n, tm))e(POO—> DE+(n,tm))7
O(Poots D, t))0(Fo, +, D

0~ (n )
b(n, ty) = —exp(wT —wdt — A tm)” 5.14
(1, tm) p(wo O 70(Pooy, DB_(ME))Q(POHL, Dé(nvtm)) ( )

a?(n, ty) = exp(wit — wi®™

(5.13)

Proof. To prove (5.12), we denote its right-hand side by ¢. From (4.6), one can conclude
that it has simple zeros at Py 4 and jig(n, tn), K = 1,..., N, and simple poles at P, -
and fi (n, t,,), k= 1,...,N. On the other hand, by (5.10), (5.11) and the expression of ¢,

we know that ¢ shares the same properties with ¢. Then, according to the Riemann-Roch

theorem, 4 = ¢ for some constant ¢ € C. Using (5.10) and the first expression of (5.1), we

can infer that

¢ _ (E1+0(0)(A+0()
¢ ¢—0 -1+ 0(¢) ¢—0 (© (5.15)
hence ¢ = 1. This proves (5.12).
Next, we turn to the proof of (5.13). First, if the local coordinate { = % is introduced
near P4, we can conclude from the definition (4.12) of the normalized basis w; that

N

w=(w wN)=F lel_ldz
W = 1y---yWN) = T
=1 H?ﬁfz(z —zj)?
N N—j
=+) C¢NId¢ = +(Cy +0(C))d¢, as P — Pyy. (5.16)

2N+2 1.2
I=1 Hj:l (1—=2;¢)2 <0

Hence, the Abel map
P Poot P
ap)= [ w= [ Tur [ w
Po Po Poot

P
= A(Poot) + / w
Poox
= A(Prs) £ CrC + O(C2). (5.17)
Therefore, expanding the ratios of Riemann theta functions in (5.12), we obtain
0P, Din)  0(...,Aj — A(Po_) + CnC+O(C2) + pj,..)
Q(Poo—a Dﬂ(n,tm)) =0 9(P00—7 Dg(n,tm))

. S Cin0u,0(Aj — A(Pso) +w + p)l—q

¢+0(¢?
¢—0 Q(Poo—aDE(n,tﬂ)) ( )

N
= 14 Cjn0s, m0(Po—, Diinsn))C +O((?) as P— Pu_, (5.18)

0
o =
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and the same formula for the theta function ratio involving Dj-(,,4,.), that is

VB Pirow) LS 6o me(Pe D ¢
= iNOw; 1 oco—y 5= (n
O(Poo—s Djy=n 1,,)) €0 b B (ntm)

j=1
+0(¢?) as P— P _. (5.19)

Finally, from the representation (5.12) of ¢, we get

0(P00+, _DB— (n’tﬂ))e(POO—J Dg(n,tﬂ))
0(Poct» Dpn,t,0))0 (Poo—s Dy~ (1 4,0

+0(1) as P — Py, (5.20)

co— oo+ —1

—exp(wy”™ — wy

which together with the second expression of (5.1), shows that
0(P00+7 Dﬂ(n,tﬂ))a(Poo—ﬂ DE_(n,tﬂ))

0(P00+, Dﬂ—(n’tm))e(POO—7 Dg(n,tﬂ)) .

(5.21)

a?(n —1,ty) = exp(wy®™ — we®™

Therefore,

Q(POO—HDA*(nt ))Q(POO_J)‘&(nt ))
a?*(n,tm) = exp(wi®t — wi®™ £ m — 522
(nstm) (wo 0 )e(Poﬁ,DE(n,tm))@(P v Dict (1)) o

which proves (5.13). If we introduce the local coordinate ( = z near Py, in the similar
way, from the representation (5.16) of ¢, we get

9(P00+, DE—(n7tﬂ))9(P0,—7 Dg(n,tﬂ))

¢ = —exp(wg’ —wi'")
¢—0 0 0 9(P00+7 Dg(n7tﬂ))9(PO,+7 DE_ (nvtﬂ))
—1—0((’2) as P — Py 4, (5.23)

together with the first expression of (5.2), this shows that

0(Poots D ,))0 (Fo.45 D= (1))
9(P00+, DE—(n7tﬂ))9(P0,+7 Dg(n,tﬂ)) ’

b(n,tm) = —exp(wi™t — w8’+

(5.24)
which proves (5.14).
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