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1. Introduction

There have been known many models in physics, including the theory of strings, which
are described by means of the theory of KP hierarchy. The Hirota–Miwa (HM) equation
[6, 11] itself, from which all equations of the KP hierarchy can be derived, has been studied
in various respects of mathematics, such as algebraic geometry, representation theory of
algebra, conformal field theory, and so on.

On the other hand, from the pure mathematical view point, the theory of sheaf category
has been developed extensively to unify all fields in mathematics [3, 4] and [10].a In partic-
ular, since it was combined with the theory of strings more than two decades ago [2, 9], the
theory of derived category has been investigated intensively.

The purpose of this note is to point out that the theory of KP hierarchy can be described
in terms of the theory of derived category. To this end we study in detail the HM equa-
tion [6, 11], such that various features of a triangle category become manifest, even though
mathematical details will not be given. If the KP hierarchy is embedded successfully in the
theory of derived category we should be able to characterize integrable systems both in
physics and mathematics in a common base.

In order to introduce the notion of category to the theory of KP hierarchy, we first study,
in §2, the Bäcklund transformation of the HM equation [15, 21]. It will be accomplished
by the use of exterial “difference” form dB in the lattice space Z

4. This operator connects

aThere exist many text books on the subject, but the author learned much from this thesis.
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one octahedron to another, on which six τ functions of the HM equation are attached at
every corner. An octahedron is on a hyperplane in Z

4. Hence dB shifts an octahedron in one
hyperplane to another. We can consider an octahedron and the Bäcklund transformation
as a pair of an object and a morphism of category. The exactness of dB , which owes to the
Grassmann nature of vertex operators [14], naturally provides us the structure of a complex
of this category.

In §3 we consider the local feature of the octahedron. If we associate a morphism to every
edge of the octahedron we can study the flow of information from one vertex to another. In
other words the objects in this case are the τ functions at corners of the octahedron. We
show in the text that the flow of information in the procedure of solving the HM equation
exactly fits the axioms of the triangle category. This also means that every step of solving
the HM equation starting from an initial value forms a complex. Notice that this complex
is in one hyperplane of Z

4. If we combine this complex together with the complex of the
Bäcklund transformation, we obtain a double complex, as illustrated in Fig. 3.

The localization properties of the complexes have to be considered if we argue the derived
categories. We show in this note that it is realized by the generation of the invariant varieties
of periodic points (IVPP) [16–18, 20] after liberated from the singularity confinement [19].
In fact we can follow explicitly, in the case of Lotka–Volterra map, how the localization of
the category takes place and generates the IVPPs. Section 5 is devoted to conclusion.

2. Global Feature of the HM Equation

The purpose of this section is to reformulate the theory of KP hierarchy in such a way that
the structure of complex becomes manifest.

2.1. Hirota–Miwa equation

It is well known that all integrable maps which belong to the KP hierarchy can be derived
from the following single HM equation [6, 11], defined by

a14a23f(p1 + 1, p2, p3, p4 + 1)f(p1, p2 + 1, p3 + 1, p4)

− a13a24f(p1, p2 + 1, p3, p4 + 1)f(p1 + 1, p2, p3 + 1, p4)

+ a12a34f(p1, p2, p3 + 1, p4 + 1)f(p1 + 1, p2 + 1, p3, p4) = 0. (2.1)

Here f(p) ∈ C is a function of p = (p1, p2, p3, p4) ∈ Z
4 and aij = −aji ∈ C are arbitrary

constants.
The integrability of (2.1) enables us to determine f(p) for all p ∈ Z

4. In fact the general
solution of (2.1), which is called the τ function, is given by

τ(p1, p2, . . . , pN , z1, z2, . . . , zN ) :=
〈0|V (p1, z1)V (p2, z2) · · ·V (pN , zN )|D〉
〈0|V (p1, z1)V (p2, z2) · · ·V (pN , zN )|0〉 , (2.2)

where V (p, z) is the vertex operator with momentum p attached at z on a Riemann surface
[14]. The state |D〉 specifies the Riemann surface, while |0〉 denotes the empty state. The τ
function is nothing but the Plücker coordinate, which determines four-dimensional subspace
in the Grassmannian parametrized by (z1, z2, . . . , zN ).

1250032-2 540
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An important property of this function owes to the Grassmann nature of the vertex
operators when the magnitude of the momentum is unity. Namely, when p = ±1 the vertex
operators ψ(z) := V (1, z) and ψ̄(z) := V (−1, z) satisfy [14]

ψ(z)ψ(z) = 0, ψ̄(z)ψ̄(z) = 0. (2.3)

2.2. Exterior difference form

We reformulate the Bäcklund transformation of the HM equation, which was discussed
in [15, 21], in this and the next subsections, such that the structure of complex of the
transformation becomes manifest.

In order to study the nature of solutions of the HM equation (2.1), it is convenient to
introduce the notations

Djf(p) := f(p + δj), (δj)i := δij

and

fi(p) := Dif(p), fij(p) := DiDjf(p),

f(i)(p) := DkDlDmf(p), f(ij)(p) := DkDlf(p), k, l,m �= i, j

to simplify our arguments. We define an “exterior difference operator” dB to obtain the
“difference one form” f from a function f(p) by

f := dBf(p) :=
4∑

j=1

Djf(p)dpj =
4∑

j=1

fj(p)dpj .

The formula

dBf = d2
Bf(p) =

4∑
i,j=1

fijdpi ∧ dpj ≡ 0

follows immediately, such that the condition (2.3) is naturally satisfied.
If we define the “difference two forms” by

F :=
4∑
i,j

aijfijdpi ∧ dpj, F̃ :=
4∑
i,j

a(ij)fijdpi ∧ dpj , (2.4)

each of the next formulae is equivalent to the HM equation (2.1):

det{Fij} = 0, det{F̃(ij)} = 0. (2.5)

We notice that the Eq. (2.1), or (2.5), determines a relation among six fij’s which are on
a three-dimensional hyperplane defined by p1+p2+p3+p4+2 = t (= constant). If we denote
the hyperplane by Ξt, and introduce the three-dimensional coordinates (k1, k2, k3) by

k1 :=
p1 − p2 − p3 + p4

2
, k2 :=

p2 − p3 − p1 + p4

2
, k3 :=

p3 − p1 − p2 + p4

2
they are on the vertexes of an octahedron on Ξt as illustrated in Fig. 1.

Octahedra fill, together with tetrahedra, this three-dimensional lattice space. Every octa-
hedron is connected with other 12 octahedra by edges. All points of this three-dimensional
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Fig. 1.

lattice space, however, are not the points of the same hyperplane Ξt, specified by t. The
centers of the octahedra are on Ξt−2, while the centers of tetrahedra are on Ξt±1. We notice
that fj’s and f(j)’s are on Ξt±1. Hence the operator dB moves points on Ξt to those of Ξt+1.

It will be worthwhile to mention that there are many other integrable discrete equations
of octahedron type. Since they have been well classified in detail [1] we should be able to
study them in a way we discuss below.

2.3. Bäcklund transformation

Let f(p) be a solution of (2.5) and g = dBg(p) be a difference one form which satisfies the
linear equation

F̃ ∧ g = 0. (2.6)

We can rewrite the three form F̃ ∧ g, by using ∗dpi := εijkldpj ∧ dpk ∧ dpl, as

(F̃ ∧ g)i =
4∑

j,k,l=1

a(kl)fklgjdpk ∧ dpl ∧ dpj =
4∑

j=1

aijf(ij)gj
∗dpi, i = 1, 2, 3, 4. (2.7)

The last expression of this formula admits to write (2.6) as

4∑
j=1

F̃(ij)gj = 0, i = 1, 2, 3, 4. (2.8)

It also shows that F̃ ∧g is not exact. Therefore, for (2.6) to hold, we must require dB(F̃ ∧g)
to vanish. Since we can write

dB(F̃ ∧ g) = dB

4∑
j=1

aijf(ij)gj
∗dpi =

∑
j

aijf(j)gijdpi ∧ ∗dpi =
∑

j

Gijf(j),

we see that (2.6), hence (2.8), is compatible only if

4∑
j=1

Gijf(j) = 0, i = 1, 2, 3, 4 (2.9)

is satisfied.

1250032-4 542
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We are now ready to describe the Bäcklund transformation of the HM equation in terms
of the difference geometry. First we notice that, owing to (2.5), both linear equations (2.8)
and (2.9) have nontrivial solutions iff f(p) and g(p) are solutions of the HM equation. We
call (2.8) and (2.9) the linear Bäcklund transformation [15] because they are a set of linear
equations which enables us to derive a series of solutions of the HM equation as follows.

(1) Let f (0)(p) be a solution of det(F̃(ij)) = 0 on Ξt.
(2) Substitute f (0)(p) into (2.8) and solve it for {gj}.
(3) Define Gij := aijDigj , then det(Gij) = 0 is satisfied.
(4) Let g(1)(p) be the function determined by Gij on Ξt+1.
(5) Substitute g(1)(p) into (2.9) and solve it for {f(j)}.
(6) Define F̃ij := a(ij)Dif(j), then det(F̃ij) = 0 is satisfied.
(7) Let f (2)(p) be the function determined by F̃ij on Ξt+2.

We can repeat this procedure to obtain a sequence

f (0) dB−−−→ g(1) dB−−−→ f (2) dB−−−→ g(3) dB−−−→ · · ·
of solutions of the HM equation. It is important to mention that, since (2.9) is obtained
from (2.8) by an operation of dB , the hyperplanes in the four-dimensional lattice space,
on which octahedra are associated, are different. This also means that at every step of the
transformation we obtain a new solution of the HM equation. Since a solution determines
an octahedron the above sequence of the Bäcklund transformation also implies a scheme of
transformations of octahedra

O(0) dB−−−→O(1) dB−−−→O(2) dB−−−→O(3) dB−−−→ · · · . (2.10)

The structure of complex is manifest in this diagram such that (O(j), dB) forms a pair of
an object and morphism of the category. We say this is a global feature of the HM equation
in the sense that all information in one three-dimensional hyperplane is transformed by dB

to another hyperplane at once.

3. Local Feature of the HM Equation

We would like to know, in this section, how a local information propagates to other parts
on one three-dimensional hyperplane under the control of the HM equation.

3.1. Translation of octahedra

In order to explore the mechanism how the information of an octahedron transfers to other
octahedra, we define the translation operator by

T :=
4∏

j=1

D
mj

j : f(p) → f(p + m), mj = 0,±1. (3.1)

The values of mj are strictly constrained by the condition (2.3). Needless to say, T itself
satisfies T 2 = 0.

Information of an octahedron will be transferred properly only when the octahedron is
translated by T to a top of another octahedron. If we denote

∑4
j=1mj by m, it can change
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from −4 to 4. When m = ±4, the octahedron is moved to itself in the three-dimensional
lattice space, since the values of (k1, k2, k3) remain the same. In the four-dimensional lattice
space, however, it is moved to the Ξt±4 hyperplane. Similarly, when m �= 0, all points are
moved to the hyperplane Ξt+m. From our arguments in the previous section the octahedra
translated to other hyperplanes must belong to other solutions.

When m = 0, the translation is constrained on Ξt. In other words the information of
a solution can propagate to other places of the same Ξt. There are 12 possible operators
which satisfy m = 0,

Tji := DjD
−1
i , j �= i,

among which only six are independent because Tji = T−1
ij . As we apply Tij to an octahedron,

the octahedron itself is translated to its neighbor in the direction of pi − pj. Every pair of
octahedra connected by Tij has an edge in common, as illustrated in Fig. 2.

3.2. Octahedral axiom

In addition to the translation of an octahedron the operator Tji plays another important
role in the octahedron. Namely every vertex of the octahedron is locally connected with
others by this operator. To understand the mechanism how the information is transferred
to other octahedra, we must know in detail how the vertexes are connected within the
octahedron.

Let us denote by

S̃j = (X,Y,Z) := (fbc, fca, fab), a, b, c �= j, j = 1, 2, 3, 4

the four triangles of the octahedron as shown in Fig. 2, and by

Sj = (X ′, Y ′, Z ′) := (fja , fjb , fjc), a, b, c �= j, j = 1, 2, 3, 4

those parallel to them. The operator Tji connects the corners of the triangle Sj . We define
the order of vertexes by c→ b→ a→ c when c < b < a. Then every triangle Sj of Fig. 2 is

Fig. 2.

1250032-6 544
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oriented and the chain of the translation along the arrows

fjc
Tbc−−−→fjb

Tab−−−→fja
Tca−−−→fjc

is closed. We should mention that the corresponding triangle S̃j is unoriented, thus has no
face.

As we fix j, the octahedron can be specified by two triangles, O = (S̃j , Sj). The infor-
mation of this octahedron O can be transferred to one neighbor O[1] by an operator, say
Tja, as

(S̃j , Sj)
Tja−−−→ (S̃j, Sj)[1].

We can summarize the flow of information as follows:

X −→ Y −→ Z ′ −→ X[1]
↘ ↓ ↓ ↗

Z −→ Y ′

↘ ↓
X ′

X[1] denotes X in O[1]. It is important to mention that this flow of information is exactly
the same with the octahedron axiom in the theory of triangle categories [2, 3, 10].

3.3. Double complex

Because of the fact T 2
ja = 0, this procedure cannot be continued, if the contents of O and

O[1] are the same. In solving initial value problems of a discrete map, however, we must set
up new values at every step of the iteration of the map. Let us see, in detail, what happens
in the case of the HM equation.

The HM equation (2.1) relates the f ’s of S̃j to those of Sj in a bilinear form,

S̃j
HM−−−→Sj . (3.2)

Since the triangles Sj of O and S̃j [1] of O[1] share one edge, their two vertexes must
coincide:

fjb = fab[1], fjc = fac[1]. (3.3)

When we solve the HM equation S̃j[1]
HM−−−→Sj [1] in O[1], we must use these new values in

S̃j [1]. Now we can continue this procedure and see how the information transfers along the
chain:

−−−→ S̃j [n− 1] −−−→ S̃j [n] −−−→ S̃j[n+ 1] −−−→ S̃j[n+ 2]�HM
Tja

�HM
Tja

�HM
Tja

�HM · · ·
Sj [n− 1] Sj [n] Sj[n+ 1] Sj[n+ 2]

or, simply,

· · · Tja−−−→ O[n− 1]
Tja−−−→ O[n]

Tja−−−→ O[n+ 1]
Tja−−−→ · · · (3.4)

1250032-7 545
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If we combine this chain (3.4) together with the sequence of the Bäcklund transformation
(2.10) we obtain the following double complex:

Fig. 3.

4. Localization and Singularity Confinement

Our purpose of this section is to study the results of the previous section explicitly and see
how information of an octahedron propagates on the chain (3.4) to a remote site.

4.1. Reduction of the map

In (3.4) all octahedra are on one hyperplane with p1 + p2 + p3 + p4 being fixed. Since the
hyperplane is symmetric we can choose Tja by hand, along which information transfers.
Let us fix it to T43. It is the direction of k1 + k2 as illustrated in Fig. 2. For simplicity we
consider a subspace of the three-dimensional lattice such that only two variables

n := p4 =
2
3
(k1 + k2 + k3), q := p1 − p2 = k1 − k2 (4.1)

are free. If we define τ (n)
q := f4(p) and specify the coefficients properly, Eq. (2.1) becomes

τ
(n−1)
q−1 τ

(n)
q+1 − 2τ (n−1)

q+1 τ
(n)
q−1 + τ (n−1)

q τ (n)
q = 0. (4.2)

We further impose the condition

τ
(n)
q+3 = τ (n)

q , q = 1, 2, 3 (4.3)

in (4.2). This simplifies the correspondence of these functions with the triangles of the
octahedron in Fig. 2,

S̃4 = (X,Y,Z) = (τ (n−1)
1 , τ

(n−1)
3 , τ

(n−1)
2 ), S4 = (X ′, Y ′, Z ′) = (τ (n)

3 , τ
(n)
1 , τ

(n)
2 ).

Notice that (3.2) defines a map

(τ (n−1)
1 , τ

(n−1)
2 , τ

(n−1)
3 ) → (τ (n)

1 , τ
(n)
2 , τ

(n)
3 ).

Therefore the behavior of the chain (3.4) will become explicit via iteration of the map
started from arbitrary initial values (τ (1)

1 , τ
(1)
2 , τ

(1)
3 ).

1250032-8 546
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4.2. Localization

In order to solve (4.2), it is convenient to study a localized version of the map by introducing
new variables,

(
x

(n+1)
1 , x

(n+1)
2 , x

(n+1)
3

)
:=

(
τ

(n−1)
1 τ

(n)
1

τ
(n−1)
3 τ

(n)
2

, r
τ

(n−1)
2 τ

(n)
2

τ
(n−1)
1 τ

(n)
3

,
τ

(n−1)
3 τ

(n)
3

τ
(n−1)
2 τ

(n)
1

)
, n ≥ 2. (4.4)

Then Eq. (4.2) is simplified significantly and we obtain the three-dimensional Lotka–Volterra
equation [7, 8]

x
(n+1)
1 = x

(n)
1

1 − x
(n)
2 + x

(n)
2 x

(n)
3

1 − x
(n)
3 + x

(n)
3 x

(n)
1

,

x
(n+1)
2 = x

(n)
2

1 − x
(n)
3 + x

(n)
3 x

(n)
1

1 − x
(n)
1 + x

(n)
1 x

(n)
2

, (4.5)

x
(n+1)
3 = x

(n)
3

1 − x
(n)
1 + x

(n)
1 x

(n)
2

1 − x
(n)
2 + x

(n)
2 x

(n)
3

.

This map has two invariants

r = x1x2x3, s = (1 − x1)(1 − x2)(1 − x3),

where (x1, x2, x3) denotes the initial point p(0) = (x(0)
1 , x

(0)
2 , x

(0)
3 ). It was shown in [16–19],

[20] that periodic points of all periods of this map form algebraic varieties. Since the varieties
are determined by invariants alone we called them “IVPP”. If γ(n)(r, s) = 0 denotes the
IVPP of period n, they are given as follows:

γ(2)(r, s) = s+ 1,

γ(3)(r, s) = (r − s)2 + (r + 1)(s + 1),

γ(4)(r, s) = −(r − s)3 + s(r + 1)3,

γ(5)(r, s) = (r − s)6 − (r − 2)(r + 1)(s + 1)(r − s)4

− (2s+ r)(r + 1)2(s+ 1)2(r − s)2 + s2(r + 1)3(s+ 1)3,

γ(6)(r, s) = −3(r − s)4 − (r + 1)(s + 1)((r + 1)(s + 1) − 3)(r − s)2

− 3(r + 1)(s + 1)(r3 + s3 − r2s2 − 2r2s− 2rs2 − r2 − s2),

... (4.6)

4.3. Singularity confinement

The singularity confinement is a phenomenon of a map, which is mapped once to infinity,
and then returns to a finite point after some steps [5, 12, 13]. We have shown in [19] that,
if we continue the map (4.5) after it is recovered from the singularity, IVPPs (4.6) are
generated iteratively.
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More precisely, suppose we start the map (4.5) from a point p(0) in

Σ+ := {x1, x2, x3|1 − x3 + x3x1 = 0 ∪ 1 − x1 + x1x2 = 0 ∪ 1 − x2 + x2x3 = 0},
such that one of the denominators of p(1) = (x(1)

1 , x
(1)
2 , x

(1)
3 ) vanishes. The initial point

p(0) ∈ Σ+ can be expressed by the invariants as

p(0) ∈
{(

r − s

r + 1
, r
s+ 1
r − s

,
r + 1
s+ 1

)
∪
(
r + 1
s+ 1

,
r − s

r + 1
, r
s + 1
r − s

)
∪
(
r
s + 1
r − s

,
r + 1
s + 1

,
r − s

r + 1

)}
(4.7)

and is mapped by (4.5) to

p(1) ∈ {(∞, 0, 1) ∪ (1,∞, 0) ∪ (0, 1,∞)}
and then to

p(2) ∈ {(1, 0,∞) ∪ (∞, 1, 0) ∪ (0,∞, 1)}.
In the next step it returns to a finite point

p(3) ∈
{(

r + 1
s + 1

, r
s + 1
r − s

,
r − s

r + 1

)
∪
(
r − s

r + 1
,
r + 1
s+ 1

, r
s + 1
r − s

)
∪
(
r
s+ 1
r − s

,
r − s

r + 1
,
r + 1
s+ 1

)}
.

Notice that γ(2) = s+1 appears in the denominator of one of x(3)
j ’s. This is expected because

a period 2 point must diverge at the same point after two steps of the map if it is recovered
from the singularity. If we continue the map further we always find γ(n) in the denominator
of x(n+1)

j if x(1)
j was divergent.

We can rephrase this result in terms of τ ’s. Namely, assuming (τ (1)
1 , τ

(1)
2 , τ

(1)
3 ) = (1, 1, 1),

and comparing (4.4) and (4.7), we see

(τ (2)
1 , τ

(2)
2 , τ

(2)
3 ) ∈ {(r + 1, s + 1, r − s) ∪ (r − s, r + 1, s + 1) ∪ (s+ 1, r − s, r + 1)} (4.8)

In this form one of (τ (2)
1 , τ

(2)
2 , τ

(2)
3 ) is s + 1, i.e. vanishes on the IVPP of period 2. As we

repeat the map it is easy to convince ourselves that

τ
(2)
j = γ(2) ⇒ τ

(n)
j ∝ γ(n)(r, s), n ≥ 3, (4.9)

a phenomenon compatible with the conjecture of [13] for the HM equation. In this way the
iteration of the localized map (4.5) generates IVPPs of all periods if the initial point is
chosen on Σ+.

Finally we summarize the arguments in this section by the words of the theory of
category. The notion of localization of category is important to consider a derived category.
By a proper reduction of the complex (3.4), we defined the localization of the complex
explicitly by (4.4). This procedure will not be interesting at all if a zero of the denominator
remains zero as we apply the shift (or the map). Remarkably this is not the case, if the
objects are the τ functions. In this particular case the singularity confinement takes place.
After the recovery from the divergence we find nonzero τ functions, such as (4.9), which are
polynomial of the local coordinates defined by (4.4). Moreover zeros of these polynomials
determine periodic points of the map, i.e. the IVPPs. Therefore we conclude naturally that
the set of IVPPs of this map is nothing but the generating system of the category.

1250032-10 548



December 29, 2012 17:2 WSPC/1402-9251 259-JNMP 1250032

Octahedral Structure of the Hirota–Miwa Equation

5. Conclusion

We have shown how the theory of KP hierarchy is embedded within the theory of derived
category. From our investigation it is clear that the integrability of the maps is guaranteed by
the octahedral axioms. In particular the generation of algebraic varieties (IVPP’s) from the
singularity confinement should provide various information about the nature of the category.

The present note is certainly not complete from mathematical point of view. We would
like to supply the gap in our forthcoming paper.
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