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The behavior of an electron in an external uniform electromagnetic background coupled to an
harmonic potential, with noncommuting space coordinates, is considered in this work. The thermo-
dynamics of the system is studied. Matrix vector coherent states (MVCS) as well as quaternionic
vector coherent states (QVCS), satisfying required properties, are also constructed and discussed.
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1. Introduction

Noncommuting spatial coordinates and fields can (approximately) be realized in actual
physical situations. Landau models and their quantum Hall limit have become the focus of
intense research activity as a physical realization of the simplest example of noncommutative
geometry [7, 8, 14-17, 19, 27, 29-31, 35-38, 43, 46-48, 53|. Similar structures also arise in
specific approaches towards a theory of quantum gravity, such as M-theory in the presence
of background fields [52] or tentative formulations of relativistic quantum theories of gravity
through spacetime noncommutativity.?

As is well known [29], given a point particle of mass m, charge g and position ¥ = (z,y)
moving in a plane in the presence of a constant external magnetic field B perpendicular
to that plane, the spectrum of the quantized theory is organized into infinitely degenerate
Landau levels, with separation O(gB/m). The limit B — oo effectively projects onto the

#For recent material on Noncommutativity and Quantum Gravity, see for instance [39].
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lowest Landau level and is equivalent to a negligibly small mass m, i.e. m — 0. Consequently
in each of the projected Landau levels, one obtains a noncommuting algebra for the space
coordinates,

(2.8 =~ 5 (11)
Historically, this is the Peierls substitution rule introduced seventy years ago [42]. As a
matter of fact, this noncommuting character arises already at the classical level in terms
of the Dirac brackets associated to the second-class constraints that follow upon taking
the limit m — 0 in the classical Hamiltonian formulation of the dynamics of the Landau
problem and requiring finite energy configurations.

Given the simplicity and ubiquity of the above two-dimensional system in problems
involving background fields, as is the case for instance in M-theory and its many D-brane
constructions [52], the Landau problem and its noncommutative quantum Hall limit have
played a central role in recent years as inspiration and guide towards tentative formulation
of relativistic quantum theories of gravity through spacetime noncommutativity.

Besides, in most of the introductory references in the literature devoted to quantum
mechanics and quantum field theory, it comes out that the natural appearance of noncom-
mutativity in string theories has increasingly led to attempts to study physical problems in
noncommutative spaces [11, 12]. Although noncommuting coordinates are operators even
at the classical level, one can treat them as commuting by replacing operator products
by s-products [9]. This approach allows one to generalize classical as well as quantum
mechanics without altering their main physical interpretations and to recover the usual
results when noncommutativity is switched off. In some recent works, the quantum Hall
system has attracted considerable attention from the point of view of noncommutative
quantum mechanics and quantum field theory (see e.g. [10, 16, 17, 27, 41]). Note that a
noncommutative model valid for a constant magnetic field, with respect to the geomet-
rical aspect of the problem, has been also investigated. For more details, see [40]. The
description of such a system [24, 25] is adequately provided by the well known Landau
model [33] as mentioned above. This latter describes the motion of an electron in a uniform
magnetic field which can be assimilated to that of a two-dimensional harmonic oscillator.
Since this discovery, the quantum states of a particle in a magnetic and electromagnetic
fields on noncommutative plane have been attracting considerable attention, see for instance
[3, 10, 13, 16, 17, 19, 21, 22, 27, 32] and more recently [56] (and references listed therein).
In [51], based on a previous work [49], the thermodynamics of an ideal fermion gas con-
fined in a two-dimensional noncommutative well has been investigated. The authors have
shown that the thermodynamical properties of the fermion gas for the commutative and
noncommutative cases agree at low densities, while at high densities they start diverging
strongly due to the implied excluded area resulting from the noncommutativity. In [20] the
possible occurrence of orbital magnetism for two-dimensional electrons confined by an har-
monic potential [28] in various regimes of temperature and magnetic field has been studied.
Coherent states (CS) have been applied to investigations on noncommutative geometries
[26]. Ome of their primary properties is the minimization of the position and momentum
uncertainty relation. They are also relevant for studying the Dirac operator in fuzzy quan-
tum spaces, when the underlying spacetime or spatial cut can be treated as a phase space
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and quantized, as demonstrated in [1]. Besides, they have been formulated in terms of the
diagonal coherent state matrix elements of operators and star products [4] in the analysis
of models implying noncommutative Chern—Simons theory. Standard coherent states have
been used to calculate symbols of various observables like the thermodynamical potential,
the magnetic moment or the spatial distribution of the current in the system. In [32], an
analogous treatment in a noncommutative framework has been achieved and the results of
[20] in the commutative case have been recovered by switching off the §-parameter.

In the noncommutative quantum mechanics formulation, a major role is played by the
CS on the quantum Hilbert space denoted by H,, (the space of Hilbert Schmidt operators on
the classical configuration space denoted by H.), which are expressed in terms of a projection
operator on the usual Glauber-Klauder-Sudarshan CS in the classical configuration space.
Based on the approach developed in [50], Gazeau-Klauder CS have been constructed in the
noncommutative quantum mechanics [23]. These states share similar properties to those
of ordinary canonical CS in the sense that they saturate the related position uncertainty
relation, obey a Poisson distribution and possess a flat geometry. The thermodynamics of
an ideal fermion gas has been investigated in [51].

This work deals with the study of the electron motion in an external uniform elec-
tromagnetic field, (the so-called Landau problem), coupled with an harmonic potential in
a two-dimensional noncommutative space. The thermodynamics of this physical system is
investigated following the method established in [20] by formulating at first CS on the quan-
tum Hilbert space H,. Then, relevant inequalities are deduced and used to compute both the
thermodynamical potential and magnetic moment. Besides, we complete this study with the
construction of vector cs (VCS) and show that they fulfill a resolution of the identity on a
suitable Hilbert space. This construction fits the general formulation of VCS by Ali et al. [2]
instead of the general theory of vector-valued coherent state representations [45] (and refer-
ences listed therein) and similar developments based on operators of unitary representations
of groups, where the VCS are defined as orbits of vectors [5, 6, 44]. Furthermore, we extend
the VCS construction used in [23] to a formal tensor product of quantum Hilbert spaces by
using the primary formulation of [55]. This extension is implemented with complex matrices
and quaternions as CS variables. The physical features of the quaternionic VCS (QVCS) are
discussed. The expectation values and dispersions of the quadrature operators are provided.
The constructed QVCS reveal some inequalities inherited from the parametrization and the
noncommutativity of the space coordinates.

The paper is organized as follows. In Sec. 2, we describe the physical model and give
the corresponding matrix formulation. The Hamiltonian spectrum and its spectral decom-
position are provided. The definition of the passage operators from an orthonormal basis
to another one is also supplied. Section 3 discusses the thermodynamical aspects of the
studied model. In Sec. 4, relevant VCS and QVCS for Landau levels are constructed and
analysed. Finally, there follow concluding remarks in Sec. 5.

2. The Electron in Noncommutative Plane
2.1. Quantum model

The physics of an electron in crossed constant uniform electric E and magnetic B fields
coupled with a confining harmonic potential in a noncommutative space, is described, in
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the gauge A = (—%y, %l‘), by the Hamiltonian:

1 . eB . \? Muw?, .
Hyp = o577 <Pi - 2—66in]'> +— CX7P —eEiX;, €= —€j, €12 =+, (2.1)

where the position and momentum operators X; = X, Y and P = Px,Py,i = 1,2, satisfy
the following commutation relations of the noncommutative Heisenberg algebra [50]:

XV =0, (X, Pyl =ihe [V.By], [Px.By]=0, [X,B]=0=[V.Py] (22)

The position operators X, and their Correspondlng canonically conjugate momenta P,
can be combined in the operators H Pl- - 50 el]X to yield the relations:

[Xi,ﬂj] =1 (h— %9) 51‘3‘, [ﬂ ﬂ ] —Z% <h - §9> €ij- (23)

From the latters, define the complex canonically conjugate momenta, denoted by I,
corresponding to Z=X+i¥V and Z=X — iV by

[y =My —ily, II;=Ix +illy, (2.4)

respectively, such that the quantum operators Z ,é, ﬂz,ﬂZ act on the quantum Hilbert
space Hg [21, 50], i.e. the space of Hilbert-Schmidt operators acting on the noncommutative
configuration (Hilbert) space H,, defined as:

Hy={0(2,2) : 9(2,2) € B(He), tre(v(2,2)T,4(2, 2)) < o0}, (2.5)

endowed with the following inner product

(P(&1,82), (&1, 82)) = tre(i(21, 22), 621, 22)), (2.6)
where tr. stands for the trace over H.. B(H,) is the set of bounded operators on H,.

Remark 2.1. For an harmonic oscillator, the two-dimensional noncommutative coordinate
algebra is given by

[z, 9] = 0; (2.7)

0 refers to as the noncommutativity parameter. The annihilation and creation operators
a=1/v20(& +ij),a’ = 1/v/20(2 — i) obey a Heisenberg-Fock algebra [a,a'] = 1., where
1. is the identity operator on the Hilbert space H,, i.e. the noncommutative configuration
space which becomes itself a Hilbert space isomorphic to the boson Fock space [50] H. =
span{|n),n € N}, with |n) = 1/v/n!(a)"|0).

As mentioned in [23], a well defined representation with self-adjoint properties with
respect to the quantum Hilbert space H, inner product is provided by the following relations

Xp=ip, Vy=ip, Pxy=3lvl Bo=—ll 23
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On the Hilbert space H,, the following commutation relations are satisfied:

2,2

[
[\
<
N
=
L
[
[\

-~
N
St
|

‘ o
Sy
<>
N———
[
=>
N

(2.9)

For the analysis purpose, defining a diagonal matrix D and adopting the notations

E = (F1, E»,0,0), Xy = (20,0,0,0)!, where 29 = A’iﬁ%,yg = J\Z%%’ the Hamiltonian Hy of

the physical model can be rewritten in a short form as follows:
1 .. 1 1 1
Hy=—2'2 - —¢EXy= —A'"DA—- ~¢E.X,, A= (B,,B. B_ B} 2.1
q AM 26 0 AM 26 0 ( +, P4 ) 7)7 ( 0)

where the notation 1 is reserved to denote the Hermitian conjugation on the quantum Hilbert
space, the annihilation B4 and creation B:it operators defined on the helicity quantum

Hilbert space as

Z-Z0 i - 77y i
By =¢ 0+_(PZ_PZ0)a BiZC 0__(PZ_PZO)>
2 Ch 2 Ch
. (2.11)
Z—Zo {2 i Z Zo 1 A
B_ = —(Pz — P> BT = — —(Py — P
with Py = %(PX —iPy), P, = = Py + iPy) verifying
[Z,Py) =ih=[Z,P;], [Z,P;]=0=[ZPy], [Py, Pz]=0. (2.12)
The quantities
) 1 . eB eB
ZO = 20 + 1Yo, PZU - §(px0 - Zpyo)a Pzo = _2_Cy07 DPyg = 2_C'r07 (213)

are such that the annihilation By and creation Bi operators satisfy the commutation
relations:

[By,Bil =1, [By.Bi]=0, [By,B_]=0, [BL,B']=0. (2.14)
Now introduce the operators

At = (B}, By, B" B_)' = A4,

. N o . R . (2.15)
Zt = (Z/ - Z(/)a A Z(/)>HZ - HZOaHZ - HZo)t = AZa
with
. eB eB
HZO - HXO - ZHY0> HXO = Pz — = Y0, HYO = pyo + -~ 20, (216)
2c 2c
where Z' — Zy = Muwo(Z — Zy), with the permutation matrix A defined by
01 0O
1 0 0 0
A= 00 0 1 (2.17)
00 1 0
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The symbol t means the transpose operation.

Then, consider the matrix g with entries g = [21, 2:], Ik
the commutation relations (2.9) as follows:

2M2wio 0 0 2ihMwy
Mw,
1 _
. < o
0 —2M?2w30 2ihMwy 0
Mw,
1— 9
) <(1-5)
g 0 —2iEMwg 2hiMw, 0
Mw, Muw,.
(1= Mg (1 M)
—2ihMwq 0 0 —2hMw,
Muw, Mw,
><<1— o 9> ><<1— i

with the eigenvalues A+, —Ax supplied by the expressions

MO \?
i +w. [1-
9+<2h9> “’( (

2
“o

hwe

Mw,
2h

We

4h

Ay = MR /1 +

o)}

where Q? = 4w3 + w?. The matrix ST, eigenvector matrix of g, is given by

f_

( Lo Yy (AW)
N Y PV ARV W RV W Ry

1,...,4, obtained from

')

(2.18)

(2.19)

(2.20)

The normalized eigenvectors (u}, (Aut)’) and (uh, (Au3)’) associated with (A, —A,) and

(:\_, —5\_), respectively, are provided by

1 1 1 1
/ *\/ * / *\/ *
uy = —u1, (Auy) = —[Au]], uy = —Fuo,  (Auy) = ———=[Auz], (2.21)
F U AT T ue 2 A
with
0 Bu
B K_
2_
w=|"%k |, w=] 9 | (2.22)
1 0
0 1
u;, J = 1,2, are the vectors with entries which are conjugate to the u; entries; Bp =
2hMuwy (1 — 2eg) and
—mnd oy - My (M2, R SO N A Y (2.23)
= oh ah e A hwe '

1250033-6
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Then, the Hamiltonian is obtained as

H, = mAiDA - —eE Xy = —A1J4Sg25TJ4A - —eE Xo, (2.24)

where Jy is given by

Jy = diag(os,03), o03= <(1) _(1)> (2.25)

The #-dependent quantities Q, @, and ¢ introduced in (2.11) are determined as

5 M, MQ e Wi
Q=01 — 2‘”9+( 9) @c:wc<1—<%+%)M«9), (2.26)

MQ 1 (MQ Muw, MQ
(=4/——=4 /h)? R po = A/1— Yep o (20 . (2.27)
h 1o che_’_ MQQ) 2

Set Q4 = % The Hamiltonian H, is re-expressed in terms of positive quantities Q.
as follows:

Q 1
+ —) - §€(E11‘0 + Eyo), (2.28)

Hq == h <Q+N+ —|— Q_N_ 2

where Ny = BiBi denote the number operators on the quantum Hilbert space.
Finally, there result the eigenvalues of the Hamiltonian H,, expressed in the Fock helicity
representation |7y, n_) by

- - Q) 1
Eﬁ+7ﬁ_ =h <Q+ﬁ+ +Q_n_+ 5) — ie(Ele + Egyo) (2.29)

with the corresponding eigenvectors on the quantum Hilbert space given by

iy, i) = ﬁ (Bi)ﬁ+ (Bii)TL 10)(0], (2.30)

where B may have an action on the right by B_ on |0)(0| which stands for the vacuum
state on H, and |||ny,n_)|| = 1.

The annihilation and creation operators act on the states |ny,n_) = |[ny)(n_|,ne =
0,1,2,..., as follows:

Bylig, i) = /iglig —1,i-),  Bilag, o) = /iy + 1Ay +1,0-),  (231)
B_|fy,i_) = \/A_|fig, e — 1), B|ag,a_)=/A_ + 1|, f_+1). (2.32)

1250033-7 557
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2.2. Spectral decomposition

Let us consider the dimensionless shifted quantum Hamiltonian

1 1 1
dim
qu = —= Hq + 26(E1.%’0 + Egyg) N (233)

with associated eigenvalues

~ Q. Q.
Eﬁ Ao = Tﬁ + —=—n_ +
+5 0 + 0

(2.34)

N =

Take {|n4+,n_),n+ € N} as the orthonormal eigenstate basis associated with the quan-
tum Hamiltonian H, in the helicity Fock algebra representation. With respect to the inner
product on Hg, we have (fig,fi_|f,, 7" ) = tr.[(|fig) (A |)HA, ) (@] = 07y i, 07 - On
this basis, the Hamiltonian H, gim admits the following spectral decomposition

(0. ]
HI™ =" iy, 7o) Er (g, 7. (2.35)
n4=0

Let {|n)(m]|:=|n,m),n,m € N} be the orthonormal basis associated with the quan-
tum Hilbert space H,. Introduce the passage operators from {|n,m),n,m € N} to
{|ny,n_),ny € N} and vice versa given by

u‘nam) = |ﬁ+7ﬁ—)7 V‘ﬁ-ﬁﬁ—) = |n,m), (236)

where their expansions are determined by

U= Z [y, )(n,m|, V= Z In,m)(fiy, |, (2.37)
n,m=0 n4=0

respectively. U,V are obtained as mutually adjoint through the following identities satisfied
on Hy:

Uy = 3 lig, i) (g, i =TI, VU= Y |n,m)(n,m| =1, (2.38)
n4=0 n,m=0

where I, stands for the identity on H,. Then, the Hamiltonian H, ;ﬁm can be rewritten in a
diagonal form as follows:

. ) e - Q 1
dim dim +
H™ = VH,"™U = E n,m)E, m(n,m|, Epn,=-—<=n+ 5 m+ 3 (2.39)

n,m=0

3. Coherent States and Thermodynamics of the Model

For the Hamiltonian H, with eigenvalues Ej, 7_ :h(ﬁ+ﬁ+ + Q. n + %) + ke E,
kep = —%e(Elxo + FEsyp), the cs denoted by |z4,7) are defined on the quantum Hilbert

1250033-8 558
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space H, as follows:

|24, 7) = U(7)|24) (2|

B VPP

7‘L+ _n_ )
T B i) (. (3.1)

Jnoln !
fp =0 nyn_—.

The parameter 7 is introduced such that the states (3.1) fulfill the Gazeau-Klauder

axiom of temporal stability relative to the classical time evolution operator U(7) = e~ /Hal7,
Indeed, we have the following.
Proposition 3.1. These vectors satisfy the following properties:
e Temporal stability
Ut)|z,7) = e Ml |z 7) = 2, 7 + 1), (3.2)
o Action identity, also called lower symbol of Hy,
v L, - L,.D
Hy(zx) = (e, T|Holzw, 7) = 1 | Q|24 |7+ Q- [z "+ 5 | + ke b (3.3)
e Resolution of the identity
1
= /C? |24, 7) (24, T|d? 2 d? 2 =1, (3.4)
where 1, is the identity operator on Hy provided by
1 N
I, = — | dzdz|z)e”%(z|. (3.5)
™ Jc
Proof. We have from the definition (3.1) the following relation
1 2, 2 _ 1 2, 12
— | depdie [ )zt |z ) (| = = | diepd®z-[zr)(24], (3.6)
s C2 s C2
where
|2+) = [z4) (2]
1 o0 Zﬁ+2ﬁ,
2 2 — ~
L R =T YO (3.7)
L nyn_.
ny,n_=0

By taking a state [¢)) on H,, we obtain
1 1
— / A2y d®z_|zz) (22 |9) = / A2y d®z |2y ) (2|
s C2 s C2

x> ) (Fi ||z ) (= [l ) (|

n4=0
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1
) d22’+d22’—|2+><2—|<Z+|¢\Z—>
s C2
=), (3.8)
such that
2 d?z_|zy) (24| =14 (3.9)

71'2 C2

In order to provide an equivalence between (3.4) and (3.5), let us consider the following
relations

1
I,j) = P/@ dzdzdwdin|2) (w](z|w)

1
= — dzdidudm Yz + ul|(z|Y]z + )

T2
/ dzdz = / dPue™ "’ |2) (2|05 H00= (2|1 2), (3.10)
where w = z + u with d?>w = d?u, and €% f(z) = f(z 4 u). Then, set

1 2 _o 5 .3
= [ Puet P T ) = < [ PP e e s )

and
I =|z)(zle bz “8Z< [¥]2). (3.12)
We have
I = n'Y{(m'|e™** Z eﬂ:e“a_; mly|n)e 2 2 2T
3 e P
> = 2z
= 0V [{m|n
22 Tl
—Zz Zm/ ﬁb_g ugz) —ZzZz Zm
X (e m’!) e"%“e (e W) (3.13)
Let
_ —2zz Zm/ ﬂb_g u(’?z) —Zzz Zm
K(z) = (e m’!) e"%e <e m) (3.14)
‘We obtain
I 1 1 1
K(2) = == > 3 = (@b e 7)) o (wll e ™), (3.15)
| |
m’ /m)! == k! I
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which supplies, by performing a radial parametrization,

1
—/ d2ue_‘“|2K(z)
C

™

— 1 2 —|u\2ak u! kism/ —zz19l1,m —Zzz
;;/@d ue Hﬁﬁg[z e 70, [z"e” ]

m/l vm! =
1 1 =1 (™ L

_ - - dre " —— —z(l—k)¢d
m'! m!kz_olz_%ﬂ'/o T 0 ‘ i

1 > 2 ]. / = =
2 2k+1 _—r kizm' —zz19k[,m ,—Zz
[_k!/o riTle dr} [—k!ﬁz[z e |07 [2Me ]

m'l vm! =
_ 1 1 = 1 kizm' —zz19kr.,m _—zz
= = Z [Eﬁz [2" e **|07[2Me ]} . (3.16)

R W S L WD U T < I L Ry
(e m”>e <e vm!)_mmkg[m@[z e 10 e ]} (3.17)

which implies that
Then,

l/ dzue_lu‘QK(z) = 6_225—771’ e:_; e_gzi (3.18)
™ Jc m/! vml) '
1

‘/ d2ue 1| 2) (2] B0+ 90 (g 2)
T Jc

- Y > j—n_,!jﬁ\n’xm’umw\m (‘%) - <_¢ZW)

n,m=0n’m’=0

> zZm 2" 5 zZ" 2"
/ N ,— z0z __
= g In')(m'|e”** =—=| ¢ g (m|y|n)e** - :
=0 m'lvn Byl n! vm!
= [2)e7% (o) (319)
: .

allowing to obtain (3.10) under the form:

1 1 e —
L) = 1 [ dede [ dPue ) el T )
T Jc T Jc

™

_ ! / d2dz|2)e%% (2|), (3.20)
C

which completes the proof. O
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Provided the definition of the upper (or covariant) symbol [20, 32] of an appropriate
observable O, given by

1 A 2 2
= — _ 21
=5 [, Oles. e iz (321)
the upper symbol of the Hamiltonian H, is furnished by the formula
~ ~ 2 ~ 2 Q
Hq(Zi) =h Q+|Z+‘ + Q_‘Z_| - 5 + ke,E' (322)
Assume that the term k. p = —%e(Ell‘o + Esyp) is a mere constant, and set H, =

Hosc + %Lz + ke, such that Hogsc and L. are expressed by

2

[(z — 20)* + (¥ — y0)?],

1 . _ T,
Hosc = 57 (Pe — Pay)” + 577 (By — Byo)? + 8 (3.23)
)

2M 2M
L,=(x— xﬂ)(py _pyo) — (¥ = 90)(Pz — Pao

. 2
with pg, = —%yg,pyo = Qfxo and p2 = (1 — %9 + (%9) )p?,, v=ux,y.
Letting now ¥ (r,p) = R(r)e'?¥, where the polar coordinates (z,y) = (rsing,r cos @)

with 0 < r < 0o and 0 < ¢ < 7 are introduced, the stationary Schrédinger equation
HY = £V, where H = Hosc + 4 L., is detailed as follows:

h2 Mw MQ 1 1 h MQ?
7‘( 1_ - 2 —Up _2 C
[2 ( 29+< 9>><6T+T6+T26¢> zw@—l— 3 ]

x W(r, ) =EV(r,¢), (3.24)

engendering the eigenstates and eigenvalues

o |
U, (7, 0) \[,/ — |p| <\/Er> "L @yere,  (3.25)

and
- +1 ho 1
gn’p’g = h{) <Tl + %) + Tcp — ie(Elzcg + Egyg), (326)
respectively. Here, the quantities
n 2\m
UpD) o2y _ N~y _qym (7ol (€)™
ZACSED NS (R R (3.7
m=
are Laguerre polynomials; £ is given by
MQ/2h)*
‘= M( / >MQ (3.28)
1— 24 < 9)
2
andn = 0,1,2,... represents the principal quantum number while p = 0, &1, &2, ... stands

for the angular moment quantum number.
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The Hamiltonian H,, splitting as in (2.28), differs, by the introduction of an additional
electric field term, from the model investigated on the Landau diamagnetism and the de
Haas—van Alphen effect in various regimes of temperature and magnetic field [28], relevant
in condensed matter physics. As a matter of result comparison and in order to highlight the
contribution of the introduced electric term, we focus now our study on the thermodynamics
of the described system like in [28].

Keeping in mind the resolution of the identity (3.4) satisfied by the family of states
|z, T), we first intend to get for the physical model some inequalities implying the property
(3.4) by following the analysis performed in [20]. Then, we derive our thermodynamical
quantities. Although some main expressions appear similar in their form to those derived
n [20], due to our system parameter redefinition, this investigation has the interesting
advantage to offer an easier relation comparison and to point up the contribution of the
electric field not considered in previous works.

From (3.26), we derive the thermodynamical potential using the formula [34]:

o0 [e.e]
Ty = ‘%Z Y log[t+ e HEnpomi), (3.29)

n=0 p=—0o0

where 8 = 1/kgT; 1 is the chemical potential.
The resolution of the identity (3.4) allows to apply the Berezin-Lieb inequalities [18, 20]:

1 .
G2 /((:2 log <1 + e_B(Hq_“)> Az d*z_ < Ty,

(3.30)
1 —BHe—w) ) 2, 2
Po< =g [ Jog(1+e ™)) dPzydz

7'1'2 C2

By using the lower and upper symbols of the Hamiltonian H,, and performing the
angular integrations, where uy = |z, |?, v_ = |z_|? with zy = re®, z_ = pe'®, r,p > 0,

v, ¢ € [0,27), we get
1 [ o0 _ O ur -0 v —2)_
_E/ dU+/ du_ IOg <1+€ B(h(Q+ ++Q 2) F‘e,E)) SPQ,
0 0

(3.31)
(0. ] o0 ~ 5 8
o= _%/ d“+/ dv_log <1 + e_ﬂ(h(ﬂ+“++9—”—+2)‘“%E>> ,
0 0

where pe p = p+ %Q(Ell“o +~EQ?/0)' ~
Setting u = Sh(Qiuy + Q_v_),v = A uy, performing an integration by parts and
introducing the control parameters i/y = exp(5(pe,r £ @)) = exp(—pk) - kx, where Ry =

exp(fB(p £ @)), (3.31) is reduced to

p(R!,) < Ty < ¢(R), (3.32)
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where ¢(&') takes the form
~/

L 7 o0 u2e—u
) = St J, T

1
. _By(—F for & <1,
B(Bhw)? (=%)
- 1 (log&)?  72log& " (3:33)
— — Fy(—r/'" for &' > 1.
T | g ] e
The function Fj is of the Riemann—Fermi-Dirac type [20]:
o0 Zn
Fi(z) = —. (3.34)
n=1 n

In the high-temperature limit case, the assumption |u. g + @| > [ gives K/, ~ 1 so
that using (3.31) and (3.32) the thermodynamical potential I'y can be approximated by

1 Fy(—1) 1/ 1 \?
Iy ~ ~ —0.901543 x — . 3.35
PR <3 () (339

Consider the expression of the function ¢ as follows [20]:
- A
$(Ry) = AF 5 + 5, (3.36)
where in our considered physical model situation
2 5\ 2 2 2
pe |1 [ teE 1(Q ™ 1

A=-—"71- : - | — — 3.37
2 3<77AU()> +4 (UJO) + 3 <ﬁhw0 ’ ( )

A Q|1 (e 1[0 S 1 \?
—=— |- (= — | = — 3.38
2 2 2<m0> +24<w0> +6<ﬂhwg> ’ (3:38)

1 )
Si = o Fy (e et i) 3.39
= BB’ (339
At low temperature, S4 can be approximated by
So— — L py(ceer), (3.40)
B(Bhwo)?

Considering the following ratio

1 \? o\’
5 3 4 72 <ﬂ > < )
A ) Ue,E We,E
h (3.41)

A4S0l ~ e 1\ 3/ 1 \?
14 72 ( > 4+ 2 _ < ) Fo (—e—Ble,E
ﬁﬂe,E 4 He E ﬁﬂe,E ° ( )

_|_
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which tends to zero at low temperature, namely . g > hQ/ 2 and pe g > 1/, the ther-
modynamical potential can be obtained as

FQRA-FSQ
N\ 2
_ MeE 1 He,E 2+1 Q +772 1 2
2 3\ Ty 4\ wo 3\ Bhwo

2
* Bpie.p(Bhuwo)?

Fy(—e Pres) |, (3.42)

The average number of electrons is given by

<Ne> ~ —au(A -+ S())

2 =\ 2 9 2 2
e 1 1 Q 1 1
_ <M 7E) Sy h i ™ ( > + ( ) ‘F2 (_e—ﬂ#e,E>
hwo 2 8\ ek 6 \ Blie,E Blie,E

1 2 .
~ = (EeB) for pep > hQ/2 and  pep > 1/6. (3.43)
2 th ’ ’
The magnetic moment My = — (%) is derived as follows
o
ep |we MO, 5 9 we [ MQON?
= L T2+ 02 42 (=2
Mo = Tafe Lg 12 2o T 205 |
2 2
e we M6, , 9 we ((MQ0O
—(F E — — —(2 Q 2— | —— 44
which provides the susceptibility xy = 85\1/199 obtained in the following form
2 2
e 3 MQo
= 1 — SMbw. — (M6uwp)? —
= (grm ) 0|1 Satowe— arony? +6 (1)
3 2
e 3 MQO
—(F E 1 — ZMbw, — (M6wy)? —_— : 4

+ 8(Mcw0)2( 170 + Eayo) 5 Mowe (MOwo)” + 6 < 1 > (3.45)

In both expressions (3.44) and (3.45), the second terms stand for the contributions
induced by the presence of_t)he electric field. The highest the electric potential is at the
reference point of position Ry = (xq,yo), the highest is the electric field contribution.

Remark 3.1. In the absence of the electric field, this model is reduced to that described
by the Fock—Darwin Hamiltonian investigated in the study of the orbital magnetism of a
two-dimensional noncommutative confined system [32]. In that work, it has been shown
that the degeneracy of Landau levels can be lifted via the #-term at weak magnetic field
limit, i.e. for w, < wp.
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By use of the Poisson summation formula [34] in the sum over n and p in (3.29), we
obtain

Ty = 9+ Tk 4 TOSC, (3.46)
where
0 1 - = !
)= _W/o dg/o dnlog(1 + e_ﬁ(EJr"_“e’E)) + ToHe B> (3.47)
2
F _ _ Me,E [ We GM,wC,G (348)
9 w0 )

0SC _
Ty

24

[e.@] ~ 2 .

1 (1) Q)y 1 = y sin{2mg ke £}
g6} P wo | kK2 3 Sinhkf2

Z Z o1 Sln{27rQ Lpte, E}
27Tﬂ o=+ =1 Q2 Sinh; g, o=+ k=1 I=1

y Sin{”QMe,EKk,l,Q,g;_} COS{ﬂ'Q/Le’EKkJ’Q’U;_,'_}
Kk,l,fl,a;—sulhl,f)a

Sin{ﬂ@ﬂe’EKk7l7@707+} Cos{ﬂﬁﬂe’EKk7l7Q7a7_} (3 49)
K100+ 5mby g, ’
with the relation p > T assumed.
From the thermodynamical potential I'y, the magnetic moment My = — (%%) can be
o
derived to give the following contributions:
My = M§ + MG + MG5° + MG5C, (3.50)
where
[
orY
0o__(%e) _
My = <GB) 0, (3.51)
o
[ ]
orL HeE | We — O w0
ML= Z=2) = & = Le? | T, ) 3.52
0 < OB >M 12 w(2) e,B,0,M ( )
[ ]
1 2 a\’
osc EWe 2
=—— — | = QB
Mo 2m 3 Z_: k2 Mc (Q) B
-\ 2
y sin{2m g kpte £} 2k Q\ 1 7| KueoBum
Sinhy, ¢ hSinhy, ¢ wo ) k% 3 02
m .
X [ue’E cos{2mg ke p} — BCOthk,Q X sm{27TQk:ue’E}} , (3.53)
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1 1
0sC _
MG =552 2.5
o==£ [=1
We sin{27rs~2 l)ue,E}
+= -5 - S T o
X [ 5 [ﬁe BOM ~ 5 ’ch,eﬁ,B,M:H X Sinb,
Q 2wl 1
QO — K + 7,
Q hSlnhl Q. x 293[ we,e,0,8,M B,B,Q,M]
X [Me,E COS{27TQO lue,E} — %Cothl a, X Sin{ZWQJ lﬂe,E}:| ] ’ (354)
1 [e.e] o0 (
MG =—3 20D —
" ﬁ o==* k=1 =1
| 1
” ; X T e, E

| 1Ky 10,0, Sinhy g ]

| 0 K
X k:cos{27er:}—lQ— cos{ZWQolu&E}] X [_%]

1 )
:thOS{27TQal,U/6,E} X @ <£wc,e,9,B,M - ?CICWC,e,Q,B,M> ]
ag
+ ! %
: ToHe,E
[ 1, 63,004- 5100y 6 ] are

0 Ko
[ o] [ £

1 &
Flcos{2mg lpe p} X = (Ewc,e,e,B,M - ECICWC,Q@’B,M) ]
g

Sin{ﬂ-ﬁl’l’e7EKk7l7Q70.7+} COS{?TQM67EKk7l7Q7U7—}
[Kk,l,ﬂ,a;JrSinhl,QU]z

l W i
X [:F@ (ﬁe,B,@,M - 2C ]ch,&@,B:M) Smhl,@a
272l 1
it g M, X 55 g Reneomart Len o)

sin{mape, pK}, ) 5.} cos{mape 5K} 6 5t
Ky 100, Sinh, g ]2
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l We .
X [i—(flgﬁ <£e,B,9,M - 7/ch,e,9,B,M) Sinhy o — K} 16,
2m2] 1
X WCOShl,QU X m(’cwc,eﬂ,B,M iIe,B,e,M)]” (3.55)
with
Mw?0 el (eB
) = —+ Mw2h, By=—[(—6-1 .
O 0.0 1 + Mwg0, 0 % <4C 0 >, (3.56)
T T Q
7'('0 = h—Q, WQG = h—fza_’ k£ Q_O_l = Kk,l,@,a’;:t’ (357)
2m2] 212k
smh{ = } — Sinh, ¢ sinh{ . } — Sinh, o, (3.58)
8hG), Qo 316 ,
272 272
cosh{ 7T~l } = Cosh, g , cosh{ T ~k} = Cosh; g, (3.59)
818, Qo 31 ’
B
Te oM = Mi <1 - 62—9>,
¢ ¢ (3.60)
wcefl 02eh (eB
Raeet B = 31007 T 1e (Z‘) - 1)7
e eB
= 2 (1- ). 61
Le.B.6,M SN c ( 50 9> (3.61)
Remark 3.2. In the situation where the §— parameter is switched off, we obtain:
OMwb=0 =0, Bp—og =0, (3.62)
e ew, ef?
I _ = — _ = — _ = — .
e.BO=OM = 1 Kosee,0—0,B,M e Le Bo—0,M oo (3.63)
where we get Q = Q0. = w, and Q, = Q, = % The term k. p = —%e(Elxg +

Esyo) giving pe g contributes to the chemical potential ;1. The expressions (3.47)—(3.49)
are identified for k. p = 0 with those derived in [28] for the Hamiltonian describing a
two-dimensional electrons confined by an isotropic harmonic potential in a perpendicular
magnetic field, linked to the Landau problem in the commutative case, for which CS have
been constructed on the Fock Hilbert space [20]. Besides, the analysis done in [51] for an
ideal fermion gas may also permit to understand the behavior of the studied physical system.

4. Matrix Vector Coherent States for Hd™
4.1. General VCS construction formalism

As a matter of clarity, let us briefly recall here the synoptic scheme of VCS construction
as developed in [2], which will be illustrated in the sequel for the case of noncommutative
space. Let X denotes the parameter space for defining the VCS equipped with a topology. X
is usually chosen as a locally compact space equipped with a measure p. Let $ and R be two
complex separable Hilbert spaces of infinite or finite dimensions (1 + dim($))) and dim(RK),

1250033-18 568



Landau Levels in a Two-Dimensional Noncommutative Space

respectively. In ) and £, consider specific orthonormal bases {qﬁk}%gﬁ and {x*}HmR Let
Bs(R) be the space of Hilbert—Schmidt operators on K which is a Hilbert space under the
scalar product (A, B) = Tr[A*B], for A, B € By(R). Furthermore, let Fy, : X — By(R),k =

1,2,...,dim(R), be a set of continuous mappings satisfying the conditions:

(i) for each =z ? X,0 < N(z) = Zh:na(ﬁ) Tr[|Fx(2)|?] < oo, where |Fy(z) =
[Fi(x)Fi(x)*]2 denotes the positive part of the operator Fi(z). Tr denotes the trace
given by

dim(K)
Te[|Fr(@)PP) = Y N F@))7X); (4.1)
i=1

(ii) for each x € X, there exists a bounded linear map T'(z) : 8 — K ® $, defined by

dim(9)
T(a)x=WN(@)2 Y F@)x®dr, xS (4.2)

(iii) Ig, the identity operator on K, admits the representation (in the weak sense)
/ d(z)Fi(2)Fy(2)" = 6pilag, k,0=0,1,2,...,dim($). (4.3)
X

VCS |z;x) € R® $ are defined for each x € X and x € K, in a general way, by the
relation

dim($)
o X) = T(x)x = V(@)% Y Fi(a)x @ ér (4.4)

k=0
from which one obtains, for the particular case of the basis {x*}Hm &
lz;d) = |o; X", i=1,2,...,dim(K). (4.5)

Let us mention that the VCS |z;4) may not be linearly independent and sometimes may
cancel. |z; x) can be always written as a linear combination as follows:

dim(K) dim(&)
lx; x) = Z cilz;i), where x = Z ax', ¢ eC. (4.6)
i=1 =1

The properties of the family {|x;i)}$5#* are evidenced in the following result.

Proposition 4.1. The VCS |x;i) satisfy
(a) the normalization condition

dim(RK)
lllz;3)|1* =1, (4.7)
i=1
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(b) the resolution of the identity

Z / dp(x)N (z)|x; i) (x| = [g ® I, (4.8)

the sum and integral converging in the weak sense.

Proof. See [2]. O

4.2. VCS construction in a noncommutative Hilbert space

Let M4(C), the space of 4 x 4 complex matrices, be a locally compact space equipped with a
measure dy as the parameter space defining the VCS. Consider the quantum Hilbert space
H, of Hilbert-Schmidt operators acting on the noncommutative configuration (Hilbert)
space H. = span{|n),n € N}. Let F,(3) : M4(C) — B(H.), where B(H,) is the set of
bounded operators on H,., be a set of continuous mappings satisfying the conditions:

(i) for each 3 € My(C), the following normalization condition

0<N(3) =) tre[|Fu(3)[’] < o0, (4.9)

neN

is satisfied, where tr. stands for the trace over H. and |Fy,(3)]? = [Fn(3)Fn(3)*]/?
denotes the positive part of the operator F,(3);
(ii) for each 3 € My(C), there exists a bounded linear map 7'(3) : C* — C*®™H,. defined by

T3)x = WN3)2Y Fu(3)x,n), j=1,2,34; (4.10)
neN

iii) for eac € My(C), the following expression given on C* ® H, holds:
(iii) f h 3 € My(C), the following ion gi C* ® H, hold

Fo(3)I, ) =

5 '? ), (4.11)

vV R(n)R(n)

where 3 = diag(21, 22, 23, 24), zj = ;€% with 7; > 0,0, € [0,27) and R(n) = n!l,.

With this setup and following the construction provided above, based on [2], and taking
into account [23, 55], the set of vectors formally given by

- e 00 3n3i DU sl
BB A = WGB3 e VR

x [x7) ® ) (| @ |m)(nl, (4.12)

—iTEn,m
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where 20 = diag(wy, wa, w3, wy), w; = pje’¥i with p; > 0,¢; € [0,27) and R(m) = m!ly,
forms a set of VCS on C* ® Hy®Hy. These states satisfy a normalization condition to unity
given by

4 00
SN (3.2 g m|3,20, 7, ) = 1, (4.13)
=1 =0
with
N(3,20) = e20T+P1) 4 e203403) 4 205+05)  2(ri+ed), (4.14)

Let D = {(Zla22a23>z4) € C4 | |Z]| < OO,j = 1>2a3>4}7 D = {(wlanaw3>w4) S
C*||wj| < 00,j = 1,2,3,4}. Then, we have the following proposition.

Proposition 4.2. The VCS (4.12) satisfy on the quantum Hilbert space C* @ H, @ H, a
resolution of the identity as follows:

j=1
x /D des,w)(z.’)ﬁ(Q ' (3.20)13,20, 7, ., i)
% (3,20, 7,7, i]) (0=,)" (D, ™
=Lol ol (4.15)

where the measure du(3,20) is given on D x D by

dp(3,

4
H w(p;)dridp;dfide;. (4.16)
Proof. In order to prove (4.15), let us first expand the integrand as

— «—
10)

4
N (02" (0, "IN (3, 20)[3, 20, 7, 5. 71, 70) (3,20, 7, 4, 0, 1] (0=, ) (D)

m

4 00
=3 Y (05) @) (F3)En()XY) ® [} (2] @ m) (n])
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call Z the operator on the left-hand side of (4.15) and choose arbitrary vectors W, ¥/ &, @’
on the Hilbert space H, ® H,. Then, using (4.17), we have

4 [ BNe's)
E VIR e) =Y 3 Y o [ auam)

=1 m=0n=0 "
x> (W[05) Fa(3)(0a,) ™ Fn () X7, 1, 110)
n,n’ ,m,m’=0
X (07 70, 170 (2 )™ (Fryr (3)) (B )™ (o (20)) ]| @)
@ (V'|m) (n|n’) (m/|®"). (4.18)

The use of the boundedness of the operator 7" and of the fact that Z?:1 Ix?) (x?| = 14 allows
to interchange the sum over j with the integral and the four sums over n,n’ and m,m’,
respectively. Thus,

(U, U'|Z|®, D) Z Zm'n|/

0o 4

<Y D (DA@z) Fa(3)(9a,) ™ Fn (W) |72, 1) (72, 17| (B, )"

X (Fw (3))" (0w,)™ (Frw ()10 ) | | @ (%)) {n|n) {m/| @)

=SS [ duaw)
m=0"=0

[ee]

n,n’,;m,m’=0
~p—n/ ~ _ / ~p—m! ~ _ !
« diag nlzl mlw nlz}  mlw)
VIl m/tml /TR m )

(U|n,m)(n,m|®) @ (V|n',m')(n,m|®)

X

2n

= Z Z <\Il\diag (27r/ 7“1d?"1W(7“1)%27T
0 .

m,m=0n,n=0

00 B 2m 0 ,r2n
></ Plde(Pl)pl—,,---,%/ ?"4d?"4W(""4)i,27T
0 m. 0 n:
[e'e) 2m
~ p o
« | p4dp4w<p4>ﬁ> <n\n><m\m>@) ® (V') (n|n) (m|m)|@')
— (U, V|®, ), (4.19)
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where the moment problems are solved by W(r;) = (1/2m)\(r;), W (p;) = (1/2m)w(p;)
with A(r;) = 2e_rﬂ2',w(pj) — 925 0

Besides, we have the following proposition.
Proposition 4.3. These states fulfill the following properties:
(i) Temporal stability
U(4)|3,20, 7, j, 71, 1) = |3,20,7 +t, 5, 71,m), U(t) = e *H"™, (4.20)

(ii) Action identity

4 00
> (3,20, 7, i, m[H™|3,20, 7, 5, 7, 17)
j=17,m=0
= |37 + —|20|° + —=. 4.21
513+ 51 + 5 (4.21)

4.3. Quaternionic vector coherent states
4.3.1. Construction

We briefly discuss now the QVCS construction and their connection with the studied VCS.
In (4.12), set 3 = diag(z, z,2,2) and W = diag(w, w,w,w) where z = re —i9 = = pe®
with 7,p > 0,6, € [0,27). Consider u,v € SU(2) and take Z = U3UT W = Vvt
where U = diag(u,u),V = diag(v,v). Introduce the quaternions q = A(r)e’®™) Q =
B(p)e®®) with ©(h) = diag(o(n),o(n)),O(k) = diag(d(k),5(k)), where A(r) = rly,
B(p) = ply and

o(7) = ( _@osé e“’sinqS)7 6(12:) _ ( _(?os'cp eigsing0>’ (4.22)
e

e “sin¢ — cos ¢ "sing —cos

where ¢, p € [0, 7] and 9,v,7, 0 € [0, 27).

From the scheme developed in [54], since U,V are given as u = Ug, Ug, Ugy, U = V¢, Vg V¢,
with ug, = diag(e1/2,e7%1/2) ug, = diag(e™€2/2,e7%2/2) v, = diag(e1/2,e71/2) v, =
diag(e'€2/2, e7%2/2) and

cos ﬂ isin ¢1 cos ‘1522 isin 4’22
Yo = <z>1 ¢1 Vg = . £1,62,C1,C € 0,21)  (4.23)

7sin CcOS 7 sin (610)] 2

for & = & = nand ¢t = (o = o, we get the following identifications: Z = r(Iscos? +
iO(h)sind) = q, W = p(I4cosy + iO(k)sinvy) = Q.
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Then, the QVCS obtained as |U3UT, VWV 7 j 7,m) = |q,Q,7,j,7,m) can be
written as

Qmamn
|q75377—7j7ﬁ’7ﬁl): (N 1/2
Y
xe~ T Enm|\3y @ i) (] @ [m) (n. (4.24)

They satisfy a normalization condition to unity given by

o
> (@977, mlq,Q, 7, i, m) = 1 (4.25)

4
=1 n,m=0

J

which provides N (r, p) = 4202 +p%)

Proposition 4.4. The QVCS (4.24) fulfill a resolution of the identity property on C* ®
Hy, ® Hy given by

4 oo 00 1 .
XY dula @)

oo N R TR
X [W(’r’ p)‘q>Qa T’]’n7m)(q75:2’ T’]’n7mu(87‘) (ap)

=l

)Th

where du(q,Q) = 16%rd’rpdp(sin @)dpdndd(sin p)dpdody on Dy X Da;

Dy ={(r;¢,n,9)|0 <7 <00,0< ¢ < 7,0 <70 <2r} and Dy = {(p,,0,7)|0 < p <
00,0 < < 7,0< o,y <27}
The moment problem issued from (4.26), stated as follows:

47T2W ’I” p 2n 2m
is solved with
1
W(r.p) = N (r.p)e” "0, (4.28)

A connection with the Weyl-Heisenberg group is realized by considering the unitary
operators given by

— T gt — — Tt I — i
UR(O,CI) = e[ q®ap+q'agr] _ e 1/2[-q®ap,q ®aR]eq ®ar q®aR7

4.29
(0,9) = e[Q@dE—QT®dL] — 6—1/2[Q®dz,—QT®dL]eQ@dEe—QT(@dL7 ( )
such that
L e—(r?+p%)/2
|q75377—7.77n7m) = fU(T)
7T
— ) 1) 0| & UL0.Q)10) 01Ur(0.0)| . (430
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where the operators ar and d, act on a given state |n)(m| ® |m)(n| as follows:

ag|i)(m| ® [m)(n| := i) (M| ® [m)(n|a
= Vn + 1|a)(m| @ |m)(n + 1|
dr|n)(m| @ [m)(n| = |7)(m| @ d|m)(n|
= vmli)(m| ® [m — 1)(n]. (4.31)

4.3.2. QVCS statistical properties

This part of the work deals with the physical features of the QVCS. The expectation which
can be interpreted as the average of the observable that would be expected to obtain from
a large number of measurements, and the dispersion of the quadrature operators on the
Hilbert space C* ® Hy ® Hy are investigated.

Let us consider the operators given on C* ® H, ® Hy by

. —ih . —h

Px=L4® ﬁ[aR — a}p ], Pr=L® ﬁ[alz + a}r%a 1, (4.32)
A 9 Jf ~ . 9 T

X=L4® §[CLR+OL ], Y=I4®1 g[aR—aR]. (4.33)

From (4.31), we obtain

lar — aly, [7) (] @ [m)(n]] = V1| (] @ [m)(n + 1]
—V/n|n)(m| @ [m)(n]. (4.34)

Denote the expectation value of an operator by (-) = >.2°. _ (q,9Q, j,7,m|-|q,Q, j, 7, mm).

71,m=0
We get the following expressions:

X . 2
(Px) = :l:2j%'r cos(¢) sin (1), (P)%) = Z_Q [7“2 sin?(n) + ﬂ , (4.35)
<Py> =— h [r cos(n)] (]52> = —2 [r cosQ( )+ l} (4.36)
21/20 ’ Y7 99 Ty '

from which result the relations

2
(APx)? = i Z_Q [472 sin?(n) — r2 cos?(¢) sin®(n) + 1],
A s (4.37)
(APy)? = 1 <%> [3r2 cos®(n) + 1].
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In the same way, we obtain

[472 sin® () — 2 cos®(¢) sin?(n) + 1],

) (4.38)
)

(AY

i
-3

(AX

[3r2 cos®(n) + 1],

»J>|>i .-JkIH
NI D

and the following uncertainties

R 2 [ ~
AXATE = o () Frno) = 5 [{UE VDR Frn.o),
N A 2 i ~
axar? = o (5) Peno) = 1 [H10% 2], »
A 2 [ '
[AYAPy)? = % (%) F(r,n,¢) > % _% (l ,Py]>|2],
A A 4 A
APART = 1 (1) Fono) = ¢ [P AR =0
where
F(r,n,¢) = [3r% cos®(n) 4 1][4r? sin®(n) — 7% cos?(¢) sin®(n) + 1]. (4.40)

Remark 4.1. As a matter of result checking, let us attract the reader attention on the fact
that, in [23], a factor “2” has been forgotten in the author expressions (4.35)—(4.37) obtained
for the dispersions of the momentum operators; one should read, in the denominator, the
quantity h?/20 instead of h%/#. Furthermore, in the mentioned work, a sign “—” should be
also added in the expression of the operator Py.

5. Concluding Remarks

A matrix formulation of a Hamiltonian describing the motion of an electron in an electro-
magnetic field with a confining harmonic potential in a two-dimensional noncommutative
space has been provided in this work. Relevant thermodynamical and statistical properties of
the physical system have been studied and discussed. In this analysis, some #-modified quan-
tities have been obtained. In the limit # — 0, these quantities can be identified with those
derived in the commutative context related to the standard Landau problem. Then, the
Matrix Vector Coherent States (MVCS) have been constructed and analyzed with respect
to required properties. Besides, the QVCS as well as their connection with the VCS and
their statistical properties have been investigated and discussed.

To conclude, let us mention that the physical model investigated in this work could be
re-parameterized by the following operators

g =X, Q2:Y—ﬁPX> pr=Px, p2=PFy, (5.1)

satisfying usual canonical commutation relations, and then be solved in terms of ordinary
square-integrable functions (g1, ¢2). Such an investigation will be in the core of a forth-
coming paper.
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