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DOI: 10.1142/S1402925112500349

GROUP OF TRANSFORMATIONS WITH RESPECT
TO THE COUNTERPART OF RAPIDITY

AND RELATED FIELD EQUATIONS
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The Lorentz-group of transformations usually consists of linear transformations of the coordinates,
keeping as invariant the norm of the four-vector in (Minkowski) space-time. Besides those linear
transformations, one may construct different forms of nonlinear transformations of the coordinates
keeping unchanged that respective invariant. In this paper we explore nonlinear transformations
of second-order which have a natural interpretation within the framework of Yamaleev’s concept
of the counterpart of rapidity (co-rapidity). The purpose of developed concept is to show that the
formulae for energy and momentum of the relativistic particle become regular near the zero-mass
and speed of light states. Furthermore, in a covariant formulation, the co-rapidity is presented as
a four-vector which admits an extension of the Lorentz-group of transformations. In this paper we
additionally show, that in the same way as the rapidity is related to the electromagnetic field, the
co-rapidity is related to the field of strengths, which are given by a four-vector. The corresponding
equations of such a field are also constructed.

Keywords: Relativistic dynamics; inertial mass; rapidity; co-rapidity; energy-momentum; Lorentz-
group; electromagnetic field; notoph field.

Mathematics Subject Classification 2010: 83A05, 78A35, 70G10, 22E43

1. Introduction

The group of linear transformations, the Lorentz-transformations,

δx′µ = Mµ
ν δx

ν, (1.1)
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keep unchanged the pseudo-norm

ρ2 = gµν x
µxν, (1.2)

due to the antisymmetric form of the tensor Mµν = −Mνµ. Besides of these transformations
we will consider transformations of the coordinates of second-order given by

δx′µ = ρ2 δxµ − xµ(xν δx
ν). (1.3)

It is easily seen that these transformations also keep invariant the pseudo-norm ρ2.
The Lorentz-group of transformations is well known to require six independent param-

eters, which form some kind of antisymmetric tensor ψµν , including three parameters
of Lorentz-boosts and other three parameters for space rotations in three-dimensional
space [2, 8]. The transformations defined by (1.3) are fulfilled with respect to four param-
eters which form a set of four-vectors. Geometrical interpretation of these transformations
is clear: they generate a motion along hyperplane ρ2 = const. Noteworthy, this is however
not the case when the curvature of the hyperplane is given by a universal constant, not as
when the pseudo-norm ρ2 is a constant only with respect to every transformation; that is,
it is just constant of motion, not a universal constant of the theory. In order to realize the
geometrical and physical essence of the second-order transformations (1.3), we will start by
simplicity with a two-dimensional space-time. In these case, the transformations (1.3) are
reduced into a transformation where the counterpart of rapidity (co-rapidity) appears as a
parameter of the transformation.

Recently, Yamaleev has introduced the concept of co-rapidity [18–21], seeking a regular
representation for energy-momentum of the relativistic particle near zero-mass and light-
speed states. In the representation of energy-momentum as functions of the velocity and the
proper-mass the formulae for energy and momentum have a singularity at the point where
the proper mass is equal to zero (m = 0) and the velocity equals the speed of light (v = c).
The speed of light is unattainable for a particle with non-vanishing proper mass; on the
contrary, the particle moving with speed of light has to possess its proper mass equal to zero.
This means, that in the formulation of the relativistic dynamics one is not allowed just to put
conditions like m = 0 and v = c separately; in the same way, one is not allowed to pass from
formulae for energy-momentum of the massive particle onto those of energy-momentum of
the massless particle, simply by taking m = 0 and v = c, because in this way, one is meeting
an indeterminacy of the type 0/0. Thus, the formalism of the relativistic dynamics in its
present formulation does not provide us with some rule for solving this indeterminacy. The
solution of this indeterminacy as in [18, 19, 21], has been found as follows. The relativistic
physics requires two kinds of reference systems. The inertial reference systems linked to
massive particles may stay at rest state, but they, however, can never reach the state of
light speed. Besides, a different kind of reference systems do have their “rest state” at the
state of light-speed. These systems, contrary to the earlier, never can reach the rest state.
It seems, there is some symmetry between the class of systems of reference originating from
rest state, and the class of systems of reference originating from light-speed state. In fact,
a deeper investigation shows that this symmetry comes from symmetry between the mass
and the momentum in mass-shell equation with respect to the energy. This symmetry also
implies some reciprocity between rapidity and its counterpart. However this symmetry is
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valid only for a static picture, however in dynamics, the proper-mass is a constant of motion,
whereas the momentum is a variable.

This is an issue emerging from the concept of co-rapidity: the hyperbolic angle cor-
responding to co-rapidity is proportional to the proper-mass of the massive particle. The
rapidity in a covariant formulation is presented by a two-form, i.e. via an antisymmetric ten-
sor with two indices, in that sense its tensorial structure coincides with tensorial structure
of the electromagnetic strengths. Furthermore, one may interpret the concept of rapidity
by introducing the rapidity as an auxiliary variable in the Lorentz-force equations. The
co-rapidity in a covariant formulation is given by a one-form, i.e. via a four-vector. As the
rapidity is related to electromagnetic field, the co-rapidity may be related to the field of
electromagnetic strengths given by a four-vector. This field in the literature is known as the
“notoph”, or, as the Kalb–Ramond’s fields in the string theoretical lore [1, 3, 10, 22].

The paper is presented as follows. Section 2 presents elements of the theory of co-rapidity
and its consequences. In Sec. 3, the notion of co-rapidity will be extended to a four-vector.
In Sec. 4, the Lorentz-group of transformations is extended by including a covariant form
of the co-rapidity into the set of parameters of transformations. In Sec. 5, the Lorentz-force
equations induced by the counterpart of electromagnetic fields are formulated. Finally, in
Sec. 6 we include some concluding remarks.

2. Hyperbolic Angle and the Counterpart of Rapidity

Let us start with a two-dimensional Minkowski plane, for simplicity. Let a vector there be
given by coordinates (x0, x), with x0 = ct, and introduce the indefinite length of the vector
or pseudo-norm, by

x2
0 − x2 = ρ2. (2.1)

In polar coordinates this equality is satisfied by the parametrization via hyperbolic
trigonometry

x0 = ρ cosh(ψ),

x = ρ sinh(ψ).
(2.2)

Note, however, that the parametrization used in (2.2) is not unique. In fact, instead of this
parametrization we can take, for instance,

x0 = ρ cothχ,

x =
ρ

sinhχ
.

(2.3)

The velocity v defined with respect to time coordinate, in parametrization (2.2), is given
by well-known formula

v = c tanh(ψ), (2.4)

whereas within parametrization (2.3) one gets

v =
c

cosh(χ)
. (2.5)
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Now, let us introduce a velocity complementary to v, namely v̄, defined through the following
relationship

v2 + v̄2 = c2. (2.6)

Note that v̄ is related with hyperbolic angle (χ) in a manner quite similar as v is expressed
via rapidity (ψ). We will denote from now on this complementary velocity, as the co-rapidity.
In fact,

v̄2 = c2 − v2 = c2
(

1 − p2

p2
0

)
= c2 tanh2(χ). (2.7)

Interrelation between χ and ψ is expressed by the following reciprocity formulae [20],

exp(ψ) = coth
(χ

2

)
,

exp(χ) = coth
(
ψ

2

)
.

(2.8)

From these formulae it follows, that the state with ψ = 0 or χ = ∞ means a rest state with
v = 0, and that the state with ψ = ∞ or χ = 0, means light-speed state with v = c. In this
sense the pair (v̄, χ) is the counterpart of the pair (v, ψ).

The evident symmetry between two hyperbolic angles ψ and χ is displayed only when
we restrict ourselves to the Minkowski plane. In covariant formulation they have to be
considered as complementary parameters of some group of transformations generalizing the
Lorentz-group [18, 19, 21].

Now let us underline one remarkable property of the co-rapidity, namely, we shall prove
that χ is proportional to the proper mass of the particle, i.e. χ = mcφ. In order to prove this
statement let us beforehand explore one interesting and useful mathematical relationship
between fraction and exponential function.

Let q2, q1 be positive real numbers. Consider three following combinations of these values:
Q1 = q1 + q2, Q

2
2 = q1q2, Q0 = q2 − q1. Then, the quantities q2, q1 can be considered as

solutions of the following quadratic equation

X2 −Q1X +Q2
2 = 0. (2.9)

Extensions of the relativistic dynamics to higher characteristic polynomials may be found
in [15].

Because q1, q2 satisfy the quadratic equation the following Euler formulae hold true [17]:

exp(q1φ) = g0(φ) + q1 g1(φ),

exp(q2φ) = g0(φ) + q2 g1(φ),
(2.10)

inversely, the modified cosine–sine functions can be expressed via exponential functions:

g1(φ) =
exp(q2φ) − exp(q1φ)

Q0
, g0(φ) =

q2 exp(q1φ) − q1 exp(q2φ)
Q0

. (2.11)

Now consider fraction

exp(q2φ)
exp(q1φ)

= exp(Q0φ) =
g1(φ)q2 + g0(φ)
g1(φ)q1 + g0(φ)

=
q2 + U

q1 + U
, (2.12)
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where we denote by U the fraction

U :=
g0(φ)
g1(φ)

. (2.13)

Let at the point φ = φ0 the function g0 = 0. Then from (2.11), as well as from (2.12) we get

exp(Q0φ0) =
q2
q1
. (2.14)

Note, that simultaneous translation of q1, q2 by ∆, qi = qi + ∆, i = 1, 2, this shift keeps
unchanged the difference between them Q0 = q2 − q1. Hence, this translation induces a
corresponding translation of the hyperbolic argument φ. We have,

exp(Q0(φ0 + δ)) =
q2 + ∆
q1 + ∆

. (2.15)

Inversely, translation of φ0 by δ, namely φ = φ0 + δ, must be unchanged Q0, whereas q1, q2
will undergo some simultaneous translations by q2 = q2 +U, q1 = q1 +U . Thus we come to
the following formula

q2
q1

= e(q2−q1)φ, (2.16)

which can be interpreted from different points of view. For instance, this formula can be
considered as some interrelation between the fraction and the difference of two values via
the hyperbolic exponential function. Another point of view is that this formula establishes
some interrelation between simultaneous translations of denominator and numerator of the
fraction and the hyperbolic rotation.

Once we have stated this formula, let us now make an application of it. Let us take
as values for q1, q2 the following quantities of the relativistic mechanics q1 = p0 − mc,
q2 = p0 +mc. Then according to formula (2.16), we write at once

p0 +mc

p0 −mc
= exp(2mcφ), (2.17)

where the mass m is a constant of the evolution with respect to parameter φ whereas p0, p

depend of φ, and this dependence is given by formulae of hyperbolic trigonometry

p0 = mc coth(mcφ),

p =
mc

sinh(mcφ)
.

(2.18)

Comparing these formulae with parametrization (2.2) we note that an advantage of the
latter is that the hyperbolic angle χ is presented here as a quantity proportional to the mass,
namely, χ = mcφ, where mc and φ are totally independent variables. It has to be pointed
out also that formula (2.16) is applicable if and only if the difference between denominator
and numerator of the fraction is a constant with respect to evolution parameter φ.
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Exploring the behavior of the energy momentum near speed of light state when m = 0
we find

p(m = 0) = p0(m = 0) =
1
φ

= π0. (2.19)

Here we have introduced the new quantity π0 which is equal to energy-momentum of the
relativistic system at the state of speed of light with m = 0, v = c.

It is important to underline some duality between π0 and the corresponding rest mass
mc [20]. At the rest state, the energy equals mc2, ψ = 0; and vice versa, at the state of
speed of light energy is equal to cπ0, χ = 0. The particle with m > 0 is never able to attain
the state of speed of light; conversely, the particle possessing π0 > 0 cannot fall into the
rest state. The latter statement has its simple interpretation within classical mechanics:
the particle that possesses π0 > 0, possessing kinetic energy, cannot consequently be in the
rest state. In the rest state the energy is equal to the proper inertial mass (in energy units)
and, in the same manner, in the light-speed state, the energy is equal to cπ0. Thus, the
relativistic dynamics of the relativistic particle is governed, besides the inertial mass m, by
some special kind of energy, which we have denoted by cπ0. The parameter π0 is, in some
sense, dual to the inertial mass which determines the value of the kinetic energy of the
motion. This quantity corresponds to the energy of the particle in its massless state.

Next, let us examine separately the two limits as we approach to the rest and speed of
light states, respectively and compare them with each other.

(i) Low-speed, or, non-relativistic limit
In order to obtain the non-relativistic limit we start with formulae

p0 = mc cosh(ψ),

p = mc sinh(ψ),
(2.20)

where the point ψ = 0 corresponds to the rest state. Then for small values of ψ � 1 the
following expansion holds true

p0 = mc

(
1 +

1
2
ψ2

)
,

p = mcψ.

(2.21)

Hence,

p0 = mc+
p2

2mc
, (2.22)

E(nonrel) = c(p0 −mc) =
p2

2m
. (2.23)

(ii) High speed limit
Near the speed of light we have to use the representation

p0 = mc coth(χ),

p =
mc

sinh(χ)
.

(2.24)
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For small values of χ� 1 we obtain

p0 = mc

(
1
χ

+
1
2
χ

)
,

p = mc
1
χ
.

(2.25)

Removing from these equations χ we obtain

p0 = p+
m2c2

2p
. (2.26)

Thus, we note that at these limits the mass and momentum interchange their roles.

3. Covariant Form of the Co-Rapidity and Modified
Poincaré-Group of Transformations

In this section we will follow [18, 19, 21]. The transformations of the energy and momentum
p0, p under a translation of the hyperbolic angle φ, which we denominated co-rapidity, keep
invariant the square of the proper-mass. From (2.18) these transformations for p0, p, which
under φ turn out to be bilinear of themselves, may be written as

dp = −p p0dφ,

dp0 = −p2dφ.
(3.1)

Our next goal is to extend these equations in such a way as to obtain Lorentz-covariant
equations and, in that particular case, to cover Eq. (3.1). As it has been shown in refer-
ences [18, 19, 21], in order to satisfy these conditions, it is only necessary to suppose that
the parameter φ is a time-like component of some four-vector ξν , ν = 0, 1, 2, 3, that is, we
have ξ0 = φ, ξk = 0, k = 1, 2, 3.

The evolution of a four-vector xµ, with respect to this set of parameters, is governed by
the following equations

∂xν

∂ξµ
= ρ2 δν

µ − xνxµ, ρ2 = ηµνx
µxν , (3.2)

where ηνµ = diag(1,−1,−1,−1) is the metric tensor of Minkowski space-time.
The generators of transformations with respect to the parameters ξν , ν = 0, 1, 2, 3 are

defined by the derivatives

Gν =
∂

∂ξν
, ν = 0, 1, 2, 3. (3.3)

Obviously, they do not commute. Let us express these generators in terms of space-time
coordinates xµ as follows

Gν =
∂xµ

∂ξν

∂

∂xµ
= ρ2 ∂

∂xν
− xν

(
xµ ∂

∂xµ

)
, ν, µ = 0, 1, 2, 3. (3.4)

Now we are able to construct commutation relations containing the generators Gµ, µ =
0, 1, 2, 3 as elements of the group, which we are seeking. Let us call this group Γg. First of
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all, calculate the commutators between the generators Gµ. They are

[Gµ, Gν ] = ρ2Mµν , Mµν = xµ∂ν − xν∂µ. (3.5)

Thus, in surplus, Γg contains elements of the Lorentz-group Mµν and the factor ρ2 which
is also an element of the Γg. This length is invariant under the action of the generators Gµ

and also under the action of the generators of the Lorentz-group,

[Gµ, ρ
2] = 0, [ρ2,Mµν ] = 0. (3.6)

The Gµ generator is a sum of two operators, namely, the differential operator in Minkowski
space, ∂µ, and the generator of dilatation D = xµ∂µ, that is, Gµ = ρ2∂µ − xµD. By taking
into account [Mµν ,D] = 0 and [ρ2,Mµν ] = 0, we get

[Mµν , Gλ] = ηνλGµ − ηµλGν . (3.7)

The generators of the Lorentz-group obey ordinary commutation relations

[Mµν ,Mλη ] = ηµλMνη − ηνλMµη + ηµηMλν − ηνηMλµ. (3.8)

The Γg is furnished with two Casimir operators, namely,

C1 = G2,

C2 = MµνMµνG
2/2 −MµλMµλGµGν .

(3.9)

The Γg can be extended by introducing the dilation operator D = xµ∂µ. In this case, there
appears two additional commutators

[D,Gµ] = Gµ, [D, ρ2] = 2ρ2. (3.10)

This extension is similar to the extension of Poincaré group into the Weyl group, by adding
the dilation operator [7].

It is worth noticing the analogy between elements of special conformal group Kµ,
(µ = 0, 1, 2, 3) and the generators of Γg. A representation of the special conformal elements
via differential operators in Minkowski space is given by

Kµ = ρ2∂µ − 2xµD. (3.11)

However, this operator differs from the operator Gµ just by a factor of 2 at the second term.
In same way, let us underline the similarity of the generator Gµ with the generator of

translation on the surface with constant curvature [6, 16]. In fact, if the factor ρ2 = const.,
the operator G is transformed into the operator of translation along a hyperbolic surface
imbedded into four-dimensional Minkowski space.

It is important to note that a realization of the commutation relations for the elements
of Γg may be accomplished by a set of finite-dimensional matrices built out of the Dirac
gamma-matrices. These matrices are well known to satisfy the anti-commutation relations

{γµ, γν} = γµγν + γνγµ = 2 ηµν 1, (3.12)

where ηµν = diag(1,−1,−1,−1) [14].
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In terms of the γ-matrices we can construct the following commutation relations

[γµ, γν ] = Σµν , (3.13)

[Σµν ,Σλη] = ηµλΣνη − ηνλΣµη + ηµηΣλν − ηνηΣλµ, (3.14)

[Σµν , γλ] = ηνλγµ − ηµλγν . (3.15)

By means of the spin-matrices Σµν one is able to organize a finite-dimensional non-unitary
representation of the Lorentz-group. In this context, the set of matrices γµ, Σµν will realize
a non-unitary finite-dimensional representation of the Γg group. Note that only the compact
groups admit finite nontrivial unitary representations [7].

4. Lorentz-Force Equations and the Rapidity

As discussed above in Sec. 2, in the Lorentz kinematics, it is customary to use the hyperbolic
angle called the rapidity. The idea to use this hyperbolic angle comes from the pseudo-
Euclidean metrics in Minkowski space. For instance, the velocity with respect to proper-time
obeys the relationship

u2
0 − u2 = c2. (4.1)

Obviously, this equation is satisfied by using the identity formula associated to hyperbolic
functions. It is usually realized by the following parametrization

u0 = c cosh(ψ), u = c sinh(ψ). (4.2)

Consequently, the velocity with respect to coordinate time is given by hyperbolic tangent
function

v = c tanh(ψ). (4.3)

The hyperbolic parameter ψ, the rapidity, is considered as a convenient parameter of the
Lorentz-kinematics [9, 12].

On the other side, within the relativistic dynamics for a charged particle, the rapidity
also arises in a natural way. Consider the motion of a relativistic particle with charge e
in the external electromagnetic fields E and B. The relativistic equations of motion with
respect to the proper time τ are given by the Lorentz-force equations [2, 8]:

dp
dτ

=
e

mc
E p0 +

e

m
[p × B],

dp0

dτ
=

e

mc
(E · p), (4.4)

u =
dr
dτ

=
p
m
, u0 =

dt

dτ
=

p0

mc
. (4.5)

These equations imply the first integral of motion, the “mass-shell” condition,

p2
0 − (p · p)2 = m2c2. (4.6)

In the case of stationary potential field, i.e. when eE = −∇V (r), the equations imply a
second constant of motion, the energy of the relativistic particle,

E = cp0 + V (r). (4.7)
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Now let us consider only length of the momentum p = |p| [20]. For that purpose let us take
the projection of the Lorentz-force equation (4.4) on the direction of motion, that is

dp

dψ
= p0,

dp0

dψ
= p,

dψ

dτ
=

e

mc
E, E = (n ·E), n =

p
p
. (4.8)

From first two equations of (4.8) and by taking into account (4.6), we find

p0 = mc cosh(ψ), p = mc sinh(ψ), (4.9)

where ψ = 0 corresponds to the rest state with p = 0, p0 = mc. If we compare (4.9) with
(4.2), by taking into account (4.5), the difference is, that in (4.8), we have some dynamical
interpretation of the rapidity.

If the external electromagnetic field strengths E,B are given in their covariant form,
namely, Fµν , µ, ν = 0, 1, 2, 3, then Eqs. (4.4) and (4.5) take the form of Minkowski force-
equations [13]:

d

dτ
uµ =

e

mc
Fµ

νu
ν , uµ =

dxµ

dτ
. (4.10)

By introducing an additional variable given by a bivector ψµν as follows:

duµ = dψµ
νu

ν , (4.11)

we obtain

dψµ
ν

dτ
=

e

mc
Fµ

ν . (4.12)

It is with this expression, that we reach a dynamical interpretation for the rapidity.

5. Field Equations Related with the Structure of the Co-Rapidity

In Sec. 4, we have arrived to a dynamical interpretation of the rapidity by using Lorentz-
force equations. For that purpose we used the projection of the Lorentz-force equation in the
direction of motion. In the Lorentz-group, the parameter of transformation is represented
by an antisymmetric bivector ψµν . The variation of the four-momentum with respect to
variations of ψµν is defined by equations

δpν = pµ δψµν . (5.1)

Let us suppose that this variation is induced by an external electromagnetic field Fµν during
time dτ , then

δpν = pµ e

mc
Fµν dτ. (5.2)

Hence, a dynamical interpretation of the bivector is expressed by equation

dψµν

dτ
=

e

mc
Fµν . (5.3)

These equations are related to the Lorentz-force equations as follows

dpν

dτ
= pµdψµν

dτ
=

e

mc
pµFµν . (5.4)
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Now let us repeat the same procedure for the dynamical interpretation of the parameter of
transformations of Γg, given by four-vector ξµ. By using the evolution equation

∂pν

∂ξµ
= (mc)2ηνµ − pνpµ, (5.5)

we obtain the variation of the four-momentum, induced by variation of ξµ:

δpν = δξν(mc)2 − pνp
µ δξµ. (5.6)

By analogy with the relationship (5.3), let us define a new field by

dξν

dτ
= Φν. (5.7)

Thus, the new field is given as four-vector. Then, an analogue of the Lorentz-force equation
can be stated as follows

dpν

dτ
= (mc)2

dξν
dτ

− pνpµ
dξµ

dτ

= (mc)2Φν − pνpµΦµ. (5.8)

The new field Φµ is given in units of [c/h], (that is, units of speed divided by units of
action). This Eq. (5.8) can be rewritten as

dpν

dτ
= (mc)2Φν − pνpµΦµ = pµ(pµΦν − pνΦµ). (5.9)

5.1. The counterpart of the electromagnetic-, the “Notoph” field

In the discussion above, we have presented equations of motion of the particle inside some
field which can be defined as a counterpart of electromagnetic field. This kind of field already
has been introduced in 1966 by Polubarinov and Ogievetskii in [11] and denominated as
the notoph (inverse to the photon, although it would be also correct to denominate this
field the tophon). We suggest to denominate this field as the counterpart of photon, or
counter-photon. The authors of [11] came to their theory as follows.

A particle with spin s has 2s+ 1 states of polarization. At the limit m = 0 set of 2s+ 1
states decays into 2s+ 1 particles with zero-mass and spin s, (s− 1), . . . , 1, 0 each of which
has polarization ±s. Thus as usual, at the limit m = 0 we remain only with one particle
with spin s, and ignore the others which have spin less than s, namely with s−1, s−2, . . . , 0.
The question is: what happens with the other particles possessing spin less than s, which
potentially also may arise when the mass of massive particle tends to zero?

As an example the authors explored the case of photon with helicity ±1.“This particle
has to be complemented with its counterpart with helicity 0, the notoph”, they concluded.
“Like the photon, under interaction this particle possesses also three states of polariza-
tion ±1, 0. Virtual “notoph” like virtual photon has a mass, therefore they possess also
s = ±1, 0”.
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5.2. Field equations for the “Notoph”

Let us follow the authors of [11]. They start with field equation for the photon possessing
helicity ±1 and described by four-vector potential Aµ obeying Maxwell equations

�Aµ − ∂µ∂νA
ν = −jµ. (5.10)

In the case of a particle with non-vanishing mass m, this equation contains a term like
m2Aµ, then these equations describe a massive particle with spin 1 with three states of
helicity ±1, 0. Now let us suppose that at the limit m = 0 the equations for particle with
spin 1 transform into equations for massless particle with helicity equal to zero. In that
case the field is described by potential given by bivector fµν , which holds the following
equation

�fµν − ∂µ∂λf
λ
ν + ∂ν∂λf

λ
µ = −Jµν , (5.11)

∂µJ
µ
ν = 0, Jµν = −Jνµ. (5.12)

It is interesting to compare the gauge equation for both fields with respect to which the
corresponding field equations are invariant:

δAµ = ∂µΛ, δfµν = ∂µλν − ∂νλµ. (5.13)

Furthermore, it is shown that helicity of the field fµν is equal to zero and, in some sense,
they are mutually complementary to each other. The potential of the electromagnetic field
is described by four-vector Aµ whereas the strength is described by the bivector

Fµν = ∂µAν − ∂νAµ. (5.14)

For the complementary field the situation is vice versa, namely the potential is described
by bivector fµν , whereas the strength is given by four-vector:

aµ = i
1
2
εµνλρ∂

νfλρ. (5.15)

Also, field equations for both fields in terms of strengths are written as follows. The Maxwell
equations:

∂µF
µ
ν = −jν , ∂µF̃

µ
ν = 0, (5.16)

correspond alternatively for the complementary field as

∂µaν − ∂νaµ = −i1
2
εµνλρJ

λρ, ∂νaν = 0. (5.17)

Note that these equations are also obtainable by using the following Lagrangian

L = −1
4
∂λf

µν∂λfµν +
1
2
∂λf

λν∂σfσν . (5.18)

In all, once we had developed in a previous work an explicit covariant expression for the
Minkowski force law, associated to the electromagnetic, second-order, strength-field ten-
sor, we have further been able to show the connection, importance and true dynamical
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meaning of the rapidity associated with this equation of motion. Parallelly, we have intro-
duced another very useful and complementary concept, the one of the co-rapidity and could
explain its role both for describing the state of a particle close to speed of light, and in the
case of the modified Poincare-group of transformations. With this, we could construct a
second alternative equation of motion d

dτ pν = pµ[p,Φ]µν , where the corresponding field Φν ,
associated to the electromagnetic field, in the previous case, has now appeared as a four
vector. The work in [11] has been very elucidating for identifying this field, as the notoph
field; being the notoph a classical idealization for the photon, as a particle with mass going
to zero and reaching the state of null helicity. The dual nature of these fields and the cor-
responding equations have been presented. Although we have in no way incursioned in the
formalism of string theory, we have also referred to the proper literature to reveal that our
notoph field should be considered as the classical analog of the so-called Kalb–Ramond field,
which generalizes the electromagnetic potential into a second-order tensor and extends the
definition of action to a two-dimensional worldsheet integral

S = −
∫∫

dxµ dxν Bµν .

Although this field is of quantum mechanical character, normally a result which is obtained
at a high level of the theory is not necessarily expected to possess a classical analog.
Here, on the contrary, we have been able to show that actually this classical analog does
exist.

6. Conclusions

Trying to complete our knowledge, we have found out that it is indispensable at least theo-
retically to consider observations of our physical world out of systems of reference of different
nature. Up to now, the relativistic physics had been dealt by considering observers installed
only upon inertial systems of references with velocities less than the speed of light. This
velocity can be expressed via some hyperbolic angle, the rapidity, with undefined physical
sense of the latter and with formulae for the energy and momentum, which become singular
at the state of zero-mass and speed of light. In this paper, what we have undertaken is going
in the opposite direction: from the state of light speed to the rest state. For that purpose
we introduced a complementary velocity, which at the light-speed state equals to zero, and
the counter-rapidity related with this velocity. An important feature of this co-rapidity is
the following: the hyperbolic angle corresponding to this co-rapidity is proportional to the
mass of the particle. This fact provides regularity of the representation at the zero-mass
state. The rapidity and its counterpart are reciprocal to each other, in the one-dimensional
(space coordinate) case.

In a covariant formulation, the rapidity and its counterpart form a set of parameters
of a group, which is nothing else than a nonlinear realization of the de Sitter group of
transformations on Minkowski four-dimensional space-time.

This group consists of 10 generators: three generators of the group generate the Lorentz-
boost, another three generators generate rotations in three-dimensional coordinate space,
and four generators generate translations along hypersurface of space-time with constant
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pseudo-norm. The subgroup of this group is the Lorentz-group of transformations. Note-
worthy, the finite-dimensional representation of the generators of this group are given by
Dirac’s gamma matrices.

The co-rapidity, in covariant formulation, is related to a field, the potential of which
is defined by a two-form, i.e. by an antisymmetric tensor field of second-order. We have
related this field to the one introduced by Ogievetsky and Polubarinov [11]. In [3], this
field is referred to as the “notoph” field, which in the string theory literature is known as
the Kalb–Ramond field [1, 4, 5, 22]. In fact, the Kalb–Ramond field is a quantum field
that transforms as a two-form. However, the difference is the fact, that the Kalb–Ramond
field contributes to the action, by integrating over a two-dimensional worldsheet of the
string. Moreover, the Kalb–Ramond field also appears, together with the metric tensor and
dilation, as a set of massless excitations of a closed string.
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