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Recently, Holm and Ivanov, proposed and studied a class of multi-component generalizations of the
Camassa—Holm equations [D. D. Holm and R. I. Ivanov, Multi-component generalizations of the
CH equation: geometrical aspects, peakons and numerical examples, J. Phys A: Math. Theor. 43
(2010) 492001 (20pp)]. We consider two of those systems, denoted by Holm and Ivanov by CH(2,1)
and CH(2,2), and report a class of integrating factors and its corresponding conservation laws for
these two systems. In particular, we obtain the complete set of first-order integrating factors for the
systems in Cauchy—Kovalevskaya form and evaluate the corresponding sets of conservation laws for
CH(2,1) and CH(2,2).
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Introduction

It is well known that certain conservation laws of shallow water wave equations, such as the
Camassa—Holm equation [4] and the Degasperis—Procesi equation [8], are useful to prove
blow-up, cf. the papers [5, 15, 18]. Furthermore, conservation laws play a central role in
the proof of the global existence (in time) for solutions evolving from certain initial data,
cf. the paper [6], and for proving the stability of peakons for both model equations, cf. the
papers [7, 12, 13]. In the context of the Camassa—Holm equation they are instrumental in
the set-up of a theory of global weak solutions for nonlinear nonlocal conservation laws,
cf. the considerations in the papers [2, 3, 10].
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In this paper we derive all first-order integrating factors and its corresponding conserva-
tion laws for some recently proposed multi-component generalizations of the Camassa—Holm
equation [11]. We concentrate on two explicit systems, namely CH(2,1) and CH(2,2), pro-
posed by Holm and Ivanov in [11] (see (1.1a)—(1.1b) and (1.6a)—(1.6b)).

We recently reported in [9] the complete set of first-order integrating factors and conser-
vation laws for a class of Camassa—Holm type equations, which includes the Camassa—Holm
equation [4] and the Degasperis—Procesi equation [8]. Our approach applied in this paper is
based on the direct method described by Anco and Bluman in their paper [1], which can be
applied to derive conservation laws of evolution equations that are in Cauchy—Kovalevskaya
form. We also refer the reader to [16, 17] for more details and alternate methods for com-
puting conservation laws for partial differential equations and systems.

Consider the two-component Camassa—Holm equations introduced and denoted by Holm
and Ivanov [11] as CH(2,1), which has the following form:

01q: + 2qu, + uqe + oppy = 0, (1.1a)
pr+ pug + upy =0, (1.1b)

where
q=01U— Ugg + S (12)

and s,o0 and o are arbitrary constants. The physically interesting cases are 0 = £1 and
o1 =1 or o1 = 0. By defining the new dependent variables

w:=Ui, wug:=Us, (1.3a)
Ugr = Us, p:=Uy (1.3b)

and the change of independent variables,
X:=t T:=uz, (1.4)

we can write system (1.1a)—(1.1b) in the following Cauchy—Kovalevskaya form:

Ey:=Ur—U; =0, (1.5a)
By :=Uyp — Us =0, (1.5b)
E3:=Usr — oiU; UL x + o U Us x — 301Us + 2U; MU Us
+oUT2UUy x + oU 20U — 25U U, = 0, (1.5¢)
Ey = Uyr + Uy Wy x + U7 UsUs = 0. (1.5d)

The second 2-component Camassa—Holm equation that we study in the current paper,
denoted by CH(2,2), has the form [11]

q1,t +uoq1e + 2q1U0 x + U1q2,: + 2q2uy = 0, (1.6a)
G2,t + U0G2,e + 2qaup z = 0, (1.6b)
where
Q1 = UL — Ul gz + S1, (1.7a)
g2 = Up — UQzz T Su% — u%m — 2U1U1 g + 4S1U1 + S2. (1.7b)
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On Some Two-Component Camassa—Holm Equations
Here s1, so are arbitrary constants. By defining the new dependent variables

ug := Uy, UQ,x = Us, UQ,xx = Us, (183’)
uy := Uy, Ul,x = Us, Ul,xx *= Us (18b)

and the change of independent variables (1.4), we can present (1.6a)—(1.6b) in the following
Cauchy—Kovalevskaya form:

Ey:=Uyr— Uy =0, (1.9a)
Ey:=Uyr — Uz =0, (1.9b)
E3 = Usp + 12U, ' USUs — AU UsUy x + 2U UsUs x — 451U Us x

+4UsUs — 451U + 2U; ' UsUs — 6U; UxU3 + 2U; 'USUZ — 259U Uy

— 45U UsUy — 12U 2UUS + 22U ' UsUs x — 8UT MU U5Us

+ 165, U ' URUs + AUT2UZUGU, x — 851U 2UR U x + AU AU UL U3

+AUT2UZULUE 4 8UT AU U Us — 165U 2Us Uy — 48U 2Us U2

+AU2ULUsUs x — AU, U3ULUs + 4sU; ' UsUs — 12U, 2U3 Uy x

+2U AU Us x + AU AU Us x — AU ULUS — 2U2UZ U, x

~ U0 x + U U3 x — 3Us = 0, (1.9¢)
Ey:=Uyr —Us =0, (1.94)
E5 = U5,T - U6 = 0, (1.98)

Eg := Usr + AU ' ULUsUs — 851Uy 'ULUs + 2U; 1 U2 — 3Us — U MUy x
+ U s x — 2U2U3Us x + 6U 2USU3 — U 2U4Us x + Uy 2UUs x
+6U AU Uy x — 22U 2U4UsUs x + 451U 2UsUy x — 2U; 2UsUsUy
—2U2UsU4U2 — AU 2UsURUs + 851U, 2UsU3 + 259U 2UsUy
— 22U AU UsUs x + 2U; Y UsUs — 289U Us 4 2U7 1 UsUs
— 25U 'Uy — 6U; U3 U5 = 0. (1.9f)

The above first-order Cauchy-Kovalevskaya systems can now be investigated for inte-
grating factors to derive conservation laws for the systems; which then leads to conservation
laws of the systems CH(1,1) and CH(2,2) in the original variables.

2. General Description

In this section we briefly describe the direct method [1] of integrating factors (or multipliers)
for the general first-order Cauchy—Kovalevskaya system of six equations:

Ej = Uj,T_F‘j(Ulw--7U6>U1,X>---7U6,X):0> j:1,2,...,6. (21)
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Every conserved density, ®”, and conserved flux, ®¥, of system (2.1) must satisfy

Drd®" + Dx®X|5_5 =0, (2.2)
where, in general, both ®7 and ®¥ are functions of X, T, U; as well as X-derivatives of
U;. Moreover, every ®T requires six integrating factors, {A1, As, ..., Ag}, which are directly
related to the conserved density by the relation [1]

Ay = E[U)®T, k=1,2,...,6. (2.3)

Here F is the Euler operator,

- 0 0 : 0
ElUy| := ——-D —1) D4, 2.4
where we use the notation
Uy
Ukix = B
The conditions on the integrating factors, {A;}, of system (2.1) are
EUJ(MEL +AyEy+ -+ A Eg) =0, k=1,2,...,6. (2.5)

However, since all integrating factors of system (2.1) are adjoint symmetries of the system
(2.1), we can calculate {A;} by the condition

Ly Ui Lp,[Uh] - Ly lUi\ /M
L*El'[Uﬂ Ly, [Us] - - Ly Us] | ] A2 _ 26)
Ly [Us] L, [Ue] -+ L lUsl) \Ae/ |z_g \O

and then require the self-adjointness condition on {A;} (as integrating factors are variational
quantities), namely

La, [Uh] L, [Us] -+ La,[Us]\ [Er
La,[Ur] Lay[Us] -+ L, [Usl | | B2
Lag[Ur]  LagUs] -+ Lag[Us]/ \Es
L7\1 [Ul] LXQ [Ul] LT\a [Ul] E;
Ly, [Us] Ly, [Us] - Ly, [Us] | | B2
- (2.7)
Ly, Ue] L3, [Us] -+ L3, [Usl/ \Eg
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Here L is the linear operator and L* its adjoint:

L = D D% 2.

plU;] +Z(‘3UJIT T+ZankX (2.8a)

o) = 22 S 1y o 2P +§q: tpk o 2F (2.8b)
Uy T U XU x '

Note that the self-adjointness condition (2.7), is independent of the form of the evolution
system (2.1) and only depends on the functional arguments of {A;} as well as the number
of equations in the system.

3. Integrating Factors for System (1.5a)—(1.5d) and Conservation
Laws for (1.1a)—(1.1b)

Solving conditions (2.6) and (2.7) for system (1.5a)—(1.5d), the complete set of first-order
integrating factors {Aq,..., A4}, of the form

AN =MN(X,T,Uy,..., U, U x,...,Usx), j=12,...,4

for arbitrary o, o1 # 0 and s is as follows:

3 1
Ay = MUs +2)9 <8 + §O1U1 - §U3)

— M3(01Us,x — 28Uy — oU} — 301UE + 2U Us)oy (3.1a)
Ay = —XoUs + AU x, (3.1b)
Az = —XU; — \307 U2, (3.1c)
Ay = MUy + AooUy + 203007 U Uy, (3.1d)

where \; are arbitrary constants. This leads to the following three sets of conserved density,
®!, and conserved flux, ®*, for the original system (1.1a)—(1.1b) (separated by means of
the arbitrary A1, Ao and A3, respectively):

ol = p, (3.2a)
L = o%u — 01Uy, (3.3a)
1 3 1
2 =2su+ —op® + So1u? — Ulyy — —u2, (3.3b)
2 2 2
e o 1 o 155 1L 5\
Oy = | —oyuy + 5P + 501U~ O1Ulss + 501Uz ) 01 (3.4a)
T _ 2 2 32 -1
O3 = (o1ugus + suy + oup® + o1u’ — U gy )oy . (3.4b)
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Some special must be considered:
Special Case 1: ¢ = 0 with o7 arbitrary, but nonzero, and s arbitrary. The integrating
factors are as follows:
2U3 — 301U — 2s
(01U — Us + 8)1/2’

Ui
(01U1 — Uz + 5)1/2’

Ay = Ay =0, (3.5)

Ay = Ar=0 (3.6)

and the corresponding conserved current for system (1.5a)-(1.5d) is
B = oy (011 — Upe + 5)/2, (3.7a)

D% = (01U — ugy + 5)/2. (3.7b)

Special Case 2: ¢ = 0 with o7 = 1 and s arbitrary. The integrating factors are as follows:

3H/
Al — _M + 2U4H(W)’ AQ = 0, (38&)
4
3H/
Ay = M Ay = 20, (WH' (W) + H(W)), (3.8b)
4

where H(W) is an arbitrary differentiable function with
U

W= O s 1 ) (3.9)
The conserved current for system (1.5a)-(1.5d) is then
o' = H(w)p, (3.10a)
O* = H(w)up. (3.10b)
Here the argument, w, in the arbitrary function H, is
w = P (3.11)

(U — Ugy + 5)1/2

Special Case 3: ¢ arbitrary, but nonzero, with o1 = 1 and s arbitrary. The integrating
factors are as follows:

U3 - 2U1 — S
AN=———" Ay =0 3.12
1 UU4 ’ 2 ) ( a)
U, $U1—0'U42—|—U12—U1U3
Ag = — Ay = . 3.12b
ST ouy oU? ( )

The conserved current for system (1.5a)—(1.5d) is then

Pt = w, (3.13a)
op
Uy — u? — op? — su

op

®* =

(3.13b)
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Special Case 4: 0; = 0 with ¢ and s arbitrary. The integrating factors are as follows:

AN =(Us—25)H(X, W), Ay=UsH(X, W), (3.14a)
As=U1H(X, W), Ay=-0cUHX,W), (3.14b)
where H is an arbitrary differentiable function and
W= %(—45U1 — oUj + 2U1Us + U3). (3.15)
The conserved current for system (1.5a)—(1.5d) is then
o' =0, (3.16a)
Y = wH (t,w), (3.16b)
where
w = %(—4511 — 0p? + gy + u2). (3.17)

Special Case 5: 0; = 0 with o arbitrary, but nonzero, and s arbitrary. The integrating
factors are as follows:

2 o
A = ; <$U1 -+ EUZ — U1U3> , Ao =0, (3.18&)
Ut
As=——L. Ay=2000s. (3.18D)

The conserved current for system (1.5a)—(1.5d) is then

ot =12 (3.19a)
2
1

o = ;(su2 + oup® — uPugy). (3.19b)

4. Integrating Factors for System (1.9a)—(1.9f) and Conservation Laws
for (1.6a)—(1.6b)

Solving conditions (2.6) and (2.7) for system (1.9a)—(1.9f), the complete set of first-order
integrating factors {Aq,...,Ag}, of the form

Aj=A(X,T,U,...,Us,Ur.x,..., Us.x), j=1,2,...,6
are the following:
Ay = M (2UsUy + 2U3Uy + 22U, U2 + AURUs — 6U; — 25U — 8s5,U% — 6U, U,
—2859Us + Us x) + Aa(Us + 2U2 — 451Uy — 3U; — 2s9)
+ A3(Us — 3Uy — 251) + Ma(—852Uy — 25159 — 5,U7 + 251U — 225, U2
+1251U4Us + 251U2 — 4soUy + 259Ug — 3U Uy + UyUg + 4U3Uy — 2U3Ug — 12U}
+ 14U Ug + AULUZ — AULUZ — 2U5Ug) Z~3/2

A
+ 55(—851U4 — 289 — 3U) + 2Us — 6U? + 4U,Ug + 2U2)Z71/2, (4.1a)
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Ay = —/\1U4,X + AUy + A3Us, (4.1b)
As =2\ U1 Uy + )\Q(Ul — QUZ) + AUy
+ )\4(—$1U1 + 881UZ + 289Uy + U Uy + U Ug — 2U3U,4 + 6U4i3

—AU2Us — 2U4U2) 2732 + %UlZ‘I/Z, (4.1c)

Ay = M\ QUL U2 4 2U1Us + 2U4Us x — 2s9U; — 3UE — 18U U + Us x

— 168101 Uy + 8U1ULUs) + Ao (24U} — 4U3U, — AULUZ — 12U Us — 2Us x

+2451UZ — 481Uy + 4s9Uy) + A3(Usz + 4U4Ug — 3Uy + 2U2 — 12U%

—1251Uy — 282) + 204 (253U, — 4855U7 — 2051 59U, — 195,U,Uy — 351U, Us

+2051U3Uy — 8451U3 + 4851UFUs + 205, U U2 — 253 — 559Uy + 4s2U3 — 185,U7

+1055U4Us + 4soU2 — 3UE + 5UUs — 18U U3 + 8UUUg + 5UL U2 + U UE — 2U3

+18U3U3 — 10U3ULUs — 4UsU2 — 36U + 42U U 4+ 18U2 U2 — 1203 U2

— 10U4U2Us — 2U2) Z73/% 4 \sUy (=281 + 3Uy + Ug) Z71/2, (4.1d)
As = M\ (AU UUs — Uy x — 2U4Us x) + Ao (4UUs — 4UZUs + 2U, x)

+ \3(Ua + 4U4Us) — 204Us (51U — 851U2 — 255U, — UrUy — U Ug + 2U3U,4

—6U} + 4UZUs 4 20,U) Z73/% + \sU U5 Z71/2, (4.1¢)
A = M (U 44U UZ) — 4\ U3 + A3(Uy + 2U3) + 2M4(35:U Uy + 85,U3 + 55Uy

+259U3F — U} — U U3 + 4U, U} — U UyUs — U U2 — 2U3U3 + 6U}

—AUSUs — 2U3U2)Z 732 + \sULULZ 712, (4.1f)

where
Z = 51Uy — 59 — Uy + Us — 3U3 + 2U,Us + UZ. (4.2)

This leads to the following set of three conserved densities and conserved flux for the system
(1.6a)—(1.6b):

t 2 2 3
Q] = UUo gz + UTUL 2z — UoUL — 251UT — 2u7, (4.3a)

2 2 2 2
OF = (uo + ui)u1 2t + 2upurto za + 2upuiuy 5 + (Auout + ug)u1 20

- %ug(Gul + 2s1) — uo(ﬁu? + 28011 + 881u%) — UQ g UL ¢, (4.3b)

DY = 2u1 Uy gg + Uoze — Uo — 2u] + 2uT, — ds1u, (4.4a)
DF = —2uiuy g + (uo — 203 )uoze — duiut 4o + %U%x +2(uo — ui)ui,

—2(s2 4 2s1u1)up — ;ug + 2u? (89 + 4s1up + 3u?), (4.4b)
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(I>§ = Ul gz — UL, (4.5a)

% = (ug + 2ud)u1 g + ULUQ 2z + U UL + 2u1ui$ — (251 + 3u1)ug

—2uy (89 + 3s1up + 2u?), (4.5b)
B = sy — up g 1)z 2, (4.62)

1= 2(s1up + 881u% + 250u1 + 3upu — UpUL gy — 2U0 gz U1 + 6u:1)’
— Zlu%ul,m - 2u1u%7x)z_1/2, (4.6b)
oL = 21/2, (4.7a)
F= upz"?, (4.7b)

where

Z 1= 81U — 82 — Uy + U0 zx — 3u% + 2u1u gg + u%x (4.8)

5. Concluding Remarks

We have derived the complete set of first-order integrating factors for the systems CH(2,1)
and CH(2,2) in Cauchy—Kovalevskaya form. The corresponding sets of conservation laws
related to these integrating factors have been derived for both these systems. It would
certainly be interesting to calculate higher-order integrating factors, although the compu-
tations involved for such calculations appear to be rather challenging. We aim to report
some results in a future paper.

We expect that the same method that was applied here could also be used to find
conservation laws for more general CH-systems proposed in [11, 14].
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