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The classical water-wave problem is described, and two parameters (e-amplitude; J§-long wave or
shallow water) are introduced. We describe various nonlinear problems involving weak nonlinearity
(e — 0) associated with equations of integrable type (“soliton” equations), but with vorticity. The
familiar problem of propagation governed by the Korteweg—de Vries (KdV) equation is introduced,
but allowing for an arbitrary distribution of vorticity. The effect of the constant vorticity on the
solitary wave is described. The corresponding problem for the Nonlinear Schrédinger (NLS) equation
is briefly mentioned but not explored here. The problem of two-way propagation (admitting head-on
collisions), as described by the Boussinesq equation, is examined next. This leads to a new equation:
the Boussinesqg-type equation valid for constant vorticity. However, this cannot be transformed into
an integrable Boussinesq equation (as is possible for the corresponding KdV and NLS equations).
The solitary-wave solution for this new equation is presented. A description of the Camassa—Holm
equation for water waves, with constant vorticity, with its solitary-wave solution, is described.
Finally, we outline the problem of propagation of small-amplitude, large-radius ring waves over a
flow with vorticity (representing a background flow in one direction). Some properties of this flow,
for constant vorticity, are described.

Keywords: Water waves; soliton equations; asymptotic expansions; nonlinear waves; vorticity.
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1. Introduction

There has been a considerable surge of interest, over the last decade or two, in the theory of

water waves, an interest that has accelerated in recent years, with the emphasis on flows with

vorticity. The main thrust has been directed towards the development of rigorous theories

for steady, periodic waves in the presence of vorticity (and notably for the special case of

constant vorticity). This work has provided general descriptions of the surface wave, e.g. the

existence of symmetric profiles, the conditions that permit the appearance of stagnation

points

in the flow and the associated structure in the presence of critical layers. The main
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developments of this work can be found in [8-10, 13, 15, 19, 39, 40] (and the references
therein). Additionally, there has been significant progress in the construction of numerical
solutions for many of these problems (see [32, 33, 35]), which have built on earlier work that
can be found, for example, in [16, 37]. Although these numerical solutions provide specific
examples of possible solutions, it is likely that any analytical details will be accessed only
by appropriate asymptotic approximations (because any general, exact solution is quite
beyond our skills). Indeed, such results — some obtained well before the appearance of the
recent work — can be used as a check on, and a clarification of, some of the properties of
these flows.

The main aim in this review is to present some of the existing, and perhaps familiar,
asymptotic results that describe the propagation of waves on water that is moving according
to some prescribed vorticity distribution. We will, however, include some specific detailed
comparisons of various flows, e.g. constant vorticity as compared with zero vorticity, and
add some new results that relate to bidirectional propagation with vorticity (described by
a new version of the Boussinesq equation). The comparisons will be made, in the main, by
constructing various solitary-wave solutions (although we might mention soliton solutions
as well); this choice is simply because, in our asymptotic description, this is far easier than
working with the periodic solutions. The periodic scenario is, by and large, the preferred
choice for the development of the rigorous approach to these flow problems. Nevertheless,
we can expect that the predictions in these two formats will not differ greatly, because a
large period in the periodic problem — and this is always allowed — should correspond
quite closely to the problem on the infinite domain.

The various researches cited above (and the further references included therein) show
how the surface wave and the underlying vorticity distribution interact; for arbitrary ampli-
tude waves, up to the highest, this is a very involved process, although the structure is rather
simpler for small-amplitude waves. For constant vorticity, the flow structure may be par-
ticularly accessible, indicating, for example, the important differences between zero, and
non-zero, vorticity. It has been shown, in the simplest problem of this type — constant
vorticity — that there exist regions of parameter space (defined by the constant vorticity,
total energy, mass flux and maximum amplitude) which correspond to periodic-wave solu-
tions with, for example, stagnation points and critical layers; see e.g. [14, 18, 41]. Although
the details presented here cannot capture all of this complicated structure, we can rehearse
some of the relevant background work in this area, and so provide results (and observations)
that will exemplify some of the phenomena encountered, and can be used as a comparison
or check on the more general properties deduced from the rigorous analyses.

The plan in this review is to introduce the general equations that describe the classi-
cal water wave problem, primarily for one-dimensional propagation, and then very briefly
outline the procedure that leads to the familiar (and famous) Korteweg—de Vries (KdV)
equation. This is extended to allow for a pre-existing background flow with some prescribed
vorticity; the discussion of the possible appearance of a critical layer will not be pursued,
although the special case of constant vorticity will be explored with some care (and no
critical layer is possible in this case, for small-amplitude waves). The corresponding prob-
lem that leads to the nonlinear Schrédinger (NLS) equation will also be introduced, but the
details in this case will not be developed. One reason is because of the complicated nature of
the various coefficients involved in the construction of the equation but, more significantly,
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the type of solution represented by the NLS equation is not directly relevant in the context
of this review. We also include the intriguing problem of wave propagation controlled by the
Camassa-Holm (CH) equation, but in the presence of vorticity (with detailed results being
given for constant vorticity). As a continuation of this theme, we present some new results
for bidirectional propagation (governed by a suitable Boussinesq equation) with vorticity.
We conclude with a brief discussion of a geometrically more complicated scenario: ring
waves on a unidirectional flow with vorticity, with details presented for constant vorticity.

2. Governing Equations

The problem, typically referred to as the classical problem of water waves, takes as its
model an incompressible, inviscid fluid with zero surface tension. Further, the water moves
over an impermeable bed (which we take here to be stationary and horizontal), with a
constant pressure — atmospheric pressure — at the free surface. The fundamental governing
equations are then Euler’s equation and the equation of mass conservation:

Du 1
Dt = VPt E Veou=0, (2.1)
with
Dh
p = pg = constant and w = D ORE= h(x,t) (2.2)
and
w=0 onz=0, (2.3)

where F = (0,0, —g), for constant g, and p is the constant density of water; D/Dt is the
familiar material derivative. The velocity in the fluid has been written as u = (u,,w),
with h = h(x_,t), where x, is the 2-vectors perpendicular to the z-coordinate, with the
associated velocity vector u; w is the component of the velocity in the z-direction. It is
useful, at this early stage, to retain the two-dimensionality of the surface (even though much
of our analysis will be for one-dimensional plane waves) because we shall need this extra
freedom in the final calculation that we present here.

The next stage in any problem of this type — or, indeed, in a systematic approach
to any problem in applied mathematics — is to non-dimensionalize the set (2.1)-(2.3) by
introducing suitable general scales that describe the class of problems under consideration.
Let hg be the depth of the water in the absence of waves, and A an average or typical
wavelength of the wave; an associated speed scale is then \/ghg, with a corresponding time
scale \/v/ghg. This speed scale, however, is used only for the horizontal velocity components
(u; = (u,v)); in order to be consistent with the equation of mass conservation (and so,
equivalently, consistent with the existence of a stream function), the vertical component of
the velocity (w) is non-dimensionalized by using hgv/gho/A. Thus we non-dimensionalize
according to the transformation

X, — Axy, z—hyz, t— (N+/gho)t,

(2.4)
u; — +/ghour, w — (hoy/gho/Nw,
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where “—” is to be read as “replace by” (so that, for convenience, the current notation is
retained, but now all the variables are non-dimensional versions of those introduced earlier).
Further, we also introduce

h=ho+an and p— ps+ pg(ho — 2) + pghop, (2.5)

where a is a measure of the wave amplitude and the new p is a non-dimensional pressure
that measures the deviation away from the hydrostatic pressure distribution. (Note that, in
the transformation for p, the original, dimensional z is used.) We now use (2.4) and (2.5)
in equations (2.1)-(2.3) to give

D = Vip, ¢ Dt = 55 V-u=0, (2.6)
with
on
p=cn and w=¢ E‘F(UL'VUH onz=1+en(&. 1) (2.7)
and
w=0 onz=0. (2.8)

Here, we have introduced the two familiar, and fundamental, parameters that characterize
the classical water wave problem: ¢ = a/hg, the amplitude parameter, and 6 = hgo/\, the
long wavelength (or shallowness) parameter. The final stage is to scale these equations with
respect to €.

The case € = 0 recovers undisturbed conditions in the absence of any waves; indeed, as
e — 0, so the disturbance associated with the wave propagation vanishes. Although there
are many problems for which we may not wish to take this limit — we could elect to examine
the “fully nonlinear” problem — the equations must be consistent with this choice. Thus
we further redefine our variables according to the additional transformation

(up,w,p) — e(ur,w,p) (2.9)

when the underlying flow configuration is that of stationary water; we will allow for an
existing background vorticity shortly. The final form of our governing equations, at this
stage, therefore becomes

Du; o Dw Op
Dt vlpa 0 Dt 827 V-u Oa ( O)
with
dn
p=mn and wza—l—a(uL-VL)n onz=1+en (2.11)
and
w=0 onz=0, (2.12)
where
D o0
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This version of the problem allows for the identification of various problems of practical
interest, accessed by making suitable choices of the two parameters: neglecting either one
or the other, for example, or choosing some special relation between them.

Our main interest here is one-dimensional (plane wave) propagation, so we make a fur-
ther simplification of the equations above. In addition, we take the opportunity, initially, to
remove the explicit dependence on §; this is accomplished by performing one more trans-
formation:

0 t:iT, wz?W

=X

which produces the set (2.10)—(2.12) with 62 replaced by ¢, for arbitrary §. This version of
the equations is used in a brief description of the classical derivation of the KdV equation.

(2.13)

3. The KdV Equation

We start with equations (2.10)—(2.12), with (2.13) incorporated, restricted to plane waves
propagating in the X-direction, where X, = (X,Y) and u; = (u,0); thus we introduce

E=X-T, 7=¢T,

which describes a far field for right-running waves. With all these choices, the governing
equations become

—ug + e(ur +uug + Wu,) = —pe; e{—We +e(Wr +ulWe + WW,)} = —p.;

(3.1)
ug + W, =0,
with
p=n and W =—-n+en+un) onz=1+en (3.2)
and
W=0 onz=0. (3.3)

In these equations, we have introduced subscripts to denote partial derivatives. We seck a
solution of this set for z € [0,1+¢n], —00 < £ < 0o and 7 > 0, and for suitable initial data.
The procedure now is to seek a formal asymptotic solution of this system, expressed as

(&, 1;e) ~ Ze (&, 7) and q(§,7,258) ~ Zs an (&, 7, 2), (3.4)

where ¢ (and correspondingly ¢,,) represents each of u, w and p. These asymptotic expan-
sions are, typically, uniformly valid as ¢ — 0, for 0 < 7 < 79, for some fixed 7y, provided
that the initial data decays sufficiently rapidly as |£| — oo. Indeed, matching to the near
field (defined by T'= O(1), and containing 7" = 0) shows that the problem in the far field
satisfies the initial data prescribed at T = 0. The procedure is altogether routine (and
possibly familiar), resulting in, for example,

p~no+€{771+ (1-=2 )77055}
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and

1 1
W~ —znoe + € { <771§ + Nor + Nomoe + —ﬁoggg) z+ —23770555},

2 6
both defined for 0 < z < 1. This approach has required the two boundary conditions at the
surface to be expressed as Taylor expansions about z = 1, which is easily seen to be a valid
manoeuvre here because the solution, at all orders, turns out to be polynomial in z. In the
above, the function 7y(&, 7) satisfies the KdV equation

1
2107 + 310M0e + 3Mogge = 0. (3.5)

This equation provides the basis for a discussion of this class of water waves, which includes
the solitary wave and soliton interactions; for more background to water waves generally,
and to soliton dynamics, see [17, 28].

This short reminder of the standard approach, and resulting equation, has been provided
as a natural introduction to what follows. We now turn to the development of a theory for
weakly nonlinear waves (i.e. associated with ¢ — 0) in the presence of vorticity, with a
detailed discussion of the case of constant vorticity.

4. The KdV Equation with Vorticity

Our primary interest in this paper is the propagation of weakly nonlinear waves, of various
types, in a flow that is moving according to some prescribed vorticity. (Because such a
flow can be regarded as a model for a real flow, which can exhibit viscous and turbulent
properties, this is often called a “shear” flow.) We start by reformulating our governing
equations, (2.10)—(2.12) with (2.13), by introducing the background vorticity — which we
take to be O(1) relative to the scales previously defined — in the form (for plane waves)

eu; = ¢e(u,0) is replaced by (U(2) + eu, 0),

where U(z) is given. The equations therefore become

ur + Uux +U'W +e(uux + Wu,) = —px; (4.1)
eWpr+UWx +e(uWx + WW,)] = —p.; ux + W, =0, (4.2)

with
p=n and W =np+Unx +eunxy onz=1+en (4.3)

and
W =0 onz=0, (4.4)

where U’ = dU/dz. The problem is now recast — as we did for the classical KdV equation —
in suitable far-field variables, although in this case we do not know the speed of propagation,
¢, of (linear) waves at the outset; thus we set

E=X—-cl', 17=¢T.
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Equations (4.1)—(4.4) thus become

(U = c)ug + U'W + e(ur + uug + Wuy) = —pg; (4.5)
(U —c)We +e(Wr +ulWe + WW,)} = —p; ug + W, =0, (4.6)

with
p=n and W = (U —c)ne+e(n, +un) onz=1+en (4.7)

and
W=0 onz=0. (4.8)

We now seek an asymptotic solution exactly as before; see (3.4).
At leading order, Eqs. (4.5)—(4.8) yield the problem

(U = cuge + U'Wo = —pog;  po- = 0;  uge + Wo. =0,
with
po=mno and Wo=(U—c)me onz=1,
and
Wo=0 onz=0.

The appropriate solution of this set, defined for z € [0, 1], is

po=mn0, Wo= (U —c)lanog, uo= —UO%[(U — o)), (4.9)
where
I(z) = /02 m (4.10)
and then c is determined from
! dz
I)(1) =1 (written Iy; = 1) or /0 Tl — =1 (4.11)

This last result is the famous Burns condition, [4, 38], which, for some choices of U(z), can
lead to the presence of critical layers (i.e. where U(z) = ¢ for some z € (0,1)), even for
infinitesimally small waves; for more on these ideas see [2, 25, 27, 34]. We will consider, here,
only situations where critical layers do not appear in the linearized problem. The procedure
at the next order follows, precisely, the pattern laid down for the classical KdV equation
(§3); this produces

—2I31M0r + 3La1m0m0¢ + J1mMogee = 0, (4.12)

PR S C U (o Al A (01 (Otc s .
=1 = [ = [ o e

(More details can be found in [21], which describes a development, and generalization, of
the seminal work presented in [1].)
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If we set aside the complications that arise when critical layers are present (see [25]), the
results represented by (4.12) are most encouraging. This is a KdV equation, with appropriate
constant coefficients, which has, for example, solitary-wave and soliton solutions — and this
holds for any background vorticity. Thus we can expect that these solutions will be relevant
to wave propagation in (almost) any realistic one-dimensional flow of water. In particular,
let us briefly consider the special case of constant vorticity.

We suppose that the original equations (expressed in X, T', u variables) have been written
in the Galilean frame in which U(0) = 0; indeed, this will be the physical frame if U(z)
models a “shear” flow with a no-slip condition on the bed. Now we write U(z) = vz, for
~ = constant, and then the speeds of small-amplitude waves are given (from (4.11)) by

c= %(fyi\/él—i—VQ) (4.13)

and no critical layers exist for this choice; then, correspondingly, the KdV equation (4.12)
becomes

1
VA5 + (3472 momoe + 5 (1= 1) mogee = 0. (4.14)

(We see immediately that the problem of zero vorticity, v = 0, recovers our classical KdV
equation, (3.5), for propagation to the right i.e. the upper sign.) It is of some interest, and
possible relevance to more general theories of waves with vorticity, to investigate how the
surface-wave profile is affected by the underlying shear flow, according to this model. To this
end, we might consider two cases: 7 = Fw (= constant), where the upper sign corresponds
to positive vorticity in much of the rigorous work cited earlier. (This mismatch has arisen
because here we have elected to use the (z,z) coordinate system, whereas the other work
uses the (z,y) system, both being interpreted in the conventional (x,y,z) right-handed,
rectangular Cartesian system, and then the two vorticities differ by a sign.) We should
note, however, that here the choice of sign for the constant vorticity is unimportant: the
underlying flow is then either to the left or the right — both generate the same mathematical
problem — and then the crucial identification, in either case, is whether the surface wave
is propagating upstream or downstream. To exemplify the essential character of the effect
of constant vorticity, Fig. 1 shows three solitary waves, all of the same amplitude, and all
exact solutions of Eq. (4.14). The middle profile is for zero vorticity — the irrotational case
~v = 0; the outer (“wider”) solitary wave is an example (v = 1) of the profile obtained for

Fig. 1. The profile of the sech? solitary wave of the KdV equation, (4.14), for various ~: middle profile v = 0;
outer (broader) profile is for v = 1, upstream propagation; inner (narrower) profile is for v = 1, downstream
propagation.
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upstream propagation (the sign of 7 is immaterial), and the narrower profile is that obtained
for downstream propagation. This observation — equivalently a longer wave upstream and
shorter wave downstream — is precisely that made in [1]. Similar observations apply to
other solutions of this KdV equation, such as soliton interactions and cnoidal waves.

5. The NLS Equation with Vorticity

The analysis that leads to the NLS equation is, in one sense, in keeping with the theme of
this review but, on two other counts, it is rather out on a limb. Firstly, the type of solution —
a modulated harmonic wave — is very different from all the other types of solution that we
discuss here (although the connection with inverse scattering theory still exists, of course).
Secondly, the technical details are far more involved, even for the case of constant vorticity,
so that the production of useful results is very lengthy. With both these points in mind,
we give only a bare outline of the procedure and resulting solution-structure; the interested
reader may explore the ideas further through [24].
We seek a solution for which the initial wave-profile takes the form

A(ex) exp(ikzx) + c.c.,

where “c.c.” denotes the complex conjugate and k is a general wave number; the governing
equations are those that retain the parameter §, and which include a background flow, U(z).
Thus from (2.10) to (2.12), combined with the formulation used in (4.1)-(4.4), we have

ut + Uty + U'w + e(uu, + wuz) = —pg; (5.1)
5[y + Uty + (o +wws)] = —ps; g + s = 0, (5.2)

with
p=n and w=n+Un,+cun, onz=1+¢en (5.3)

and
w=0 onz=0. (5.4)

The appropriate “slow” evolution variables that we need here are
E=x—cpt, (=¢e(x—cyt), T= e2t,
where ¢, (k) and c4(k) are the phase and group speeds, respectively. The asymptotic expan-

sion, at fixed § for € — 0, for the surface wave, takes the form

00 n+1

(&, ¢, T;€) ~ Zan Z Apm (¢, T)E™ 4+ c.c.,
n=0 m=0

where E = exp(ik§) and Ay = 0; corresponding expansions (with z as an additional
argument) are used for each of u, w and p. This form of expansion admits the appropriate
nonlinear interactions that generate higher harmonics. The procedure is altogether routine,
but very involved by virtue of the z-dependence. In summary, we find that

- zZ T wnere i LMZ — 57]{: ’ —
po1 = P(2)A01(¢,7) wh dz{[U(z)—cp]Q} (U(z)—cp> P =0, (5.5)
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a Rayleigh equation, with
P(1)=1, P(0)=0 and P'(1)=(6k)*[U(1) - c,]? (5.6)
this last condition being equivalent to
1
P
/ P g, (5.7)
o [U(2) — g

a generalization of the Burns condition, cf. (4.11), which determines the phase speed. We
then obtain, for example,
d

—{[U(2) —¢p)I} and wy =ikAn[U(2) — cp)l,

ugr = —Ao1 e

where

””:A[mw—%ww;

we also find that

(fo U(z —cp dz) -1

U) = e+ fy T de

Cqg = Cp —

which does satisfy the familiar identity ¢, = @(kcp). Finally, we obtain the classical NLS
equation for the leading term that describes the amplitude modulation of the surface wave:

—2ikaA017 + /BAOICC + I€A01‘A01|2 = 0, (58)

but here the constant coefficients «, § and k are complicated expressions involving numer-
ous integrals in z (which mirrors the type of result that was obtained for the KdV equa-
tion, (4.12)).

Although it is most gratifying that we have obtained the familiar NLS equation —
and so the basic structure of an evolving wave packet holds for arbitrary vorticity — the
details are very difficult to access. Certainly, the recovery of the standard variant of the
NLS equation, for irrotational water waves (see [22, 24]), is quite straightforward, but even
the case of constant vorticity is quite daunting. We will briefly indicate how this process
can be started. We set U(z) = vz (7 = constant) and then the equation for P(z), (5.5),
becomes

(vz — ¢p)P" — 2yP' — 8*k*(y2 — ¢,)P = 0
which has the general solution
P =A(ZsinhZ —cosh Z) + B(Zcosh Z —sinh Z) [Z = §k(vz — ¢p) /7],

where A and B are arbitrary constants. This, in turn, gives the phase speeds as

1 tanh(dk)
=" <1 R

2 2
> 5ok \/45ktanh(5k:) + 72 tanh*(0k)

which agrees with the speeds, for long waves (6k — 0), as obtained for the KdV equation;
see (4.13). The determination of all the other expressions, as developed in [24], eventually
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leads (after a lengthy sequence of calculations) to an explicit form of the NLS equation
appropriate to this problem. This is not pursued here because this particular form of wave
development — a modulated harmonic wave — is not directly relevant as a background to,
or check of, the recent rigorous results (and providing this information is the main aim of
this work).

6. The Boussinesq Equation with Vorticity

The asymptotic expansions that underpin the derivation of both the KdV and NLS equa-
tions have been developed and applied in their most natural and reliable form: the leading
order, based on the asymptotic sequence {€"}, gives rise to the appropriate governing equa-
tion. A less satisfactory application of this approach arises when terms of different order
are retained, and truncation, e.g. beyond a particular power of ¢, is imposed. The first of
two examples of this type — the second will be the CH equation (§7) — occurs in the
problem of two-way propagation: the Boussinesq equation, [3, 23]. This equation admits,
up to quadratic nonlinearity, exact solutions that describe waves that propagate to the left
and to the right. Thus this equation can be used as a model for waves all moving in the
same direction (just as for the KdV equation), or waves that suffer a head-on collision. The
appropriate governing equations are written in terms of our original (X,7") = O(1) variables
(i.e. not scaled into a far field); thus we have (cf. (4.1)—(4.4) and (5.1)—(5.4)), for waves on
stationary water,

up +e(uux + Wuy) = —px;
eWr +e(uWx + WW,)| = —p,; ux +W,=0,
with
p=mn and W =mn+ecunx onz=1+e¢en
and
W =0 onz=0.

Because the asymptotic formulation used here does not follow the most satisfactory route,
we briefly outline the standard derivation that leads to the Boussinesq equation (before we
turn to a new derivation that includes constant vorticity). We seek a solution in the familiar

form (cf. (3.4))
n(X,T;e) ZennXT and  q(X,T,z€) ~ qunXTz

where ¢ (and correspondingly ¢,,) represents each of u, W and p, which gives

Po =10, Uor = —"ox, Wo=—zuox, uox =-nor (0<2z<1) (6.1)

(so that norr — noxx = 0). Then, for example, at the next order, we find that

1

pp = —5(1 — Huoxr +m (6.2)
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and
1 1,
Wir = |(uwouox)x + mxx — FUoxXXT| %+ 67 UOXXXT, (6.3)
which lead to
mrr —mxx — | 7m0 + g — -noxxxx = 0. (6.4)
2 vx 3
We now form the equation for n = ng + eny + O(?):
1, > / ? 1 2
T XX €4 57 + nrdX — EIXXXX = O(e%), (6.5)
X
XX
where we have used
o0
u o~ / nr(X', T)dX’ (6.6)
X

(on the assumption that u — 0 as X — o0). For a discussion of the relevance of this model
to water waves, see [28].

However, Eq. (6.5) is not written in a “completely integrable” form; this is accomplished
by expressing the equation in a Lagrangian (rather than Eulerian) frame i.e.

[e.@]
X=X —5/ (X', T;e)dX’ with n —en? = H(X,T;e).
b'e
The resulting equation for H is then
3 2 1 2
Hrp —Hxx — e(H ) xx — geHxxxx = O(€) (6.7)

which is a version of the Boussinesq equation, completely integrable for Ve > 0 (see [23])
(after setting the error term to zero, of course).

The investigation of interest here is the development of theories for (weakly nonlinear)
waves over a “shear” flow. In the light of the detailed results described earlier, and because
of the complexities of constructing a Boussinesq equation for arbitrary vorticity, we limit
the discussion to the case of constant vorticity (U(z) = vz). The governing equations are

therefore
up +yzux + YW + e(uux + Wu,) = —px; (6.8)
eWr +v2Wx +e(uWx + WW,)] = —p.; ux +W, =0, (6.9)
with
p=n and W =np+~y(1+en)nx +euny onz=1+¢en (6.10)
and
W =0 onz=0; (6.11)

cf. Egs. (4.1)—(4.4).
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The form of the asymptotic expansion is exactly as used in the case for v = 0; at leading
order, we find that, for z € [0, 1],

Po =10, uox = —(Mor +Mox), uor = —nox, Wo= (nor +mox)z,  (6.12)
which gives
norr + YMoxT — Noxx =0 (6.13)

and ug(X,T) satisfies this same equation (but related to ny(X,T) as described in (6.12)).
At the next order, we find (for example) that

1 1
p1 = §QT(1 — 22+ gQX(l — 2% 4,

where Q(X,T) = nor + ynox, and
1 1 3
Wir = §QXXT + gVQXXX +mxx + (uouox)x ¢ (2 — 2°)

+{mrr +ymxr + YMonox)r + (wonox)r — (Qno)r}2>.

The equation for n;(X,T) is then given by

1 1 1
mrr +YMXT — NMXx = 5(770 —Yupg)xxxx + <U(2) + 5773 + yuono + 5’7277(2)) (6.14)
XX

with
ug = =10 +/ nor (X', T)dX', (6.15)
X

assuming decay conditions ahead (X — oo) of the wave. The equation for n ~ ng + enq,
constructed from (6.13) to (6.15), recovers Eq. (6.5) for v = 0. When v # 0, the equation
for n becomes

1 1
T+ X = nxx = e = yuo)xxxx + € [5(1 + 0 +ud +yuon|  + O,
XX

(6.16)

where ug satisfies (6.13) with ugr ~ —nx; this is therefore a generalization of Eq. (6.4)
which, in that case, can be transformed into the Boussinesq equation.

The new equation, (6.16), cannot, however, be transformed into the — or a form
of — classical Boussinesq equation, (6.7), by any transformation that corresponds to the
Lagrangian form used above i.e. X — X using a transform linear in integrals of 1 and wuyg,
together with n — H using all terms of degree two in 7 and ug. (The difficulties are readily
seen by writing (6.16), first, in a frame moving at speed %V (which removes the term ynxr),
introducing h = 17 — yug and noting that

1 2 1 o] . 1
L+ 577 Juo = 5vm ~ A (n = yup)dT,  with £ = X — oAT;
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all this should be compared with (6.4)-(6.6).) Nevertheless, the equation does admit a sech?
solitary-wave solution:

n ~ € asech? B\/g\/(?)—F’yQ){(Z—F’yQ) + V4 +2HX —cT)|,

where ¢ is given in (4.13). This solution exhibits the same properties as observed for the

solitary-wave solution of the KdV equation, (4.14), for upstream/downstream propagation
when 7 # 0. This is to be expected because the far-field approximation of (6.16), following
either left- or right-going waves, recovers precisely the KdV equation (4.14), to leading order
as € — 0. Now the fact that we obtain — obviously — the two variants of the KdV equation
from the one Boussinesq equation, and each of these admits scaling transformations that
convert them into any desired, standard version of the KdV equation for any ~, suggests
a possible explanation for the difficulties mentioned above. Even though the KdV and
NLS problems, for a flow with vorticity, generate equations that are equivalent to the
corresponding propagation in still water, the failure of our new Boussinesq equation is to
be expected. The scaling transformation depends on ¢, in particular the direction of travel,
and we cannot define a single transformation that will accommodate both directions of
travel at the same time: either one or the other (as in the KdV equation), but not both.
Thus we submit that we have a new equation, (6.16), ripe for further study; this may
describe new phenomena, but this is outside the aims and remit of this review, at this time.

7. The CH Equation with Vorticity

The next example, and the final one directly related to simple problems involving integrable
equations with vorticity, is the CH equation (see [6, 7, 11, 20]) as it appears in the water
wave context. We start with Eqs. (2.10)—(2.12), with both ¢ and ¢ retained as separate
and independent parameters (and ¢ — 0, 6 — 0), and consider one-dimensional wave
propagation (in the x-direction). First, we very briefly outline the conventional problem
that produces the CH equation, relevant to still water; the details can be found in [29].

In order to obtain the CH equation appropriate to a suitable far-field, we introduce

C=Ve(x—t), T=eVet, w=/ew,

for right-running waves (and the geometry is restricted to two dimensions, (x, z)); we form
the equation for 1(¢,7;€,8) ~ noo + €nwo + 0°no1 + £0°n11, which gives
1 3 1
207 + 3nme + 55277«( — Ze77277< = —5652(231747744 + 10mmcce) + O(2,6%), (7.1)

but this is not a CH equation. To proceed, we note that, to the same order of approximation,
we have

1 1 1
U~ — Z5772 + £0? <§ — 522) nee (for 0 <z <1) (7.2)

and now we select a specific depth, denoted by z = 2y (0 < zp < 1) and introduce A\ =
1 1.2,

3 — 5%p; writing 4 = u((, 7, z0; €,9), we invert (7.2), evaluated at z = zp, to give
1
n~ i+ Zdﬂ — e6? Nige. (7.3)
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This is used in (7.1) to obtain the corresponding equation in :

1 29 5
20, + 3adc + gmggc = —eb? { <6)\ + 12) ctice + Eaaccc} +0(e?,0%)

or

. A 1 . 29 5
2(u; + ug) + 3eutg + 5652713323@ = 252 { (6ﬂ + 2> Wz lss + 6uumm}

+0(e3,e6%), (7.4)

when expressed in (essentially) original variables: & = \/zx,i = /ct. Finally, we add the
term €62 (fiy,; — Uy,7) to the left-hand side of (7.4), and use

3
ﬁf ~ — (ﬁj + 5612’1)@)

in the first of these; now choose pu = % + 4\ and then p = % (so that A = %) to give

1
2(4; + z) + 3etitiy — 5552%% — 2552% = %5252{2%@% + Utizz5 )+ O3, e6%).  (7.5)

This is a CH equation (because a simple frame shift allows the term 4;;5 to be subsumed

into 4,,;), and the reversion to the standard form then requires no more than a simple

scaling transformation; so ( = 2\/> , U — \/> (and £ unchanged) gives
@ + 2wl + 3ead; — 55211@& = 6% {20t + g}, (7.6)

at this order, where k = (2/5) \/% Thus the CH equation describes a class of water waves,
but this description applies only to the horizontal velocity component in the flow, at a spe-
cific depth (29 = (1/v/2)), and then, most importantly, if we retain (when expressed in (¢, 7)
variables) only terms O(1), O(e), O(6%) and O(6?). The equation for the surface, (7.1),
as we have previously observed, is not a CH equation; the behavior of the surface (at this
order) is obtained from (7.3) with @ determined by (7.5). Most gratifyingly, this analysis and
derivation has been put on a rigorous basis in [12]. There, it is shown that the CH equation
for the horizontal velocity component, at the depth we have found, is a proper approxima-
tion of the water wave problem provided that ¢ < M, for some M > 0 (independent of ¢
and §), with an overall error O(g?) in Eq. (7.6).

We now turn to the problem of primary interest here: the possibility of a CH equation
describing a class of water waves with some background vorticity. Although the problem for
general vorticity can be formulated — this procedure is outlined in [31] — we will consider
the results for the case of constant vorticity. The method is developed as for the case of
zero vorticity, except that we must use

(=Ve(w—ct), T=eVet, w=ew,

where ¢ satisfies the Burns condition

1
d 1
/ (fyiz:l 16625(’}/:‘:\/"}’24-4),
0

2z —c)?
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exactly as introduced in our earlier calculations. It turns out that, in the presence of an
underlying vorticity, the equation for the horizontal component of the velocity in the flow
at a specific depth (@) must be replaced by

v =10+ ef(c)i® + 02, 6%), (7.7)

for some constant # (which is zero for v = 0 i.e. ¢ = %1). (It is more convenient, and
simpler, to express the various constants in terms of ¢ rather than ~.)

The procedure follows precisely the approach outlined above, but now resulting in a CH
equation for v, defined in (7.7). With the choice

At +c* —2)
2(ct + 2 +1)(1 + ¢?)?

8=

and selecting, this time,

At +6c2+3
214+ A)(cr+c2+1)’

,LL =
we obtain

(14 ) (v +vz) +e(c* + & + )ovg + e6°{((1/3¢) — p)vsas — Mvzs}

ot +6c2 +3

2
— 2528 TOC T2
“ 061+ 2)2

(2uzvz5 + VVzz2) + 0(83, 854). (7.8)

Then, with the scaling transformation
. 1+c2 . - w(l+c?)
=4 p (@ = (1/3cp)t), v— vaa

2 252
v; + 2&7)6 + 361}@6 — &b Uéff =e%) {21}6@65 + Uvéfé}

we obtain

(to this order) exactly as in (7.6), where
4, .2 3/2
e V2 ey (AT
3c ct +6¢% + 3

The depth at which the horizontal component of the velocity is defined for (7.7) (to produce
v) is now

V22 116610 + 335 + 318 + 32¢F — 3¢ — 3
a VB(1L+ )(ch + 2+ 1) '

In conclusion, therefore, we have demonstrated that, just as for the corresponding KdV
and NLS problems — but not the Boussinesq case — the inclusion of vorticity (albeit
constant here) does not fundamentally affect the underlying propagation structure. We still
obtain a standard (constant coefficient) variant of the CH equation. The details of this result,
and how it impinges on the properties of this water wave problem, are discussed in [31];
here, we will simply note how the constant vorticity distorts the solitary wave, based on

20
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-8 -6 -4 -2 0 2 4 6 8

Fig. 2. The profile of the sech?-like solitary wave of the CH equation, (7.8), for various : middle profile
~v = 0; outer (broader) profile is for v = 1, upstream propagation; inner (narrower) profile is for v = 1,
downstream propagation.

Eq. (7.8), for various 7. (The wave profile at the surface is recovered by using (7.7) in (7.3),
but the dominant behavior is given by 7 ~ v.) In Fig. 2 we show three examples — just as
in Fig. 1 — of exact solutions of (7.8); the previous observation (longer waves upstream,
shorter waves downstream) is repeated here. (The relevant solutions of the CH equation,
together with soliton solutions, are described in [30, 36].)

8. Ring Waves with Vorticity

For our final example, we consider a problem that takes us well beyond the simple prop-
agation scenario that we have discussed so far in this review; these have been chosen, by
and large, to relate directly to the rigorous theories and advances that are currently being
developed. Here, we consider how a ring wave propagates on the surface of water that is
moving (in one direction) with some prescribed vorticity. In order to formulate this problem,
we first take equations (6.8)—(6.11), where the parameter ¢ has been scaled out in favor of
e, add the dependence on a second horizontal dimension (Y), and allow for a general U(z);
thus we get

ur + Uux +U'W + e(uux +vuy + Wu,) = —px; (8.1)
vr + Uvyx + e(uvx + vvy + Wo,) = —py; (8.2)
eWr +UWx + e(uWx + oWy + WW,)| = —p,; ux +vy + W, =0, (8.3)

with
p=n and W =nr+Unx +e(uny +vny) onz=1+¢n (8.4)

and
W =0 onz=0. (8.5)

The intention is to provide a brief outline of this problem, indicating the particular com-
plexities that are encountered, and producing some details for the case of constant vorticity.
(This work is based on [26], although the specific choice of constant vorticity is new.) At the
outset, we observe that the geometry of this problem poses a particular difficulty (requir-
ing a mix of rectangular Cartesian and polar representations), and so only the general
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approach and main results will presented here. The full details, specifying the various coor-
dinate transformations and much other information, can be found in [26], and the interested
reader is directed there.

The first stage is to transform to a plane-polar coordinate system that is moving (in the
x-direction) at a constant speed ¢ (which will be chosen later). Thus we transform according
to

X =cl'+rcosf, Y =rsind (8.6)
with
u—ucos —vsinh, v — usinf + vcosb, (8.7)

so that (u,v) now represents the horizontal velocity vector written in the polar system that
is moving in the x-direction. Further, it is convenient to consider a large radius; it will then
be possible to extend the analysis to a far field that accommodates (weak) nonlinearity and
dispersion. The leading order, with this choice, will still correspond to the linear problem
(which is appropriate for weak nonlinearity in the near field). Thus we also transform
according to

E=rk(0) =T, R=erk(d), (8.8)

where k(0) is to be determined; the wave front represented by £ = constant, for given T, is a
circle if k() = constant. When we seek an asymptotic solution in the usual form (see (3.4)),
we find, at leading order, the system

—uge + (U —¢)(k cos 0 — k' sin 0)uoe + U'Wpycos ) = —kpog; (8.9)
—vge + (U — ¢)(kcos§ — k' sin@)vge — U'Wysinf = —k'pog; (8.10)
po- = 0;  kuge + K'vge + Wo. =0, (8.11)

with
po=mno and Wy= —noe+ (U —c)(kcosf — k'sinf)nye on z=1 (8.12)

and
Wo=0 onz=0, (8.13)

where k' = dk/df (and U’ = dU/dz, as used earlier).

It is altogether routine to find that a solution exist of the set (8.9)—(8.13) (giving no
arbitrary at this order, which is then determined at the next order; see below) provided
that

2 /2 ! dz =
4 [ o Ren T -

1, (8.14)

which is another generalization of the Burns condition; cf. (5.7). We now choose to continue
this calculation for a constant vorticity flow: U(z) = vz (and another choice, which models
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more realistic flows, is discussed in [26]); thus (8.14) becomes

k2 k/2
ha R (8.15)
1+ y(kcosf — k'sin )

where we have made the obvious choice ¢ = v = U(1), and so the chosen frame moves at
the surface speed of the water.
The first order, nonlinear ordinary differential equation, (8.15), has the general solution

k(@) = acosf ++/1+ay— a?sind, (8.16)

which is real if the (real) parameter a satisfies a®> < 1 + av, for a given . However, even
when this is the case, the solution (8.16) has the property that k(f) = 0 where
a

V1+ay—a?

and then r — oo on the wave front: a ring wave does not exist. Further, (8.16) does not

tanf = F

recover the circular ring-wave solution, corresponding to k(f) = constant, on a stationary
flow i.e. when v = 0; we conclude that (8.16) is not the solution that we seek. However, the
equation also possesses a singular solution

1 1
k(9) = 37 cosf £+ 4/1+ 172 (8.17)

and here we elect to use the upper sign, so that £ > 0 (and then & = 1 for v = 0).
This solution accommodates all the properties that we seek and expect; the wave front,
& = constant, for a given 7', is then expressed as

Y +4/1+ 172

%Vcose—ky/l-i-%’ﬂ

which has been normalized so that » = 1 at € = 0. Three examples of the wave front, based
on Eq. (8.18), including the circular case (v = 0), are shown in Fig. 3. The distorting effect
of the underlying flow, which is moving from left to right, is quite evident — the wave

(8.18)

r

front is an ellipse — involving downstream propagation on the front edge of the wave front
(f = 0), and upstream at the back (# = ). There is no critical level at any point below
this ring wave (although more general vorticity distributions can exhibit this complication;
more information about this aspect, and many others, can be found in [26]).

The O(e) problem generates the equation for 79 (with 71 now arbitrary at this order),
because we are in an appropriate far field; cf. the KdV problem discussed in §§3,4. This
produces, after extensive manipulation, an equation of the form

43
R

4

A1nor + 7

Mo + —Nos + Aanonoe + Asnogee = 0, (8.19)

where each A; = A;(#) is an involved function containing many integrals over z; for details
see [26]. In the case of a ring wave over stationary water (so the wave front is a circle),
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0.5

-5 -4 -3 -2 -1 1

Fig. 3. The shape of the ring wave (half the profile is plotted) over a constant-vorticity flow (from left to
right) for various +, taken from (8.18): the circular profile is for v = 0; the middle curve is for v = 1; the
outer (largest) is for v = 2. For each profile, the region near 1 (corresponding to §# = 0) is propagating
downstream, and at the other end (corresponding to § = +), the propagation is upstream.

Eq. (8.19) becomes

1 1
2nor + o+ 3n0m0¢ + 37osee = 0, (8.20)

the concentric or cylindrical KdV (cKdV) equation, which is completely integrable (see [5,
17]). However, we are interested in the problem of constant vorticity, U(z) = 7z, and then,
exceptionally for this particular choice of shear flow, we again have A3 = 0. Thus, in this
case, Eq. (8.19) can be treated as a version of (8.20) under a scaling transformation (because
6 now appears only as a parameter), but we must note that the equation is only completely
integrable if A;/As = 2. In detail, we find that the equation can be written as (8.19), with
A3 =0 and A5 = %, and

1
A =2+ 5’72+’}’MCOS¢9;

plp+ gy cos ) [u(l + ) cos 8+ (5 + cos® 0) + 37°(1 + cos” )]

Ay = ;
’ (37 + peos0)(1+ 342 + ypcos6)

1 1
Ay =3+~ <§7+ucos«9> <3+ §v2+fyucos«9>,

where = /1 + %72. (The check for the case v = 0 follows directly.) The scaling transfor-
mation

£=A"¢ mo= (343" /Au)io, (8.21)
then converts (8.19) into
. 1. - 1.
aior + 7o + 307z + 37ogge = 0, (8.22)

where @ = A; /Ay, and this takes the value 2 only for v = 0. Equation (8.22) is not
completely integrable, for general v, nor does the standard form of solitary-wave solution
exist (based on the integral of the square of the Airy function, Ai), although a similarity
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F1.2

- 1.1

- 0.9

- 0.8

- 0.7

Fig. 4. The variation of wavelength around the ring wave, based on the scaling factor (8.21): the upper curve
near 0 = 0 is for v = 1, and the lower one is for v = 2. Values below 1 indicate shorter waves (towards the
front, to the right), and values above (towards the rear, to the left) are longer waves; scaling factor = 1 is
the undistorted ring wave for zero vorticity.

solution — which is not physically realistic — does. However, we can provide an indication
of the effects of v # 0 by using the scaling transformation, (8.21) (much as we did for the
KdV and CH equations earlier). Let us suppose that there does exists a suitable solution
of (8.22), for a given «, expressed in (f, R) variables. First, we can see that the role of
« is essential to control the amplitude of the wave in terms of R, as is evident when we
transform according to g = R~ Ry, to give

1.
—hozee = 8.23
: (323)

0ge —
this then leaves us with the dependence in terms of £ (in (8.19)), which we can use to
describe the variation of wavelength (for a given ) around the wave front. This is shown
in Fig. 4, for the cases v = 1, 2; consistent with our previous observations, we see that the
wave downstream (around € = 0) is shorter, and longer upstream (around § = 7 (or —)),
as compared with the wave associated with v = 0. The corresponding problem for v =0 is
simply given by the scaling factor “1” all around the ring wave (and included in the figure);

ahor + 3R~ *hohgg +

the switch from shorter to longer waves occurs at the angle around the ring wave where the
curves cross the factor = 1 line.

9. Conclusions

The main intention in this review paper has been to give an overview of the effects of
vorticity — specifically constant vorticity — on the propagation of weakly nonlinear grav-
ity waves. These results, we suggest, provide a backdrop to, and a check for, the recent
developments in the rigorous theories of the classical water wave problem. In addition, this
collection of results may prove useful to those interested in general theories of water waves,
with applications to more physically realistic scenarios.
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We have presented, briefly, the derivation of the classical KAV equation; this was used
as a precursor to the development of these ideas — long waves, small amplitude — when
some background vorticity is included. In particular, we have given the KdV equation
for propagation over constant vorticity, and correspondingly for the CH and Boussinesq
equations (and this latter equation is new). In all three examples of this type of model
for wave propagation, we have shown that waves propagating upstream are lengthened,
and those moving downstream are shortened (as first noted in [1] for the classical solitary
wave). We have also introduced the analogous problem for the NLS equation in the presence
of vorticity, and given some details of the problem of constant vorticity. However, this
equation, and its properties, have not been explored in any depth because this type of wave
evolution — an amplitude-modulated wave — is somewhat outside the problems of wave
propagation envisaged in the current rigorous theories.

Apart from the presentation of all the details for the propagation of weakly nonlinear
waves in different configurations, all for constant vorticity, we have introduced a new type
of Boussinesq equation. So far, it has been impossible to find a transformation that takes
this into a “classical”, completely integrable, Boussinesq equation — and we have suggested
why this likely to be the case. Equation (6.16) is probably worthy of some attention because
it contains some novel features. For example, the dispersive term — the fourth derivative —
for the surface wave (7)) is combined with a dispersive contribution from the leading-order,
horizontal component of velocity (up). In addition, the nonlinear term (which, for zero
vorticity, includes separate contributions from 7 and wuy) now involves a coupling between
these two, driven by the constant vorticity: ynug. (We should note that the relation between
7 and ug arises from the leading-order approximation; it takes essentially the same form for
both zero and nonzero vorticity; see (6.6) and (6.15).)

We concluded this review by examining a geometrically more complicated problem: flow
in one direction, with constant vorticity, on which there is an (outward) propagating ring-
wave. The results for this particular case — the shape of the ring and the structure of the
nonlinear, dispersive wave in the far field — are new. This has produced a specific prediction
for the shape of the ring, for various 7, although the nonlinear evolution equation (which
is a cKdV-like equation) cannot be integrated for general 7 (i.e. general a); nevertheless,
the f-dependence is only parametric. This is another equation, (8.23), which is probably
worthy of some further investigation.

In summary, we have presented in this review some models for weakly nonlinear, dis-
persive waves moving over a flow with constant vorticity. Although the main impetus for
this work has been to provide some relevant background to, and comparisons for, the recent
developments in classical wave theory, these results are, we hope, also useful to those who
are interested in more mathematically sophisticated models for water waves.
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