NONLINEAR ATLANTIS
MATHEMATICAL PRESS

PHYSICS

Journal of Nonlinear Mathematical
Physics

ISSN (Online): 1776-0852 ISSN (Print): 1402-9251
Journal Home Page: https://www.atlantis-press.com/journals/jnmp

Linearization of a Second-Order Stochastic Ordinary Differential
Equation

Sergey V. Meleshko, Eckart Schulz

To cite this article: Sergey V. Meleshko, Eckart Schulz (2011) Linearization of a Second-
Order Stochastic Ordinary Differential Equation, Journal of Nonlinear Mathematical
Physics 18:3, 427—-441, DOI: https://doi.org/10.1142/51402925111001696

To link to this article: https://doi.org/10.1142/51402925111001696

Published online: 04 January 2021


https://www.atlantis-press.com/journals/jnmp

ARTICLE

. ATLANTIS
\\:3 World Scientific PRESS

www.worldscientific.com

Journal of Nonlinear Mathematical Physics, Vol. 18, No. 3 (2011) 427441

© S. V. Meleshko and E. Schulz
DOI: 10.1142/S1402925111001696

LINEARIZATION OF A SECOND-ORDER STOCHASTIC
ORDINARY DIFFERENTIAL EQUATION

SERGEY V. MELESHKO* and ECKART SCHULZ'

School of Mathematics, Suranaree University of Technology
Nakhon Ratchasima 30000, Thailand
and
Center of Fxcellence in Mathematics, CHE
Si Ayutthaya Rd., Bangkok 10400, Thailand
*sergey@math. sut.ac.th
feckart@math. sut.ac.th

Received 31 January 2011
Accepted 14 March 2011

Necessary and sufficient conditions which allow a second-order stochastic ordinary differential equa-
tion to be transformed to linear form are presented. The transformation can be chosen in a way so
that all but one of the coefficients in the stochastic integral part vanish. The linearization criteria
thus obtained are used to determine the general form of a linearizable Langevin equation.
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1. Introduction

Physical phenomena of interest in science are very often simulated by means of models
which correspond to differential equations. These equations are in general nonlinear, and
their solutions difficult to obtain. In addition, many of these mathematical models are given
in terms of stochastic nonlinear differential problems. In chemistry and physics for example,
one frequently encounters models based on the second order equation

X =ft,X,X)+g(t, X, X)W (1.1)
where W is white noise. The second order Langevin equation
X =f(t,X,X)+oW (1.2)

is the simplest of these, and it describes the motion of a particle in a noise-perturbed force
field. In particular, for the case of the harmonic oscillator,

f(t,ZL‘,ZL‘) = —Z/ZZL‘—ﬁ.%",
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Eq. (1.2) becomes a linear second-order stochastic differential equation. The Langevin equa-
tion is also encountered frequently in the theory of lasers, chemical kinetics and population
dynamics.

While solving problems involving deterministic differential equations it is often expedient
to simplify an equation by a suitable change of variables. The simplest form of a second-
order ordinary differential equation

:i‘:f(t7x"%")

is the linear form. Sophus Lie [7]* showed that this equation is linearizable by a change of
both the independent and dependent variables if, and only if, f is a polynomial of third
degree with respect to the first-order derivative,

F+aid +bi? +ci4+d=0,
where the coefficients a(t, ), b(t,z), ¢(t,z) and d(t, z) satisfy the conditions

Ll = 3att — 2btx + Cpx — 3atc + 3(1xd + 2btb — 3Ct(1 — be + 6dxa = O, ( )
1.3
Lo = by — 2¢45 + 3dyy — 6a¢d + bic + 3bpd — 2¢,.¢ — 3dia + 3d,.b = 0.

In addition, it is linearizable by a change of the dependent variable x only if, and only if,
a = 0 in which case conditions (1.3) become

Ly = (2far — fiz)z + f2(2far — f1z) =0,
Lo = (for — 2f12)e — [1(for — 2f12) + 3(for — fafo)e =0,

where fo = —d, f1 = —c¢, fo = —b.
In the realm of stochastic ordinary differential equations, linear equations play a role

(1.4)

similar to that of linear equations in the classical theory of ordinary differential equations.
For example, the reduction of a stochastic ordinary differential equation to linear form
allows one to construct an exact solution of the original equation [5, 6, 12]. Hence, one can
state the linearization problem for stochastic ordinary differential equations: find a change
of variables which transforms a given equation to linear form.

In general, the change of variables in stochastic differential equations differs from that
in ordinary differential equations owing to the necessity of using the It6 formula instead of
the chain rule. The d-dimensional version of the It6 formula with one-dimensional Brow-
nian motion {W; : ¢t > 0} can be stated as follows. Let X = (X, Xs,...,Xy) be a d-
dimensional Ité6 process defined on a filtered probability space (£2,F, P), which has the
stochastic differentials

dX; = fi(t, X)dt + g;(t, X)dW, (i=1,2,....d).

Here f;(t,x) and g;(¢t,z), (i = 1,2,...,d) are deterministic functions. Suppose that the
function ¢(t,z) has continuous derivatives ¢, ©g., Oiz; s (1,7 = 1,2,...,d). Then the

#See [8] for details and references.
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process ¢(t, X) has the stochastic differential®

1
do(t,X) = <<,0t + fioz; + 59%’9]’90171-33]-) (t, X) dt + (gipe,; ) (t, X) dW.

To the authors’ knowledge the linearization problem for scalar second-order stochastic
ordinary differential equations has not yet been studied. Sections 3 and 4 of the present
manuscript discuss the solution of this task.

2. Linearization of First-Order Stochastic ODEs

Let us begin by reviewing the known linearization criteria for first-order equations.

2.1. Strong linearization

In [2, 5, 6] the Itd formula was applied to solving the linearization problem of a variety of
scalar first-order stochastic ordinary differential equations

dX; = f(t,X)dt + g(t, X)dW, (2.1)
and some particular criteria for the existence of a change of the dependent variable
y=(tz) (2.2)
turning Eq. (2.1) into a linear equation
dYy = (a1(t)Y 4+ ao(t)) dt + (b1 (t)Y + bo(t)) dW (2.3)

were presented. For example, in [5] linearization criteria for autonomous (f = f(z) and
g = g(x)) equations were found and furthermore, conditions for reducibility to an explic-
itly integrable equation (a; = 0 and b; = 0) were obtained. Various examples of stochastic
ordinary differential equations satisfying these criteria are given in [5, 6]. Based on this anal-
ysis, the author of [2] developed a MAPLE package containing routines which return explicit
solutions of stochastic differential equations. General necessary and sufficient linearization
conditions were finally presented in [9] and [13], and can be summarized as follows.
Let us set

2

N=g" <9t+fgx+g_

2 Gz _gfa:>-

Theorem 2.1. Suppose, the coefficients of stochastic differential equation (2.1) satisfy the
condition N, = 0. Then the backward Kolmogorov equation corresponding to (2.1) is equiv-
alent to the heat equation, and Eq. (2.1) is reducible to the linear stochastic differential
equation

dY; = e’ dw

PThe usual convention on summation with respect to a repeated index is used here.
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where
J(t) = / N dt.

The transition function y = ¢(t,x) is found by integrating the compatible system of partial

_ (9 1 _e’
Yy =€ 2 ) Pr = .
g g

Theorem 2.2. Assume that N, # 0, and the function N satisfies equations®

differential equations

0 ((Neg)a\ O ((Na@)z) (Nag)s -
2 (k) o 0 (W) sl gy
Then the change
_ Bre’
Y Bt — 1N

transforms any solution of Eq. (2.1) to a solution of the linear stochastic differential equation
dY, = e’ dt + 1Y, dW.
Here f1 = =Ny (Npg)a, J(t) = [qdt, and
q=B1(92 = P1)/2+ (9 — fP1)/9 + Nia/No — 2Npg/B1 — N.

Remark. For stochastic differential equations with fractional Brownian motion (fBm) W"
of Hurst parameter h € (0, 1),

dX = f(t, X)dt + g(t, X)dW™",
similar linearization conditions were also obtained in [14], now with the function

N =g Yo+ fgo + 2 gu0g® — gfa).

Remark. Considering stochastic differential equation (2.1) as the system of stochastic
ordinary differential equations

dX; = f(t. X)) dt + g(t, X,) AW,
dZ = dW,

one may choose to include Brownian motion in the linearizing transformation,

Y = o(t, X, 2).

“The second of the conditions (2.4) is missing in [14]. This was corrected in [9].
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In this case, an investigation of linearizability leads to the study of the deterministic
overdetermined system of equations

1 1
@t + for + 592%9; + 9 + 522 = 0190 + 0,

9Pz + . = /8190 + Bos

where ¢ = ¢(t, x, z). The analysis of these equations is similar to the proofs of Theorems 2.1
and 2.2 (using the It6 formula for a pair of stochastic processes) and shows that this exten-
sion to a wider class of transformations does not lead to a larger collection of linearizable
stochastic differential equations (2.1).

2.2. Weak linearization

Since transformation (2.2) does not change the Brownian motion, the linearization to
Eq. (2.3) may be called strong linearization. In contrast, the transformation of a stochastic
differential equation to a linear equation with changed Brownian motion may be called
weak linearization, similar to the definitions of strong and weak solutions. For example, the
random time change 7 with time change rate h%(t,w),

y==xz, 7(t,w) :/0 h(s,w) ds, (2.5)

leads to the change of Brownian motion by the formula [11]
N a(tw)
W, = / h(s,w) dWs,
0

where 7(a(t,w),w) = t. This type of transformation can be used to further simplify the
coefficients of a linear stochastic differential equation (2.3). For example, one of the functions
by (t) or by(t) of a diffusion coefficient can be reduced to one. Transformations of this type
were used in [1, 3, 4, 10] for defining fiber preserving admitted Lie groups of stochastic
differential equations.

In [13] it was proven that the generalization of (2.5)4,

t N a(t)
T(t):/o n*(s, X (s)) ds, Wt:/o n(s, X(s)) dWs, (2.6)

also gives a transformation of the Brownian motion W, to Brownian motion ﬁ//t. Recall now
that any first-order deterministic ordinary differential equation can be mapped into the sim-
plest equation 3’ = 0 by a suitable change of the dependent and independent variables. It
is not difficult to show that by virtue of its generality, transformation (2.6) renders the
weak linearization problem equally trivial: given any first-order stochastic differential equa-
tion (2.1), there exists a transformation of type (2.6) mapping it to the simplest equation

dy; = dW,.

dConsidelring h = h(t,z,b), this generalization can be extended to include the Brownian motion W in the
transformation.
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Among other weak transformations one can also mention applications of the Girsanov
theorems.

3. The Linearization Problem for Second Order Equations

A scalar second-order stochastic ordinary differential equation (1.1) is written in differential
form as

dX = f(t, X, X)dt + g(t, X, X) dW. (3.1)

Here, the first term on the right-hand side represents a Riemann integral, and the second
term an Itd integral. The aim is to find a change of the dependent variable y = (¢, x)
which transforms this equation to a linear stochastic differential equation

dY = (a1 (£)Y + by ()Y + ¢1(t)) dt 4 (ag(t)Y + bo(t)Y + co(t)) dW. (3.2)

Equation (3.1) can be rewritten as a system of first-order stochastic differential equations

dX =Vdt,
(3.3)
AV = f(t, X,V)dt + g(t, X, V) dW.
Similarly, the linear system corresponding to (3.2) is
dY = Z dt,
(3.4)

dZ = (a1 ()Y +bi(t)Z + c1(t)) dt + (ax(t)Y + ba(£)Z + co(t)) AW,

Just as with deterministic differential equations, a change of the dependent variable y =
o(t,z) in (3.1) determines a corresponding change in the system of stochastic differential
equations (3.3),

y:QO(t,CE), Z:@Q(t,ﬂ?,’l}),
where the function y9(t,z,v) is defined by the formula
Y2 = Yt + VY.

We assume here that ¢ is three times continuously differentiable, and that ¢, # 0. Applying
the It6 formula to the system of stochastic differential equations (3.3), one obtains

dY = o(t, X, V)dt + B(t, X, V) dW, 5s)
_ 3.5
dZ = f(t, X, V) dt + §(t, X, V) dW,

where

at,z,v) = po(t,z,v), B(t,x,v) =0,

1 -
f(ta €, /U) - (90215 + Y2,V + SOQUf + 5%02’01)92) (t7 €, U)a g(ta €, /U) - (SOQ’UQ)(L €, U)'
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Equating the integrands of the Riemann and It6 integrals in (3.4) and (3.5) one obtains the
two equations

1
©2t + P22V + Yoo f + 5902%92 = a1 +bips + ¢,

209 = a2 + bapa + co.
After substituting the function 9 into these, one has
Pre0® + (2012 — Pab1)v + ou — ib1 + oo f —a1p — 1 =0, (3.6)
Prg = ba(pr + pov) + agp + ca. (3.7)

Thus, the pair of conditions (3.6) and (3.7) is necessary and sufficient for stochastic differ-
ential equation (3.1) to be linearizable.

4. Linearization Criteria

We now investigate in detail what type of coefficient functions f and ¢ allow Eq. (3.1) to
be linearized. Differentiating (3.7) with respect to v, one obtains that g, = ba, hence the
function g(t,z) has to be of the form

g = bov + 1, (4.1)

where ¢ = 9(t,z). In particular, g;, = 0, gy, = 0. Differentiating (3.6) three times with
respect to v, by virtue of ¢, # 0, one finds that f,,, =0 or

f = f20® + fro+ fo, (4.2)

where f; = fi(t,x) (i = 0,1,2). Notice that knowledge of the functions g(¢,z) and f(¢,x)
uniquely determines the functions by(t), ¥(t, ) and f;(¢,x).
Splitting Eq. (3.6) with respect to v, one obtains

Pox = —Pafa, Pz =pa(bt = f1)/2, i = pib1 — pafo+ a1+ (4.3)

Applying the identities (¢iz)r — (p#t)e = 0 and (¢ir)r — (@z2)t = 0 one has, respectively,

ay = (2byy + 4foe — 2f10 — b7 — 4fof2 + f1)/4 (4.4)
and
Jiz = 2fa. (4.5)
Since a; is independent of z, differentiation of (4.4) with respect to z leads to
Jowe = foxf2 + fou — faS1 + fau fo (4.6)

Comparing the two conditions (4.5) and (4.6) with (1.4), one immediately obtains:
Theorem 4.1. If a second-order stochastic differential equation

dX = f(t, X, X)dt + g(t, X, X)) dW,
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is linearizable, then the associated second-order ordinary differential equation
i = f(t,x, )

1s also linearizable, and by a change of the dependent variable only.

Suppose now, that Eq. (3.1) can be linearized. As the form of the coefficient g is known,
Eq. (3.7) becomes

) — ptby — asp — c2 = 0. (4.7)

Differentiating this equation with respect to x, one finds

a9 = (2¢x - b1b2 + b2f1 - 2f2¢)/2 (48)
By virtue of (a3), = 0 and because of (4.5), one has
(Ve — forb)z + fab2 = 0. (4.9)

Thus far, we have shown that identities (4.1), (4.2), (4.5), (4.6) and (4.9) are neces-
sary conditions for linearizability of Eq. (3.1). Conditions (4.1), (4.5) and (4.6) apply to
deterministic equations as well, while conditions (4.2) and (4.9) are specific to stochastic
equations. The value of the coefficient bo is already determined by (4.1), while the coef-
ficients aj, as and by of the linearized equation are required to satisfy the relations (4.4)
and (4.8).

In order to obtain sufficiency conditions, assume that all the identities listed above are
satisfied. The two relations (4.4) and (4.8) leave three degrees of freedom for the choice of
coefficients of the linearized equation. Observe that Egs. (3.6) and (3.7) are equivalent to
(4.3) and (4.7), respectively, and further analysis of compatibility of this overdetermined
system of equations depends on the value of by as determined by (4.1). In fact, we will show
that the nonlinear equation can be transformed to a linear equation with simple stochastic
part, provided the above conditions are satisfied.

4.1. Case by #0
Since by is nonzero, one finds ¢; from Eq. (4.7),

¢t = (pat) — azp — c2)/ba. (4.10)
Substituting ¢; into the second and third equations of (4.3), one obtains

Pz +pp +u =0, (4.11)
where
A= (Yot) — by — b3 fo + (bae + bafy — forb)) /b3, P =—Ay+ fo),
u = (2c:by 4 c2(2f21) — 2byy — 20b — biby — baf1) + 2b3cy) /(203).

In addition, the relations u, = 0 and p, = 0 hold. There are now several possibilities to
consider.
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Suppose first that A = 0. Then p = 0 and Eq. (4.11) reduces to u = 0, which constitutes
a linear first-order ordinary differential equation in the coefficient co(¢). Thus, the stochastic
differential equation (3.1) is linearizable. In fact, the coefficients of the linear equation (3.2)
are defined by Eqs. (4.4), (4.8) and v = 0, and the function ¢(t, x) is obtained by integrating
the involutive system of partial differential equations consisting of Eq. (4.10) and the first
equation of (4.3).

Without loss of generality one may choose as = 0, ¢; = 0, co = 0. Then the function
©(t, z) is obtained by integrating the involutive system

0t = /b2, Ve = —@zfa,

and the remaining coefficients of the linear equation (3.2) are uniquely defined by the
functions f and g:

a; = 07 fl + 2( wi)/bQﬂ C1 = Oa ay = Oa b2 = (g - ¢)/U> Co = 0.

Observe that the linear equation obtained is of first order.
Next assume that A # 0. Solving Eq. (4.11) with respect to ¢, the first-order derivatives
of the function ¢(t,x) are all determined. The relation () — (¢t). = 0 gives

20X —wA =0, (4.12)
where

A2 = AP — peA + Wx/\ +Y(p — faN)),
w = 2up + u(fi — by) — %(cw T+ u(hebs + p).

The functions \o(¢,z) and w(t, z) also satisfy the relations
Aoz = fado, Wy = —2ulo /N2

If Ay =0, then Eq. (4.12) leads to w = 0. Thus stochastic differential equation (3.1) is
linearizable, and the coefficients of the linear equation (3.2) must satisfy (4.4), (4.8) and

= 0. The function ¢(t,z) is obtained by integrating the involutive system of partial
differential equations consisting of the equations

2 — fa
90t=¢<—w —Hli(]; f2)+%(bl_fl))_%(02/\+7ﬂ/}) @xz—i(u—kp@).

If p # 0 then one may choose as = 0, ¢; = 0, co = 0. Consequently, v = 0 and
ar =p, = f1+2(Wz — fo)/ba, c1=0, ax=0, ba=(9—7)/v, ca=0,
while (¢, x) is found by solving
pr = —op/(b22),  @o = —pp/A.

If on the other hand p = 0, then one can only choose as = 0 and ¢ = 0 as u # 0 is required.
The linear equation (3.2) reduces to a first order equation, as its coefficients are

ay; =0, = fi+ 2( f2¢)/b27 Cc1 = _901/\7 az =0, b= (g - 1/1)/117 cg =0,
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where ¢(t,x) is an arbitrary solution of the involutive system of equations

0t = @z0/ba,  Qrw = —Pafo

satisfying ¢, # 0.
Finally, if Ay # 0, then (4.12) defines the function ¢(t, z). Substituting this function into
Eq. (4.10), one obtains that w must satisfy

wy; = (—4caAN3 — AU A3 + WA (=20 Ao — 2Xbadg + 2Xaiba X — 20PN
+ b1ba A — bo fiA\a + 2f210AN2)) /(262 A2 N). (4.13)

Notice that the equations (4.11) and (w;); — (w¢), = 0 are satisfied.

Thus, the stochastic differential equation (3.1) is linearizable, and the coefficients of the
linear equation (3.2) are determined by Eqgs. (4.4), (4.8) and (4.13). Since it is assumed that
@, # 0, then the coefficients also have to satisfy the condition 2uly + wpA # 0. Without
loss of generality, one can choose as = 0, co = 0. Then the coefficients of the linear equation
(3.2) are

a1 = p, b1=f1+2(¢x—f2¢)/b2> Cl:—(%r)\+90p)> az =0,
b2:(g—¢)/’l), 02:07

where the function ¢(t,x) is any solution of the involutive system of equations

Yt = 90m¢/b2> Pex = — Pz fo,

satisfying the condition ¢, # 0.
We have thus shown that in case b # 0 one can obtain a linear equation whose coeffi-
cients as and co vanish.

4.2. Case by =0

The assumption by = 0 implies that g, = 0 and 1) = g. Hence the coefficient a9 is determined
by the functions f and g only,

a2 = gr — f2g>

and Eq. (4.9) guarantees that as = as(?).
From (3.7) one finds

_ paz +co
Y,

xT

Substituting ¢, into the first and second equations of (4.3), one obtains

by — by —
as <90t_90(%+ : f1)>+a2t90+82t—02 <%+17fl)20. (4.14)

2 2
Suppose first that ag = 0. Because of ¢, # 0 one has co # 0, and Eq. (4.14) becomes

Cot g  bi—fi
— = (=4 —2=). 4.15
2 (9 M > (4.15)
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Thus, stochastic differential equation (3.1) is linearizable. The remaining coefficients of the
linear equation (3.2) are determined by Eqgs. (4.4), (4.8) and (4.15), and the function ¢(t, z)
is a solution of the involutive system of equations

P = 02/9> o1t = pib1 +arp +c1 — C2f0/9-

Without loss of generality one may choose by = 0, ¢; = 0. Then

a1 = for — fofo — (2fu — fH)/4, b1 =0, c1=0, az=0, by=0,

and ¢ is a nontrivial solution of Eq. (4.15).
If ag # 0, then Eq. (4.14) can be solved with respect to the derivative (;:

_ puazt+u

Pt = y (416)

2ga%
where
U = —2cotgag + 2agic2g + Vc2, U = 2giaz — 2ag + bigaz — figas.

The functions u(t, z) and 0(t, z) satisfy the conditions

. . a L a
Uy = U<f2 + ﬁ) + 2c2a2 <a2t - %@) , Uy = U(fz + 5) + 2as <azt - %@)-

Substitution of ¢; into the third equation of (4.3) gives
A3+ =0, (4.17)

where

a a a
)\3:ﬂ—%— (2—2;4-&) <a2t_%a2>+f(]x_f0 <f2+?2>>

a9 qg a2 a9

i 1 i i . f
W = ——=(—2urgaz + u(8azrg — 2gtaz + 2fi1gas +v)) — ™+ e
4g-as g

Notice that (¢¢)z — (pz): = 0 and A3 = —azA3/g. In addition,
?IJQ; = —CQ)\g/g. (4.18)

Assuming first that A3 = 0, Eq. (4.17) implies that @w = 0. Thus, the stochastic dif-
ferential equation (3.1) is linearizable, and the coefficients of the linear equation (3.2) will
satisfy the conditions (4.4), (4.8) and w = 0. The function ¢(t, z) is found from the involu-
tive system of equations

pvas + U pag + c2
SOt - 2 2 3 = .
gas g
Without loss of generality one may choose b1 = 0, ¢; = 0, co = 0. These assumptions imply
that « = 0, and

U = 2gtaz — 2a2:9 — f19as.
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Thus

a1 = for — fof2 — 2f1e — f)/4, b1=0, c¢1=0, ax=g,— fag, bo=0, c2=0,

and in order to obtain the function ¢(¢,x) one has to integrate the involutive system of
equations

a2
Pt = @2 y P = P—-
gaz g

When A3 # 0 then one finds from (4.17) that

¥ = —121/)\3,
and substitution into Eq. (4.16) yields

- [ A3t 0] A3
= — — . 4.19
= < A3 * 2ga2) u2ga% ( )
Thus, stochastic differential equation (3.1) is linearizable, and the coefficients of the lin-
earized equation (3.2) need to satisfy (4.4), (4.8), (4.18) and (4.19). Because of the assump-
tion ¢, # 0 the coefficients have to satisfy the condition caoA3 — aow # 0 as well. One can

therefore choose only two of the coefficients arbitrarily, say b; = 0 and ¢ = 0, which gives
=0, w=c; and

U = 2gias — 2a2:9 — f19as.
Then by (4.19), the coefficient ¢ (t) can be found by solving

cit A3t v

a3 2gay’

The remaining coefficients are

ar = (4fox — 2f1 — 4fofo+ [)/4, b1 =0, as=gs— f29, ba=0, c3=0.

Thus, in case by = 0 we are also able to obtain a linear equation where all but one of
the coefficients of the stochastic part vanish.
We summarize the above:

Theorem 4.2. A second-order stochastic differential equation
X =ft.X,X)+gt, X, X)W
is linearizable by a change of the dependent variables if and only if
f(tsz,0) =0 folt,x) + vfi(t,x) + fo(t,x),  g(t,x,0) = vba(t) + 9(t,z),

where the functions f;, g,y and by satisfy the conditions
fiz = 2fot;  fowe = fouf2 + four — foef1 + foufo, (V2 — fov0)z + farbo = 0. (4.20)

5. Linearizable Langevin Equations

We illustrate our results by two examples.
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The first example furnishes the class of second order Langevin equations (1.2) which are
linearizable. By Theorem 4.2, these equations are necessarily of the form

X = folt, X)X + f1(t, X)X + fo(t, X) + oW, (5.1)

with o # 0.
We may assume that fo # 0, for otherwise conditions (4.20) ensure that this equation
is already linear. Since g = o # 0, Egs. (4.20) reduce to

fa=pt), f=qt)+20 )z, fo=ht)e’D* +a(t)x? + B(t)x + r(t),
where
a=)?/p, B=I(a —p")/p+20/p)* (5.2)

This is the case ba = 0, as # 0 discussed in the previous section, with A3 = hpeP”.
If h = 0, then a linearizing transformation is given by

o SOO(t) —p(t)x
o(t,z) = ) e~ P®)

where g (t) is a nontrivial solution of the equation

200 + pog = 0,
yielding an equivalent linear stochastic differential equation
Y =a1(t)Y —op(t)Y W
where
a1 =B-pr—q/2+¢/4 (5.3)

On the other hand, if h # 0, then a linearizing transformation is given by

C1 (t) _
t, — e p(t)x
N0
where ¢ (t) is a nontrivial solution of the equation
a_»n_ 4
C1 N h 2

The equivalent linear stochastic differential equation is

Y =at)Y +a(t) —opt)Y W,

where a; is again defined by formula (5.3).
Both cases may be combined to:

Theorem 5.1. A nonlinear Langevin equation is linearizable if, and only if, it is of the
form

X = p(0X2 + [g(t) + 2/ (XX + h(O)POX 1 a(t)X> + BO)X +r(t) + oW
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where o and B are as defined in (5.2). Any linearizable Langevin equation can be reduced to
the linear equation

Y =a(t)Y +a(t) —opt)Y W,

where ay is given by (5.3) and

qu>=huwmp<—§/éawﬁ>,

by means of the transformation

y = o(t,z) = ]% eXp(—% /q(t) dt —p(t)x).

A similar analysis can be applied to the following stochastic equation with multiplicative
noise,

X =f(t, X, X)+ by ()XW, (5.4)

by using the discussion of the by # 0 case of the previous section. Details are omitted as
they are easy to verify.

Theorem 5.2. FEquation (5.4) is linearizable if, and only if, it is of the form
X =q(X)X2 +r(t)X + folt, X) + bo() XW

where
1

fO(t> J)) = ,8(1’)

[s(t) +h(t) / B(x) dx]
with
B(z) = e Ja@) dz,

The transformation

y=pla) = [ B(o)ds
maps any linearizable equation to the equation
Y = h(t)Y +rt)Y + s(t) + ba(t) YW,
Remark. All computations were initially performed using the REDUCE symbolic program,

but later carefully verified by hand.
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