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We study a (2 + 1)-dimensional system that can be viewed as an infinite number of O(3) o-fields
coupled by a nearest-neighbour Heisenberg-like interaction. We reduce the field equations of this
model to an integrable system that is closely related to the two-dimensional relativistic Toda chain
and the Ablowitz—Ladik equations. Using this reduction we obtain the dark-soliton solutions of our
model.
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1. Introduction

The model considered in this paper can be viewed as a generalization of the classical O(3)
o-model in two dimensions, described by the Hamiltonian function

E=¢Elo]= /]1@2 dx dy(Ve,Vo) (1.1)
where o is a three-component vector of unit length,
(o,0)=1 (1.2)
and braces denote the standard scalar product. The energy of our system is given by

H=> Elon]+ Hin (1.3)

with nearest-neighbour interaction

7_(int = %Z Z unp (14)

n p=n#tl
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of the Heisenberg type:

Upp =Uloy, 0p] = /dedyF((an,ap)). (1.5)
R

The models of this type can appear, for example, in the studies of the lamellar (graphite-

like) magnetics when the spin interaction inside one layer can be described in the framework

of the Landau—Lifshitz theory with effective Heisenberg interaction between adjacent layers.

The stationary structures of our system are governed by the (2+1)-dimensional equation

oH
- = nyOn) = V. L.
5o, 0, (dop,o,)=0 (1.6)

In what follows we use a function F' which is peculiar to integrable nonlinear mathematics
(see e.g. [1, 2]),

F(x) = ¢*In(1 + x). (1.7)
The resulting equations are given by
g2
[AO’n,O'n] = Z Z fnp[o'pao'n] (18)
p=nztl
where
2
oy = ————————. 1.
fp 1+(0'n70'p) ( 9)

The factor g% can be eliminated by rescaling the coordinates, so we take
g=4 (1.10)

and write the central equation of our study as

1
Z[Aa’naan]: Z fnp[o'pao'n]- (1.11)
p=nz+l

In the following sections, after re-parametrization of (1.11), we split it in Sec. 2 into a
first-order system, bilinearize it (Sec. 3) and derive the dark-soliton solutions (Sec. 4).

2. Parametrization and Splitting

Using the vector-matrix correspondence

. 3
S S1 — 1S .
o = (Sla 52, 53)T - S= ( ° ! 2) = E SjO'J (21)

S1 + iSQ —S83

where 07 (j = 1,2,3) are the Pauli matrices

I R
10 1 0 0 -1

and introducing complex variables

z=x+1iy, Z=x—1y (2.3)
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one can rewrite Eq. (1.11) as
[00Sn,Snl = D faplSp,Shl (2.4)
p=nZ+1
with & = 9/0z, 0 = 0/0% and
2

S 2.5
1+ 3trS,S, (25)

fnp

In what follows we use the parametrization of the vectors o, based on the presentation of
the matrices S,, in the form

Sp =¥, todw,,. (2.6)

Using the invariance of this representation with respect to transformations ¥,, — D, V¥,
with arbitrary diagonal matrices ID,, one can choose

v, = L Bn 2.7
=lo 1 (2.7)

1 1+ B,Ch, 2B,
Sp = ——5—~ . 2.8

which leads to

Calculating 99'S,, and fny,
(1 — Bnon)(l — BPCP)

np — s 2.9
fow (1 - BnCp)(1 — C,By) (2:9)
one comes to the following system of equations:
Anﬁg - Yn(Bn—i-l - Bn) - Yn—l(Bn - Bn—l) (2 10)
A LE =Y, (Cpyr — Cp) — Y 1(Cp — Cp_v) )
where
Ay —— Lt (2.11)
" 1-B,Cy’ '
LB = 90B, + 24,,(0B,)(0B,)Ch, (2.12)
L8 = 0dC, + 2A,,B,,(0C,)(DC,,) (2.13)
and
Y, ! % ! (2.14)

- V=
11— BnCn—i-l " 1- Bn+1Cn

The crucial step of our proceeding is the following ansatz: we split the above system
into two first-order ones,

{ZAna Bn — n—l(Bn - Bn—l) (2 15)

1400 Cy = Zy(Crp1 — C)
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and

{—iAna By, = Zn(Bny1 — By) 216)

_ZAné Cn = 7n—1(0n - Cn—l)-
By direct calculations one can show that this can be done provided we can find the func-
tions Z, and Z, that (i) make (2.15) and (2.16) compatible and (ii) lead to (2.10). It is

demonstrated in the appendix that the functions Z,, and Z,, that meet these conditions can
be chosen as

Zn=CYy, Z,=CY, (2.17)

where ¢ and ( are arbitrary constants related by

¢ =1. (2.18)
To summarize, one can obtain a large number of solutions of (2.4) by solving the system
1—-B,Cy,
0B, = (———— (B, — Bn—
0By =g~ o )
I —B.C (2.19)
i0Cy, = Cm(cn-i—l - Cy)
and
= - 1-B,C,
—i0B,, = (———=——~(Bn+1 — By)
1— Bn+1Cn
| —B.C (2.20)
—10C,, = Cm(cn —Cp-1).

Before proceed further, we would like to give some comments on this system. After
introducing new variables,

B, =1/C,. (2.21)
Equations (2.19), (2.20) can be cast into the Hamiltonian form
~ o, OH
0B,
(2.22)
i ~ o, 0H
—i0B,, = (B, — By)? 9B,
with
- -
B, — B,
H=¢ In —n—2n (2.23)
n:z_:oo Bn - Pn+l
and
- ~ ., OH
ZaBn = (Bn — n)2T
0B,
- (2.24)
o OH
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with

By —Bn
:4"21 5 (2.25)
- DPn-—-1

n=—oo

and can be identified with the (X1,Y;) equations (with a(u,v) = (u — v)?) from the list of
the paper by Adler and Shabat [3].
At the same time both B, and C,, solve the (2 + 1)-dimensional version of the
Ruijsenaars—Toda lattice [4, 5]
1 1

00U, + (0U,)(0U,) U U, U U~ 0. (2.26)

Note that Eq. (2.26) are different from (and complementary to) the Ruijsenaars—Toda lattice
(R1) that appears in a natural way in the framework of [3].
Finally, calculating from Eqs. (2.15), (2.16) derivatives of the functions f, defined by

(1 - BnCn)(l - Bn—i—lcn—i-l)

f f . (1 - BnCn—i—l)(l - Bn—i-lcn) ( )
one can demonstrate that these functions satisfy
00In fr, = fri1 — 2fn + fr_1. (2.28)

Thus one can see the relationship of the model discussed in this paper with the famous
two-dimensional Toda lattice.

3. Bilinearization

To bilinearize Egs. (2.19), (2.20) we introduce p,, 7n, 7, and ,, by

Bn = ,071—17 Cn = T (31)
Tn Tn—1
and another set of tau-functions by
1D pp—1-Tn = @ pp—1Tn
(3.2)
1DTyp_1-0n=0QTph_ 10y,
and
—iD Prn—1"Tn = & Tn—1pPn
_ (3.3)
—iD 7Ty 1-6p =& 0p1Tp

where o and @ are constants, D and D are the Hirota’s bilinear differential operators,
Du-v=(0u)v —u(dv) and Du-v = (Ju)v — u(dv). Now, to finish the bilinearization of
our equations, we impose the restrictions

{,[)n%n - ﬁn—lfn—i-l = ﬁ PnTn (34)

TnOn — Tn—10n41 = B Thon
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and
Tn—1Tn + Pn—10n = /YA Tn—1Tn
TnTn + Pn—10nt1 = 'YB 7-7%
7v—n—l7ﬁn+1 + Pnon = /}/C 7—7%

(3.5)

where 3, ¥4, vB and 4© are again some constants. It can be shown by direct calculations
that Eqs. (3.2)-(3.5) imply that B, C, satisfy Egs. (2.19), (2.20). Indeed, noting that

Egs. (3.4) and (3.5) are nothing but

PnTn
Bn+1 - Bn — ﬂ <~ X
TnTn+1
TnOn
Cn-‘,—l - Cn = /8 - -
Tn—1Tn
and
Tn—1T,
1= B,Cp =" =1
Tn—1Tn
2
B T,
1- BnCn-i—l =7 = ?
nTn
2
C T,
1— Bn+10 =7 = 7} s
Tn—1Tn+1
calculating f,,
(v)? Tno1Tns1

fn:

By

and substituting the above formulae into (3.2) and (3.3) one can obtain

1-B,C,
0B, =P — """ (B, — B,,_
1 [=B,.C, B~ Bu-t)
1 - B,C,
0C, =T¢ — """ (Cpyy1 — C
10U 1_BnCn+1( n+1 n)
and
_ _» 1-B,C
—idB, =T ——"" (B,,, — B
i0Bj, 1_Bn+1cn( n+1 — Bn)
- _o 1-B,C
—i0Cy, =TY ———(Cp, — Cp—
1 =B, On~ Ont)
where
pp_2a o _2Pa np_o%a oY@
A B A B A B A B

Thus, to finish solution of our problem one has impose the condition

r=r=¢, B=1=C=1/C.

(3.6)

(3.7)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)
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In this way we have reduced Egs. (2.19), (2.20), and hence Eq. (2.4), to the set of the
bilinear equations (3.2)-(3.5). An important question that arises now is the question about
compatibility of this system. We do not present here an explicit proof of the fact that
Egs. (3.2)—(3.5) are compatible because (i) we present (in the next section) their explicit
solutions and (ii) show their relation to a well-known nonlinear compatible system — the
Ablowitz—Ladik hierarchy (ALH) [6]. To do the latter let us consider the matrix

1 T, Oy
3, = ( mo P 1). (3.18)
Tn—1 \ —0pn Tp—1
Calculating its determinant,
det @, = 44 (3.19)
Tn—1
and inverse one can obtain
by =U,0, (3.20)
with
p
L[ 0° B
U, =— " 3.21
L P (3.21)
Tn
and
109, = V,,®,, i0®, ="V,9, (3.22)
with
idln Tn _i_%,on—l?n &A,On—l
Tn—1 Y Tn—1Tn Y Tn—1
V, = . (3.23)
%@ idln Tn—1 o &Apin—lo'n
Y Tn Tn—1 Y Tn—1Tn
and
il & PnOn _apm
B Tn—1 Y TnTn Y Tn
V, = . (3.24)
_EAan—l id1n Tn—1 i %/?n—lo'n—l
Y Th—1 Tn—1 Y Tn—1Tn—1

Inspecting (3.20)—(3.24) one can conclude, after eliminating the unnecessary constants,
introducing
On

_ _ Pn
qn = y T'm =
Tn Tn

(3.25)

and making some simple gauge transformations, that (3.20) with (3.21) is nothing but the
spectral problem of the ALH whereas Eqs. (3.22) with (3.23) and (3.24) describe its first
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positive and negative flows. So, bilinear equations (3.2)-(3.5) belong to the ALH. This
leads to two important results: (i) they are compatible and (ii) we can use already known
solutions for the ALH to get solutions of our equations.

To expose the inner structure of Egs. (3.2)-(3.5) and to make the following formulae
more readable it seems useful to introduce instead of the triplet p,, 7, and ¢, an infinite

set of tau-functions 7,
pn=T7" Ta=10 on=r1 (3.26)

n

In new terms equations (3.2)(3.5) become

iD " 1 A=« 7'77Zn__117'm (3.27)
—iD %fln 11 t=aT T ! (3.28)
Fmolgm _gmolam g pmelom (3.29)
for m = 0,1 and
FFm o gmolpmtl = A pm (3.30)
Fem g lamal = o8 (7 m)2 (3.31)
FrlpmAl g ogm pm o O (7m)2 (3.32)

for m = 0. These equations are a part of the generalized ALH [7] and can be solved without
imposing restrictions on m, for —oo < m < oo.

4. Dark Solitons
4.1. Dark solitons of the ALH

Here we would like to present some basic formulae describing the dark-soliton solutions of
the ALH that we then use to obtain solutions of our problem.

The dark solitons for the AL equations were obtained in [8] using the inverse scattering
method. In [9] these solutions were derived, using purely algebraic method based on the Fay-
like identities for the determinants of some special matrices. Here we use notation slightly
different from one of [9], which makes the following formulae more simple and clear.

The key objects behind the dark-soliton solutions of the ALH are the determinants

w(A) =det I+ A] (4.1)
with matrices A satisfying

LA — AR = |{){(al. (4.2)
Here 1 is the N x N unit matrix, L and R are constant diagonal matrices,

L = diag(Lq,...,Ln),

R = diag(Ry,...,RN), (4.3)

|6) is a constant N-column, |[¢) = (f1,...,¢x)", and (a| is a N-row depending on the
coordinates describing the ALH flows: in our case (a| = (a(z,2)| = (a1(z,2),...,an(z, 2)).
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In what follows we use “shifted” determinants

we =Tew, wep=TTyw (4.4)
where

Tiw=w(AH), ==l (4.5)
with

He = (L —¢I)(R— D)™ (4.6)

An important property of these determinants, that we repeatedly use below, is the Fay’s
identity

(€ - 77)‘*’(“)&77 +(n— C)wéwnc + (¢~ g)wnwﬁ =0 (4.7)

which can be proved directly.
Using the limit procedure one can introduce differential operators J¢ as

T ' Teysw = w+i6 dew + O(5%) (4.8)
or
i A = AX, (4.9)
where
Xc=(L—-R)(L-¢)HR-¢D™ (4.10)

One can obtain from (4.7) many differential Fay’s identities of the following type:
(¢~ a)(¢ — ) Dewa - ws = (0 — HI(TF "wap) (Tew) — waws] (4.11)
where
D¢ wq - wg = (O¢wa)wg — wa(Ocwp). (4.12)
The matrices L and R used in the ALH context are not independent: they are related by
(L — KI)(R — kI) = —p°1 (4.13)

with constant parameters x and p. Relations of this kind play crucial role in the construction
of dark solitons for the ALH, so it seems useful introduce the notion of “duality”: two
complex numbers £ and £* are said to be dual if

(= R)(CF = r) =—p° (4.14)
which leads to an alternative definition

H¢H = H,, K = const. (4.15)
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Many Fay-like formulae can be simplified when rewritten in terms of dual numbers. In
particular, Eq. (4.11) leads to

a—aF
(€ —a)(¢—a¥)

Given some fixed number g and its dual, which will be denoted by v, v = ©*, one can
construct an doubly infinite set of matrices/determinants

1D¢wy - W =

[(Tglwﬁ)(TCw) — WalWar]. (4.16)

wyt = w(A) (4.17)

n

where
AN = AHZ?H;} (4.18)

and derive from (4.7) a lot of lattice Fay’s identities the most important of which is

(wi)? = ppwn ™ w4 phwnt g Wity (4.19)
with
h— K K—UV
= , = ) 4.20
Pu " —v Pv —v ( )

In order to ensure the involution 77 = 7, (where overline stands for the complex
conjugation) which appears in physical applications of the Ablowitz—Ladik model one has
to restrict himself to the case of real k, u and v,

v< K< (4.21)
(which leads to Im p,, = Imp, = 0) and to choose the matrices L to be of the form
L=p+vp—vu—rE, E=diag™) (4.22)

with real angles v; (compare with the parametrization (2.27) of the eigenvalues of the
scattering problem for the ALH used in [8]).
Calculating R from (4.22) and (4.13) one can verify that in this case

H,=H,", H,=H, (4.23)
and
A =A™ (4.24)
provided
A=A (4.25)

The last condition can be met by choosing properly the constants ¢; and a; in (4.2). By

straightforward algebra one can get

et Wi+vr) 4 pu(eiwj 4 ei%) 1
1+ pﬁleiwk

Ly~ Ry = (u—v) (4.26)
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and rewrite the matrix A, after eliminating excessive constants, as
A(Z, Z)jk = Djkck(z, 2)

where

~1
Djy = [cos <w> + py COS (@)]

and ¢k (z, Z) are some real functions.

4.2. Dark soliton solutions of (3.27)—(3.32)

(4.27)

(4.28)

After we have established the relation of our model with the ALH and knowing the structure

of the ALH dark solitons, we can reformulate the ansatz we use as follows: all tau-functions
are related by the T-shifts (T,, T, and T¢+ for some given ). The sequence p — 7 — o is
generated by T, the sequence 7 — 7 — 7 is generated by T¢+, as is depicted in Fig. 1, while
the nodes n and n 4 1 are related by T,. Thus we can say that our tau-functions occupy
sites of a three-dimensional lattice. However in what follows we do not use the three-indices

and adhere to the 7" notation.

To find solutions of (3.27)—(3.32) we look for our tau-functions in the form

2 2
m _ m° n° m,n, m
Tn = Pu Py WU Wy
with similar formulae for 7" and 7,
2 2
~m _ . m n= ~m»n ~m
n _’OH Py VW,
2 2
Am . m~ N Aman~m
n — Pp Py U U Wy

where @) and w," are related to w;* by means of ’]I‘gil shifts:

or
o =T lwptl, ot = Tewy
~ Tlu m T,LL ~
L) \J Q
Te- Te- Te-

Fig. 1. T,-Te- lattice of tau-functions (for n = constant).

(4.29)

(4.30)
(4.31)

(4.32)

(4.33)
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Taking &, n, ¢ in (4.7) being equal to different triples from {u, v, k,&,&*} one can conclude
that restrictions

a\? E—p \*  e—v av\? -k ™
i) == (1) =& (wedl) -5 o

lead to (3.29)—(3.32) with

g = &oca (4.35)
& —vu
4 = &80 (4.36)
& —pv
N W (4.37)
&=k

7= * * :
(& —n)(E —v)
Considering the dependence on z and Z it can be shown that to meet (3.27) and (3.28) one
has to take

i0A = AX, —iDA=AX (4.39)

where
X =const-X,, X =const-X, (4.40)
We will write the explicit value of the corresponding constants later, after discussing the

involution (complex conjugation) and reality requirement.

4.3. Complex conjugation and parametrization

Recalling the definitions of our tau-functions we can present B, and C,, as
B,=B C,=C" (4.41)

where

* m—% * n—% ~-m—1

T w\ e p cv)  Tap
1 1
S SN e U AN s
c)r = uv(u—f* P o (4.43)

The involution that ensures reality of o, and that is consistent with the ALH is

B'=—-C;™ (4.44)

where overline stands for complex conjugation. A simple analysis of (4.42), (4.43) and (4.18)
leads to the restrictions

& —v
E—v

&—n_

= =1 (4.45)

Im 0,




Toda—Heisenberg Chain 455

and
HgFg =H, (4.46)

that should be added to the restriction A™ = A-™ discussed above.
The family of & and £* that satisfy (4.14), (4.46) and (4.45) can be parametrized as

£ = v+ ae'dt0)

& = v+ ael=9) (4.47)

where

a=+\ju—vvK—v= L (4.48)

Pu

and the angles ¢ and 6 are related by
cos ¢ = p, cosb. (4.49)
Using another parametrization of the matrices L and R, stemming from (4.22) and (4.13),

Lj =v+ aexp(x; + i¢;)

R; =v+aexp(—x; +id)) (4.50)
where the quantities x; and ¢; are defined by
exp(x; + ib;) = pl—y(ﬂu +e') (4.51)
one can obtain
He = —diag(e¥ ™7 ),  Hew = —diag(e ™) (4.52)
with
fyji = ¢—¢j+ 60— 2arg[eXi — £ O79E0], (4.53)

4.4. Dark solitons of the Toda—Heisenberg chain

Now we have all necessary to write dark soliton solutions of the Toda—Heisenberg chain.
Their structure is given by (4.42) and (4.43). The dependence on z and z enters through
the matrices A and the factor uw,

i0A = AX, —idA= AX (4.54)
where
2 ~
XM X XA l(k-1)X, (4.55)
n—v
or, explicitly,
A ) R
X = (L—R), X= (L — R). (4.56)
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This dependence of A, as follows from the differential Fay’s identity (4.11), leads to

AMa* —
1D wor - we = u[w Wi — WarWa (4.57)
=
B A_lT
1D wor - we = M[w#wy — WarWq (4.58)
=
and hence to
AEF —
Dot am = M m et gy (4.59)
v
AEF —
iDL oM | = (€ f) [y omtt —wm | wmt (4.60)
[ —
and
_ NLl(ex —
Dt -am = 2 E T ot gmet (461)
= v
_ A L(ex —
Doy afy = X8 D gty (1.62)
—v

The extra terms in the right-hand sides of the above formulae can be eliminated by taking

uv = const x e'? (4.63)
with
g0:/\§ P it 9 (4.64)
w—v w—v

It is easy to verify that all reality conditions are met provided
Al =1. (4.65)
Now one can check that tau-functions 7" satisfy Egs. (3.27) and (3.28) with

F-guv @:_A—lu@

—vuv’ L—v uv

a=\

(4.66)

Gathering all constants, one comes to the conclusion that for m = 0 the quantities B,,, C,
solve Egs. (3.12)—(3.15) with

B — 0 — _) (2iarg(€"—) (4.67)
and
B [0 — _\~1 o ~2iarg(¢" &) (4.68)

Finally, calculating from (4.47) and (4.50) the coefficients that describe the z-, z-
dependence,
L; —R;

s 2p, cos b €' (4.69)
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and
&8 —2ip, sinf e, (4.70)
w—v
one can present B, and C), as follows:
A-‘r
Bu(,y) = B. exp{~2inf — ip(x,y)} 22 (4.71)
An (117, y)
and
Here
1 .
B, = —[1 - p, exp(ith), (4.73)
Pu
AE(z,y) = det |, — Dji, exp{2nxy, + ax(z,y) + i}, (4.74)

with the coefficients Dj;, and fy,:f being defined in (4.28), (4.53). The phase ¢ and the
functions aj are given by

o(z,y) = 4p, sin O(z sin ap + y cos ag) + ¥ (4.75)

with
ag = ¢ +arg A (4.76)

and
ap(x,y) = 4p, cos O (x sin ay, + y cos ay,) + a,(co) (4.77)

with
a = ¢ + arg A (4.78)

where ¢(© and a,(co) are arbitrary real constants.

These formulae, together with the vector-matrix correspondence (2.1), lead to the dark
soliton solutions of the Toda-Heisenberg chain:

) 2Re B,,
=——— | -2ImB, |. 4.79
TIRBE | )
1_|Bn‘

5. Conclusion

We have studied the (2+1)-dimensional system that was reduced to the integrable Ablowitz—
Ladik equations. Using this reduction we have derived its soliton solutions. It is clear that
using this approach one can also derive a wide range of other solutions starting from the
ones already known for the ALH. Thus Eqgs. (1.11), (1.9) possess a set of solutions that are
typical for the integrable systems (solitons, algebro-geometric solutions etc.). At the same
time it is not clear whether this model is integrable or we deal with another example of
soliton equation that is not integrable (see, e.g., [10]), which can occur in multidimensions,
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contrary (as is presumed) to the (1 + 1)-dimensional case. However, this very interesting
question, as well as other related questions (such as, e.g., the Painlevé test, the symmetry
analysis), is out of the scope of this paper and may constitute the subject of the subsequent
studies.

Appendix A
Rewriting the ansatz (2.15), (2.16) in the form

{z'a By = (ue1Yn-1(1 — ByCy)(By — By_1) A1)
i0Cp = (Yn(1 — B,Cp)(Cpy1 — Cy)
and
{—iéBn = GYn(1 = BaCu) (Bug1 — Bn) (A2)
—i0Cy, = (—1Yn-1(1 — B,Cp)(Cy, — Cp—1)
one can calculate 90 B,, as
00 B, = i0(—i0 B,,) = i0 (yYn(1 — B,Cp)(Bpi1 — By) (A.3)
which leads, after repeated usage of (A.1) to
ALy = (i0Gn + nla)Yu(Bast = Bn) = Gue1aYn-1(Bu — Ba1). (A4)
Interchanging the @ and 0 derivatives, 90 B,, = —i0(i0 B,,), one can obtain
ALY = Cu1GnYn( Byt = Bn) = (1061 + Guo1Go1)Yn1(Bn — Bno1). (A.5)
Similar calculations for 99 C,, lead to
ALy = (=i0Gu + 6uGn)Ya(Crr — Cn) = Gubna1Yan-1(Cn = Cr1) (A.6)

- Cngn—lyn(cn—i-l - Cn) + (Zagn—l - Cn—lfn—l)yn—l(cn - Cn—l)- (A7)

Comparing the right-hand sides of the above equations with each other and with the right-
hand sides of Eq. (2.10) one can conclude that conditions

Cnil = Cna (A8)
En:l:l = Ena (AQ)
agn = 5Cn = agn = 5571 =0 (A.lO)
and
Cngn =1 (A.ll)

validate the ansatz (2.19), (2.20).
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