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We consider 3D consistent systems of six possibly different quad-equations assigned to the faces
of a cube. The well-known classification of 3D consistent quad-equations, the so-called ABS-list, is
included in this situation. The extension of these equations to the whole lattice 73 is possible by
reflecting the cubes. For every quad-equation we will give at least one system included leading to a
Bécklund transformation and a zero-curvature representation which means that they are integrable.
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1. Introduction

One of the definitions of integrability of lattice equations, which becomes increasingly pop-
ular in the recent years, is based on the notion of multidimensional consistency. For 2D
lattices, this notion was clearly formulated first in [1], and it was proposed to use as a syn-
onym of integrability in [2, 3]. The outstanding importance of 3D consistency in the theory
of discrete integrable systems became evident no later than with the appearance of the
well-known ABS-classification of integrable equations in [4]. In that article Adler, Bobenko
and Suris used a definition of 3D consistency as a local (within one elementary cube) cri-
terion of integrability. The equations from [4] can be extended to the whole of Z? and Z™,
respectively, but the classification only allows equations on the faces of a cube, which differ
only by the parameter values assigned to the edges of a cube. In [5, 6] appeared a lot of
systems of quad-equations not satisfying this strict definition of 3D consistency. However,
these systems can also be seen as families of Backlund transformations and they lead to
zero curvature representations of participating quad-equations in the same way (see [2]).
As already done in [7] the definition of 3D consistency can be extended: In contrast
to the restriction, that all faces of a cube must carry the same equation up to parameters
assigned to edges of the cube, we will allow different equations on all faces of a cube. The
classification in that article is restricted to so-called equations of type @), i.e. those whose
biquadratics are all non-degenerate (we will give a precise definition in the next section).
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The classification in [7] is local (within one 3D cube). The present paper is devoted to
systems containing equations which are not necessarily of type ). Our classification will
cover systems appearing in [5] (up to two exceptions discussed in Sec. 5) and all systems
in [6], as well as equations which are equivalent to the Hietarinta equation [§8], to the “new”
equation in [9] and to the equation in [10]. Moreover, it will contains also many novel
systems.

It turns out that the results of our local classification lead to integrable lattice systems
via a procedure of reflecting the cubes in a suitable way (see Sec. 4).

The outline of our approach is the following: In Sec. 2 we will present a complete classi-
fication of a single quad-equation modulo Mé&bius transformations acting independently on
the fields at the four vertices of an elementary quadrilateral. In Sec. 3 we will give a clas-
sification of 3D consistent systems of quad-equations possessing the so-called tetrahedron
property modulo Mé&bius transformations acting independently on the fields at the eight
vertices of an elementary cube. In Sec. 4 we will show how to embed our systems in the
lattice Z3 and how to derive Bicklund transformations and zero curvature representations
from our systems. We will do this via a procedure of reflecting cubes along its faces to get
their neighbors. If we consider only a 2D subsystem of this 3D consistent system, i.e. a 2D
system of quad-equations, the composing of these quad-equations as an integrable system
on Z? is as follows. For a quad-equation Q(z, 1,22, 712) = 0 on one square we get, e.g. its
neighbor on the right-hand sight by reflecting along the right edge (z1,212) of the square,
i.e. the equation on the neighbor square has the following shape: Q(z1, z, z12, z2) = 0. This
procedure will include the idea of embedding considered in [11] as a special case. The result-
ing 3D systems as well as the contained 2D systems are non-autonomous in principle but
autonomous if one takes a bigger elementary tile, e.g. a 2 x 2 square in Z>. To consider
such non-autonomous systems is not as unnatural as it might seems at first glance: The
geometric constructions which are described by integrable equations such as, e.g., circle
patterns with prescribed combinatorics and intersection angles (see [12]) lead in a natural
way to non-autonomous systems of quad-equations due to a non-autonomous nature of the
edge labellings. The fact that we can derive Backlund transformations and zero curvature
representations from our systems can be seen as a justification for the extended definition
of 3D consistency to yield a definition of integrability.

2. Quad-Equations on Single Quadrilaterals

At the beginning we will introduce some objects and notations. We will start with the most
important one, the quad-equation Q(x1,x2,x3,24) = 0, where Q € Clzy,x2,x3,24] is an
irreducible multi-affine polynomial.

Very useful tools for characterizing quad-equations, are the biquadratics. We define them
for every permutation (i, j, k, ¢) of (1,2,3,4) as follows

Qi’j = QL] (xia x]) = kasz - Qka,x[
A biquadratic h(z,y) is called non-degenerate if no polynomial in its equivalence class with

respect to Mobius transformations in x and y is divisible by a factor x — a or y — ap (with
a; € C). Otherwise, h is called degenerate and factors z — ay and y — ag with (z —ay) | b
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and (y — ag) | h are called factors of degeneracy. Moreover, if z | 2% - h(1/z,y), we write
(z = 50) | hlz,y)-

Theorem 2 in [7] and earlier (in a different context) [13] gives a complete classification of
biquadratics up to Mobius transformations. In particular, it can be shown that a biquadratic
is degenerate if and only if i35 = 0, where for a biquadratic h(z,y) its relative invariant is
is defined by

h Iy hza

1
is(h,z,y) = 1 det| hy hay  haay
hyy oy haayy

A multi-affine polynomial @ is of type @ if all its biquadratics are non-degenerate. Otherwise
it is of type H* if four out of six biquadratics are degenerate and of type H? if all six
biquadratics are degenerate. According to Lemmas 2.1 and 2.2 which we will prove later
there are no other possibilities for Q.

For every permutation (i, j, k,¥) of (1,2,3,4) the quartic polynomial

=) = (@4 - 2074QAL,

is called a corresponding discriminant. This polynomial turns out to be independent on
permutations of (j, k, /).

Let P* denote the set of polynomials in n variables which are of degree m in each
variable. We consider the following action of Mobius transformations on polynomials f €
P

tb nn + bn
Mfl(x1,...,zn) = (cix1 +d1)"™ - (cpzn +dp)™ f <a1x1 1 T )7

C121 +d1’.”’cn1’n+dn
where a;d; — b;c; # 0. The group (Mo6b)# acts on quad-equations by Mébius transformations
on all fields independently.

We will now present a complete classification of quad-equations on single quadrilaterals.

We will not give the complete proofs here, because they are too long. However, in Subsec. 2.3
we give an overview of the most important ingredients of this proofs.

2.1. Quad-equations of type Q

Quad-equations of type @) were already classified in [7]. Every quad-equation of type @
is equivalent modulo (M6b)? to one of the following quad-equations characterized by the
quadruples of discriminants:

e (,68,6,0):
Q = ag(:cl — xg)(xg — 1’4) — Q1 (1’1 — LU4)(LU2 — 1’3) + 5041042(051 + 042) (Ql)
° ($1,$2,$3,$4)2

Q = 052(.7}1 — 1‘2)(.7}3 — 1‘4) — 051(.7}1 — 1‘4)(.7}2 — 1‘3)
+ aqas(ag + a2) (21 + 29 + 33 + 24) — @raz(ag + a)(af + aras +a3)  (Q2)
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o (23— 0,23 — 8,23 — 6,23 —90):
Q= (g — al_l)(a:lxg + x324) + (2 — az_l)(:clm + x9x3)
— (@102 — a7 g ) (eazs + a00) + 5o — a7 — ag(arae — ag'oz") (@Qs)
o (21— D(K2 1), (02 — 1)(k23 — 1), (a5 — (K3 — 1), (0 — 1)(k2a3 — 1))
Q = sn(ay)sn(az) sn(ay + ag)(E*z1zox3my + 1) — sn(oy ) (z129 + 314)

—sn(ag)(r124 + x223) + sn(aq + ag)(r123 + T224). (Q4)

2.2. Quad-equations of type H* and H°

A complete classification of type H* and of type H® quad-equations did not appear in the
literature before. Every quad-equation of type H* is equivalent modulo (Mob)?* to one of
the following quad-equations characterized by the quadruples of discriminants:

e (€6,0,¢,0):
Q = (1‘1 — .7}3)(1‘2 — .7}4) + (052 — Oél)(l -+ 6.7}2.7}4) (Hf)

o (ex1+1,1,exs+1,1):

Q= (1 —23)(x2 — x4) + (g — 1) (1 + T2 + T3 + 24) + oz% — a%
+ 6(042 — al)(2x2 + a1 + 042)(2x4 + a1 + 042) -+ 6(042 — 041)3 (Hg)
o (22 + de, 22,22 + e, 22):
€EToT
Q = ay (w172 + x324) — Qo124 + T223) + (0F — ) <5 + - 2a4>' (HS)
1009

Remark 2.1. All these equations were already mentioned in [7].

Every quad-equation of type H® is equivalent modulo (M6b)?* to one of the following
quad-equations characterized by the quadruples of discriminants:

e (0,0,0,0):
Q=x14+22+ 23+ 74
o (1,0,1,6):
Q = 1+ 23 + x2(T4 + 611)
2 22):

2 .2
o (z1,73,73, T}

Q = x123 + Tawy + 012273 + dox3Ty4.
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2.3. Ingredients of the proofs

We will now present some ingredients of the proofs needed for the classification of quad-
equations. At this point we will repeat two formulas already given in [7]:

1,2
Q1’2 2 E
CA12 14 1,2 1,2
423(@ , L1, 'TQ)Q = det sz lemz gxg ) (21)

1,2 1,2 0
Toxo T1T2T2 Toxo

where

23 3.4 2,313,4 2,313,4
and

1,2 1,4 3,4 2,3
2Qx1 B 2 Q3’4 — Q) Q2,3 4 Q2’3Q13 - Q Q3’4

Q Q1,2Q3,4 _ Q1,4Q2,3

The following lemma gives some informations about the relation between non-degenerate
biquadratics of a quad-equation:

(2.2)

Lemma 2.1. Biquadratics on opposite edges (we consider the two diagonals as opposite
edges, too) are either both degenerate or both non-degenerate.

Proof. A biquadratic Q%7 is degenerate if and only if i3 = 0 holds. It was shown in [7] that
13 is equal for biquadratics on opposite edges. ]

Moreover, it follows that the number of non-degenerate biquadratics of a quad-equation
is even. Another restriction for biquadratics of a quad-equation comes along with the next
lemma:

Lemma 2.2. There do not exist any quad-equation with exactly two degenerate
biquadratics.

Proof. Assumption: @) is such a quad-equation. Change variables in a way, that the
two degenerate biquadratics are Q3 and Q%%. Then, all biquadratics on edges are non-
degenerate. It was shown in [7] that @ is of type Q and all biquadratics are non-degenerate.
Contradiction. O

In addition, one can show, that Q%7 # 0:

Lemma 2.3. No biquadratic of a quad-equation is identically zero.

Proof. By a simple calculation one can show
Q@] — Qu)) = 2(Qu,Q" — Qu@™). (2.3)

Let QY2 = 0. Then, due to the classification of biquadratics we get r' = 72 = 0. Assume
that Q'3 # 0. We have to consider two cases:

o If Q'3 is non-degenerate, suitable Mobius transformations in x; and x5 lead to QY2 =
(1 —23)?. In the same manner, we get Q%>* = (x5 —x4)?, and using (2.1) we get Q3* = 0.
Now, one can apply (2.2) and arrive Q = (x1 — x3)(x2 — 4).
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e Otherwise, up to Mobius transformation in x3 we get Qi’;’ = 0 according to the classifi-
cation of biquadratics. Using (2.3) we get @z, = 0.

Both cases are not possible because () is irreducible. Therefore, all biquadratics must be
zero polynomials. Consider

—_ 3,4
(log Q)zyzy = <%> — QQq 12y — Qay Qs _h B

Q ¢ e

and in the same manner

(log Q)mlmg = (10g Q)x1m4 = (log Q):EQ:I?:), = (10g Q)x2m4 = (10g Q)x3x4 =0.

Therefore,

log Q@ = ¢1(w1) + p2(w1) + ¢3(x3) + Pa(w4)

and, furthermore,

Q = ¢1(z1)9p2(1)P3(3)Pa(T4)
with ¢;(x;) = a;z; + §; which is reducible. Contradiction. O
Moreover, we also have the following lemma concerning vanishing biquadratics:

Lemma 2.4. There is no solution (r1,x2,x3,74) of Q(x1,22,73,24) = 0 with Q%2 # 0,
QY3 #0 and QY1 = 0.

Proof. Let (x1,29,x3,24) of Q(z1,20,73,24) = 0 with Q12 # 0, Q'3 # 0 and Q'* = 0.
Then, Q%2 # 0 leads to Q, # 0 and Q'3 # 0 leads to @, # 0. This is a contradiction to
Q2,Qz; = 0 which is equivalent to Q'* = 0. U

Now, we are able to prove the following lemma:

Lemma 2.5. Fvery factor of degeneracy is a factor of at least two biquadratics, that means
if (x — a) | kY2 then

(x1 —a) | or (21 —a)| At
Proof. We have to consider the following cases:

(1) deg,, h'* €{0,1}
Considering the Mébius transformation z1 — x; + o we have to show: If z | h'2,
then z1 | '3 or z1 | A4
Assumption: x1 | R¥? but o1 + A5 and xp 1 A4
We set N; := {x € CP' : h1¥(0,2) = 0} with i € {3,4}. Obviously, |N3|,|Ns4| < oc.
Due to Lemma 2.4 there exists no solution (x1,xs, x3,x4) of Q(x1,xe,x3,4) = 0 with
21 =0, z3 ¢ N3 and x4 ¢ Ny.
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@ can be written as Q) = px1 +q with p, q € Clza, 3, 24]. ¢z, = 0 (if not, ¢ = pra+q
with p, ¢ € Clxs,z4] and p # 0. Therefore, there would be x3,z4 € C\ (N3 U Ny), such
that p(zs,z4) # 0 and therefore,

Q <0, —M,iﬁ?),m) =0).

(3, 24)

In the same manner one can show, that ¢, = ¢, = 0 and therefore without restriction
q=1.
Then, h'* = puyT1P2sT1 — Pryas®1(pr1 + 1). From deg,, h'* < 1 there follows,
DaoDas — Pag,zsP = 0 and therefore it = —Paozs 1. Contradiction.
(2) 't = (21 — €)2X with X € C[zy].
If € # «, we reach the first case using the Mdbius transformation x +— “;;H which
leads to A = X,
(3) At = (z1 — €)(w1 — €)X with X € C[zy] and € # ¢
If € # o and é # «, we reach the first case using the Mobius transformation x; —
% or r1 — % which leads to hl* = (ib‘l + -1 ) X. O

é—e

These lemmas are the necessary tools for the classification of quad-equations. The reader
will be able to locate the usage of the technical lemmas in the proofs needed for the above
classification.

3. Quad-Equations on the Faces of a Cube

We will now consider systems of the type

Az, x1,29,212) =0, A(3, 713, 23, T123)

=0,

B(x, 9, x3,293) =0, B(21, 212,213, 2123) = 0, (3.1)
C(z,z1,73,213) =0, C(22, 212,723, 7123) =0,

where the equations A,...,C are quad-equations assigned to the faces of a cube in the

manner demonstrated in Fig. 1(a). Such a system is 3D consistent if the three values for

T23 T123 T2 T123

b

O l%13 z3 C 171

T I13

(a) Normal Case (b) Flipped Case

Fig. 1. Equations on a cube.
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7123 (calculated by using A = 0, B = 0 or C' = 0) coincide for arbitrary initial data z, x1,
x9 and xg. It possesses the tetrahedron property if there exist two polynomials K and K
such that the equations

K(z,212,713,723) =0 and K(z1,22,73,2123) = 0

are satisfied for every solution of the system. It can be shown that the polynomials K and
K are multi-affine and irreducible. For this proof we use the following lemma:

Lemma 3.1. Consider a 3D consistent system (3.1) and

F(x, T1,T2,T3, x123) = A$13’$23BC - Aﬂ?szCﬂJ13 - AﬂnsBﬂ?zsC + AB$2309313>
G(x, €T1,22,T3, x123) = Bmm,mwcA - Bﬂ?lscA&?lz - BmmcﬂﬂwA + BC$13A$12>

H(z,21,22,73,2123) = Cayp 93 AB — Co1y ABryy — Crpy Azyy B+ C Ay, Bayy .
Then,
F=G=H=0
and
Fp Fpy — Fyy 2 = B3C03 43123,
Proof. We get the equations
F=G=H=0

by eliminating x12, x13 and a3 in the system (3.1), and we have simply to factorize F, F,, —
Fy, 2, F' to get the second statement. O

This allows us to prove the following lemma:

Lemma 3.2. Consider a 3D consistent system (3.1) possessing the tetrahedron property
described by the two equations

K(x,x12,213,223) = 0,

K(J}l, ro, X3, 1‘123) =0.
Then, K and K are multi-affine, irreducible polynomials.

Proof. Consider the system (3.1). The elimination of x12, 13 and z23 leads to
21 1 3 1 - - - -
F (:c, T, $2,LU3,LU123> = Apiy003BC — Apyu BCy, — Ay By C + ABL,, Cpyy =0,
23 1 1 1 _ _ _ _
G (:c 31, o, I3, :c123> = BayyorsCA — ByyyCAgyy — BuyyCoy A+ BCyyy Agy, = 0,
21 3 1 1 - - ~ -
H (xa T1,T2,T3, x123) = C’1712,1723‘43 - C$12AB$23 - C’1723‘493123 + CA371231723 =0,

where the numbers over the arguments of F, G and H indicate their degrees in the corre-
sponding variables. These degrees are in the projective sense, that is in agreement with the
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action of Mdbius transformations. Therefore the polynomials F, G and H must factorize as:
F:f(x7%3> L7 G:g(x7%1> L7 HZh('rJ'%Q) L7 L:L<CI7,.%1731727317371117123>

and therefore L = k(x, 1,22, r3, 123) K. Therefore, K is multi-affine.

Assume, that K is reducible. Then, without restriction K = x1d(w2,23,7123) or
K = (1 — x3)d(z2,7123) (otherwise, change the labeling and apply some Mébius trans-
formations). In both cases K323 = 0.

Then, due to Lemma 3.1
0= f2k2K3,123 — leFxg o Fxl,mgF — BO,300,3A3,123

which is a contradiction to B3, C%3, 43123 £ (0. Analogously, we can prove the same
for K. O

The group (Mdb)® acts on such a system by Mobius transformations on all vertex fields
independently.

We classify all 3D consistent systems (3.1) with a tetrahedron property, whereas the
classification of the case, that all quad-equations are of type Q, was already done in [7]. Note,
that in many cases the tetrahedron property is a consequence of the other assumptions.

There are two essential ideas which allow for this classification. The first one was already
used in [7] and deals with the coincidence of biquadratics assigned to an edge but belonging
to different faces. We will adapt the results from [7] to our situations. The second one is
completely new and it can be interpreted as flipping certain vertices of a cube. We will
present three theorems, two devoted to the first idea, one to the second one.

Theorem 3.1. Consider a 3D consistent system (3.1) with B%3 and C%3 are non-
degenerate and

o A312 is non-degenerate or
e the discriminants of B and C corresponding to the vertices of x and x3 are not equal to
zero.

Then:

(1) (3.1) possesses the tetrahedron property.

(2) For any edge of the cube, the two biquadratics corresponding to this edge coincide up to
a constant factor.

(3) The product of this factors around one vertex is equal to —1; for example

A0 B0200.3 | A0250350.1 _
Proof. The elimination of x5, £13 and 23 leads to
21 1 3 1 - _ _ _
F (xa €r1,22,T3, l‘123> = A$13,$2330 - Aﬂ?szCﬂJ13 - Aﬂthﬂ?zsc + AB$230$13 =0,
23 1 1 1 _ _ _ _
G (a: 31, Lo, T3, x123> = BuyywrsCA — ByyyC Ay, — BayyCoy A+ BCyyy Agyy = 0,

21 3 1 1 = = = =
H ($,$1,ﬂ?2,ﬂ73,ﬂ7123) - Cx12,x23AB - CCElQABCEQg - Cx23ACE12B + CACE12BCE23 - 07
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where the numbers over the arguments of F, G and H indicate their degrees in the corre-
sponding variables. Therefore the polynomials F, G and H must factorize as:

F:f<.7),.%3> L, ng(x,?m) L, H:h(l‘,ZQLQ) L, L:L(x,%l,.%g,.%g,.%}ug) .
Then, due to Lemma 3.1
ALy Lyy — Loy oy L) = Fyy Fuy — Fyy o, ' = B¥3C%3 43123,

Consider first the case that A*'23 is non-degenerate. Then, A%123 | (L, Ly, — Ly, 2, L).
Since B%3 and C%3 are non-degenerate, too, B%? = f = C%3 up to constant factors. In
the other case B%? and C°3 are not complete squares. Therefore, since B%3 and C%3 are
non-degenerate B»3C%3 | f2 or B®3C3 | (Ly, Ly, — Ly, 2, L) which is not possible because
of deg, L = 1. Therefore, B%3 = f = C3 up to constant factors. Then, deg, f = 2 and
therefore deg, L = 0, so the tetrahedron property is valid. It was shown in [4] that this is
equivalent to

A01B02003 | 402503001 _
Therefore, A%!/C%! can only depend on x and not on z1. Since for symmetry reasons also
AOIBLIZOLI3 | 4LI12BLI3 01 _
holds, A%!/C%! is constant. This completes the proof. O

Theorem 3.2. Consider a 3D consistent system (3.1) with

e all discriminants on diagonals of faces are non-degenerate and
e all discriminants not equal to zero.

Then:

(1) For any edge of the cube, the two biquadratic polynomials corresponding to this edge
coincide up to a constant factor.

(2) If in addition system (3.1) possesses the tetrahedron property, the product of this factors
around one vertex is equal to —1; for example,

Ao’lBO’200’3 + AO,QBO,Sch,l —0.
Proof. The elimination of x19, 13 and xs3 leads to

21 1 3 1 _ _ _ _
F (ﬂf,xl,dfg,ﬂig,d,’lgg) = Apiy003BC — Apyu BCy, — Ay By C + ABL, Cpyy =0,

2 3 1 1 1 — — — —

G (l‘, x1,T2,I3, 1‘123> = B$12,$13CA — BmlgcAmg — B$12C$13A + BCQ;L.,)A1712 = 0,
21 3 1 1 = = = =

H (l‘,xl,l‘2,$3,1‘123> = C’1712,1723‘43 - C$12AB$23 - C’1723‘493123 + CA371231723 =0,

where the numbers over the arguments of F, G and H indicate their degrees in the corre-
sponding variables. Therefore the polynomials F, G and H must factorize as:

F = f <.7), %3) L, G = qg (.71,.%1) L, H=h (.7},.%2) L, L=1L (x,f]tl,f]tQ, %3, %123).
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Then, due to Lemma 3.1

fZ(Lflez - Lxl,xQL) = FxlFxQ - Fxl,xQF == BO’300’3A3’123

and since A%'23 is non-degenerate and B%3 and C°3 are not of type (0,0), i.e. B%® and

C%3 are not complete squares, we have B%? = f . ki(z) and C*3 = f . ko(x) with some
polynomials k1 and ks, so that B%3/C%3 can depend on z only. Analogously, the elimination
of x1, xo and x123 leads to

JFZ(I_’wa_’IQs - I’$137$23I_’) = BY3C03 A2,
Since A%!? is non-degenerate, too, we have B%3 = f.k;(z3) and C%3 = f-ky(z3) with some
polynomials k; and ko, so that B%3/C%3 can depend on z3 only. Therefore, B%3 = kC%3
with k € C.
In [4] it is shown, that the tetrahedron property is equivalent to

AO1 02003 | 0203501 _
This completes the proof. O

Theorem 3.3. Consider a 3D consistent system (3.1) possessing the tetrahedron property
described by the two equations

K(x,212,713,223) =0
K(xl,xg,xg,l‘lgg) =0.

Then, the system

K(z,719,213,793) =0,  K(z1,72,73,2123) = 0,
B(z,z9,13,723) =0, B(z1, 212,713, ¥123) = 0, (3.2)

Clx,x1,23,213) =0, C(x2, 212,223, T123) = 0,

which can be assigned to a cube in the manner demonstrated in Fig. 1(b) on page 7, is 3D
consistent and possesses the tetrahedron property. 3D consistency of (3.2) is understood as
the property of the initial value problem with initial date x,x3,x13 and xo3.

Proof. Let z, x3, 13 and x93 be the initial data for the system (3.2). Then, we can
calculate x1 using C(z,z1,z3,213) = 0, z2 using B(z,x9,x3,223) = 0 and z12 using
K(:U,.’L‘lg,xlg,l’gg) = 0.

Furthermore, one can prove that A(x,x1,x2,212) = 0 for this values of z1, xo and x12:
Assume that A(z,x1,x9,212) = 0 is not satisfied and let 27 and z9 be fixed. Then, we
would get another value T2 for x19 using A(x,x1,x2,212) = 0. Since (3.1) possesses the
tetrahedron property, K(x,Z12,213,223) = 0 would hold, but due to Lemma 3.2 this is a
contradiction to K(z,x12,x13,x23) = 0.

With this values of x1, 2o and z1o use the equations B(z1, 12,713, 2123) = 0 and
C (x2,212,%23,2123) = 0 to calculate two values for x193 which are equal because of the
3D consistency of (3.1). Moreover, A(x3, 213,723, 7123) = 0 is satisfied due to the 3D consis-
tency of (3.1) and K (x1, 22, 73, 7123) = 0 is satisfied, because (3.1) possesses the tetrahedron
property. ]
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We will now present the classification. The following sections deal with all logical
possibilities for 3D consistent systems with tetrahedron property.

Theorem 3.4. Fach 3D consistent system with the tetrahedron property is either equivalent
modulo (Méb)® to one of the systems in the classification given in [7] or to one of the systems
from Theorems 3.5-3.11.

This can be shown by the combination of many steps presented in Subsecs. 3.1-3.7.
The proofs will only be given for the first two sections. The other proofs are quite
analogous.

3.1. Six equations of type H*, first case

In this section we consider systems (3.1) with

o A A, ... C of type H* and
e all non-degenerate biquadratics on diagonals of faces.

Below is the list of all 3D consistent systems modulo (Mob)® with these properties and
with the tetrahedron property. It turns out that their tetrahedron property follows from
the above assumptions except for the system characterized by the quadruple (e, 0,0, ¢€).

Theorem 3.5. Fvery 3D consistent system (3.1) satisfying the properties of this section
and possessing the tetrahedron property is equivalent modulo (Mdb)® to one of the follow-
ing three systems. They are written in terms of two polynomials A(x,x1,xs, 12;, 3) and
K(x,x19, 213, 223;€) as

A = A(z13, 33, 123, 235, B), B = A(x, 29,3, 2233 8,7),
B = A($12,1‘1,1‘123,l‘13;5ﬂ)a C= A($,$1,$3,$13;0<,W)a (3-3)
C ~

= A(w12, T2, T123, T23; @, 7), K = K(21,22,73,7123;0).
The polynomials A and K can be characterized by the quadruples of discriminants of A:
e (€6,0,0,€):

A= (x—z2)(x; —x2) — (0 — B)(1 + €xq122),
K = (8 —7)(x — z12)(v13 — 223) — (@ — B) (@ — w23)(T12 — 713) (3.4)
—e(la—=B)(B—7)(a—7)

o (ex+1,1,1,ex10 + 1):

A= (x—x12) (21 — 22) — (o — B) (¢ + 21 + 22 + 712) — & + 32
—e(a—=B)2z1 +a+ B)(2rs + a+ ) — e(a - B)?,

K= (B—7)(z —r12)(z13 — 223) — (0 — B) (% — wa3) (w12 — 713) (3.5)
+ (@ = B)(B =) —7) = 2e(a = B)(B — (e —7)(z + 212 + 713 + T23)
—4e(a = B)(B—(a—7)((a =B+ (a=B)(B—7) +(B-7))
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o (22 + be, 23,23, 2%, + Je):

A = afzz) + zox12) — Blzme + 21712) + (0 — 57) (5 + %)
K =~(a® — %) (zx12 + m13223) — B(0® — 7?) (2213 + 212223) (3.6)
de(a® — %) (0® = 7*)(8% —7*)

+a ﬁQ — 72 Trxo3 + T12x13) +
(8 ) ) -

Proof. We will start with systems characterized by (e, 0,0, €). In this case we suppose that
the tetrahedron property holds. Due to Sec. 2 we have

A= (z—x12)(z1 — 22) — a1l + ex129)
up to Mobius transformations in x, x1, z9 and x12. We have the biquadratics
A = a1 4ex?), A% = —a(l+exd), A2 =a(l +exd).

The biquadratics A%2 and B%? coincide up to a constant factor because of the tetrahedron
property. Therefore, up to Mobius transformations in x3 and x93 we have

B = (x — xz93)(x2 — x3) — B(1 + exaxs)

with biquadratics
B%? = (1 +ex3), B =—f(1+exi), B =—f(1+ex}).
We have to keep in mind that Mobius transformations x — px + v and, if € = 0, also
Ty — ok + o do not change B%2 up to a constant factor. However, the influence of these
transformations on B can be eliminated by x93 — uxez + v and 8 +— uf or, if € = 0, by
X3 — loT3 + Vo, To3 > uxo3 + v and B — uusf. Furthermore, the biquadratics A%! and
C%! as well as BY3 and C3 coincide up to a constant factor and, moreover, we have
A01 02003 L 02503001 _
Therefore, up to M6bius transformation in x13 we have
C=(zx—x13)(x1 —23) — (1 + ex123) + (T — 213)

with 4 = 0, if € # 0, and biquadratics

o0l = ~(1+ el’%), C03 = ~(1+ ea:g)
Again, we have to keep in mind that Mobius transformations x — pux + v and, if € = 0,
also x1 — i1 + v1 and 3 — pixs + v3 do not change C%' and C%3 up to a common

constant factor. However, the influence of these transformations on C' can be eliminated by
T3 — pxiz+vand v — pyor, if € =0, z13 — pxiz3+ v, ¥ = ppay and ¥ = pny — v+ vs.
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From A, B and C one can derive K. However, K is multi-affine and independent on
x1, 9 and x3 only if v = o+ § and 7 = 0 hold. We get

K = oz — x93)(z12 — 213) — Bz — 212) (213 — ®23) + €afB(a + )
with the biquadratic
K22 = af((z19 — x93)* + e(a + B)?).

In the same way as for C, we get, up to Mdébius transformation in x93,

C = (xg — w123) (212 — 223) — Y2(1 + €x12223) + Y2 (22 — 2123)

with the biquadratic

612,23 _ _((-7512 — Xo3 + ,—}/2)2 + 6’7%).

Due to Theorem 3.3 we have 75 = a 4+ 3 and 4, = 0. A, B and K can now easily derived
from the other equations. After transformations o — o — (8 and 3 +— (3 —~ we get the above
system.

Now, we consider the systems characterized by (ex + 1,1,1,ex12 + 1). In this case we
do not suppose the tetrahedron property. We will show, that it follows from the above
assumptions. Due to Sec. 2 we have

B = (z — x93) (w2 — 3) — (B — ) (z + 22 + 23 + 223) — 5° + 77

—e(B—7) 222+ B+7) (223 + B+7) — (B —7)°

up to Mobius transformations in z, xs, x3 and x93. We have the following biquadratics

BY? =2(8 —7)(z + x2 4 B+ 2¢(x2 + B)),
33 = 2(8 —)(ws + w23 + B+ 2e(x3 + 5)°),
—2(8 —7)(z + 23 + 7 + 2e(z3 + 7)),

32 %= —2(8 — ) (w2 + a3 + 7 + 2e(z2 +7)°).

Due to Theorem 3.2 the biquadratics A%? and B%? coincide up to a constant factor. There-
fore, we have, up to Mobius transformations in x; and x19,

A= (2 - )@ —22) — (@ = B)(@ + 21+ 22+ 212) — 0 + 5
—e(a—B)(2x1 + B+ )22z + B+ a) — e(a — )’
with biquadratics
A =2(a — B)(z + 21 + o + 2¢(z1 + a)?),
A2 = 9(o — B) (20 4 212 + o + 2e(w2 + )?),
A% = 2(a — B)(x + x2 + B+ 2¢(x2 + B)?),
AV = _9(a — B) (@1 + z19 + B + 2¢(x1 + B)?).
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Furthermore, the biquadratics A%' and C%! as well as B%? and C%3 coincide up to a
constant factor, and therefore, we have, up to Mobius transformation in x13,

C=(x—x3)(xzs — 1) — (v — @)(x + x1 + 23+ 213) — 72 4+ a?
—e(y—a)(2z1 +7+ ) (2x3 + 7 +a) —e(y — a)?

with biquadratics

OO = —2(y — a)(x + 21 + a + 2¢(z1 + a)?),
C313 = —2(y — a)(x3 + 213 + a + 2e(x3 + a)?),

C% =2(y — a)(z + 23 + 7 + 2e(23 +7)?),
Ch13 = 2(y — o) (21 + 213 + 7 + 2e(z1 +7)?).

Moreover, the biquadratics A%'? and C?'? as well as B*>?? and C?*%? coincide up to a
constant factor. Therefore, we have, up to Mobius transformation in x93,

C = (z2 — w123) (223 — T12) — (7 — @) (@2 + T12 + T2 + T123) — 7° + &
—e(y —a)(2m2 + 7+ @) (20123 + 7 + ) — e(y — )

with biquadratics

C?12 = _2(y — a) (@ + 212 + a + 2e(z5 + a)?),
23,123 _ —2(y — @) (w23 + @123 + @ + 2€(T123 + )?),

C?% = 2(y — a)(xg + x93 + 7 + 2e(x3 +7)?),
C12123 = 9(y — a) (w12 + w123 + 7 + 2e(z123 +7)?).

In addition, the biquadratics A313 and C313, 4323 and B3?3 as well as A%2>123 and C?3:123
coincide up to a constant factor and therefore, we have

A = (23 — 2123) (213 — 223) — (o — B) (w3 + 213 + T3 + T123) — o + 32
—e(la—F)2x3+ 0+ a)(2r123 + B+ ) — e(ar — 6)3

with biquadratics

A3 = 9(a —
AP _ oo —

B) (23 + w13 + o + 2¢(x3 + )?),

B) (w23 + T123 + 0 + 2¢(w123 + @)?),
A3 = _9(a — B)(m3 + 223 + B + 2e(z5 + B)2),

ABIB = _9(q — B)(213 + m123 + B+ 2¢(w123 + B)?).

Nevertheless, A2 and B%12, BL13 and OL13, A13123 and B'3123 as well as B'*!23 and

C12123 coincide up to a constant factor. Therefore, we have

B = (z1 — 2123) (w12 — 213) — (B8 = 7)(#1 + 212 + 213 + T123) — 57 + 7
—e(B—7)(2z1 + B+ 7)(2r193 + B+7) — (B —7)°
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with biquadratics

1 + x12 + 0 + 2€(1 + 5)2)7
213 + T123 + B+ 2e(x123 + 5)°),

V(@1 + 213 + v + 2e(21 +7)?),
Y) (@12 + T123 + 7 + 2€(x123 + W)Q)-

BY? =2(6 )
313,123 — Q(ﬁ o ,Y)
Bl,l?’ — 2 ﬁ
Bl2.123 _ 3

—_~

_ ( _
—2(8 —
Now, one can easily compute K and K from the above equations. Therefore, the tetrahedron
property holds for this system.

The next case will consider on systems characterized by (22, z%, 23,23,) where all
biquadratics on edges have four factors of degeneracy. In this case we suppose the tetrahe-

dron property. Due to Sec. 2
B = B(xxg + x3793) — (223 + T2293)
up to Mobius transformations in x, xa, x3 and x93. We have the following biquadratics:
B%2 = (8% —1)zxy, B = (5% —1)zxs, B?»® = (6% —1)zamws.

The biquadratics A%2 and B%2 coincide up to a constant factor because of the tetrahedron
property. Therefore, up to Mobius transformations in z; and x12 we have

A= a(l‘l‘l + xzxu) — (xxg + l‘lxu)
with biquadratics
A% = —(a® — Dz, A% = (a? — Dz, A2 = —(a? —1)zoz1a.

We have to keep in mind that Mobius transformations z — 2! and xo +— Ty 1 do not
change A%2 up to a constant factor. However, the influence of these transformations on A
can be eliminated by z; — a:l_l and a:l_Ql. Furthermore, the biquadratics A% and C%! as
well as B%? and C%2 coincide up to a constant factor and, moreover, we have

AOLB020.3 | 02503501 _
Therefore, up to Mébius transformation in x13 we have
C = vy(zzs + z1713) — (221 + T3713)
with biquadratics

Col = —(42 = Dazz, C% = (% —-1)zzs.

L as well as simultane-

Again, we have to keep in mind that Mobius transformations x — x~
ously z1 — a:lil ans rs +— :c3ﬂ do not change C%! and C%2 up to a common constant factor.
However, the influence of these transformations on C' can be eliminated by 213 + @73 as

well as v — yF1.
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From A, B and C one can derive K. However, K is multi-affine and independent on
x1, To and g only if v = 1/(af) hold. We get

K = ﬂ(OzQ — 1)($.I12 -+ 1’13.I23) -+ 05(,82 — 1)(1’$23 + xlgxlg) — (042[32 — 1)(:U.I13 + 1’12.%23)
with the biquadratic
K12’23 = (a2 — 1)(,82 — 1)(0451:12 — .Igg)(l’lg — aﬂxgg).

In the same way as for C', we get, up to Mobius transformation in x93,

C = ya(xoxes + x127123) — (T2T12 + T23%123)

with the biquadratic

C12% = —(yom12 — m23) (212 — Y2223).
Due Theorem 3.3 we have 75 = af8. A, B and K can now easily derived from the other
equations. After transformations a — «/f and 8 — (/7 we get the above system with
6=€e=0.

Our last case will consider systems characterized by (x? + d¢, 2%, 22, 23, + d¢) where all
biquadratics have at most two factors of degeneracy. In this case we will also not suppose
the tetrahedron property because it follows from the above assumptions. Due to Sec. 2

B = f(zwy + x3%23) — Y(xa3 + T2w23) + (6° —77) <5 + 61;;63)

up to Mobius transformations in z, xo, 3 and xo3 with § # 0 or € # 0. We have the
following biquadratics:

2 2
B"? = —(5* =% <:c:c2 +03+ %) B = (52 —4?) <:c:c3 + 67 + %)

2 2
B*? = — (52 = 4% <563SC23 + 03+ %); B** = (8% — ) <562SC23 + 07 + eicy_2>

Due to Theorem 3.2 the biquadratics A%? and B%? coincide up to a constant factor. There-
fore, we have, up to Mobius transformations in x1 and x2,

A = a(zzy + 29112) — B(2T2 + T1212) + (0 — 57) <5 " 63;1;2)

with biquadratics
2 2
A% = —(a? - 3%) <l‘l‘1 +do + %), A% = (a? - 3?) <xx2 +8 + ﬂ),

B
212 _ (2 ;2 ﬁ 1,12 _ (.2 2 ﬁ
A5 = —(a” = %) | m2w12 + 0 + o) AV = (o = B7) | ;z12 + 08 + 5 )

Furthermore, the biquadratics A%' and C%! as well as B%? and C%3 coincide up to a
constant factor, and therefore, we have, up to Mobius transformation in x13,

ET1T
C = y(wzs + 21213) — alwzy + w3013) + (1 — o) (5 + alfyg>
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with biquadratics
2
Co = —(a? — 4% <xx1 + da + 6x1>, 0% = (a® — %) <l‘1‘3 + 0y + GU—S),
~
3,13 2 2 exg 1,13 2 ex%
C> = —(a* —v%) | z3x13 + da + o) CH? = (a® — ) [ mz13 + 0y + —2 N

Moreover, the biquadratics A%'? and C*'? as well as B>?3 and C?*%? coincide up to a
constant factor. Therefore, we have, up to Mobius transformation in x93,

= €X2T123
C = y(zaxo3 + T127123) — (T2z12 + T237123) + (72 — A?) <5 + TV)

with biquadratics

~2,12 2 2 ex%

C* = —(a® —v°) | zax12 + da + 5
~23,123 2 2 637%23
C*%° = —(a® — %) | wogx123 + da + 5 ,

2
_ €x
C*23 — (a2 — %) (xga:gg + 0y + V2>
12,123 65‘3%23
C (a —y ) T19T193 + 0y + —= 5

In addition, the biquadratics A% and C313, 4323 and B>?3 as well as A?>123 and 0?3123
coincide up to a constant factor and therefore, we have

A = a(z3r13 + v237123) — (w3723 + 2137123) + (o — 57) (5 +

ex3x123>

of
with biquadratics

- €x

A3 = —(042 — ﬂz) (1‘3:1013 + da + a3>,
723,123 2 2 6fL’%z?,
A= = —(a -0 ) T93%123 + 0o + —a ,

2
A3 = (a2 — [3 ) <x3x23 + 006 + 6;3)

2
413,123 (a2 o 52) <x131’123 168+ 6456123) .

Nevertheless, A¥'?2 and B2, B3 and 113, A13123 and B'3123 a5 well as B'>!23 and

C12123 coincide up to a constant factor. Therefore, we have

- €T1T123
B = B(z1712 + 2137123) — Y(21213 + T127123) + (6% — 77) (5 + ;V )
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with biquadratics

2
B2 — —(ﬂZ — 72) <LU1£U12 + 60 + %),
2
BB — (52 _ 42 <:c13x123 T 6x5123>’

51,13 2 2 61’%
B =(6"—77) 5011’13+5V+7 5

2
— €T
3127123 — (/82 o ,}/2) (LU]_QLU]_Q?, + 5’}/ + /;23)'

Now, one can easily compute K and K from the above equations. Therefore, the tetrahedron
property holds for this system. ]

Remark 3.1. Equivalent systems appeared in [4, 7] without classification results for such
Systems.

3.2. Two equations of type Q and four equations of type H*

In this section we consider systems (3.1) with

e B and B of type Q,
e A, A, C and C of type H* and
e the non-degenerate biquadratics of A, C and C on edges neighboring B or B.

Below is the list of all 3D consistent systems modulo (M6b)® with these properties. It turns
out that their tetrahedron property follows from the above assumptions.

Theorem 3.6. Every 3D consistent system (3.1) satisfying the properties of this section is
equivalent modulo (MSb)® to one of the following three systems. They are written in terms
of the two polynomials A(x,x1, e, 12;, 3) and B(x,xo,x3,T23;€) as

= A(xs, 13, T23, T123; @, ), = DB(x1, 212,713, 7123;0),

A B
C:A(LU,LU1,2U3,LU13;0(,’)/), C :A($2,$12,$23,$123;0{,’}/), (37)
K

= Az, 212, w23, 13; 8,7), K = A(w2, 31,23, 71235 8,7).
The polynomials A and K can be characterized by the quadruples of discriminants of A:

e (€6,0,¢,0):

A= (r—x9)(x1 —x12) — (0 — B)(1 + ex1212),
B = (8 —7)(x —x2)(r3 — 23) — (o — B)(x — 223)(w2 — x3) (3.8)
—e(la=pB)(B —7)(a—7)
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o (ex+1,1,exg+1,1):

A= (z—x9)(x1 —212) — (= B)(x + 1 + 22 + 212)
—a? + 7 —e(a = B) (221 + o+ B) (2212 + a + B) — e(a — B)?,

B = (8 —7)(@ —x2)(x3 — w23) — (o — B) (@ — a3) (w2 — w3) (3.9)
+(a=B)(B = (a—7) —2¢(a—B)(B—7)(a—y)(x+ 22 + 23 + 223)
—4e*(a = B)(B =)@ =7)((a=B)* + (a = B)(B =) + (B -))

o (22 + Se,23, 2% + be,23,):

(z21 + @2212) — Bz212 + 2122) + (02 — ) (5 " %)

A=«
B =~y(a? — 3?)(zx9 + w3793) — B(a? — 7?) (223 + 22793) (3.10)
de(a® — B%)(a® =) (B> =)

+ Oé(ﬁQ — 72)(;10;1023 + xox3) + by

Proof. Due to Theorem 3.1 all systems we have to consider possess the tetrahedron prop-
erty. Therefore, using Theorem 3.3 we get our systems by the flips 22 <+ z12 and x3 < x13
in the systems of Theorem 3.5. O

Remark 3.2. Equivalent systems appeared in [5-7] without classification results for such
Systems.

3.3. Sixz equations of type H*, second case
In this section we consider systems (3.1) with
o A A, ..., C of type H,

e the non-degenerate biquadratics of A and A on diagonals of faces and
e the non-degenerate biquadratics of B, B,C and C on edges not neighboring A and A.

Below is the list of all 3D consistent systems modulo (Mob)® with these properties. It turns
out that their tetrahedron property follows from the above assumptions.

Theorem 3.7. FEvery 3D consistent system (3.1) satisfying the properties of this section is
equivalent modulo (Méb)® to one of the following three systems. They are written in terms
of three polynomials A(x,x1,22,212), B(x,x9,x3,x03; ) and K(x,x12,213,223) as

A = A3, 13, 723, T123), B = B(w19, 21,2123, 713; 8), C = B(ﬂfaﬂ?l,ﬂ?s,xls;a),(?) 1)
C = B(x12, %2, 7123, ¥23; 0), K = K(x3, 123,21, %2).

The polynomials A, B and K can be characterized by the quadruples of discriminants of A:
e (€,0,0,€):

A= (z—mz12)(21 — 22) — (@ — B)(1 + ex122),
B = (x — x3) (12 — wa23) + v(1 + €xomwas), (3.12)
K —

(x — z12) (213 — 23) — (@ — B)(1 + ex13223)
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o (ex+1,1,1,exyo +1):

A= (x—xz2)(x1 — 22) — (0 — B) (2 + 21 + T2 + T12) — a® + 2
—e(a—B)2z1 +a+B)2z2 +a+ B) —ela - p)?,

B = (z — x3) (w2 — 23) + y(x + 22 + 23 4 m23) + 7 + 207
+ey(2z2 + 28 + ) (2m23 + 28 +7) + 7€,

K = (x — x12)(213 — 223) — (o — ) (x + 212 + 213 + T23) — &
—2y(a = f) — e(la = B)(2x13 +  + B+ 27) (2223 + a + B+ 27) — e(a = §)?

(3.13)

o (22 + de, 23,23, 2%, + Je):

A = a(zr + 22212) — B(2T2 + T1712) + (a2 _ ﬂ2) (5 + 6»”6‘1302>7

ap
B = w29 + 13793 — y(2T23 + 1073) — (72 — 1) <5ﬂ + %), (3.14)
€EL13T
K = Oz(l’xlg + LU12£U23) — ,8(1’1’23 -+ l’lgxlg) + (042 — [32) <5"}/ + %/}/23) .

Remark 3.3. These systems did not appear in the literature before.

3.4. Four equations of type H* and two equations of type HP®, first case

Theorem 3.8. No 3D consistent system (3.1) exists with the tetrahedron property and with
e A and A of type H®,

e B, B, C and C of type H*,

e the non-degenerate biquadratics of B, B, C and C on diagonals.

3.5. Four equations of type H* and two equations of type H®, second case

In this section we consider systems (3.1) with

e A and A of type HS,
e B, B, C and C of type H* and
e the non-degenerate biquadratics of B, B, C' and C on edges not neighboring A and A.

Below is the list of all 3D consistent systems modulo (M&b)® with these properties and with
the tetrahedron property. It turns out that in the last case the tetrahedron property follows
from the above assumptions.

Theorem 3.9. FEvery 3D consistent system (3.1) satisfying the properties of this section
and possessing the tetrahedron property is equivalent modulo (Mdb)® to one of the following
four systems which can be characterized by the quadruples of discriminants of A:

e (0,0,0,0):

A(x,ivl,l’g,l’lg) =x+ T -+ €T9 + T12, (315)
B(z, 2,73, v23;0) = (x — x3) (72 — T23) + 0,
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A = A(z3, 13,723, T123), B = B(x1, 212, %13, T123; @),
C = B(z, 21,23, 713, —), C = B(x2, %12, T3, T123; —), (3.16)
K = A(.’L’,x12,l’13,x23), K = A(l‘l,l’Q,.’Eg,.’L’ng).

e (1,1,0,0109):

B(z, o, x3,223;02) = (x — x3) (22 — x23) + d10(x2 + 23)
+ 520((% + LU3) + 5152042,

B(z1,x12, 213, 2123;61) = (21 — 13) (212 — 2123) + 2(01 — 1)

(3.17)
+ (51(52 + 61 — 52)04(2U12 -+ 37123) + 20100192123,
K(z, 213,203, x12;0) = & + 213 + (61 — 1)x23 + 1
+ 3712(5237 + 61293 + 51(5204),
A = K(z,21,22,212;0), A = K(z3,13, T23, T123),
C = B(J}, T1,X3,T13; (51 =+ 52 — 5152), é = B(.%’g, T12,223,2123; 0), (3.18)
K = K(x3,21, %9, T123; Q).
Remark 3.4. If §; = 09 = 0, A is reducible.
o (anx%’x%2>x%):
— There are two non-equivalent systems with this quadruple of determinants:
Az, 1,29, T12;01,02) = TT12 + 172 + 0121212 + d2X2T19, (3.19)
B(z, 9, 3, T23; ) = T23 + Tox3 — a(xT9 + T3T23) — d2(a? — 1)m2ws, '
A = A(x3, 713, 23, T123; 61, 62), B = B(x1, 712, 713, T123; @),
C = B(w, 21,23, 113,07 1), C = B(x2, 12, T23, T123; 07 1), (3.20)
K = A(z, 213, 793, T12; 61071, 00ar), K = A(w3, 71, 02, T123; 6107 L, S200)
— and
Az, 11,29, 712;01) = T + X1212 + 12172 + d2x2x12, (3.21)
B(x, 2,23, T3, 6102) = 223 + Tox3 — (T2 + T3T23) + 6102(a® — 1) 9703, .
A = A(xs, 113,723, 7123;01), B = B(2123, 713, 712, 71;0),
C = B(z,x1,23,713;—61),  C = B(w123, T23, T12, T2; —61), (3.22)
K = A(z, 213,793, 112; 6100), K = A(x3, 21,22, 7123; 0100).

Remark 3.5. These systems did not appear in the literature before. Special cases of equa-
tions A = 0 in the last two systems are equivalent modulo (M&b)* to the equations whose
integrability was shown in [8, 10] and the “new” integrable equation from [9].
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3.6. Two equations of type H* and four equations of type HY
In this section we consider systems (3.1) with
e A, A, C and C of type HS,

e B and B of type H* and
e the non-degenerate biquadratics of B and B on diagonals.

Below is the list of all 3D consistent systems modulo (M&b)® with these properties and with
the tetrahedron property.

Theorem 3.10. Every 3D consistent system (3.1) satisfying the properties of this section
is equivalent modulo (Mdb)® to one of the following siz systems which can be characterized
by the quadruples of discriminants of A:

e (0,0,0,0):

Az, 21,22, 212) = 2 + 21 + T2 + 212, (3.23)
B(z, 2, x3,x23; ) = (x — w23) (22 — 23) + v, '

= B(x1, 12, 713, T123; v),

(22,212, 23, T123), (3.24)

= B(x1,x2, %3, T123; —).

A(xs, x13, T23, T123),

A=
C = Az, x1,23,213),
K =

QW
Il
o

B(x,x12, 213, T23; —),

e (1,1,0,0109):

— There are two non-equivalent systems with this quadruple of determinants:

B(z,x9, 3, 123;02) = (x — x93)(x2 — x3) + 0122 + x3) + decx(w + wa3)
+ 818202,
B(x1, 212, 213, T123; 61) = (21 — 2123) (212 — 213) + 2(01 — 1)ev (3.25)
+ (0162 + 01 — d2) (21 + 2123) + 2010200012123,

C(x,z1,x3,213; ) = x + x13 + (01 — 1)23 + d10 + 21 (022 + S123 + d1200),

A =C(z,21,22,212;0), A = C(wa3, 123, ¥3, 7133 0),

C = Cl(za3, 7123, T2, T12; ), K = B(x, x12, 213, T23; 61 + 02 — 6102), (3.26)
K = B(x1, 22, x3,2123;0)

— and
C(x,x1,23,213;0) = ¢ + 23 + (01 — )a13 + S + 21 (622 + d1213 + d16200),

K(x,x12, 213, 223;02) = (x — x23)(z12 — 213) + d1a(x12 + 213)
+ (520((.7} + .7}23) -+ 51520&2, (3.27)

K(z1, 29,23, 2123;01) = (1 — z123) (22 — 23) + 2(61 — 1)
+ (0102 + 61 — 02)a(z1 + x123) + 20102001123,
C(z, 1, 22,212;0), A = C(xa3, 7193, T3, 713; 0),
K(x, 29,13, 793301 + 62 — 8102), B = K(z1,712,713,7123;0),  (3.28)

= C(w23, 123, 2, T12; ).

A
B
C
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Remark 3.6. If §; = d» = 0, A is reducible.
2,2 .2 2.
o (2%, 7,21, 23):
— There are three non-equivalent systems with this quadruple of determinants:

A(x, 21,29, x12;01,02) = xX1 + Tox12 + 0121212 + d2x1 22, (3.20)
B(x,z9, 13, x23; ) = x5 + Toweg — a(xxo + x3T23) — 52(a2 — 1D)xozs, '

A = A(wo3, 2123, 23,713;01,02), B = B(r12, 71,7123, 713; @),
o1 ~_ s
C=A(r,z1,23,213; 010, 620r), C = A(x23, 7123, T2, T12; 010 ", 620x),  (3.30)
_ o1 - o1
K = B(x,x12, %13, T23; " ), K = B(x2, 21,123, 23,7 ),
— moreover,

Az, x1, 9, 12;01) = xx2 + 1212 + 0122212 + 22122,

3.31
B(x,z9,13,293;0102) = xx3 + Toxo3 — a(TT2 + T3T23) + 515g(a2 — Dzoxs, ( )
A = A(z93, 7123, 3, 713;61), B = B(x1,212, 713, 7123;0),
C = A(z,z1, 23, 713; 6100), C' = A(za3, T123, T2, T12; 01 v), (3.32)
K = B(z, 112,713,723, —01), K = B(z1, 72,73, 7123;—01)
— and last but not least
A(x,x1, 29, 212;01) = TT12 + 122 + 6122212 + d2x1 212, (3.33)

B(x,z9, 3,223, —01) = xx3 + x2T23 — a(xxo + T3x23) — 01 (a2 — Dzoxs,

= A(xo3, 123, 3, 213;01),

Az, 1,73, 7135 6100),

= B(z1, 212,713, T123; —01),

= A(x23, 2123, T2, T12; 0100), (3.34)

Qo

= B(x,x12,213,223;0162), K = B(x1,22,23,2123;0).

= Qo
I

Remark 3.7. Except two special cases (see [5]) these systems did not appear in the liter-
ature before.

3.7. Six equations of type HP

In this section we consider systems (3.1) with A, A4,...,C of type HS. Below is the list of
all those systems possessing the tetrahedron property.

Theorem 3.11. Every 3D consistent system (3.1) satisfying the properties of this section
is equivalent modulo (M&b)® to one of the following five systems which can be characterized
by the quadruples of discriminants of A:

e (0,0,0,0):

K(x, 212,713, 223; 0, B) = (v — afB + B)x — afr1z — axy3 + Broz,  (3.35)
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A= K(z,x1,22,210;-1,1), A= K(213, 23,2123, 223, 0 — @ — 3, 1),
B = K(z, w23, 2235~ 1), B = K(213, 21, 2123, 2133 (@f — a = ) /e, 1), (3.36)
C=K(z,z1,213,23;1,=0), €= K(212, 22,223, 2123} 1, (of — = 5)/ ),
K = K(x193, 73,72, 71; @, 3).
e (0,0,1,1):

— There are two non-equivalent systems with this quadruple of determinants:

Az, 21,29, 212) = Tx1 — T9 — T12, A(T3, 213,223, T123) = (T3 + 13)T23 + X123,

(3.37)
B = A($,$23,$2,I3), B A($12,1‘13,$1,$123) C= A(—l‘,l'l,l‘g,l‘lg),
C = A2, w12, w23, —T123), K = A(—x, 223,212, 713), K = A(w2, 73,71, —T123)
(3.38)
— and
A(x,x1,29,T12) = TT1 — To — X192,
(@, 1,22, 212) 1 2 12 (3.39)

A(xs, 213, T23, T123) = (3 + T13)T123 + T3 — T3,

= A(Oé(l?]_,(]?]_Qg + 17 —T12, _xlS)a
= A(z2, 712, T3, T123), (3.40)

= A(awy, 123, T2, T3).

A(wg, x5, —293, 0 L),

A(.%’ + o, 21, =3, —1‘13),

Qo

B =
C
K = A(z12, 213, 223, " 1)
° (372717%71:%27:6%):

— There are two non-equivalent systems with this quadruple of determinants:

A(x,x1,22,212;01,02) = 2212 + 122 + 171212 + S2x2212, (3.41)
A = A(x13, 3, 7193, T23; 01, 02), B = A(x, z9,x3,223; 62, 0),
B = A(z13, %1, 7123, 125 0103, 02), C = A(z13, 23,2, 71,61, —03), (3.42)
C = A(w123, T23, T2, T12,01, —03), K = A(x13, T, x23, T12; —03, —6102),
K = A(z3, 21,7123, 2; —03,0)
— and
Az, x1,22,212;01,02) = xx1 + Zax12 + 121212 + 22122, (3.43)
A = A(m13, 23, 7193, T23; 01, 02), B = A(x, 23,22, x23; 02, 0),
B = A(213, 21, %123, ¥12; 0103, 02),  C = A(z12, 1, 23, 2; —03, —6102), (3.44)
C = A(w123, 712, T23, T2; —03,0), K = A(x13, 712, T, 223561, —03),
K A(x123,x1,x2,x3;51, _53)

Remark 3.8. All systems except for the one characterized by the quadruple (0,0,0,0) did
not appear in the literature before. The latter is equivalent to a special case of the one of
the systems from [14] (in that paper the tetrahedron property is not assumed).
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4. Embedding in the Lattice Z3

The main conceptual message of [2, 4] is that 3D consistency is synonymous with integra-
bility. In the situations considered there, where equations on opposite faces of the cube are
shifted versions of one another, it was demonstrated how to derive Backlund transformations
and zero curvature representations from a 3D consistent system.

It might be not immediately obvious whether these integrability attributes can still be
derived for our systems, where the equations on opposite faces of one elementary cube
happen to be completely different. We show now this is the case, indeed.

We start with the composing an integrable system on Z? from a non-symmetric multi-
affine polynomial @ from one of our lists. The polynomials will be assigned to the faces as
demonstrated in Fig. 2. For an equation

Q(.’E,xl,xQ,.’L’lQ) =0

we define

Q= Q(z1,7,712,72), Q:=Q(x2,712,7,21) and [Q :=Q(x12,72,71,T).

This can be interpreted as reflections at the axis implied by the notation. So, the basic
elements of our embedding are not as usual faces but quadruples of faces as marked by the
bold lines in Fig. 2 and the embedding is not one-periodic as usual but two-periodic in each
direction. In the cases considered in [11] the equation |@ is a shifted version of @ as well as
@ is a shifted version of |Q. a

~ We show now that this 2D system, with an elementary 2 x 2 building-block, is inte-
grable: One can find (properly generalized) Bécklund transformations and zero curvature
representations for these systems.

Let us start with Bécklund transformations. In the symmetric case, i.e. for systems
of the ABS-list, we have the picture like in Fig. 3(a). A Bécklund transformation can be
interpreted as one layer of the system in the three dimensional lattice. We have a solution
f: V(D) — C on a quad-graph D of

Q(f>f1>f2>f12) =0

i)
Q
)
Q

I8
L)
I8
L)

Fig. 2. Embedding in a planar lattice.
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Az

(a) Symmetric case (b) Non-symmetric case

Fig. 3. Backlund transformation.

on the ground floor, its Backlund transformation f*:V(D%) — C on a copy DT of D with
QU™ i f5) =0

on the first floor and the Backlund parameter assigned to the vertical edges. A more detailed
demonstration of this situation can be found for example in [12]. In the non-symmetric case,
i.e. for our systems, we have to consider a picture which is a little bit more extensive, as
demonstrated in Fig. 3(b). In this case a Bicklund transformation can be seen as two layers
of our lattice. We start again with a solution f : V(D) — C of

Q(f, f1, f2, f12) =0

on the ground floor and get a transformation g : V(D) — C on a copy D of D with the
equation on the opposite face of the cube

Q(9,91,92,912) =0

and a parameter \; assigned to the vertical edges. Every parameter of the system we
consider which do not appear in @ and Q can be chosen as A;. Then, starting from ¢ we
get a Backlund transformation of f called f*: V(D) — C on the second floor with

Q(f+aff_>f;>f1—5> =0

and a parameter )y assigned to the vertical edges.

Zero curvature representations can be derived for non-symmetric systems, too. We will
first consider briefly the idea how to derive zero curvature representations of the symmetric
systems. In the symmetric case we have again the picture like in Fig. 4(a). In this case
a transition matrix of a zero curvature representation of an equation on the ground floor
can be interpreted as a Mdbius transformation (in the standard matrix notation) from one
vertex of the first floor to another one connected by an edge e.g.,

f1+ :L(fafla)\>[f+]

with L a 2 x 2 transition matrix dependent on the spectral parameter A. One can derive
the Mobius transformation from the equation of the corresponding face. For informations
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fz+ f1+2 92 912
Q

Mo n M

=1
QQ\.
C

(a) Symmetric case (b) Non-symmetric case

Fig. 4. Zero curvature represenation.

in more details we again refer to [12]. In the non-symmetric case we also need just one layer
to derive a zero curvature equation (see Fig. 4(b)). Also in this case a transition matrix of
a zero curvature representation of an equation on the ground floor can be interpreted as
a Mobius transformation from one vertex of the first floor to another one conneted by an
edge in the standard matrix notation, e.g.,

g1 = L(f, f1,\)l9g]

with L a 2 x 2 transition matrix dependent on the spectral parameter \;.

5. Concluding Remarks

Due to Sec. 4, Theorems 3.5, 3.7 and 3.9 gives us a Béacklund transformation and a zero
curvature representation for every quad-equation of type H* and of type H® in every arrange-
ment of fields to the vertices of an elementary square of Z2. Therefore, they are all integrable.

Moreover, our classification includes all known 3D consistent systems except two sys-
tems mentioned in [5], the system mentioned in [8] and two systems only containing linear
equations (see [14, 7]). Of course, all these system do not possess the tetrahedron property.
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