NONLINEAR ATLANTIS
MATHEMATICAL PRESS

PHYSICS

Journal of Nonlinear Mathematical
Physics

ISSN (Online): 1776-0852 ISSN (Print): 1402-9251
Journal Home Page: https://www.atlantis-press.com/journals/jnmp

Binary Darboux Transformation for the Supersymmetric Principal
Chiral Field Model

Bushra Haider, M. Hassan

To cite this article: Bushra Haider, M. Hassan (2011) Binary Darboux Transformation for
the Supersymmetric Principal Chiral Field Model, Journal of Nonlinear Mathematical
Physics 18:4, 557-581, DOI: https://doi.org/10.1142/51402925111001738

To link to this article: https://doi.org/10.1142/51402925111001738

Published online: 04 January 2021


https://www.atlantis-press.com/journals/jnmp

ARTICLE

. ATLANTIS
\\e World Scientific PRESS
i www.worldscientific.com

Journal of Nonlinear Mathematical Physics, Vol. 18, No. 4 (2011) 557-581

© B. Haider and M. Hassan
DOI: 10.1142/S1402925111001738

BINARY DARBOUX TRANSFORMATION
FOR THE SUPERSYMMETRIC PRINCIPAL
CHIRAL FIELD MODEL

BUSHRA HAIDER* and M. HASSAN'

Department of Physics, University of the Punjab
Quaid-e-Azam Campus, Lahore-54590, Pakistan
*bushrahaider@hotmail.com
Tmhassan@physics.pu. edu.pk

Received 25 February 2011
Accepted 21 June 2011

The standard binary Darboux transformation is investigated and is used to obtain quasideterminant
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1. Introduction

The supersymmetric chiral field model is an important example of two dimensional inte-
grable classical and quantum field theory [4, 7-9, 14, 15, 20, 23, 30, 36, 39]. The model
belongs to a general class of supersymmetric sigma models with symmetric spaces as their
target manifolds. The supersymmetric chiral field model exhibits various important features
of four dimensional gauge theories and they are also useful in the sense that their exact
analysis leads to the various applications of D-brane dynamics [1-3, 12, 13, 25]. We studied
the elementary Darboux transformation of supersymmetric principal chiral field model in
two dimensions in a recent work [23] and obtained the quasideterminant multisoliton solu-
tions of the model. We also related these solutions with the solutions obtained by Mikhailov
using the dressing method [30]. We also constructed the standard binary Darboux trans-
formation of principal chiral model in two dimensions and expressed the grammian type
multisoliton solutions in terms of quasideterminants in another work [24].

In this paper we use the method employed in [24] and construct the standard binary
Darboux transformation to find the exact multisolitons of supersymmetric chiral field model
in two dimensions. The binary Darboux transformation is one of the well known techniques
used to construct grammian type multisolitons of integrable systems [31-34]. We study
standard binary Darboux transformation by introducing superfield Darboux matrix for the
supersymmetric chiral model for the direct and the adjoint spaces and then obtain superfield
binary Darboux matrix by composing the two Darboux transformations. We obtain the
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superfield multisoliton solutions using the iterated binary Darboux transformations. We
also show the relation between standard binary Darboux transformation and elementary
binary Darboux transformation. The solutions are also obtained for the component fields.
The main results of the paper are as follows: the superfield generalization of the standard
binary Darboux transformation, the construction of superfield multisolitons of grammian
type and their expression in terms of quasideterminants.

The superspace Lagrangian of the supersymmetric chiral field with target space G is
given by

Lscp = %TT(D+G_1D_G), (1.1)

and G(z,0)G™1(x,0) =1 = G~Y(x,0)G(z,0). The superspace Lagrangian LgcF is invariant
under the global transformation G, x Gg : G(a*,0%) = UG (a*, 07 Uy, where Uy, and
URr are Gr, and Gg valued Grassmann even matrix superfields, respectively. The superfield
equation of motion of the supersymmetric chiral field is the superfield conservation equation
and the superfield zero-curvature condition®

D.J_—D_J; =0, (1.2)
D_Ji+DyJ_+i{Jy,J_} =0. (1.3)
The Noether conserved superfield currents associated with Gg are Jy = —iG~'D.iG

which are Grassmann odd superfields and are Lie algebra g valued, i.e., Jy = J{T“, where
anti-hermitian generators {T%, a = 1,2,...,dimg} of the Lie algebra g obey [T%,T%] =
febere and Tr(T°T?) = 6%. For any X € g, X = X®T®. The conserved superfield current
corresponding to the G, transformation is —GJLG~! and G(2F, 6%) is the Grassmann even
superfield with values in a Lie group G and G(z,0)G~(z,0) = 1 = G~ (z,0)G(x,0). We
can expand the matrix superfield G(z*,6%) in terms of bosonic and fermionic component
fields as

G(x,0) = g(z)(1 + 101y (z) + 10 9_(2) + 1070~ F(x)), (1.4)

where 1)1 are the Majorana spinors such that £ = g~'9%g, and F(z) is the auxiliary field,
with an algebraic equation of motion.” The Majorana spinors 1+ () take values in the Lie

2In our notation the superspace is defined with coordinates (mi, Gi), where z* are the commuting light-
cone coordinates of the two dimensional Minkowski space R with metric Nu = diag(1l,—1) and o*
are anticommuting fermionic coordinates and are real Grassmann numbers. The light-cone coordinates
2* are related to the orthonormal coordinates by zt = %(t + z) with the derivatives 9+ = 0y + 9.

The N = 1 supercharges are Q+ = % + i@iaj[7 and the superspace covariant derivatives are Dy =

% — iGiai, which obey {Q+,Q+} = 120+, {D+, D1} = —i204, with all other anti-commutators van-
ishing. Under the Lorentz transformation the coordinates of superspace and their derivatives transform as

t - einxi7 O+ — eT"04, 04 — eiéneb and D+ — ejF%”Dj[7 where 7 is the rapidity of the Lorentz
boost.
b . . 0 i 0 i .

Note that our conventions are such that the y-matrices vg = (_i 6)7 "= (i 6) satisfy {vu, v} = 2nu0.
hy
b

(Majorana) and the Lorentz behavior of these Majorana spinors is ¢+ +— e¥%"1/}i.

The Dirac spinor is ¢ = ( >7 where 1+ are chiral spinors and our assumption is that 4 are real
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algebra g of G. The action of the symmetry G, x Gr on component fields is given by
g UV Wl = VolvTt wh e Upfu, (1.5)

where Uy, and Ug are the leading bosonic components of the matrix superfields Uy, and Ug,
respectively, i.e. the fermions transform under Gr or G;. The component expansion of the
superfield current Ji is

Jy =y + 0554 — %9¢{¢+,¢—} — 076~ <5i¢¢ — [, 5] — %Wiﬂ/}:p]),

where the component bosonic conserved current is ji = —(g'0+g + iy1). Substituting
these into the superspace equations of motion, collecting terms and writing hy = % <
hg = % f‘lbcwi’twi, we get the equations of motion for fermionic fields ¥4+ and bosonic fields
j+ of the supersymmetric chiral field model,

) |
Outby — Slis. y] — g lhe, ve] = 0, (L6)

O_j.+0,j_ =0. (1.7)

We use the fermion equations of motion to get the following equations

O_j+ — O04j— + [j+,j-] =1(0-hy — O1h_), (1.8)

) .
Ophs + 5 |:hiaj:F + %h:F:| =0, (1.9)
O_hy +0sh_ =0, (1.10)

The Egs. (1.7) and (1.10) show the conservation of bosonic currents j+ and hy, respectively.
The supersymmetric chiral field Egs. (1.2) and (1.3) can be written as the compatibility
condition of the following superfield Lax pair
i
1F A
where A is a real (or complex) parameter and U is an n xn matrix superfield. The component
expansion of the Lax pair (1.11) gives

DU\ = — JLU(N), (1.11)

1
1F A

L
1F A

2
OV N) = oy eV 41 (15 ) Bl (112
where U(zF, ) is the leading purely bosonic component of the superfield U (z*, 6%, \). In
this case, the compatibility condition of (1.12) gives Eqgs. (1.6) and (1.7). Therefore, the
partial differential Egs. (1.2) and (1.3) have the Lax pair (1.11), while Egs. (1.6) and (1.10)

have the Lax pair (1.12)).

2. Darboux Transformation on the Direct and Adjoint Lax Pairs

The one-fold Darboux transformation (see [5, 6, 10, 11, 26, 28, 29, 35, 38] for details) on
the matrix solution of the Lax pair (1.11) is defined by

UN) =Dz, 27, VU, (2.1)
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where D(z,t, A) is the superfield Darboux matrix given as

D(xt,z7,\) =M — Sz, z7), (2.2)
and S(z™,z7) is the n x n matrix superfield and [ is an n x n identity matrix. The superfield

Darboux matrix transforms the matrix superfield solution U in space V to a new matrix
superfield solution ¢/ in V, i.e.

D)V - V. (2.3)

JLUN), (2.4)

where Jy are the Lie algebra valued transformed superfield conserved currents that satisfy
the equation of motion (1.2) and zero-curvature condition (1.3). Note that the Lax operators
for supersymmetric chiral model are self-adjoint and under elementary Darboux transfor-
mation the transformed Lax operators are not self-adjoint. To solve this problem we use the
binary Darboux transformation which preserves the self-adjointness of the Lax operators.
We will define binary Darboux transformation in the next section. By substituting Eq. (2.1)
in Eq. (2.4), we get
j:t =Jy £iD4S,
and the matrix superfield S is subjected to satisfy the following equations:
D S(IFS)=—iJs,S].

The bosonic superfield conserved currents D4 .J4 and Ji transform as

DiJe=DiJi+0:S, J2=(IF8)J2(IFS)7},
and the conditions on S are now written as

0:S(IFS) =+D1JiS+S8DiJy —iJ2 +iIFS)J2(IFS)™ L
The matrix superfield S can be written in terms of the solutions of the linear system [23]
S =MAM, (2.5)

where M is the matrix superfield defined by

M= UAM)D), ..., U)IN) = ([O1),...,]On)), (2.6)
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each column |0;) = U (\;)|#) in M is a column superfield solution of the superfield Lax pair
(1.11) when A = \;. i.e., it satisfies
i

1F

D4]0,) = =5 J=|6), (2.7)

and i = 1,2,...,n. Assuming A = diag(\1,...,\,), the Eq. (2.7) can be written in matrix
form as

DM = —iJeM(IF AL

The Darboux transformation of the chiral model in terms of particular matrix solution M
with the particular eigenvalue matrix A is given as

U= (N - MAM MU,

- (2.8)
Jr=M(IF A)M_lJ:tM(I F A)_l./\/l_l.
The Darboux transformation on the chiral field G(z) is now defined by
G=U(0) = -8G = —(MAM™). (2.9)

The result can be generalized to obtain K-fold Darboux transformation on matrix solu-
tion Y. Note that M and U are n x n matrices (i.e. matrix superfields) and since matrix
multiplication is noncommutative in general, therefore the transformed solution U[K + 1]
can be written in terms of quasideterminant as® (for more details see [23])

MiAT - MgAg XA
UK +1] =

MK o MiAK

The multisoliton superfield solution G[K + 1] of the supersymmetric chiral model can be
readily obtained by taking A = 0 in the expression of U[K + 1] i.e.,

My Mg I

MiAy -+ MgAg O
GIK+1]= : . : . |G

MAE o Mk [O]

“The quasideterminant for an N x N matrix over a ring R is defined as
X cé-

R I o R R C 210

L

where for 1 <i, 7 < N, Tf is the row matrix obatined by removing jth entry of X from the ith row. Similarly,
cé- is the column matrix containing jth column of X without ith entry. There exist N 2 quasideterminants
denoted by [X|;; for i,j = 1,...,N. For various properties and applications of quasideterminants in the
theory of integrable systems, see e.g. [16-19, 27].
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Similarly the expression for the superfield currents Jo[K + 1] is

My My My I
Mi(IFA) Ma(IFhAy) -+ Mg(IFAk) O
Ji[K—I—l]:
MTFA)S My(TFAE o Muc (T A0S [O]
My My 7|7t
Mi(I¥A) - Mrg(IFAk) O
xJy X : . : : . (2.11)
MUIFA)S o Me (xS [O]

The K-fold Darboux transformation on the matrix superfields ¢, G and .J4 can also be
expressed in terms of superfield hermitian projectors P[K] i.e.,

K _

UK +1 =] <1 S S 2 1y gy 1]) u, (2.12)
s A — K —k+1
K - K _

LK +1 =] <I g Mkl 7 IRkl prpe gy 1]) Al (I UM ’“”79[1]), (2.13)
0 1 — Kkt = -y
K -

GlE+1=]] <I 4 BRokel T PRk prpe 1]) G, (2.14)
1 HE—k+1

where the superfield Hermitian projection in this case is

RS CANCEARI

Pk] = OHe.) k=1,2,...,K, (2.15)

i=1
with PI[K] = P[K] and P?[K] = P[K].
The equation of motion (1.2) and zero-curvature condition (1.3) can also be written as
compatibility condition of the following linear system

i
15¢

which is obtained by taking the formal adjoint of the system (1.11). Note that in Eq. (2.16)
¢ is a real (or complex) parameter and }V is an invertible n x n matrix superfield in the
space V1 = {W}. The Darboux matrix D(¢) transforms the matrix superfield solution W
in space VT to a new matrix solution W in Vi ie.,

DaW(E) = ——JIW(¢), (2.16)

DE) Vi - VT (2.17)

The one-fold Darboux transformation on the matrix solution W is defined as i.e.,

W =DEW = —(EI — HEH Y)W, (2.18)
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where = = diag(&y, ..., &y,) is the eigenvalue matrix. The matrix function H is an invertible

non-degenerate n X n matrix and is given by

H=W(E)IL),.... W(&)In) = (Ih1),- .. [hn)).

The K-fold Darboux transformation on matrix superfield solutions W, Gt and Jl can be

expressed as

H, Hre W
HiZ1 -+ HnEx W
W[K + 1] = . . . : )
K
HiEE . HEK [
Hy Hi I
HIEI s HNEK
GIK +1] = : . : IS
HiEK .. HgzE [O]
H, Hy I
Hi(I¥E51) -+ Hxk(IFEk) O
JLK +1] = : . : : x J4 x
Hi(IFE)5 -+ Hxk(I FER)E [o]
H, Hy 717t
HiIFZ1) -+ Hx( FEk)
Hi(IF=)E o Hg(IFEx)E [o]
In terms of the Hermitian projector we write the above expressions as
s v -V
WK +1] =[] <I_ Kkl K—k+1P[K_k+1]> w.
Pt § = VK—k+1
K v -V v —V
JUE +1 =] (1; Kokl — “RMIpIK — &+ 1]> JLT] <I:F l lP[l]),
0 1=V g+ P -1

K _
GT[K+1]:H<I+VK—k;—l_VK—k+1P[K_k+1]> GT,
b1 K—k+1

and the superfield hermitian projector in this case is defined as
k

e JPalk]) (R _
p[/g]_;m, k=1,2,...,K.

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)
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By making use of Egs. (1.11) and (2.16) for the column solutions |©;) and the row solu-
tions (h;| of the direct and adjoint Lax pair, respectively, it can be easily shown that the
expressions (2.15) and (2.25) are equivalent.

3. Standard Binary Darboux Transformation
To define the binary transformation we follow the approach of [31-34] and consider a space

V, which is a copy of the direct space V and the corresponding solutions are Zi\{ € V. Since
it is a copy of the direct space, therefore the linear system, equation of motion and the zero
curvature condition will have the similar form as given for the direct space. The equation
of motion (1.2) and zero-curvature condition (1.3) can also be written as the compatibility

A
condition of the following linear system for the matrix solution U

i . A

T, (3.1)

DUN) = —

We have taken the specific solutions M, H for the direct and adjoint spaces V and V1,
. A . A .
respectively. The corresponding solutions for V are M € V and W € V7. Also assuming
A -
that (M) € VT, then from Eqgs. (2.3) and (2.17), we write the transformation as

DEVTON v - v

Since W € VT, we have

A

i(M) = DT OOW. (3.2)

A

A (—
Also from DF(A)(i(M)) = 0, we obtain i(M) = M and similarly (M) = M
Therefore we get from above equation

)T

N (_
A
M = (DEDT )W) DT (3.3)

By using (2.2) and (2.5) in above equation

M= (A — MAM™HEDI) DT
= (AT = MAM w1
= M — MM~ wEDT
= MW — AW M),
= MAL (3.4)

where the algebraic potential A is defined as

A(M, W) = (WIM)(AT — A) L. (3.5)
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Note that the binary Darboux transformation is a rule to transform the solutions of the
direct and adjoint Lax equations to the new direct and adjoint solutions of the transformed
Lax equations. It has been shown in [31-34] that the binary Darboux matrix involves the
formal integration 9~! which is replaced by the potential A that plays an important role
in the construction of binary transformation. In the present case we represent the Darboux
and binary Darboux transformation in terms of matrices and by using the Lax pair, we
can replace the derivative 0 by the eigenvalue matrix A which makes the expression for
potential A explicit and is given by Eq. (3.5). Similarly for adjoint space,

N = HACDE,
we obtain
AUH) = -\ —EN"YHU). (3.6)

By writing Egs. (3.5) and (3.6) in matrix form for the solutions M and H, we get the
following condition on A,

ETAM,H) — AM, H)A = H' M, (3.7)
where A is a matrix. An entry A;; from Egs. (3.5)-(3.7) is given as
AM,H)i; = M (3.8)
& —Aj
Now we define the Darboux matrix in hat space as
D) = (M — §) = (M — /\A/tET/\A/l_l), (3.9)
where
ﬁ(A)ﬁ =U. (3.10)
We may summarize the above formulation as
D) :V =V, (3.11)
D) :V =V, (3.12)
D) : Vi - VT (3.13)

The effect of D (\) is such that it leaves the linear system (3.1) invariant. i.e.,

DU = —= ; LU, (3.14)

which implies the following transformation on the fermionic superfield currents J
~ . A
Jr=Jyr i DS (3.15)
A
and the matrix superfield § is subjected to satisfy the following equations

A A

Dig(l T8) = —i[Jg,S]. (3.16)



566 B. Haider €& M. Hassan

Also for the bosonic superfield conserved currents D, J. and JA}[, the transformation is as
follows

~ . A AL s Ay
DyJi =DiJy +048, JQi:(I:FS)Ji(I:FS)_ ,
A
with S satisfying

A A LA A . . AL s Ay
0 SUIFS) =D J S+SDLJy —iJi +i(IFS)JL(IFS) .

A

Again we make the following ansatz for the matrix superfield S

A A -1

A
S=Mz=M | (3.17)

A . .
and the Darboux transformation on the matrix superfields &/ and J4 in hat space V is

A A ATLoa
U=\ -MZM U, (3.18)
~ A AL LA LA -1
Ji=MIFT=WM JMIFEH M . (3.19)
From Eq. (3.12) we know that
A
DNU =D(MU,
which implies
! A—1
U=D (ND\U. (3.20)

A
The Eq. (3.20) relates the two solutions ¢ and Y. This transformation is known as the
standard binary Darboux transformation and we write it as B(A) = D~Y(\)D()) i.e.,

A

U =D NDNU = BOAU. (3.21)

By substituting (3.9), (2.2) in Eq. (3.21), we obtain the explicit transformation on U as

-1

A A LA
U= - MZETM )TN - MAM U,
A ATt L
= MO -ZNTM MO - MM U. (3.22)
A
By using (3.4) in Eq. (3.22), the expression of U may be simplified as

A
U

I
<
b
g
&

|
g
|

(1
=
v
g
B
S
£
-
E
S
<

M
M
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By substituting the value of A(M,H)A from (3.7), we get

U = MAM, H) T — =D AA M, H) — STAM, H) + HIMIM Y,
= (I + MAWM,H)' (AT - =Ny,
=T - MAWM,H) A H)U,
=U - MAM,H) AU, H), (3.23)

NN

where we have used Eq. (3.6) in obtaining the last step. Equation (3.23) may be written in
terms of quasideterminant as

U-— (3.24)

AM,H) AU, H) ‘

M

A
The adjoint binary transformation for WW € VT is obtained in a similar way and gives

AN
W =W — HAWM, H)DTAT M, W),
AT (M, H)  AT(M, W) ‘

H

Again from Eq. (3.22), we have

A it
r—0 = (METM )L MAM D

A~

A
G=U

9

A=0
MAM,H)TEEVTAM, H)IAMTLG.

By using Eq. (3.7) for A(M,H)A in above equation
G = MAM,H) T2V EIAM, H) - HIM)G,
= (I = MAM,H)"'2Dixha,
A(M,H) ECEDIHT

M

To find out how the conserved superfield currents J. transform under binary Darboux

G. (3.25)

transformation, we start with the Eq. (3.21)

Taking derivative on both sides

JA)
DU = DL (BANU) = DLBU + BoLU,
(3.26)

i

1F A

~ A 1
Jill = DLBU — —BJ.U.
1F A
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Now we use B(A\) = D~HA\)D(N) to find D+,
A A
DiB = (/\I — S)_ (DiSB — DiS) (327)
By substituting the expression of D1 from (3.27) in (3.26) and simplifying, we get

(M — g)jizs =17 A)(iDigB —iD1S) 4+ (M = S)J4. (3.28)

Again by using B = I + MA(M,H)"Y (A — =N ~1H', and comparing the coefficients of \°
and X in Eq. (3.28), we obtain the following equation:

N A
Ji +iDsS = Jy £iD4S, (3.29)

A A N AN
DiS(IFS) +ilJy,S] = DiSUF8) +i[Je, 8] (3.30)

By using (3.19) on left-hand side and (2.8) on the right-hand side of the above Eq. (3.29),
we get

A

U5 8) (I T8 = (I F8) Il F8)™ (3.31)

By writing J+ in terms of a primitive field F4, as J+ = .7-}.7—;1, we may write (3.31) as

~ A A
Jr=(IFS) ' UFS)IIFS8)'UFS), (3.32)
— BT (3.33)
where
~ N
Fe={IF8)(IF8)Fx, (3.34)

= (I:F/\A/IET/\A/I_I)‘l(I:FMAM_l)]:i,
= I+ MAWM,H) LI FENTHNHFL,
AM,H) FIF=H)"THt
= Wy Fi. (3.35)

Note that from Eq. (3.31), we may write
j:t = j:l:>

which is a direct consequence of Eqgs. (2.4) and (3.14). For the next iteration of binary
Darboux transformation, we take My, My to be two particular solutions of the Lax pair
(1.11) at A = Ay and A = Ay, respectively. Similarly H;, Hs are two particular solutions of
the Lax pair (2.16) at = = =; and Z = Zy. Using the notation U[1] = U, G[1] = G, Ji[1] =

A R . .
Jo, Filll = Fr and U[2] = U,G[2] = G, J+[2] = Ju, F[2] = Fy, we write two-fold binary
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Darboux transformation on U as
U3 = U[2] = M2IAM(2], H[2])) " AU[2], H[2]), (3.36)

where M[1] = My, H[1] = H1, M[2] = U[2]|4—m,, H[2] = W[2]|w—m,. Also note that by
using the definition of the potential A and Eq. (3.8), we have

AUR],WI2]) = AU, Wr) — AMy, W) A(My, Hy) T AU HY),

AM, H) AU, H,)
- vt @] (3.37)
The equation (3.37) implies that
A(M2], H[2]) = A(Ma, Ha) — A(My, Ha) A(Mi, H1) P A(Ma, Hy),
A(My,Hy)  A(Ma, Hy)
— R, AL ol (3.38)

By using Egs. (3.37) and (3.38) and the notation defined above in Eq. (3.36), we get

A(Ml, Hl) A(Mz, Hl)

M

-1

A(My, Hy) AU, Hy)

M,

AMi, Hy)  A(Ma, Hy)
A(Ma, Ha)

ups) =

A(My, Hy) AU, HY)

X

A(M1, Ha) A(M1, W)

A(M1,H1) AMao,Hy) AU, Hy)
= |A(M1, Ha) A(Ma, Ha) AU, Ho)

My Mo

where we have used the noncommutative Jacobi identity? in obtaining (3.39). The Kth
iteration of binary Darboux transformation leads to

, (3.39)

UK +1] = U[K] - M[K]AMIK], H[K]) ' AU[K], H[K]),
AMIK], HIK]) AU[K], H]K])
UK]

M[K]

dFor quasideterminants, the noncommutative Jacobi identity is given as

flig e ¢| | FllE F|™'E @
Jc@iJEl_JH Bl

For the definition and more properties of quasideterminants see e.g. [16-19, 27].
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AMqi,Hy) -+ AMpg,H1) AU, Hy)
= ’ ’ ’ ) (3.40)
AMi,Hg) -+ AWMk, Hrx) AU, Hg)
My My

Above result can be proved by induction by using the properties of quasideterminants.
The procedure is same as we did for the bosonic case. Similarly the Kth iteration of adjoint
binary Darboux transformation gives

WIK + 1] = WIK] — H[K]AM[K], H[K])"DTAMIK] WIK])),

AMIK]LHIEDT AMIK], WIK])T
AMyLH)T o AME, H)T AWM, W)
= ' ' ' . (3.41)
AMyLHE)T - AME, HE)T AMg, W)T
H,y Hy

The superfield multisoliton G[K + 1] can be obtained by putting A = 0 in the expression
for U[K + 1] (3.40) and using G = U|)—g, which on simplification gives

AMy, M) - AMg, Hy) SV
GIK +1] = : | ot |
AMi, Hk) -+ AWMk, Hik) Ei ""Hi
My My

The Kth iteration of the conserved currents is
Je[K +1] = Fo[K + 1) Fe[K + 171
where

FilK +1] = (I £ MIK|AMIK], HIK)) "N (I 5 Ef) " HIK]D FL K],

AMyHL) o AMg,H) FIFEDH]
- ' ' s | Fee (342)
My My

Similar expressions can be obtained for the Kth iteration of G and JL
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4. Binary Darboux Transformation on Component Fields

To find the binary Darboux transformation on component fields, we expand all superfields
and collect different coefficients of #’s. We first collect the results obtained in [23]. The
Darboux transformation on the component fields of the supersymmetric chiral field model
can be defined by a Darboux matrix D

D(\) = M - S, (4.1)

where D and S are the leading bosonic components of the matrix superfields D and S,
respectively. The matrix D is defined such that the solution U of the Lax pair (1.12)
transforms as

U=DWU, (4.2)
Now following the arguments of the previous section, let

M = UA)[L), ... U)IN) = (Ima), .., [mn)), (4.3)

be an invertible n x n matrix, representing the leading bosonic component of the matrix
superfield M with each column |m;) = U(\;)|é) in M representing a column solution of the
Lax pair (1.12), when A = \;. i.e.,

OxM = joM(IF A~ +iha M((IFA)™H2 (4.4)
Note that the matrix S is now written in terms of A and M as
S =MAM™'. (4.5)

Thus, we have the Darboux transformation on the component fields j+ = ji[1] and ¢4 =
i [1] given by

(s ¥x, V) = (e, P, V).

Again substituting (4.2) into the Eq. (1.12), we have

jx = jx £048, (4.6)
by =T F )Y (IF8), (4.7)
he =(IFS)he(IF9)™", (4.8)

with the conditions on S given by
0, S(I—8)=j.S—Sj. —ihy +i(I — S)h (I —S)7*, (4.9)
O_S(I+8)=—j_S+8Sj_+ih_ —i(I+S)h_(I+S)"". (4.10)

In fact j+ and h4 are the leading bosonic components of the matrix superfields DyJ and
J2, respectively. Note that ¢1 and ho transform exactly in the same manner [23]. Therefore
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once we write the expression for ¢, similar expression will hold for h. By using Eqgs. (4.9)
and (4.10) in Eq. (4.6), we get

Je=UT8)jcIFS) =T FHUI TS ir ]I TSt
= Q=[1](jx + [ihe, QL[] QL[] 7,
‘ M I M(IFA) I M I

i —i | By,
M(IFA) @ - - M @ M(IFA) @

where by analogy of superspace calculations, we write

-1

k

Q<[i] = [J( ¥ S[k]).

i=1

Since M and A are matrices, that do not commute, therefore we can write Eq. (4.2) in
terms of quasideterminants as

M T
U=\ - MAM YU =
< ) |MA

and the chiral field g is expressed as

U, (4.11)

Gg=U(0)=—-Sg=—(MAM1)g = | v g (4.12)
el
and
v =MIFAM e MIFA) MY
M I M I
" [ v M=) O] 19)

We can iterate the Darboux transformation K times and obtain the quasideterminant
multisoliton solution of the supersymmetric model. For each & = 1,2,..., K, let M} be an
invertible n x n matrix solution of the Lax pair (1.12) at A = Ay, then the Kth solution
U[K + 1] is expressed as

M, - My I
K M1A1 cee MKAK v
=[O -SK-k+1)U=]| . : .| (4.14)
k:l . R . .
MiAK o MgAE
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The multisoliton solution g[K + 1] of the supersymmetric model can be readily obtained by
taking A = 0 in the expression of VK + 1] i.e.,

glK +1] =

My My I

MiAq MygAx O
: |9 (4.15)

MlA{(' MKAg @

Similarly the K times iteration of Darboux transformation gives the following expression

of the conserved currents

My

Mi(I FAy)
Je[K +1] =

My(IF A)E

MK(I F AK)K @

O

My(IF A)E

My (I F Ay)?
Mi(IF A1)

J+ — |ih4,

Mg (I F Ag)E

Mg(I FAk)> O
Mg(I¥Ax) I

(4.16)

M,y
Mi(IFA)

My(IF A)E

M,y

Mg

0]

My I
Mg(IFAg) O

MK(I F AK)K @

For the spinor fields of the model the K-fold Darboux transformation gives

My
My (I Ay)
Yi[K +1] =

My (I F A)E

M

My (I F A1)

My(I ¥ Ap)E

My I
Mg(I¥Ak) O

MK(I + AK)K @

(4.17)

(4.18)
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Similar quasideterminant expressions can be obtained for the adjoint space. Now we consider
the linear system for the component fields in hat space

. 1 ) 1 \2. .
O LU(zF5\) = U5 N +i —— ) heU(z®: N 4.19
L0 = 106 4 (12 ) RO (4.19)
and define the Darboux matrix as
DN =M —8) =\ — METM™). (4.20)

We see that the Darboux matrix defined in Eq. (4.20) leaves the system (4.19) invariant
and we obtain

Je=jr 048, ik =T FHRIUIFS),
with
0LS(I 7 8) = +jS + Sjp — ik +i(I F )AL (I ¥ 5)~ L
The standard binary Darboux transformation for component fields is now given as
U=D"YA\)D\NU = B\)U. (4.21)

Now we find the expressions for the Kth iteration of the component fields. From Eq. (3.32)
we obtain

j+[2] = Q={jx —ilh1, Q' (I — Q£)}QL,
$2[2] = Qe+ Q7" (4.22)
hi[2] = Qehi QL

where Q4+ and Qi are defined by

Qﬂ: = (I:FS)7

. 1 (4.23)
Qe =T F5)(IF5)
In terms of quasideterminants we write the expressions (4.23) as
- A(M,H) F(IF=h)'H
Jx2] =
M
A(M,H) (IFx=hH)"1HT
X 9t —1 h?ﬁ:a
M(IFA)!
AM,H) F(IFE) | 21)
X , 4.24
M
o [AOLH) U =)'HT| |AM,H) F(IFEHTHT o)
V+2] = (ox 4.25
M M




Binary Darboux Transformation 575

The K-times iteration of standard binary Darboux transformation on ji and 1 gives

J+[K +1]
Yi[K +1]

= Q+[K](j+ — i[ni, ANQL' K],
= Q+[Kp+ QT K],
where

Qx[K] =

N

k=1

(I FSIKD) ™ (I F SIK]) - (L F S~ F S[1),

k=1 FSK) U~ FSK) I F S

The quasideterminant expression of Qi[K | is similar to that of Fp

A(My, Hy) A(Mg,Hy) FUFE

Q= A(My, Hg) A(Mg,Hg) FUFE=

M, My

Now we consider the second equation of (4.27) viz

k]))Qx[k —

1]).

[K] (see [23]) i.e.
D]

)IHT

A= E:Qi

QLK
A(M,y, Hy)

A(M,,Hg)

Mi(IF M)t
Therefore, we have

A(My, Hy)

JelK +1] = A, Hye)

M,y

X | j+ + ihi,

k—1)(IF S[k])~

Q%011 ¥ S[1)~
- =

NI -

"I — (I S[))
SIK) (I -
A(My, Hy)

A(Mg,Hg)

Mg(IFAg)™!

A(Mg, Hy)

A(Mg,Hgk)
Mg

A(My, Hy)

A(My,Hg)

My(IF Ay)~

(I F S[K)™

(I F S[K])~

FUIFE

(I F S[K])Q[k — 1)),

“HIF S[))Q[0] +

LI S[K))Qx[K — 1],
(I+=)1H]

)lHT'

[0]

(IFE

F(IFE)H]

)IHT

(4.26)

(4.27)

(4.28)
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—1
AMy, Hy) - A(My, Hy)  F(IFED)1H]
» ' ' L (4.29)
A(Mi,Hg) - A(Mg,Hx) FUFEL) Hy
M, My

Equation (4.29) gives the quasideterminant expression for the K'th iteration of conserved
component currents j4+ and ih+. The proof of the expression for ih4 is simple by induction.
Now we consider the expression (4.29). We see from (4.24) that the expression is true for
K = 1. Now we consider the case of K + 2,

where

K

72,3 (@7 k(T F ST+ 1)

JrlK +2) = Qi [K + 1] x (ji +
k=1

x(I = (IFSk+10)" (IFS[k+ 1])))@1[’6]]) x Q1K +1],

K
D Q'K F STk + 1) = (I F STk + 1) 711 F S[k + 1)) Q+[*])

K
= (QL'[k— 1T F S[K]) (I — (I F Sk~ (T F S[K])Q=[k — 1])

k=1
+ QIR F Sk + 1) — (L F S[k+ 1)) (I F Sk +1])) Q< [k,
A(My Hy) - AMg, Hy)  (IFE)7'H]
- A(My, Hg) - A(Mg,Hg) (IFS5)1H]
MiTFA) o My(IFAg)"! [0]
A(M,y, Hy) A(Mg, Hy)
C|AMy Hiy) -+ A(Mg, Hgqa)
M, M F Ak
A(M;, Hy) - A(Mg, Hy) |7
1AM, Hg) - A(Mg, Hy)
My(IF Ay~ Ml F A
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A(My,Hy) - (I+=)'H]
X —_ _
A(M,Hg) - (IFE) ' H
Ix=L ) tH!
My(IF A (I FE K-i-l) K+1
A(My, Hy) o A(Mgqr, Hy) (1 +2) ' H]
AMy, Hyp) - A(Mggr, Hiy)  (TFER ) " HE '
My(IFA)™ - Mgp(IF Agqr)™? @

The expression for Qi [K + 1] can be easily obtained by induction and the proof is similar
as we did in [23]. Hence Eq. (4.29) is true for all values of K.

5. Elementary Binary Darboux Transformation

Now we relate the standard binary Darboux transformation obtained in the previous section
to the elementary binary Darboux transformation. The elementary binary transformation is
useful in the sense that we can present the solutions in the projector form which can further
be related to the well known dressing method initially introduced by Mikhailov [30] to obtain
the superfield multisoliton solutions of the supersymmetric chiral field model. Following
discussion shows that the terms containing potential A in standard binary transformation
reduce to the projector of elementary binary transformation when written in vector form.
Let |#) be a column solution and (p| be a row solution of the direct and adjoint Lax
pairs (1.11), (2.16) with spectral parameters p and v, respectively (u # v). Through a
projection operator P, the one-fold binary Darboux transformation can be constructed to
obtain new matrix solutions 2/ and W satisfying the direct and dual Lax pairs (1.11) and
(2.16), respectively. The new solutions U and W are related to the old solutions & and W,
respectively by the following transformation:

— (71—
U ( 3 77>U,

—v
(5.1)
W = (I 73> W,
pm=_&
where the superfield projector P in this case is defined as (PT = P = P?)
16){p|
P=-—, (5.2)
(p|0)
with

(0]0) = sz ) (53)

The projector P has been expressed in terms of the solutions of Lax pairs (1.11) and (2.16).
Substituting (5.1) into the linear system (2.4), we obtain the following equations for the
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transformed conserved currents
iy =iJy £ (p— )0+ P,
and the condition on the projector is
(0 —v)DLPP F (1 Fv)DiLP = £i[P, J4].
One can easily prove the above condition by using (5.2), with
i

1Fp

D.|0) = — J£0),

i
Oxlp) = 7 JLIn),

Similar condition for the formal adjoint is obtained by using the second equation of (5.1)
in the system (2.16). The successive iterations of binary Darboux transformation produces

the transformed matrix solutions of direct and dual Lax pairs as

UK +1) = (1 - BERL T YK ppe pq)) o (1 - B2 ppg ) u
/\_VK+1 )\—1/1

K _
“11 <I Kk TRk e g 1]> u.

P A — K —kt1
m1 — HK+1 — VK+1
WIK+1|=|1- PiL)-- (I ———"FPK+1| | W
: | < p— N H) < pr+1— N | ]>

K _
_ H <I B VK—k-i-l__ VK—k—i-lP[K — k4 1]) wa
§ — VK —kt1

where

el - el 1
Pl = a1y

and |0;[i — 1]) and (p;[i — 1]|, (1 = 1,2,3,..., K) defined as

10:[i — 1]) = <1 e . 1]> (1 - upm) 10;) .

Hi — Vi—1 fi = Vi
. Wi — Vi .. Hi1 = Vi1 5.
=1 = (oal (1= B 2ppy) o (1 B Y )
(pil ]I = {pil < i — v H) ( Hi—1 — V; [ ]>

(5.7)

are the matrix-column and matrix-row solutions of direct and dual Lax pairs, with spectral

parameters pu; and v;, respectively.

To find the relation between the standard binary Darboux transformation defined in
the previous section and the elementary binary Darboux transformation, we start from the

expression of standard binary Darboux transformation given in Eq. (3.23) i.e.,

A
U=U—- MAM,H) AU, H),
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where M, H and A are the matrices. To obtain the elementary binary Darboux transfor-
mation from the above equation, we replace the matrices by vectors and get

e
= (1= 5= g v )

where we have used Eqs. (3.6) and (3.7) for the potential A and the fact that |#) and (p| are
the column and row solutions of the direct and adjoint Lax pairs with spectral parameters
w and v, respectively. Note that we have obtained Eq. (5.8) from the expression of standard
binary Darboux transformation. The right-hand side of the above equation is same as
that of Eq. (5.1) which is obtained by using elementary binary Darboux transformation.
We therefore conclude that by replacing the matrix solutions with the vector solutions
we can reduce standard binary Darboux transformation to elementary binary Darboux
transformation.

6. Conclusions

In this paper, we have composed the elementary Darboux transformations of the two
dimensional supersymmetric principal chiral field model and obtained the standard binary
Darboux transformation of the model. By iterating the standard binary Darboux transfor-
mation we have generated the superfield multisolitons of the model. We have also obtained
the quasideterminant expression for the potential A. From the expression of standard binary
Darboux transformation, the elementary binary Darboux transformation has been obtained
in terms of the particular vector solutions of the direct and adjoint linear systems.
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