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Recently we highlighted the remarkable nature of an explicitly invertible transformation, we reported
some generalizations of it and examples of its expediency in several mathematical contexts: alge-
braic and Diophantine equations, dynamical systems (with continuous and discrete time), nonlinear
PDEs, analytical geometry, functional equations. In this paper we report a significant generalization
of this approach and we again illustrate via some analogous examples its expediency to identify
problems which appear far from trivial but are in fact explicitly solvable.

Keywords: Explicitly invertible transformations; solvable algebraic equations; Diophantine equa-
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1. Introduction

This paper follows a previous article [1], in which we highlighted the remarkable nature
of a simple, explicitly invertible transformation, we reported some generalizations of it and
examples of its expediency in several mathematical contexts: algebraic and Diophantine
equations, dynamical systems (with continuous and discrete time), nonlinear PDEs, ana-
lytical geometry, functional equations. In this paper we report a significant generalization
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of this approach and we again illustrate via some analogous examples its expediency to
identify problems which appear far from trivial but are in fact explicitly solvable.

In the following Sec. 2 we tersely review the basic invertible transformation that is at
the core of our treatment and we describe the generalization of it which constitutes the
main contribution of this paper; some related developments are confined to the appendix.
In Sec. 3 we report some representative examples of applications of this approach: the topics
treated are identified by the titles of the subsections (note that, at the cost of some minor
repetitions, the presentation allows the reader only interested in one of those topics to jump
directly to the relevant subsection).

2. The Ezplicitly Invertible Transformation and Its Generalization

In this section we review tersely the original explicitly invertible transformation — without
repeating the considerations about this approach proffered in [1] — and we then report its
generalization.

The simplest avatar of the explicitly invertible transformation that provided the point
of departure of our treatment [1] consists of a change of variables, involving two arbitrary
functions Fi (w), F»(w), from two quantities u1,us to two quantities x1,zo and vice versa.
It reads as follows:

€1 ZU1+F1(U2), o :u2+F2(x1) ZUQ—I—FQ(ul—I—Fl(UQ)), (2.1&)
u9 :.%'Q—Fg(l‘l), Ul = I —Fl(UQ) =T —Fl(.%'g—Fg(l‘l)). (2.1b)

The most remarkable aspect of this transformation is its explicitly invertible character: note
that both the direct respectively the inverse changes of variables, (2.1a) respectively (2.1b),
involve only (albeit also in a nested manner) the two arbitrary functions Fj (w), Fa(w), and
not their inverses. This, for instance, implies that if the two functions Fj (w), F»(w) are both
polynomials, then (the right-hand sides of) both the direct and the inverse transformations,
(2.1a) and (2.1b), are polynomials.

The extensions of these transformations to more than two variables are rather obvious
[1]; see also below.

Remark 2.1. The transformation (2.1a) can also be characterized as resulting from the
sequential application of the following two (“lower triangular” respectively “upper triangu-
lar”), obviously invertible, “seed” transformations:

y1 =u1 + Fi(u), Y2 = uo, (2.2a)

T =11, T2=y2+ Fr(y1). (2.2b)

Since 1942 it is known that all invertible transformations of two variables to two variables
that are polynomial in both directions are in fact obtainable by iterating such seed trans-
formations [3] (terminology: they are all “tame”). Three decades later it was conjectured
that this is not the case for three variables [4] (“Nagata conjecture”: for three variables
there exist automorphisms — polynomial in both direction — that are not tame, namely
that are “wild”). And it took three more decades to validate this famous conjecture, by
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showing [6-8] that the polynomial Nagata transformation

x1 = up + (ud — ugus)us, (2.3a)

To = ug + (v — ugug)[(u? — uguz)ug + 2uy), (2.3b)

r3 = us, (2.3c)
whose inversion,

up =z — (22 — 2ow3) 13, (2.4a)

Uy = To + (2% — ox3)[(2 — 2ow3) w3 — 211], (2.4b)

usz = I3, (2.4c)

is clearly also polynomial, cannot be obtained by iterating seed transformations of the type

y1 =u1 + Fi(uy,u), Yo =us, Y3 = us, (2.5a)
2=y, 22=vy2+Fy1,y3), 23=ys, (2.5b)
Tl = 21, To = Z9, r3 = Z3 + Fg(Zl,ZQ). (2.50)

These seed transformations entail
xr1 ZU1+F1(U2,U3), X9 :’UQ—I—FQ(I‘l,u;;), xr3 ZU3—|—F3(.7}1,.7}2) (2.6)

(of course in the right-hand side of the second of these three equations x; should be replaced
by its expression given by the preceding formula, and likewise for 1 and 9 in the third
equation). Note the coincidence of these equations with the Equations (3.5a) of [1].

To arrive at our generalization we take as point of departure two (or more) assumedly
known invertible transformations, which we write in operatorial form as follows:

=Ty, y=T; 2z n=12,.... (2.72)

And let us assume that the direct and inverse versions, T, and T,;!, of each of these
transformations depend on an arbitrary number of parameters fj, which themselves may
be functions of another variable u (or possibly several variables u;):

T, = Tn(fnk)> frk = fnk(uj) (27b)

Hereafter we assume for simplicity that these functions fy,(u;) are one-valued functions
of their arguments.

For instance a simple example of invertible transformation (“Md&bius”), from y to z and
vice versa, reads as follows:

L Bh@)t ) ) = b
yFs() + fa(w)’ 2fa(w) = filw)

where the four a priori arbitrary functions fi(u) of the single variable u are only restricted
by the condition that the combination D(u) = fi(u) f4(u)— fa(u) f3(u) not vanish identically,

D(u) = fi(u) fa(u) — fa(u) f3(u) # 0 (2.8b)

(2.8a)
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(indeed if D(u) were to vanish identically, z = fo(u)/fa(u) = fi(uw)/fs(u) and y =
—fo(uw)/fi(u) = —fa(u)/f3(u) would both become functions of u only, related to each
other only via u, in a generally complicated manner).

Let us now consider the transformation — from two quantities uq, us to two quantities
x1,x9 — reading as follows:

z1 = T1(fix(u2)) - u1, (2.9a)
zo = To(for(z1)) - w2 = To(for(Th(f1x(uz)) - ur)) - ug, (2.9b)
which — under the above assumptions — can clearly be explicitly inverted, to read
ur =17 (fie(uz)) - 21 = T (Fir(Ry (for(21)) - 22)) - 1, (2.10a)
ug = Ty *(for(21)) - 2. (2.10b)

Remark 2.2. Note that both the direct transformation (2.9) and the inverse transforma-
tion (2.10) involve the functions f,x(w) but not their inverses.

For instance if the two transformations T,, are both of Mdbius type, see (2.8), then the
direct transformation (2.9) reads

_ uy fr1(u2) + fi2
uy f13(u2) + fia

(

(

(2.11a)

ug fo1 (1) + fa2
up fa3(x1) + faa(z1)’

_ |:u f <u1f11(u2 +f12(u2)) iy (Ulfll(u2)+f12(u2)>:|
22wy frs(ug) + fra(us) 2\ ur frs(us) + fra(uz)

uy fr1(ug) + fia2(us2) ur fi1(uz) + fra(ua)\]
'[Wf?s <U1f13(U2) + f14(U2)) i <U1f13(u2) + f14(U2))] » (211b)

and the inverse transformation (2.10) reads

21 fa(uz) — fia(

_ u2)
z1f13(u2) — fi1(ug)’

_ [—:c1f14 <_$2f24($1) - f22($1;> o (_$2f24($1) - f22($1§)]

T =

~— [ —

w2 fa3(w1) — for(z1 w2 fo3(w1) — for (w1

_  wafoa(x1) — farlx1) ) wafaul@) = farlm) ] .
[$1f13 < 2 fo3(x1) — f21(1’1)> fu < ))] - (2129)
)

z2 f23(z1) — far(z1
"y — —22fau(21) + foa(21) (2.12)
z2 f23(z1) — fa1(z1)
Note that these explicit transformations involve eight a priori arbitrary functions
fak(w),n = 1,2,k = 1,2,3,4. Hereafter we assume for simplicity that all these functions
are well defined, yielding a unique outcome for all input values of their argument w.

In the Appendix, we list other examples of elementary invertible transformations that
can serve (in alternative to the Mobius transformation (2.8)) as starting point of this
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approach, and a few representative examples of invertible transformations obtained by com-
bining such transformations. The alert reader will enjoy inventing many more.

Remark 2.3. In the treatment above we assumed the functions f,;(w) to depend on a sin-
gle argument, and the generalized transformation to relate two quantities u1, ug to two quan-
tities 1, z9 and vice versa, see (2.9) and (2.10). The extension of this treatment to explicitly
invertible transformations from N quantities u, to N quantities x,, n = 1,2,..., N, and
vice versa, with NV an arbitrary integer larger than two is rather obvious; they may involve
arbitrary functions of N — 1 arguments. If in doubt about this development, see the analo-
gous treatment in [1, Sec. 3] and see also some examples in the appendix, in particular the
last one.

3. Applications

As in our previous paper [1], in this section we outline various applications of the invertible
transformation described above. Generally we illustrate typical possibilities via quite ele-
mentary examples. The reader will have no difficulty to imagine and explore a multitude
of additional examples. And let us reiterate that the reader interested in only one of the
topics treated below can jump directly to the relevant subsection.

3.1. Algebraic and Diophantine equations

In this subsection we indicate — via a simple example — how highly nonlinear yet explic-
itly solvable algebraic equations can be manufactured using the invertible transformation
introduced in the preceding section, see (2.9) and its inverse (2.10). We moreover show how
in this manner Diophantine equations can also be identified, namely nonlinear algebraic
equations featuring integer solutions; the assessment whether these Diophantine findings
are interesting or trivial is left to the cognoscenti.

Let us take as point of departure the single linear equation in the two unknowns uy, ug
reading

ajuq + agug = b, (3.1)

where the three numbers aq,a9,b are a priori arbitrarily assigned. The general solution of
this equation clearly reads

h—
up=u, U= a1u7 (3.2a)
a2
or equivalently
h—
up = agu, Uy = u, (3.2b)
a

where u is an arbitrary number. But if one is interested in the Diophantine version of this
simple Eq. (3.1) — namely in the consideration of this equation and its solutions in the
context of integer numbers, requiring all the quantities appearing in them to be integers —
then it is necessary and sufficient for the existence of a solution that the largest common
divisor of the two integers ay,as be also a divisor of b. It is then easy to show (see, for
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instance, [5]) that there certainly exist a Diophantine solution — u; = vy, uy = v9, with vy
and vy integers — of (3.1),

a1v] + asvy = b (3.3a)
and the general Diophantine solution of (3.1) then clearly reads
Ul = v +asz, Uy = vy — a1z, (3.3b)

with z an arbitrary integer.

Let us now apply to the simple Eq. (3.1) our transformations.

The first case we consider obtains by employing the linear-linear transformation (see
the appendix) with all the functions f,x(w) also linear,

frak(w) = apgw + Bug, n=1,2, k=1,2. (3.4)

Via (the inverse version (A.7) of) this transformation Eq. (3.1) becomes (after a bit of
standard algebra, including the elimination of a common denominator)

co+ c1z1 + coxo + c;»,:c% + cyr120 + 05503 + cﬁsc:f =0, (3.5)
where
co = (bBa1 + azBa2)(1 P22 — Br1021) + a1B21 (12822 — B12521), (3.6a)
c1 = (b+ ar)(oq1092821 — 20091811821 + 11021 Ba2) + a183,
—az(a2 11021 — 2011022822 + 21511 822), (3.6b)
c2 = —ba11821 — ara12f21 + az(Br1fr — 2011 522), (3.6¢

)
cg = (bagr + agagg)(ariage — a1fi1) + aragr (12022 — az21812 + 2621),  (3.6d)
¢y = —bariag — aronzag + az(agi fi1 — 20n1092), (3.6e
5 = as11, Cg= aloz%l. (3.6f)
And, via (A.6) with (3.3b) (and of course (3.3a)), one can assert that the cubic equation (3.5)

has the explicit solution

T = (’Ug — alz) [0511(’01 -+ CLQZ) + Oé12] + (’01 -+ CLQZ)ﬁH + S, (3.7&)
xo = [(v2 — a12)agr + agl{(v2 — a12)[on1 (v1 + azz) + aqg] + (v + az2)Bi1 + Pio}

+ (v2 — a12)B21 + Bo2, (3.7b)

namely z7 (respectively, x3) is a polynomial function of z of second (respectively, third)
degree. To write this solution we employed, rather than (3.2) (solution of (3.1)), the equiv-
alent version (3.3b) (solution of (3.1) with (3.3a)), because it is more appropriate to discuss
the more interesting Diophantine case, see below. Note however that, in the general (non-
Diophantine) context of real (or, for that matter, of rational) numbers, the 12 numbers z, b
and @y, O, Bam with n=1,2,m = 1,2 appearing in (3.5) and (3.7) can all be arbitrarily
assigned, while v; and vy in (3.7) satisfy the condition (3.3a), thus only one of these two
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parameters can be arbitrarily assigned, say wvi; moreover the solution, in this general con-
text of real (or, for that matter, rational) numbers, depends in fact on only one arbitrary
parameter, say on u = v1 +asz, not separately on v; and z (see (3.2a) and (3.3b)). If instead
the parameters z, b, a,, apnm and Gy, are all restricted to be integers, and we impose v1
and v to be integers, then (3.3a) becomes a trivial linear Diophantine equation for v; and
v9, whose solution requires that the greatest common divisor of a1 and ay divides b, see
above. If such a condition is satisfied, then clearly the cubic equation (3.5) is Diophantine
as well, since the solutions (3.7) are then clearly integer numbers.

Equation (3.5) can be easily recast in the so-called Weierstrass form for an elliptic curve
over a general field [2]

T3+ G419 + Coy = T + G381 + &171 + G, (3.8)
via the rescaling
- _ 5 — 27 3.9
71 = —c5ceT1, T2 = C5C5Ta, (3.9a)
5 co N cq N Co - C3 ~ Cq
CO=—""%371 A= =353 2= 55 B=""—"35, 4= "7 (3.9b)
CeCq cEcy (oo C5CE C5C

It is then immediate to observe that, for any choice of the 12 parameters z, b, a,,, ., and
Brnm in a generic field (for instance Q), the elliptic discriminant A of (3.8), associated to
(3.5) via (3.9), vanishes,

A = —27(48) + 2)% — 8(261 + 6284)° + 9(460 + E2)(281 + G284 (465 + &)
+ (45 + &)2[(460 + B)és + 6082 — 61(81 + E2é4)] = 0. (3.10)

Hence the variety associated to the cubic curve (3.5) is singular and the cubic (3.5) is not
an elliptic curve.

Remark 3.1. This is actually a straightforward consequence of the fact that the cubic
(3.8) is obtained from a plane, as defined by (3.1). Since nonsingular elliptic curves are tori,
the impossibility to obtain such an elliptic curve by our approach is clear on topological
grounds.

Indeed the expressions of the seven parameters cj,j = 0,1,...,6, in terms of the
11 parameters b, a,, Qnm, Bnm is such, see (3.6), that the freedom to assign arbitrarily
the latter does not entail the freedom to assign arbitrarily the former; as it happens, the
seven parameters c; are constrained by one (and only one) condition. This can be seen if
one tries and expresses the 11 parameters b, a,, Qpm, Opm in terms of the seven parameters
¢;, by inverting the expressions (3.6). A convenient way to do so (out of many possible ones)
yields the following formulas:
Ce Cs

ay = -—5-, a2=

) 3.11a
o o (3.11a)

By = aj (v + ai2)cs + 0;221 (;3421112 + 2a99)c5 + ag1¢4) ’ (3.11b)
2165
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12 o1 (4eses — 2+ R
612 = - 2’}/ ’ /62,1 = ( 4 )a (311C)
a5,C5C6 12¢5¢6
Y22
= ) 3.11d
fz2 240%06 ( )
where
Y12 = (o1vice + a21a2205)2 + a1 (a11v166 + 1025 c4
+ 203, (110166 + Q102265 v2cs + Q1a12v1CE
+ Qg v3c2 + a3 vacscs + adyaiavacscs + (1/6)(2c3¢5 + 5 — R)a3,, (3.11e)
Yoo = 292 (4eses — 02)05 + (2ai99¢5 4 c4) R + 4esgeqes — ci — 12¢9c506 (3.11f)
and
R% = (¢ — 4eges)? — 24csc6(2c105 — cacy). (3.11g)

Note that all the parameters appearing in the right-hand sides of these expressions remain
free: this includes the two parameters vy, vy and the four parameters a,,, (except for the con-
ditions aq; # 0,91 # 0), as well of course as the six parameters ¢y, ca, 3, ¢4, ¢5, cg. On the
other hand the parameter ¢ is given in terms of the other six parameters ¢y, co, c3, ¢4, 5, Cg
by the following formula:

—R3 4 (¢ — 4eges)[R? + 12¢5¢6(cacy — 2¢1¢5)] + 216c3c2cl
cn =
0 864c3c2 ’

(3.12)

and by inserting these values in the solution formula (3.7) this solution takes the neat form

c R—¢}
. —c506C2 bl — 3 i 47 (3.13a)
3cg 6csce
R—¢2 c C R
243 2 4 2 ] -
) . B o <3 3.13b
To = 56607 — €46 4cs ¢ 2c5 * C4<606 " 24C§06>’ | !
where
c= 2 _lomtanv) (3.13¢)
a1 6

is an arbitrary parameter, and R is defined by (3.11g).

There are two interesting cases when the algebraic equation (3.5) with (3.6) is Dio-
phantine, namely all its coefficients are integers and it features a nontrivial class of integer
solutions.

The first case is characterized by the following assignments:

c1 = Ay, o =25, c3=0, (3.14a)
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entailing
R=2¢%, cy=cs)\2 (3.14b)
Above and below A is an arbitrary integer. Then, after conveniently setting
T =2, Ta=1Y— A\, (3.14c¢)

the algebraic equation (3.5) reads

cazy + c5y® + cx® = 0, (3.144)
which is Diophantine for any choice of ¢4, c5, cg as arbitrary integers and which features the
solution

r = —csc6C2 + el (3.14e)
y = c5c2C — cacC? = —coCa, (3.14f)

with ¢ an arbitrary integer.
The second case is characterized by the following assignments:

c1 = Acg, o =2\cs, 3= 3/1050%, ¢y = 6pescg. (3.15a)
entailing
R = 412c¢2c2 (1 — 3p%). (3.15b)

Above and below p and p (like \) are two arbitrary integers (of course pu # 0). We are then
left with two cases depending on the determination of the sign of R in (3.15b).
If the sign in front of the expression of R in (3.15b) is taken to be positive, then

co = c5[\2 — dckcd(u — 3p)?], (3.15¢)

and, after conveniently making again the simple change of variables (3.14c), the algebraic
equation (3.5) reads

6cscopry + csy” + cer® 4 escipa® — dcicg(p — 3p*)3 = 0. (3.15d)

Therefore, if p,cs, cg, b are arbitrary integers, this equation becomes Diophantine and its
solutions x,y are clearly integer numbers:

z = cse6(—C% + 6pC + p — 12p%), (3.15e)
y = c5c3[¢* — 6p¢ — 3(1 — 6p°)¢ + 6p(1 — 3p°)], (3.15f)

with ¢ an arbitrary integer.
On the other hand, if the sign in front of the expression of R in (3.15b) is taken to be
negative, then

co = 05)\2, (3.15g)
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and, after conveniently making again the simple change of variables (3.14c), the algebraic
equation (3.5) reads

6cscepry + sy’ + cex® + 305cg/w2 = 0. (3.15h)

As above, if p, cs, cg, p are arbitrary integers, this equation is Diophantine and its solutions
x,y are clearly integer numbers:

z = c5c6(—C% + 6pC — 3p), (3.151)
y = e5cg(¢® — 6p¢% + 3uC), (3.15)

with ¢ an arbitrary integer.

This ends our treatment of the algebraic equation obtained from (3.1) or (3.3a) via the
linear-linear transformation (A.7) with (3.4).

A second possibility we tersely consider employs the transformation (2.12) (instead of
(A.7)). Thereby Eq. (3.1) becomes

x2fo4(w1) — foa(w1) x2 fos(w1) — fao(1)
“ { [—x1f14 ( xo faz(w1) — f21($1)> IRk <_$2f23(»"31) - f21(f'31)>]
' _xafoa(rr) — forlz) | wafaa(wn) = faa(w) \ ]
[xlflg ( wa foz(21) — f21(l“1)> fn < w2 fo3(x1) — f21(1‘1)>} }

b [—1’2f24(501) + f22(fv1)} 0, (3.16)

w2 fo3(w1) — for(z1)

and via (2.11) with (3.3b) with (3.3a) one can assert that the (explicit!) solution of this
equation reads

(v1 + a22) fi1(v2 — a12) + fi2(ve — a12)

U7 (o1 + ap2) fis(vz — a12) + fra(va — ar2)’ (3.17a)
_ [ — ) f ((Ul + azz) f11(v2 — a12) + fia(v2 — alz))
2 1)/ (v1 + a22) fi3(v2 — a12) + fia(va — a12)
ny <(Ul + az) fi1(v2 — a12) + fia(v2 — aﬂ))}
2\ (1 + a22) f13(v2 — a12) + fra(va — a12)
(v1 + a22) fi1(v2 — a12) + fi2(ve — a12)
' [(UZ @) fa <(v1 + az) fiz(v2 — a12) + fia(va — a12)>
(v1 + a22) f11(v2 — a12) + fra(v2 — alz)ﬂ -
+ fos <(Ul + asz2) fi3(va — a12) + fia(ve — a12) ’ (3.17b)

where z is again an arbitrary number. This conclusion is of course true for any arbitrary
assignment of the eight functions f.x(y).

It is moreover plain that, if the four numbers aj, as, v, vy are rational (implying that b
is as well rational, see (3.3a)) and the eight functions f,x(y) are all rational functions with
rational coefficients, then Eq. (3.16) has an infinity of rational solutions, as given by (3.17)
with z an arbitrary rational number.
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3.2. A class of isochronous discrete-time dynamical systems

We display a class of discrete-time dynamical systems describing the nonlinear evolu-
tion of two dependent variables x1(¢), xz2(¢), functions of the integer independent variable
¢ =0,1,2,... (the “discrete-time”), which are explicitly solvable and have moreover the
remarkable property that — if and only if the arbitrary real constant A (featured by this
class of systems, see below) is a rational number,

A=7 (3.18)

with L and M two arbitrary co-prime integers (hereafter M # 0 and L > 0) — they are
isochronous: all their solutions are then periodic with the fized period L,

(0 +L)=x,00), n=12. (3.19)

As it shall be clear, see below, this class of systems is merely one out of a quite large
family of such systems that can be manufactured by extensions of the technique described
above: for instance, via sequential applications of the invertible transformations described
above. Such systems can involve just two variables, as that exhibited below, or a larger
number.

The system we now exhibit obtains by applying the transformation (2.12) and its inverse
(2.11) to the trivial discrete-time linear dynamical system

U1 = cup — Sug, U = Suj + cus. (3.20a)

Here and below a4, (¢) = u, (¢ + 1) (and likewise Z,,(¢) = z,(¢ + 1), see below) and

2 2
c= cos(%) , §= sin(%), (3.20b)

entailing that the solution of the initial-value problem of (3.20a) reads
2ml 2ml
up(f) = cos(%) u1(0) — sin(%) u2(0), (3.21a)

2m/ 27/
ug(0) = sin<%) u1(0) + cos<%> u2(0). (3.21b)
Hence clearly this system is isochronous,
un(0+ L) =un(l), n=12, (3.22)

if and only if the parameter \ is rational, see (3.18).
It is then a matter of trivial algebra to obtain the corresponding system for the variables
x1(L), x2(¥) related to uy (), us(f) via (2.12) and its inverse (2.11). It reads

T = [(cur — sug) fi1(su1 + cug) + fia(su + cug)]
[(cuy — sug) fi3(suy + cug) + fra(sur + cuz)] ™t (3.23a)
By = [(cur — sug) f11(Z1) + fr2(E1)] - [(cur — su2) fis(#1) + fra(21)] 7" (3.23b)
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In these two equations u; = wuj(f),us = wuz(f) should be expressed in terms of z; =
x1(£),x2(f) = x2(£) by (2.12), and then, in the second of these two equations, Z; should
be replaced by its expression provided by the first. Thereby one obtains the equations of
(discrete) motion of the new dynamical system: two (quite explicit if complicated) equations
expressing 71 and Zs in terms of 21 and x5, via formulas involving (in a nested manner) the
eight arbitrary functions f,r(w),n = 1,2,k = 1,2,3,4, appearing in (2.12) and its inverse
(2.11). And the, also quite explicit, solution of the initial-value problem for this discrete-
time dynamical system is provided by the formulas (2.11) with u; = u3(¢), us = us(¥) given
by (3.21) where u1(0), u2(0) are given in terms of the arbitrary initial data z1(0), z2(0) by
(2.12). It is of course plain that this explicit solution entails the isochrony property (3.19)
whenever the real constant A is rational, see (3.18).

It is also plain, see (3.21), that the original (discrete-time) dynamical system (3.20a)
yields, as solutions of its initial-value problem, points u; = uq(€),us = ug(¥) lying, in the
uius-plane, on the circle identified by the equation

w3 () + u3(l) = u2(0) + u3(0). (3.24)
Hence, see (2.12), the points in the x1x9-plane corresponding to the solutions of the initial-
value problem of the new discrete-time dynamical system (3.23) lie on the curve character-
ized by the equation

K(0) = K(0) (3.25a)

with

K(f) = [x1f14 (—Zﬁigi; - }2?&3) ~ <_fc2f24(:c1) - ,}”22(:61)”2

_ [l’lfl < 2 foa(21) f222$1)) s <_$2f24(1’1) - f22(1’1)>}_2

z2 foz(x1) — fo1(z1)

N [fczf2 a(21) — fzz(fvl)r’

w2 fo3(z1) — for(z1)

where of course 1 = x1({), zo = x2({).

Let us finally emphasize that this class of discrete-time dynamical systems (3.23) is large
since it involves eight arbitrary functions; the explicit display of examples corresponding
to specific assignments of these eight functions are left to the whim of the alert reader.
A number of such examples for the special case with fi3(w) = foz(w) = 0 and f11(w) =
f1a(w) = for1(w) = fog(w) = 1 are provided in [1, Sec. 4.4].

3.3. Solvable systems of autonomous nonlinear partial
differential equations

This subsection is analogous to [1, Sec. 4.5]. The presentation is therefore quite terse,
although it reports an example somewhat more general than that presented there.
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Indeed, as in [1, Sec. 4.5], we take as point of departure the trivial system of two linear
PDEs

O1t = P22, P2t = Pla, (3.26)

where the two functions ¢, = ¢,(z,t) depend on the two variables x and t¢. Here and
below subscripted variables indicate partial differentiation with respect to them, ¢, ¢(x,t) =
Opn(x,t)/0t, pnz(x,t) = Opn(x,t)/0x. Clearly this system of two linear PDEs has the
following general solution:

p1(x,t) = Oy (x,t) = P1(z + t) + Po(x — 1), (3.27a)
po(x,t) = D_(x,t) = P1(z +t) — Po(x — 1), (3.27b)

where ®1(2) and ®9(z) are two arbitrary functions of the single variable z.

If we now apply the transformation (2.12) and its inverse (2.11) — with the two quan-
tities uy, ug replaced by the two functions o1 (z,t), p2(x,t) and, likewise, the two quantities
x1,x9 replaced by two functions ¢y (z,t), Y9 (x,t) — we find that the system of two linear
PDEs (3.26) becomes a, generally quite nonlinear, system of two first-order PDEs for the
two functions 1 (x,t), 12 (x,t). And it is plain that this system features, as general solution,
the explicit expressions (2.11) with the two quantities x1, 22 in the left-hand side replaced
by the two functions 1 (z,t),1¥2(z,t) and the two quantities uj,us in the right-hand side
replaced by the two functions 1 (z,t), p2(z,t) given, in terms of the two arbitrary functions
®;(z) and Pa(z), by the simple formulas (3.27).

We leave the explicit display of this system as a task for the diligent reader: a trivial
exercise, but yielding quite cumbersome formulas featuring the eight arbitrary functions
far(w),n = 1,2,k = 1,2,3,4. We instead limit our presentation here to displaying the
specific example corresponding to the following assignment:

¢y + cies +w(es + creq)

fii(w) = fua(w) = R : (3.28a)
Cy — C
53—
fraw) = fra(w) = 2B Twer) (3.28)
3= ¢
Jor(w) = fa(w) = caw,  faa(w) = faz(w) = caw, (3.28¢)

with ¢1, 2, c3 and ¢4 arbitrary constants (of course with ¢3 # ¢3). Then the two functions
1(x,t) and o (x,t) satisfy the following system of two coupled nonlinear PDEs:

1= %[awm + (8% — a®)ha4), (3.29a)
Yot = %(%,m — ), (3.29b)

where
a= el — 97) (3.29¢)

(c1 +c2+1)(c1 —ca + o)’

(3 — c3)(c1 + catpr + o)
(c1 4 c2 +1¥2)(c1 — o + 2)(c3 — cathe)?’

8= (3.29d)
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And we assert that the general solution ¥y = 11 (x,t), 19 = 1o(x,t) of this system reads as
follows:

CoC3 — (0103 + C4)<I>+ + cocyd_ — (0164 + Cg)q>+(1)_
P = : (3.30a)
—cic3 — ¢4 + coc3 Py — (0104 + Cg)é_ + cocy @O

cq+c3d_

.30b
c3+ ey P’ (3-30b)

Py =

where &4 = @ (x,t) are of course defined by (3.27) in terms of the two arbitrary functions
®1(2) and Po(z).

3.4. Solvable nonautonomous partial differential equations

Here we show via two representative examples how to manufacture solvable nonautonomous
nonlinear partial differential equations (PDEs).
We start from the trivial (linear) autonomous PDE

@U(u> w) = SOw (U, 7.U), (331&)
the general solution of which reads of course
o(u,w) = Fu+ w), (3.31b)

where F' is an arbitrary function. In (3.31a) and below subscripted variables denote of course
partial differentiations, for instance @, (u - w) = dp(u - w)/u.
We then set

Sp(u>w) = w(xay)a (3'32)

with z,y related to u,w by the relations (2.11) and (2.12), with x;,x9 replaced (for nota-
tional simplicity) by z,y and likewise u,uy replaced by wu, w.

It is then a matter of trivial if tedious algebra to ascertain that v (z,y) satisfies the
following (linear) nonautonomous PDE:

g(fﬁay)%:(fﬁay) = h(l‘,y)¢y(l‘,y), (333&)

with g(x,y) and h(x,y) expressed as follows in terms of the eight arbitrary functions f,x(2),
n=1,2 k=123 4

9(z,y) = [fas(@)w + fou(@)]*x(u, w), (3.33b)
h(z,y) = {[faz(@)w + fau ()] [for (z)w + fao(z)]

— [fhy()w + Fho(2)][fos(@)w + foa(@)] }x(u, )

+ [fis(w)u + fra(w)]P[for (@) faa(z) — far(2) fas(@)], (3.33¢)

where

X(u,w) = fri(w) fra(w) — fra(w) fiz(w) + [fig(w)u 4 frq(w)][fi1(w)u + fra(w)]
— [fir(w)u + fia(w)][f13(w)u + fra(w)], (3.33d)
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and u and w must be expressed in terms of z and y as follows:

S ~ yfaulz) — folz) Y foa(z) — fao(x)
o= ot () e (T
e yfou(x) — foo(x) B yfoa(x) — foo(x) -1 .
[ f13< 3(1‘)—]‘21(30)) Jun ( P — )ﬂ : (3.33e)
_ —yfau(@) + fa(r)
yfas(z) = for(z)

The general solution of this nonautonomous PDE then reads as follows:

8

Y(x,y) = F(u+ w), (3.34)

where F'(z) is an arbitrary function and w,w are expressed in terms of x,y by the two
preceding formulas (3.33e) and (3.33f).
As an example we set
fii(z) =z, fi2(z) = fi3(2) =0,  fu(z) =1
f21(2) = foa(2) = cos(z),  foz(2) = — faa(z) = sin(z). (3.35a)
Then (3.33a) holds with
g(z,y) = (& = 1)(y* +1) = (z + [(y* — 1) cos(2z) + 2y sin(2z)], (3.35b)

sin(4x)
4

—[~14+y+v* +y* +2(y* — 1)] cos(27)

h(z,y) = y(y* — 1) cos(4x) — (1 — 6y* + y*)

SR A ) — ) g (3350
And its general solution reads as follows:
[ x[cos(x) —ysin(x)] = ycos(x)+ sin(z)
lry) = F< y cos(x) + sin(z) + cos(z) — ysin(x) >’ (3:35d)

with F'(z) an arbitrary function.

On the face of it, the fact that the PDE (3.33a) with this assignment of g(x,y) and
h(z,y) is explicitly solvable might well appear quite nontrivial to anybody who does not
know how this finding had been arrived at; although verifying it is a relatively trivial task.

To manufacture our second example, we start from the same trivial PDE (3.31a), but
for notational convenience we now write it as follows:

or(u,t) = pu(u,t), (3.36a)

the general solution of which reads of course
SO(U> t) = f(u + t)> (336b)

where we now denote as f(z) an arbitrary function.
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We then use the most elementary invertible transformation (2.1), in the following

guise:
b, t) = o(u,t) + Fi(u), = =u+ F(,t)), (3.37a)
olu,t) = (a,t) — Fi(u), u=z— F(,t), (3.37b)
where of course Fj(w) and Fy(w) are two arbitrary functions.

It is then a matter of standard (if a bit tricky) algebra to obtain the PDE satisfied by
the new dependent variable 1 (z,t). It reads as follows:

Ui(z,t) = o (@, 1) + Yo (@, ) Fy (P(2, 1) — UF{(z — Fa(y(x,1))), (3.38)

where of course the primes denote differentiation with respect to the argument of the func-
tion they are appended to. And clearly the general solution of this (quasilinear, first-order)
PDE is the solution of the following nondifferential equation, which is a rather immediate
consequence of the transformation (3.37) and of the solution formula (3.36b):

P(x,t) = flx+1t = Fa(P(,1) + Fi(z — Fa((x,1))), (3.39)

where of course f(z) is an arbitrary function. Note however that in this case, in contrast to
the previous one, the solution is provided only in implicit form, i.e. as the solution of this
nondifferential equation (in contrast to the previous case, when the solution is given by the
explicit formula (3.34) with (3.33e) and (3.33f)).

3.5. Functional equations

In this section we report an, apparently nontrivial, functional equation involving two func-
tions, as an example of the kind of findings obtainable via the approach advertised in this
paper. It reads as follows:

_ w(z)u(22) fi1(ua(z1) + ua(z2)) + fra(ua(z1) + ua(22)) .
T3 F22) = N (e Fra(ua(en) + (7)) + Fra(ua(n) Fua(za))’ o108
[ua(z1) +ua(z2)] far (w1(21 4 22)) + faa(w1(21 + 22))
T+ %) = e e s @ (i 2 T (i 7)) oAb

where, in the two preceding formulas, firstly u;(z) should be replaced by the following
expression in terms of x1(z) and wua(z),

iy (2) = - z1(2) fia(ua(2)) — fr2(ua(2)) (3.40¢)

21(2) f13(u2(2)) — fi1(uz(2))’

and subsequently uy(z) should be replaced by the following expression in terms of x(z)
and x2(z),

(@) fa(@1(2) — far(z1(2))
uz(z) = 22(2) fa3(21(2)) — far(x1(2))’ (3:404)

so that the resulting formulas relate (explicitly, if in a convoluted manner) the values that
the two functions z1(2) and x3(2) take at the value z = z; + 25 of their argument, to the
values they take at z; and at zo (where z; and zy are of course arbitrary).
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The (explicit) solution of this functional equation reads as follows:
exp(bz) fi1(az) + fi2(az)
exp(bz) fiz(az) + fia(az)’
B exp(bz) fi1(az) + fi2(az) exp(bz) fi1(az) + fi2(az)
xa(z) = [azfm <exp(bz)f13(a2) + f14(a2)> * <exp(bz)f13(az) + f14(az)>]

exp(bz) fi1(az) + fiz2(az) exp(b2) fu1(az) + fr2(az)\]7
| [“Zf ” (eXP(bZ)fls(az) + f14(az)) - (exp@z)fls(az) + f14<a2>)] |

x1(z) =

(3.41a)

(3.41b)

where a and b are two arbitrary parameters.
This finding clearly obtains via the transformations (2.11) and (2.12) from the two trivial
functional equations

ui(z1 + 22) = up(z1)ur(z2), ua(z1 + 22) = u(21) + ua(22), (3.42a)
whose solutions of course read
ui(z) = exp(bz), wa(z) = az. (3.42b)

Let us again emphasize that the eight functions f,;(w) appearing in the functional
equation (3.40) and in its solution (3.41) are arbitrary. And again the reader might get some
amusement by inserting in these formulas specific assignments of these eight functions.
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Appendix

In this appendix we list a few, quite elementary, invertible transformations that may be
taken as points of departure for our approach (say, in alternative to the Mobius transforma-
tion (2.8)), and a few examples of invertible transformations involving arbitrary functions,
obtained by combining such transformations.

A.1. Elementary invertible transformations

We list them — first the direct transformation and then its inverse — with minimal com-
ments, but assigning to them a name. The quantities fj, can depend on an arbitrary number
of variables u,; (see the following subsection), but for notational simplicity this is not explic-
itly shown in this subsection.
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Linear transformation:

z— fo

z=L-y=yfi+fo, y=L" z= i (A1)
Ezxponential transformation:
_ In(z) —
z=E-y=exp(yfi+ fo), yZEl'Z:%' (A.2)
Rational (Mdébius) transformation:
yfi+ fo —1 zfa— fo
z=R-y="—"—F, =R z2=—— A3
T N A zfs—h (4.3)

with the condition that D = f; f4 — fofs not vanish identically (see (2.8)).
Note that this transformation reduces to the linear transformation (A.1) for f3 = 0,

fi=1
Matriz transformation:

o= (A _ (1 2\ (n 5
=My, <22) B (f3 f4) <y2> * (fﬁ)’ (A-42)

an=yfi+yfot+fs, zw=uyi1fs+y2fs+ fo; (A.4b)

e T D N N A F O b A N S Bl i A
yoAs <y2> D(—fs f1><22—f6>’ (A50)

(21— f5)fa— (22— fo) f2 (21— f5)f3 + (22 — fe) 1

Y1 D Y2 D ( )
D= f1f4 — fgfg 75 0. (A5C)
Note that — in contrast to the rational (Mdébius) case, see above — now, to avoid the

occurrence of a singularity in the inverse transformation (A.5), it is not sufficient that the
quantity D not vanish identically; the condition (A.5¢) should hold for all (relevant) values
of the arguments of the four functions f,,. Also note that this transformation is linear, and
that (for simplicity) we have restricted attention to a matrix of order two.

A.2. Combined transformations

In this subsection we list, again with minimal commentary, some invertible transformations
obtained by combining the elementary transformations listed in the preceding subsection.

Linear-linear transformation:

r1 = uy fi1(u2) + fia(uz), (A.6a)
T2 = ugfor1(x1) + foa(w1)
= ug for (u1 f11(u2) + fi2(u2)) + foa(ur fr1(u2) + fia(u2)); (A.6b)
B w2 — fao(71) w2 — far(z1)\ ]
e [xl e < for(z1) ﬂ [fu ( far(21) )] ’ (A7)
R -1CVY (A.7b)

fa1(1)
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Linear—exponential transformation:

w1 = uy fi(uz) + fo(uz), (A.8a)
xy = exp(fo1(z1) + ua fo2(1))
= exp(for(ur f11(uz2) + fi2(u2)) + uz foo(u f11(u2) + fi2(u2))); (A.8b)
I In(z2) — foi (1) In(z2) = far(x)\]7
e [xl Jiz ( faa(z1) )] [fn < foa(z1) ﬂ ’ (4.9)
us = ln(“"Qf)Q;( xfl 2)1(:01)_ (A.9b)

Ezxponential-linear transformation:

w1 = exp(uy f1(u2) + fi2(u2)), (A.10a)
T2 = ug for1(x1) + foa(w1)
= uz for (exp(u f1(uz) + fa(uz2))) + fo2(uifi(uz) + fa(u2)); (A.10D)
B - w2 — fao(71) w2 — far(z1)\ ] o
e [ln(xl) f11< for(z1) ﬂ [fll( fa1(21) )] ’ (A-112)

N faz(z1)
2T fa(n)

Note that the exponential-linear transformation is quite different from the linear—

(A.11b)

exponential transformation.

Rational-rational transformation: see the formulas (2.11) and (2.12). We do not rewrite
them, but display some subcases.
Linear-rational transformation:

r1 = uy fr1(uz2) + frz(u2), (A.12a)
~ugfor(zr) + foa(r)
 uafog(w1) + foa(21)
_ upfon(un fra(ug) + fra(ug)) + fao(ur fra(ug) + fra(uz)) (A.12D)
ug foz(ur fr1(u2) + fi2(uz)) + faa(ur fri(uz) + fia(uz))’ '
|y g (22 f2u(21) — foa(21) wafaa(wr) = faa(w) \ ] .
e [ 1= f ( 72 fo3(71) —f21(1’1)>} [fl < w2 faz(21) _f21(371)>:| o (Ad3a)

~ wafou(w1) — for(w1)

Z2

Uy = . A.13b

? 2 fa3(1) — fa1(z1) ( )
Rational-linear transformation:

~ufri(ue) + fiz(uz) (A.14a)

g fiz(ug) + fra(ug)
ry = ua fi(z1) + fo(z1)

_ uy f11(u2) + fia(u2) uy i (u2) + fra(ua)
e <U1f13(u2) + f14(uQ)) /2 <u1f13(u2) T f14(u2))’ (A.14Db)
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'P‘ﬁ3<x%ﬁé§fﬁ>"ﬁ1<x%ﬁéff”>}_l’ —
uy = 372;1(7];21()“) (A.15b)

Note the difference among the linear—rational and the rational-linear transformations.
Rational-matriz transformation:

_ wfui(ug, u3) + fra(ug, us)
uy fiz(u2, uz) + fra(ug, usz)’
Ty = ug for(21) + uz foz(21) + fos(71)

— usfor <u1f11(u2,u3) + fi2(u2, us
uy f13(uz, u3) + fra(uz, us

(A.16a)

s fon <u1f11(u2,u3) + f12(u2,u3)>

uy f13(uz, u3) + fia(ug, us)

(
s <u1f11(U2, ug) + f12§u2> us (A.16b)

uy f13(uz, u3) + fra(uz, us
x3 = U foz(x1) + us foa(w1) + foe(w1)
B <u1f11(U2,u3) + fi2(u2, us
= ug fo3

)
)
> + u3 faq <U1f11(uQ,u3) + f12(“2>“3)>
)

uq f13(u2, ug) + f14gu2,u3; uq f13(u2, ug) + f1a(usg, us)
(e (h180
T i (172
R ey ey ey e (ham)
g — —L2a@)lw2 = Frs(@)] + for (@)l = fos ()] (A170)

for(z1) foa(w1) — foo(x1) f3(21)

In the right-hand side of the first of the three Eqgs. (A.17) the quantities uy,us should be
replaced by their expressions in terms of z1,x9,x3 given by the last two of these three
formulas.
Note the (“linear-matriz”) subcases that obtains by setting f13 = 0 and f14 = 1.
Matriz—rational transformation:

r1 = uy f11(us) + vz fi2(uz) + fis(us3), (A.18a)
ry = uy f13(us) + vz fia(uz) + fie(us), (A.18b)

uz f21(71, 2) + foo(z1,22)
u3 foz(x1,2) + foa(1, v2)’

xr3 = (A.18C)
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v — (1 — fi5(u3)] fia(us) — [0 — f16(u3)]f12(u3), (A.19a)

Ji1(u3) fra(uz) — fia(us) f13(us)
—[z1 — fis(us)] f13(u3) + [w2 — fie(u3)] f11(u3)

ug = fra(us) fra(us) — fia(us) fis(us) > (A.19b)

)
 x3fo(zr, x2) — folz1,22)
w3 fas(21,22) — for(z1,22)

us = (A.lQC)

In the right-hand side of the last one of the three formulas (A.18) x; and z3 should of
course be replaced by their expressions in terms of uq, uo, ug given by the first two of these
three formulas; likewise in the right-hand sides of the first two formulas (A.19) uz should be
replaced by its expression in terms of x1, x9, 3 given by the last one of these three formulas.

Note the (“matriz-linear”) subcase that obtains by setting fo3 = 0 and foy = 1.

And let us emphasize the difference of this matriz—rational transformation from the
preceding rational-matriz transformation.

Matriz—matriz transformation:

w1 = uy f1(us, ua) + up fra(us, ua) + fis(us, ua), (A.20a)
wo = uy f13(us, ua) + ua fa(us, ua) + fre(us, us), (A.20b)
T3 = u3 for1(21,72) + ua foz(r1,72) + fos(z1,72), (A.20c)
14 = u3 fo3(21,72) + us foa(r1,22) + fos(r1,72); (A.20d)
w1 — fis(us, ug)] fra(us, ua) — [x2 — fie(us, ua)] fra(us, usa)
e J11(us, ug) fra(us, us) — fro(us, us) fi3(us, us) ’ (A-21a)
 —lwr — fis(us, ua)] f13(us, ua) + [22 — fre(us, ua)] fi1(us, ua)
e Jr1(usz, ua) fra(us, ua) — fr2(us, ua) f13(us, us) ’ (A.21b)
w3 = fos(wr,2)] foa(21,02) — [24 — fos(w1,22)] foo (w1, 72)
e Jor(x1,22) foa(x1,22) — foo(x1,22) fo3(x1,22) ’ (A-21c)
= —[zg — fos(x1,22)] faz(x1,22) + [x4 — fos(x1,22)] fo1(z1,22) (A.21d)

fo1(x1,22) foa(w1,w2) — fao(wr,x2) foz(21,22)

In the right-hand sides of the last two of the four formulas (A.20) the quantities x1,zo
should of course be replaced by their expressions in terms of w; u2,us us provided by the
first two of these four formulas; likewise in the right-hand sides of the first two of the four
formulas (A.21) the quantities ug, us should be replaced by their expressions in terms of
x1,72,v3,x4 provided by the last two of these four formulas.

Linear—linear—linear transformation:

w1 = uy f1(ug, u3) + fra(uz, u3), (A.22a)
xo = ug for (uy f11(u2, u3) + fia(ug, us), us) + foo(uy fi1(ug, uz) + fia(ug,uz),uz), (A.22b)
x3 = us f31(x1, x2) + f32(x1,22); (A.22¢)
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21— fia(ug,u3)

up = fll(UQ, U3) (AQB&)
B z3 — f32(w1,72) w3 — fa(, @)\

Uy = [562 — f22 <x1, Tt (1, 72) )] [f21 <:c1, Fo(er) ﬂ . (A.23Db)

R f3a(w1,72) (A.23¢)

fai(x1,22)

In the right-hand side of the last of the three formulas (A.22) z1 and 25 should of course be
replaced by their explicit expressions in terms of w1, us, ug provided by the first two of these
three formulas; and likewise in the right-hand side of the first of the three formulas (A.23)
u9 and ug should be replaced by their explicit expressions in terms of x1, xo, x3 provided by
the last two of these three formulas.
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