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We apply a list of criteria which leads to a class of fifth-order symmetry-integrable evolution equa-
tions. The recursion operators for this class are given explicitly. Multipotentialisations are then
applied to the equations in this class in order to extend this class of integrable equations.
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1. Introduction

Autonomous symmetry-integrable evolution equations in (1 4 1) dimensions are equations
of the form

u = F(x,u,up, Ugy, .. .) (1.1)

which admit an infinite number of local commuting Lie-Bécklund symmetries [3, 11],
0

Recursion operators, R[u], can be defined which generate these infinite sets of Lie—

Z =n(x,u, Uy, Uy, - - (1.2)

Bécklund symmetries [15]. In most cases these recursion operators for autonomous evolution
equations are integro-differential operators of the form

p
Rlu] =" GiDI + > Ii(ug, u) Dy ' o A, (1.3)
7=0 =1

where G are functions of =, u and x-derivatives of u, D, is the total derivative operator,
D! the integral operator and A; are integrating factors for the evolution equation.
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By applying the above mentioned criteria, we classified several classes of second- and
third-order evolution equations with respect to its recursion operators of the form (1.3).
These results have been published in the papers [4-6, 16].

It is of some interest to potentialise and, moreover, multipotentialise integrable evolution
equationsas this often extends the class of integrable equations. In particular, multipoten-
tialisations of symmetry-integrable evolution equations may lead to equations with different
types of recursion operators. In some cases, even nonlocal recursion operators are necessary
in ordert to generate the locaol Lie-Bécklund symmetries (an example is given in [16]).
Multipotentialisations of symmetry-integrable evolution equations was studied and applied
for several classes of the equations and published in [8-10].

In the current paper we report a class of fifth-order symmetry-integrable evolution equa-
tions and apply multipotentialisations to each equation to extend this class. The classifica-
tion criteria are given in Sec. 2, where the resulting evolution equations (Egs. I-VII) are
also listed in Proposition 1. In Sec. 3 we give the recursion operators for Eqs. I-VIII. In
Sec. 4 we report the multipotentialisations of these equations and display their connections
in Figs. 1-5.

2. The Classification Criteria

Classification criteria:

We classify all semi-linear fifth-order evolution equations of the form
U = Usg + F (U Uy, . ..y Ugy) (2.1)
which admit the following criteria:

e Criterion 1: Equation (2.1) admits at least two integrating factors, A, of order zero,
A(u), of order two, A(u,uz, uys:), of order four, A(u,uy, Upy, Uppy, sz ), OF of order six,
Alu, g, .. Ugy)-

e Criterion 2: Fquation (2.1) admits an integro-differential recursion operator of order
ST

6
Rlu] = " G;DJ + (biug +bo)D; ' o Ay + (boug + bs) D, " o Ay, (2.2)
=0

where Gj = Gj(u, Uy, Ugy, . ..) with Ge # 0, by, are real constants and A; are integrating
factors of the equation.
e Criterion 3: Fquation (2.1) does not belong to a hierarchy of evolution equations

u = Ru]" uz, nenN (2.3)
where Rlu] is a first- or second-order integro-differential recursion operator.

e Criterion 4: Fquation (2.1) admits local Lie~Bdcklund symmetries of lowest order seven,
that can be obtained by acting the recursion operator from Criterion 2 on ug, i.e. R[ulu,.
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By applying the above criteria we obtained the following list of eight equations:

Proposition 2.1. The following list of eight equations are the only fifth-order evolution
equations in the class,

Ut = Usy +F(u>u$aumma"' au517)’ (24)
which satisfy all four criteria listed above:

Equation I:

) ) )

Equation I is known as the Sawada—Kotera equation for o =5, =0 [18] and the Caudrey—
Dodd-Gibbon—-Sawada—Kotera equation for « = 30,8 = 0 [2]. For « = 5 and 3 = 0,
Equation I has been listed as Eq. (4.2.2) in [14]. A recursion operator for arbitrary o and
B =0 is given in [13].

a? 20 32
Up = Uz + QUUppr + QUL Ugy + —U Uy + B | Ugpr + —uty | + | — + 1 ) Uyg. (2.5)

Equation II:

2

15%e" « 2xy
Up = Usy + OUULLy + 7uxum + Euzux + 0 <uxm + ?uux) + cruyg. (2.6)

Equation II is known as the Kaup-Kupershmidt equation for « = 10,8 =0 [12]. For a =5
and 8 = 0 it has been listed as Eq. (4.2.3) in [14]. A recursion operator for all o and 3 =0
is given in [13].
Equation III:

o

o
Up = Usy + UL Uppy + 1—5u§’3 + 3 (uIm + 51@) + cruy. (2.7)

FEquation III is known as the potential Sawada—Kotera equation for = 0. For a« =5 and
B =0 it has been listed as Eq. (4.2.4) in [14]. For a« =5 and 3 = 0 a recursion operator is
given in [1].

Equation IV:

3a a? «
Up = Usy + QUL Uz + qum + Eui + (uxm + gug) + cruyg. (2.8)

Equation IV is known as the potential Kaup—Kupershmidt equation for « =5 and 3 = 0.
For . = 5 and 8 = 0 it has been listed as Eq. (4.2.5) in [14]. For o« = 5 and f = 0 a
recursion operator is given in [1].

Equation V:

a? 402 9 a2 4 oty
Ut = Usge — — U Uggy + QUL Ugpr — ——— UUglge + QUL — — U, + —=U Uy

5 5 5 % 125
2 3 3 5 ,83
+ 6| 2Uuglgy + Ulpry — ——U Uy | + 52 —UQUx — 5 Uggy | — 55 UUg + ClUy.
402 202
(2.9)

FEquation V is known as the Kupershmidt equation for « = 5 and 8 = 0 and it has been
listed as Eq. (4.2.6) in [14]. A recursion operator for a« =5 and =0 is given in [1, 13].
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Equation VI:

a? o,

_ 2 5
Ut = Usg + QUggUppy — — UpUgge — — UgplUy, + u

5 5
2 3
« 1 ) 1
+3 <uxuxm — %ui + 5”3;:,;) + 32 <—Tumx + —u?g’j) — %ui + .
(2.10)
Equation VI is known as the potential Kupershmidt equation. For o = 5,3 = 0 it has been
listed as Eq. (4.2.7) in [14]. For o =5 and = 0 a recursion operator is given in [1]. As

far as we know, the recursion operator for the full Eq. (2.10) has not be reported so far in
the literature.

Equation VII:
Up = Usy + (E)um — 5u§ + Be*t + ae_4“) Uppr — 5uwuim +3 ([362“ — 4ae_4“) Uy U

1
+ud 4 18ae M + : (Be”™ + oze_4“)2 Uy + €1 Uy (2.11)

Equation VII, with o = —5)\3 and (3 = 5)\1, has been listed as Eq. (4.2.8) in [14]. As far as
we know, the recursion operator for (2.11) has not be reported so far in the literature.

Equation VIII:
Up = Usy + (E)um — 5u§ +ae™" + ﬂe%) Ugppr — 5uwuim + 36 Uy tiyy

1
+ud + : (e + [362“)2 Uy + €1 Uy (2.12)

Equation VIII, with o = 5\g and 3 = —5\2, has been listed as Eq. (4.2.9) in [14]. As far as
we know, the recursion operator for (2.12) has not be reported so far in the literature.

In Sec. 2 we report the recursion operators for the equations in Proposition 1 and in
Sec. 3 we multipotentialise each equation and, in doing so, we extend the list of equations to
it multipotential forms. The resulting equations are given in Proposition 3 and the relations
between the equations are shown in Figs. 1-5.

3. The Recursion Operators for Equations I-VIII

Equation I admits a recursion operator of the form (2.2) with

6 6 810"
Go=1, Gs=0, Gi="Cut™, Gy="Cu,
1la 902 , 18aB 932
G2 = =g las + Go Ut o
2102 21
G1 = 20ugpy + —auux + _ozﬂux

25 25
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160 1603 6 403 12023 12032
0= Ml o pitlae o tae 55 e T g T g5 T Ty YT
202 a’ 2023 « a3? «
A= — 2 = A, ==
P o e T Ty T Ty T
bo=0, bi=1, by=1, b3=0,
where kg is an arbitrary constant.
Equation IT admits a recursion operator of the form (2.2) with
b6 6 18«
Geg=1, G5=0, G4:?u+£, ngTum
18aB  9a% , 49« 932
G2 = g ut 550" qp tes T 5
Ta 6a? 6
G = 7uxxx + ?’U,’U,x + Tﬁux
13 41003 4102 692 , 4o 5 12228 , 12af?
Go = - il = 2
0= g T o Mer T Thg e T gp e T o5 T Tis T Ty 4T
a? ad 2020 « «
A= — —? —(68% — 25 Ay = —
1= gptes Figpt F agg v s (087~ 2e) Ae=3
bp=0, by=1, by=1, b3=0.
Equation IIT admits a recursion operator of the form (2.2) with
6 6
Geg=1, G5=0, G4:—aum—|——ﬁ
5 5
3a 8o 902 18 932
Gy = Gtae, G = g e+ ol 4 S+
2c 3a? 3o
Gi1 = ?uétx + 2—5uxuxx + 2—5ﬁuxx
3a 13a? 13003 3a? 403 12023 1232
Glo = 75 s+~ Utiaws s Uawa Gz, ot + g otk
e
A = ugy + gumuxm + gumm
Ay — +3a +a +2a22 +aﬂ 32
2 = Upg 5 Uz Udg 5 UgpzUgzr o5 U, Uz o5 UgrUgy 95 Uz
8a3 20/ 2a
bp = ——— =—— by=0, b3=——.
O 25 ) ]. 25 ) 2 ) 3 5
Equation IV admits a recursion operator of the form (2.2) with
6 6 12
Go=1, G5=0, Gi=Su+L =122,
5 5 5
5a 902 , 18ap3 932 12a° 1208

Gy = TUxxx Eux 25 Uy + o5 G1 = gy + ?Uxum + Tum
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G - 3 N 1702 N 17003 N 21a? , N 403 N 12023 ,
= —Uu — U, U —U —U —U u
07 70 %" "o wrmrE T TEp T 00w U 95 ¢ 125 @
12a3? 68c1
g et 5 Tho
2
« «
bo=ky, bj=——., by=0, by=——
0 1, 1 507 2 5 3 10
4 4
Al = U4y + _auxxux + _ﬂuxx
5 5
a 73 10k 120 8o’
A2 = Ugy + ?u4xux + €u4x + Tlu4x + Tuxxxuxx + guxxug + Skluxxux
4oy 1232 83k
+_ﬂumux+ 15 Bk

5 o5 Ugg + o Uz -
Equation V admits a recursion operator of the form (2.2) with

6 602 6 32
Gﬁzl, G5:0, G4:—aux—&u2 ﬁ ﬁ

5 25 5 202
2
Gs3 = 3aug, — &uum + 3Buy
l4a 8ar? 3102 6a3 6a3 332
9a* , 1828 4 278% , 93 954
—Uu — u —Uu — u
625 125 50 1002 164
6 62 63 9a3 9a s
G = ?u4x - ?uuxxx + 3BUgze — o5 Uz Ugy — E’U,QUII + 25 Uty
932 18a% 5  9aB , 5ot 81 , 813° 2733
T 20q T gp e T Tgg Ma T g W M T Tyg U e T e e T o002 e
a 1202 63 2302 303 3a3 332
GO = guf)x - ?uuétx + ?uétx - Tuxuxxx - mu Ugge + ?uuxazx - m—auxazx
3a? 3803 19 38a4 5702
3072 380 gt 19O 38 s, 3T s
5 125 25 625 125
5732 1933 603 740t 74023 3732
T 50 e T gpqzther ﬁ“i * %625 whug 125 wiy + 50 ug
408 4 o 1228 5 3a2B% , 28 . 38t , 33
- - YL otk
625" Y T 3125 ¢ T 135 4 T Y T 2002 T gpaat TR
202 203 20t 2023 32 20t a?p
A = ~op Wr T S Ualler + ﬁlﬂum T Top Wax + 10 Ve + 195 - o5 :
205 5 alp 4 a? 2 3 33 9 g4 20%¢; 33° Becy
T625” Tt T 125 Y T h0Y T 2002t o5 YT a0ad T 5
202 16]
Ay = ———u+ =
25 5

bo=0, by=1 by=1 by=0.
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Equation VI admits a recursion operator of the form (2.2) with

6 602 6.3 332
Ge=1, G5=0, G4:?ux:p_§ui+?uaz—ﬁ
9o 1802 9
Gz = ?ummm - Tumuxx + ?ﬁumm
2202 11 1302 603 6o 33
G2 = QU4y — Tumummm + Tﬂummx - Y'Ufm: - Eﬁum + 2—5ﬁuxex - %sz
%?ﬁ B 18a25u3 N 27ﬂ2u2 9P - 96t
625 ° 125 50 * 10aZ 7 16at
a 8a? 43 3a? 303 3o 332
G = guf)x - guxuélx + ?uétx - ?uxxuxxx - muxuxxx + 25 Uz Ugza — m—auxazx
63 3a 18a* 27023 2732 933
=I5 Ueter + g e + g Utlar — Tygg Uatles g Ustles ~ g oytias
4ot 2 403 20 4ot 602
GO — _ﬁumufm + ?ﬂu&: - 2—5umummuxmm + 5ﬂummumxm + — 125 iuxxm - Tﬂuiumxm
332 33 40t 403 B2, 405 12043
g tathaar — g thare s tntiny — e Utlny g Uny — JEeput o
304252 4 253 354 2 355
" Tlas Ua o e T gpaa e T gpartie T H
Ay = o, 58 2 4o”
1 = Uy + QUzz U4y 5 Uy Ugy + Bugtiay do2 Ugy + QUL 5 UgpUga Uz
042 044 20[25 52 53
+ 2ﬂuxxuxxx - ?uix + muiuxx - 25 uiuxx + ﬁug; Tz 202 UgUgy
5 4
+ &%uxx ClUgy
154 202 202 Ber B
2 Uy, 0 57 1 25 ) 2 25 ) 3 5 + ()[4

Equation VII admits a recursion operator of the form (2.2) with

6 6
Ge=1, G5=0, G4=06uz; — 6u + ?O[ —du + ?[362”
4 24
G3 = Ypyy — 18UL ULy — 8—aume_4“ + —ﬂe%ua,
5 5
ﬁ 2u

Go = buyy — 22UpUpry — 13um + <

4940 ) 9
u 4 U
+<5 + 403e >u +25(

22ae_4“> Ugy — fiuf:um + 9ui

—4u + ,8€2u)2

67

5
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283 TTa _
G1 = usy — 8uggy — 15UppUppr — 3u§u$m + <?62u _ Te 4u) P 6Uxuix

84 4
+ 18u3 gy + <1860<e_4“ + Tﬁem) Up Uy + (Fﬂem - 268046_4“> ul

483 u 84aﬂe_2u B 132a2€_8u w
25 25 25

118 5, _ 280

G:_4x T
0 UU5+(5 5

6_4“) Uay + 20u§um — 20U Upp U

24 204 39
+ <60ae‘4“ + Tﬂem‘) UgUgze + (—a6_4“ + —ﬂem) u?, + 20ulu?,

b} )
_ 752 88a% _ 53af8 _
- <344ae duy §e2“> Uiy + <%e4“ ~ ¢ Su _ —25ﬁe 2“) Ugs
988c _ 23 1132 4afB _ 11602 _

—4 6 du M 2u 4 4u 2u 8u 2

ux+<5e 56>ux+ 56—1—256 —|—5€ u,

4

+— (a3e_12“ + 335 4+ 3a%Be 0" + 3aﬂ2) + ko

125

Yo 6
A1 = ugp + DUprptay — 5uiU4a, + <?e_4“ + ?ﬂe%) Ugy + 5u§m — 20U Uy U
24 72 18 54
-+ <?/8€2u — Ta€_4x> UpUgppr — 5U§x -+ <?/8€2u — Ta€_4u> Ugw
26 506 232 26
+ 5uium + (%e% + = e_4u> u?cum + <ée4u +a?e B 4 —25ﬂ 6_2“> Upa
362 432 26

— ClUgy + <§62“ — —5ae_4“> ul + (ée% — o278 — —;ﬂ 6_2“> u?
- 2;‘436—1% 5_366u . 3a2ﬁe—6u

125 125 125

4 2
Aoy = 2y, — ?ae“‘“ + ?ﬂe%, bo=0, by =2, by=1 bg=0.
Equation VIII admits a recursion operator of the form (2.2) with
6 6
Gﬁ = 1, G5 = 0, G4 = 6uxx - 6’11,:% + ?€2u + ?Oé -
24 3
G3 = Mppy — 18ULUL, + <?662“ - %e‘“) Uy

4 37
Go = buyy — 22UpUpgy — 13“’31 — 6u§um + <€a@_“ + ?'862u> U

4
+9ud + <4562“ — %e‘“) u? + 29—5 (ae_“ + ﬂ62“)2
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283 200 _
G1 = usg — 8Uzplay — 15UgpUpgy — 3uiux1x + (T€2u — ?6 u> Uppr — 6’U,x’u,§$
84 6 4 2
+ 18U Uy + <—5ﬁ e — ?ae_“) UgUpy + <£e2“ — %e‘“) ul

e — —¢€

483% 4,  33aB , 3a® _,,
+ ( 25 ¢ T o3 5 e

11 4
Go = —4dugus, + (%e% — ?ae_“> Uy — 20UpUppUprs + 20u§um

24 9
+ (—562“ _ > UpUgpz + 20uxum + — 396 e?v 2

5 5 5
8a _, 732 2203 13a% _ :
i (Ee o 5) tatiea (? MR TR el Kl
2 1132 2
= (ae™ + Be*™) uj + ( 56 e ;5 e — %e“) u?
+ 2 (e ™™+ ﬂe2“)3 + ko
125
6 3
A = ugg + Dugptiag — 5u§U4x + ?ﬁe%um + ?ae_“uzm + 5u§m — 20Up U g Upre
24 6 18 9
40 232
( ﬂ 2u) Uy Ugy — ClUgy + 5uiuxx + <%6_2u + é€4u

af I6] a _ 432 ﬁ 4a? _
+?€u> Ugpr + <g€2u — Ee u) Ui + ( 5 + E - % 2u ’UJ?E

30[/82€3u_ a3 —3u+/8_3 6u+%—u_&€2u
250 250 125 10 5

+

2
Ao = 2uy, — %6_u + ?ﬂe?u’ bo=0, b1 =2, by=1, b3=0.

4. Multipotentialisations of Equations I-VIII

We now multipotentialise Eqs. I-VIII. This process identifies some more symmetry-
integrable equations that are outside of the class I-VIII, in that the recursion operators
for those equations require integrating factors, A, of order eight.

To establish the potentialisations of Eqs. [-VIII, we first calculate the integrating factors,
A, for each equation and then use the relation

A= E,® (4.1)
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Equation VII with o # 0 and 3 # 0
Up = Usy + (5Upe — 5U2 + Be*V + ae™V) Upyy — 5ULUZ,

+3(Be?Y — dae V) UyUyy + UL + 180 VU2

1
+e (Be?V + oze_4U)2 U, + U,
luz_—82U/2
Uy = ny Sugpar guim 65 U2 U e 135 Léx
. LT
50 u 350 u? 552 1
Ty ;Zx‘ ?uig — 20a2u§uxm — 1Oa2uxu§x — Ta
+ 10a2ﬂu§ + 16a4u2 T C g

Fig. 2. Equation VII with o # 0 and § # 0

Equation VII with o # 0 and =0
Up = Usy + (5Usy — 5UZ + ae™ V) Uy — 5UUZ, + U2 + a1U,

1
—12ae Y ULU,, + 18046_4UU§’ + g()éQe_SUU373

lul«:er

o Bugpuge 15wy, | 65U s 135ug,
e = Use U 4 u 4 w2 16 u?
xT €T x x

2 1 2 a” 5
+ QUL Ugrr + TOULUL, + %ux + ClUy

2

lvz:(uz)lmq(u) where ¢”(u)+ag(u)/5=0

52 Uz DV Vag
Ut =Usgp + — g — + 10y
T Vg

see Figure for Eq. V

Fig. 3. Equation VII with « # 0 and 8 =0
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Equation VIIT with o # 0 and 3 # 0
Up = Usy + (5Ups — 5U2 + Be*V + ae™V) Upyw — 5UUZ,

1
+33e2V U, Uy, + US + : (ﬂeQU + oze_U)2 Uy + c1U,

luI:eU

5 5u?
Us = Uy — Uz Udy + uxx;ixxx + ﬁuiuaymx . ﬂumugx + QUgrr
Uy u? Uy
2 2 2
au 5 af 5 ol
T2 tplat gl T s tat
Fig. 5. Equation VIII with a # 0 and 5 # 0
to calculate ®f, for the conserved form of the equation u; = F, i.e.
D' + D, % . =0. (4.2)
Here E, is the Euler operator, defined by
- 0 0 0 0
E,=—-——-Djo— —D,o +D?o — 4.3
Y ou P ou 7 Ouy T Ougy (43)
The potential variable, v, is then given by the relation
Ve = Bz, u, Uy, .. .) (4.4a)
vy = =07 (2, u, ug, .. .). (4.4b)

The following proposition is useful for etablishing the different orders of ®:

Proposition 4.1. [7] An evolution equation of order n which admits an integrating factor
of order 2p (p € N), A = Az, u,ug, .., u(2p)z), may admit a conserved density, ot of
minimum order p and mazimum order 2p + 2, i.e. ®t = & (z, u,uy, ..., Up,), Where k =
p,p+1,....2p+ 2.

For Eq. I the most general potentialisation is u, — wu, which leads to Eq. I11. Also for Eq. II
the only potentialisation is u, — u and results in Eq. IV. No further multipotentialisations
are possible for Eq. I and Eq. II (nor for Eq. III and Eq. IV). The remaining equations,
Eqgs. V=-VIII, have more interesting multipotentialisations and lead to an extension of the
class of symmetry-integrable equations, listed in the following

Proposition 4.2. A multipotentialisation of Eqs. I-VIII leads to the following semilinear
evolution equations, all of which admit Lie—Bdcklund symmetries of order seven but not
recursion operators with mazimal siz order integrating factors (below o and (3 are arbitrary
constants):
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2

2 4 2
O UgzUsgy o gummm i Uy Uy B ﬁuxx QA Ugz Uy «

Ut = Uy — 5 Uy 4 Uy Uy 16 u% 5 ,ué/2 - _5 UrUgzx
3 2 4 2 2 2
au « «@ G u 4o 303
g gyt T gt O e = 5 - el

53 156%u;,  B°

U
402 7" 7 1602 uy,  3a2 ”

+ Ccrug

2
DUz Udg 5uxuxxx QU

2 2
Ut = Usy — P) + /Buxuxxx - ﬂuxuajx +
Uy u

x Uy

OUzzUse 15 u2,, 65 u Uppe 135U,

Ut = Usg —

Uy 4 uy 4 u? 16 w3
58 u 3505 u? 56% 1
—5 zix + Tuig — 200U Uz — 1007 Uuzu?, — T

+ 1Oa2ﬁu§ + 16a4ui + crug.

Some remarks on Proposition 3 are in order:

2,2 125 ° T 20

(4.7)

Regarding (4.6): Equation (4.6) is equivalent to Eq. (4.2.11) listed in [14] for A\ = a/5
and \y = —3/5. Equation (4.7) is listed as Eq. (4.2.12) in [14] for \; = —(3/2 and \g = —4a?.
Regarding (4.5): If § = 0 and o = 5, then (4.5) is equivalent to Eq. (4.2.10) with A = 0
listed in [14]. However if A # 0 then Eq. (4.2.10) in [14] is not equivalent to (4.5) for any
choice of @ and a. If § # 0, then (4.5) is not listed in [14] and, as far as we know, also
not listed elsewhere in the literature. Moreoever, (4.5) admits a Lie-Bécklund symmetry
of order seven, whereas Eq. (4.2.10) with A # 0 in [14] does not admit a Lie-Bécklund

symmetry of order seven.

The resulting multipotentialisation of Eqs. V-VII are shown in Figs. 1-5 below. Referring

to Fig. 1, we list the following:

ol =U% P=U, ®h=ui, &)= —23 P/ 20u/5
«

t ) 2 5 t "
(DS — e_ﬁx/( Oc)eOéu/ , (p() = —2 (’rL = O or n = 4)
o V%
2
; v ¢ 4 1 ¢ +v/67,0/4
o= 1% =i B=c T 5 c0

We remark that, under 3 — 503, Eq. VIII is equivalent to Eq. VII with o = 0.



A Class of Semilinear Fifth-order FEvolution Equations 75

References

[1] A. H. Bilge, On the equivalence of linearization and formal symmetries as integrability tests
for evolution equations, J. Phys. A 26 (1993) 7511-7519.

[2] P.J. Caudrey, R. K. Dodd and J. D. Gibbon, A new hierarchy of Korteweg-de Vries equations,
Proc. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci. 351 (1976) 407-422.

[3] L. Dorfman, Dirac Structure and Integrability of Nonlinear Evolution Equations (John Wiley &
Sons, Chichester, 1993).

[4] M. Euler, Fourth-order recursion operators for third-order evolution equations, J. Nonlinear
Math. Phys. 15 (2008) 147-151.

[5] M. Euler and N. Euler, Second-order recursion operators of third-order evolution equations
with fourth-order integrating factors, J. Nonlinear Math. Phys. 14 (2007) 313-315.

[6] M. Euler, N. Euler and N. Petersson, Linearisable hierarchies of evolution equations in (1+1)
dimensions, Stud. Appl. Math. 111 (2003) 315-337.

[7] N. Euler, Lecture notes on symmetry anlaysis of differential equations, Lecture Notes, Lulea
University of Technology (2009).

[8] N. Euler and M. Euler, On nonlocal symmetries, nonlocal conservation laws and nonlocal
transformations of evolution equations: Two linearisable hierarchies, J. Nonlinear Math. Phys.
16 (2009) 489-504.

[9] N. Euler and M. Euler, Multipotentialisation and iterating-solution formulae: The Krichever-
Novikov equation, J. Nonlinear Math. Phys. 16(Suppl. 1) (2009) 93-106.

[10] N. Euler and M. Euler, The converse problem for the multipotentialisation of evolution equa-
tions and systems, J. Nonlinear Math. Phys. 18 (Suppl. 1) (2011) 77-105.

[11] A. S. Fokas, Symmetries and integrability, Stud. Appl. Math. 77 (1987) 253-299.

[12] A. P. Fordy and J. Gibbons, Factorization of operators I. Miura transformations, J. Math.
Phys. 21 (1980) 2508-2510.

[13] B. Fuchssteiner and W. Oevel, The bi-Hamiltonian structure of some nonlinear fifth- and
seventh-order differential equations and recursion formulas for their symmetries and conserved
covariants, J. Math. Phys. 23 (1982) 358-363.

[14] A. V. Mikhailov, A. B. Shabat and V. V. Sokolov, The symmetry approach to classification of
integrable equations, in What is Integrability? ed. E. V. Zhakarov (Springer, 1991), pp. 115-184.

[15] P. J. Olver, Evolution equations possessing infinitely many symmetries, J. Math. Phys. 18
(1977) 1212-1215.

[16] N. Petersson, N. Euler and M. Euler, Recursion operators for a class of integrable third-order
evolution equations, Stud. Appl. Math. 112 (2004) 201-225.

[17] J. A. Sanders and J. P. Wang, On the integrability of nonpolynomial scalar evolution equations,
J. Differential Equations 166 (2000) 447-459.

[18] K. Sawada and T. Kotera, A method of finding N-soliton solutions of the KdV and KdV-like

equations, Progr. Theoret. Phys. 51 (1974) 1355-1367.



	1 Introduction
	2 The Classification Criteria
	3 The Recursion Operators for Equations I--VIII
	4 Multipotentialisations of Equations I--VIII

