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The paper is devoted to the Lie group analysis of a nonlinear equation arising in metallurgical
applications of Magnetohydrodynamics. Self-adjointness of the basic equations is investigated. The
analysis reveals two exceptional values of the exponent playing a significant role in the model.
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1. Introduction

High frequency external magnetic fields are used in metallurgy (e.g. in casting process in
the steel industry) in order to control a flow of liquid metals and to generate internal
stirring within the liquid phase. This allows one to reach homogeneity of solidifying metals
by eliminating blowholes caused by escaping gases. The process of internal stirring of liquid
metals by high frequency magnetic fields leads to “skin effects” in a thin surface layer of
liquid metals.

A mathematical model for describing this phenomenon has been suggested by H. K.
Moffatt [1]. He starts with the Prandtl boundary-layer equations

Uy + VUy = VUyy — —Pux,
p (1.1)

Py =0, uz+v,=0

for a planar steady flow of liquid with a constant density p and a constant coefficient of the
kinematic viscosity v. The flow is parallel to a flat plate and is directed along the x axis
in the Cartesian coordinates (z,y). Moffatt considers a thin surface layer of high Reynolds
number flows of liquid metals placed in a high frequency magnetic field and assumes that
Po is negligible compare with the other terms in the first equation in (1.1). In other words,
he assumes that there is no pressure gradient outside the boundary layer. Then, upon
introducing the stream function ¢ (x,y) defined by the equations

U = wya U= _1/1567 (12)
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the third equation in (1.1) is satisfied identically, and the first equation in (1.1) yields the
following equation for the stream function:

Yythay — Yathyy = Vibyyy. (1.3)

Furthermore, using physical arguments, he obtains the boundary conditions
=0, ¢, =Az" ony=0, (1.4)
Py — 0 asy— oo. (1.5)

Here v, A, m = const. The physical meaning of the constants A and m shows that the
following conditions hold:

A >0 whenm+1>0, (1.6)
A <0 whenm+1<0. (1.7)

Referring to “standard similarity arguments of boundary-layer theory” presented in [2],
Subsec. 5.9, Moffatt states that upon letting

= (v]Ala" T2 (N (1.8)
with

A= (Al 2y (1.9)
the partial differential equation (1.3) and the boundary conditions (1.4), (1.5) yield the

third-order ordinary differential equation

m—+ 1

o —mf?=0 (1.10)

f/// +
together with the side conditions

f(0)=0, f'(00) =0 (1.11)

and

f1(0) =

{+1 in case (1.6), (1.12)

—1 in case (1.7).

Moffatt’s formulae (1.8), (1.9) are repeated in the recent paper [3] dedicated to existence
of solutions of the problem (1.10)—(1.12).

However, one can verify [4] that the substitution of (1.8), (1.9) in Egs. (1.3)—(1.5) leads
to the equation

m—+ 1
2

instead of Eq. (1.10). According to [4], this is due to the fact that n defined by (1.9) is not
an invariant of the one-parameter group admitted by Egs. (1.3)—(1.5). Upon replacing (1.9)

of" + P (m )2 =0 (1.13)

by the appropriate invariant one arrives at Eq. (1.10).
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In the papers [1,3], the value m = —1/2 of the exponent m appears as a “critical value”
of Eq. (1.10). One can find an interesting discussion of a physical significance of this critical
value of m in [1], page 186.

In the present paper we will study the symmetries and self-adjointness of Moffatt’s model
and derive Egs. (1.10)—(1.12) from the invariance principle [6]. The Lie group analysis reveals
different conservation forms of Eq. (1.3) and provides two exceptional values, m = —1/2
and m = 3, of the exponent m for Eq. (1.10). Namely, Eq. (1.10) is self-adjoint if m = —1/2;
in this case a first integral is found for Eq. (1.10). The second exceptional case m = 3 singles
out the equation (1.10) having more symmetries than for all other values of m.

2. Symmetries
2.1. Prandtl equations

The Prandtl boundary-layer equations (1.1) admit the Lie algebra spanned by the following
operators [5]:

0 0 0 0 0 0 0
Xy =2 a4l x,=y L ol Ly
! x8x+u8u+ p@p’ 2 y@y “au Ov p@p @.1)
) ) ) ) '
Xs= 2 Xi=2, Xs=h(z) +ull
57 oz 1 op’ 0 (@ )8y+u (2 )81)’

where h(z) is an arbitrary function and A/(z) is its first derivative.

2.2. Moffat’s equation

We can convert the symmetries of the Prandtl equations (1.1) into symmetries of Mof-
fatt’s equation (1.3) by “integrating” the operators (2.1). Namely, we write the unknown
symmetries of Eq. (1.3) in the form

0
"oy
with an undetermined coefficient n = n(z,y, ) and with the coefficients &', €2 taken from

the operators (2.1). Then we find 1 by using Eq. (1.2) and comparing the operators (2.1)
with the prolonged operator (2.2),

X = 513 + 51 (2.2)

) ) )
=¢— +£—+n%+<’1 a0, + Qg 90, (2.3)
)

Here (1 and (o are obtained by the prolongation formulae

¢ = Dz(n) — wxDx(fl) - %Dx(€2),

1 , (2.4)
G2 = Dy(n) - ¢ny(§ ) — I/JyDy(f )s
where
8 8
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Let us take the operator (2.2) associated with the first operator from (2.1):

> 0 0
X =x— —. 2.
1= T + an (2.5)
Here ¢! =z, €2 =0, and the prolongation formulae (2.4) yield:
C1 = Dz(n) — Ve Dy(x) = 1y + (W — 1)ty (2.6)
C2 = Dy(n) =1y +nytby.
Hence, the prolongation (2.3) of the operator (2.5) is written
S 0 0 0 0
Xi=2Z 40 4, )] . 2.7
1 x8x+n8¢+[77 + (1 )¢]8%+[77y+77wy]8% (2.7)

Now we write the operator X; from (2.1) by omitting the term with 9/0p and using
Eq. (1.2):

0 0

Comparing the coefficients of 0/01,, 0/0v, in (2.8) and (2.7) we obtain:

Ny + (77¢ - 1)¢x =0, Ny + W% = I/Jy'
It follows that

Ne =My, My =1,
and hence, upon integrating,
n=1v+Cy, Ci = const.

Thus, the “integration” of X; from (2.1) yields the following operator (2.2):
> 0 0
X1 =2— C)—. 2.9
1= T + (+ Ch) 50 (2.9)

It is manifest that the operator (2.9) is admitted by Moffatt’s equation (1.3). Since the
constant C is arbitrary, the operator (2.9) provides two symmetries:

S 0 0 > 0
X =x— —, X! == 2.10
Let us take the operator (2.2) associated with the second operator from (2.1):

Xo=y— —. 2.11
2 yay + 778¢ (2.11)
In this case ¢! =0, ¢2 =y, and the prolongation formulae (2.4) yield:
G = Da(n) = 12 + Myta,
v (2.12)

G2 = Dy(n) - %Dy(y) =Ny + (771Z) - 1)¢y-
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Hence, the prolongation (2.3) of the operator (2.11) is written

> 0 0 d
Xa=yg -ty + 2l 5 - 2.1
2 y6y+776¢+[77 +?7W]awm+["7y+( )wy]a% (2.13)
As above, we compare (2.13) with the operator
0 0
Xy = gy — op, 2 L
? Y wyalﬁy 1/} 3%;
and obtain:
Mo+ N = =Y, Ny + Ny — Dby = =29,
whence

Ne =Ty, Ty = —1L
These equations yield

n=-v+0C

with an arbitrary constants Cy. Thus, the “integration” of Xy from (2.1) yields X7 from
(2.10) and the following new symmetry for Eq. (2.2):

0
X, =Y5 3y w 90 (2.14)
One can readily verify that the application of the above procedure to the operator Xg
from (2.1) yields n = Cs, i.e. leads to X7 from (2.10) and to the operator X3 itself:
s 0
37 o
The generator of translations in p, i.e. the operator X, from (2.1) does not lead to any
symmetries of Eq. (1.3) since this equation does not contain p.
Finally, consider the operator (2.2) associated with X5 from (2.1):

0 0

(2.15)

X5 = 2.1
5 =h(z )3y g (2.16)
Substituting ¢! = 0, £€2 = h(x) in (2.4) we obtain the prolonged operator (2.16):
S 0 0 0
X5 = — — z z — —. 2.1

Comparing (2.17) with the operator

0
X5 = h(l’)a—y - h,(l’)lﬁya—wm

we obtain:
Ne + Nythz — h/(x)¢y = _h/(x)q/’ya Ny + Nty =0
or

Ny + waa: =0, Ny + 771/1'%/ =0,
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whence

N =1y = 1y = 0.
These equations yield
n=Cs.
Hence, the “integration” of X5 from (2.1) yields X7 from (2.10) and the following new
symmetry for Eq. (2.2):

= 0
X5 = h(z)=—. (2.18)

Jy
Thus, we have converted the symmetries (2.1) of the Prandtl equations (1.1) into sym-
metries (2.10), (2.14), (2.15), (2.18) of Moffatt’s equation (1.3). Changing the notation we

write these symmetries of Eq. (1.3) as follows:

0 0 0 0
X1—$%+¢%> X2—ya—y—¢%

) ) ) (2.19)
XgZ%, X4:%, X5:h(117)8—y

One can verify by solving the determining equations that the operators (2.19) span the
maximal Lie algebra of Lie point symmetries of Moffatt’s equation (1.3).

3. Application of the Invariance Principle

3.1. Formulation of the invariance principle

Let 2 = (z%,...,2") and u = (u',...,u™) denote independent and dependent variables,

respectively. The first, second, ... derivatives are denoted by

uay = {ui'}y,  u) = {ug}, ...
with

uf = Di(u®), ufy = Di(uf) = D;D;(u”),

where D; is the total differentiation:

YOt L Ou g ous

Differential equations of an order s are written

If F'is a vector, we have a system of differential equations.

We will use a general principle for tackling boundary and/or initial value problems for
equations having certain symmetries. It was formulated in [6] (see also [7]) and called the
ivariance principle.
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Consider an initial (boundary) value problem
F(z,u,... ug) =0, (3.1)
B(x,u,...,u(r))’M:(), r<s, (3.2)

where M is called an initial (or boundary) manifold. We assume that the differential equa-
tion (3.1) admits a Lie algebra L, i.e. Eq. (3.1) is invariant under the group G with the Lie
algebra L. Let K C L be a subalgebra of L, and H be the subgroup H C G generated by
the subalgebra K.

Definition 3.1. We say that the problem (3.1)-(3.2) admits the subalgebra K if

(1) Manifold M is invariant under the subgroup H generated by K, (3.3)
(2) Eq. (3.2) admits K, (3.4)
where K is obtained by restricting to the manifold M of the operator K upon its prolon-
gation to the derivatives involved in B(z,u,...,u()).

Invariance principle. If the initial (boundary) value problem (3.1)-(3.2) admits the sub-
algebra K, then one should seek the solution to the problem in question among the H-
invariant solutions of the differential equation (3.1).

3.2. Subalgebra admitted by the problem for liquid metal flows
We consider the boundary value problem (1.3)—(1.5):

Yyhay — YaPyy = Vibyyy, (1.3)
Yp=0, ¢,=Az" on y=0, (1.4)
Py — 0 as y— oo. (1.5)

Let us denote by L the Lie algebra spanned by the operators (2.19) and find its subalgebra
K C L admitted the boundary value problem (1.3)—(1.5).

Lemma 3.1. K is the one-dimensional subalgebra spanned by the operator

X =2X; + (1 — m)XQ, (35)
or
0 0 0

Proof. Any operator X € K is a linear combination of the operators (2.19):

X =aX1+8Xo+7Xs+ X4 +eX5 (3.7)
= (ar+7) 2 + By + ehl@) 2 + (@ — B + -2 (39
- Vow TV ay oy’ '
where the constant coefficients «,...,e are determined from the invariance of the side

conditions (1.4), (1.5). Let us begin with the boundary condition (1.4). In this case the
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manifold M is given by the equation y = 0. Applying the condition (3.3) of Definition 3.1
to the operator (3.7) we obtain

X(y)], o = (By + eh(@))],_y = ehia) = 0,

whence ¢ = 0. Thus, the operator (3.7) becomes

X:(ax+’y)%+ﬁyaa—y+[(a—ﬁ)w+5]%. (3.8)

It is manifest that the operator (3.8) satisfies the invariance test
X))o =0

for the manifold y = oo of the the boundary condition (1.5) as well. Indeed, setting y = 1/z
we rewrite the manifold y = oo in the form z = 0 and the operator (3.8) in the form
0 0 0
X' = — — Bz - 0] =—. 3.8
(@ +9) 5 — B +(a = B+ a5 (39)
Then the validity of the invariance test X’ (z)|,—o = 0 is self-evident.
Now we turn to the condition (3.4) of Definition 3.1. The prolongation formula (2.3)
yields the following prolongation of the operator (3.8) to 1, :

0 0 0 0
X = (a4 g + By 10— 0+ ol + (o= 20y 50 (3.9)

Let us begin with the boundary condition (1.4). The restriction of the operator (3.9) to the
manifold y = 0 has the form

~

X:(ax+’y)%+[(a—ﬂ)lﬁ—l—cﬂ%—l—(a—Qﬁ)wyai%, (3.10)

and hence the invariance test for the data (1.4),
X(w)‘(14) = 07 X(¢y - Al‘m)‘(14) = 0’

provides the following equations:

[(0 = B)¢ + 6]y=0 =6 = 0, (3.11)
[(a = 28)¢y — Am(az + 7)™y, —aem (3.12)
=[(1 —m)a — 2B]Az™ — my Az™ ' = 0.
Assuming that A # 0, m # 0, we obtain from Eqgs. (3.11)-(3.12):
d=0, =0, (1-m)a—-26=0. (3.13)

Letting o = 2 we obtain § = 1 — m, and the operator (3.8) coincides with (3.5),

X =2X; + (1 —m)Xo.
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Rewriting this operator in the form (3.8’), one can verify that it leaves invariant the bound-
ary condition (1.5) as well. This completes the proof of the lemma. O

3.3. Derivation of Moffatt’s solution (1.10)
We find two functionally independent invariants of the subgroup H C G with the generator
(3.6) by computing two first integrals for the characteristic system

dx dy dy

% (m-Dy (m+1)o

of the equation X (J) = 0. Writing the characteristic system in the form

d_y_i_m——ld_x:O, @_m_—’_ld_x:()
Y 2 =z P 2 =z

we obtain two first integrals
(m—1)/2

yx = const., Y~ "D/2 = const.

The left-hand sides of these first integrals can be multiplied by any non-vanishing constants,
k,1~', and provide two functionally independent invariants A and J :

A=kyam=D2 g =y = (mHD/2, (3.14)
Letting J = f(A) we obtain the following form for the invariant solutions:
Y =1zMmH/2 £()). (3.15)
We begin by computing the derivatives of A defined in (3.14):

M k(m2— 1) yam IR\ = pgm/2,

The differentiations of (3.15) yield:

l
Yo = 52"V [ D)f + (= DA], by = kL™ f, (3.16)
e ;o m—1_ 127 (3m=1)/2 1
Yy = klx mf’ + T)\f o Yy =Kl A (3.17)
and
¢yyy _ k3l$2m_1 f”/- (3.18)

Now we substitute the expressions (3.16)—(3.18) in Eq. (1.3) and obtain:

kv
l

m—+ 1

"
ot —

Vq/’yyy + 7/’x¢yy - 7/’y1/’xy = k22t ff// — mf’2 . (3.19)
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Since k and [ are arbitrary constants, we will take
I = kv (3.20)
and reduce Eq. (1.3) to the ordinary differential equation (1.10):

m+1

"
ot —

ff"—mf?=o0. (3.21)

Let us turn now to the boundary conditions (1.4) and (1.5). Applying the first equation in
(1.4) and the condition (1.5)—(3.15) we obtain Eq. (1.11):

f(0)=0, f'(o00)=0. (3.22)

Substituting the expression for 1, from (3.16) in the second equation (1.4) and invoking
(3.20) we obtain

Eva™ f(0) = Ax™.
This equation implies the equation
kv = |A| (3.23)
and Eq. (1.12):

#(0) = { +1 whenm+1>0, )
—1 whenm+1<0.
Furthermore, Egs. (3.23), (3.20) yield
k=AY, L= (AR
Finally, invoking (3.15) and (3.14), we arrive at the following result.
Theorem 3.1. The substitution
b = (WA 22 £ (3.25)
with
A= (v Az 2y (3.26)

reduces the problem on finding the solution of the partial differential equation (1.3) satisfy-
ing the boundary conditions (1.4), (1.5) to solution of the third-order ordinary differential
equation (3.21) with the boundary conditions (3.22), (3.24).

4. Adjoint Equations
4.1. Adjoint equations and self-adjointness of nonlinear equations

We use the notation of Sec. 3.1 and consider systems of m differential equations

Fo(x,u,ugy, - u)) =0, a=1,...,m. (4.1)
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Definition 4.1. The adjoint equations to Eq. (4.1) are defined by (see [8])

F;(x,u,v,...,u(s),v(s)):0, a=1,...,m, (4.2)
with
§(vPFp)

F}(z,u,v U(s), V(s)) = S (4.3)

where

5 o R—— o

—_— = —]_ S_Di .DrL 9 - 17 Y Y 44
Su®  Ou +Sz:;( )* D, Cou o m (4.4)

is the Euler-Lagrange operator, so that

B B g B
S(vP Fg) _ O(v° Fg) D, O(v’ Fg) \ DD, O Fg)\
ou™ ou® ous! oug),

Here v = (v!,...,v™) are new dependent variables, U(1), -+ -, U(s) are their derivatives, e.g.

vy = {vf'} with v = D;(v®). The quantity

m
L=0vF;=> 4Fy (4.5)
p=1
is called the formal Lagrangian for Eq. (4.1). Since we have new dependent variables v,
the total differentiation from Section 3.1 is modified as
0 0 0 0

Di= g T T gm T

o T 5a + v

1Javjqc+ ( 6)

In the case of one dependent variable u the following definition extends the classical
concept of the self-adjointness of linear operators to nonlinear equations.

Definition 4.2. Equation (4.1) with one dependent variable (m = 1) is said to be self-
adjoint [8] if the adjoint equation (4.2) becomes equivalent to Eq. (4.1) after the substitution
v = u. It means that the following equation holds with a certain (in general, variable)
coefficient o :

F*(x,u,u, .. u), ugs)) = o Fz,u, ... ug). (4.7)
In the general case, the following definition is useful.

Definition 4.3. We say that the system (4.1) is quasi-self-adjoint [9] if the adjoint system
(4.2) is satisfied, identically or on all solutions of the system (4.1), after a substitution

=V%u), a=1,...,m, (4.8)
where not all V(u) vanish identically. It means that
Fo(z,u, V(u), ... ugsy, Viey(u) = 0P Fy(z,u,... JU)), a=1,...,m, (4.9)
with certain (in general, variable) coefficients 0. Here

Viy(w) ={Di(V*(u)},  Vigy(u) ={DiD;(V*(u))},.
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In order to apply these concepts to Eq. (3.21), let us formulate them for third-order

ordinary differential equations written in the form

" PN L) =0

(4.10)

where f and A are a dependent and independent variables, respectively, f’ is the first

derivative of f with respect to A, etc. The formal Lagrangian (4.5) is written

EZZ[f/,/+F(A>f>f/>f”)]a

where z is a new dependent variable. The adjoint equation (4.2) to Eq. (4.10) is

oL
of
Here §/df is the variational derivative (4.4):

1) 0 0 0 0
—=-—-D D?*— —D?
5]0 8f 8f’+ 8f” 8]0///’

=0.

where D is the total derivative (4.6):

0 , 0 0
_D_— . . //_ //_
+f f+ R A~ R

In particular, D3(z) = 2", and hence the left-hand side of Eq. (4.12) is written

{z[f’”+F(nff )Y =— w+za_F_D( 6F>+D2< 6F>.

af afl f/l

4.2. Quasi-self-adjointness of the Prandtl equations

We will write the formal Lagrangian (4.5) for Egs. (1.1) in the form
1
L=U |uug + vuy, + ;pm — uuyy} + Vpy + Wlug + v,),

where U, V, W are new dependent variables. We have:

% = —Dy(uU) + Uuy — Dy(vU) — Wy — vUy,,
oL oL 1
%—UUy—Wy, g——;Ux—Vy

Hence, the adjoint system (4.2) for the Prandtl equations are written

uUy +vUy +Uvy + Wy +vUy, =0
1
Uuy — Wy =0, ;Um—l—Vy:O,

where the immaterial sign in the first and third equations has been changed.

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)
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Let us test the Prandtl equations for the quasi-self-adjointness. We will write the equa-
tions (4.9) for quasi-self-adjointness in the form

1
uUy +ovUy + Uvy + Wy +vUyy = [uum + vuy + ;pa, — Vlyy

+ Bpy + y[uz + vy, (4.16)
1
Uuy, — W, =a [uux + vuy + ;px—l/uyy} + bpy + clug + vy, (4.17)
1 1
;Um +V,=A [uuz + vuy + ;pz—uuyy} + Bpy + Clug + vy (4.18)

and make the substitution (4.8) written in the form
U:M(u7v7p)’ V:N(u7v7p)’ W:Q(U7U’p)' (4'19)
Invoking that U, = D,(U), ..., we obtain from (4.19):

Ur = Myug + Myvy + Mpps, Uy = Myuy + My, + Mppy,

Ve = Nyuz + Nyvg + Nppe,  Vy = Nyuy + Nyvy + Nppy,

Wo = Quuig + Quvz + Qppe, Wy = Quuy + Quuy + Qppy, (4.20)
Uyy = Mytiyy + Myvyy + Mppyy + Myt + Myyv, + Mppv)

+ 2 My iy vy + 2Myptiy Py + 2Myp Uy Py -

Now we substitute the expressions (4.19) and (4.20) in Eqgs. (4.16)—(4.18). We begin with
two simple equations, (4.17) and (4.18), and obtain:

Muy — (Quuy + Quuy + Qppy)
1
=a {uux + vuy + P V’U,yy:| + bpy + clug + vy), (4.17)
1
;(Muux + Myv, + Myps) + Nyuy + Nyvy, + Nppy,
1
=A [uux + vuy, + ;px = Vuyy} + Bpy + Clug + vy]. (4.18")

Equating the coefficients for wy,, ug, ty, Vg, Uy, Dz, py in both sides of (4.17") and (4.18") we
obtain the equations

a=0, b=-0Qp ¢=0, Q=0 M-0Q,=0 (4.21)
and

A=0, B=N, C=N, M,=M,=N,=0, M,—pN,=0, (4.22)
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respectively. Integrating the differential equations for M, N,Q provided by Egs. (4.21),
(4.22), one can easily see that

1
M=FKu+Ky, N= Klg +r(p), Q= §K1u2 + Kou+ q(p), (4.23)

where K7, K5 are arbitrary constants, r(p) and ¢(p) are arbitrary functions. Now Eq. (4.16)
is written

K1 (uug + Vly + V“yy) + (Kqu + K2)(ug + Uy) + q,(p)pa:

1
= o |uuy + vuy + ;px — Vlyy | + By + YUz + vy). (4.16")

Equating the coefficients for w,,, ..., p, in both sides of Eq. (4.16") we obtain
Ki=0, a=0, =0, v=K; d(p)=0.
Inserting this information in (4.23) we obtain the following substitution (4.19):
U=K,, V=r(p), W=Kyu+ Ks, (4.24)

where r(p) is an arbitrary function, Ky, K3 = const. After this substitution, the quasi-self-
adjointness conditions (4.16)—(4.18) hold in the following form:

uUy +vUy + Uvy + Wy +vUyy = Ko(ug + vy),

1
Uu, — W, =0, ;Ux +V, = T’(p)py.

Hence, the system of the Prandtl equations (1.1) is quasi-self-adjoint.

4.3. Self-adjointness of Moffatt’s equation
The formal Lagrangian (4.5) for Eq. (1.3) is written

L = G[hyhay — Vatbyy — Vibyyyl,
where ¢ is a new dependent variable. We have the adjoint equation:
oL _
LV
= 2020y — Oylay — Vadyy + Voyyy = 0.

DyDy(¢by) — Dy(¢thay) — Di(diby) + Daldibyy) + v D ()

It follows that Eq. (1.3) is self-adjoint because the condition (4.7) is satisfied:

oL

@ s = —(Vythoy — Yathyy — Vibyyy).
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4.4. Discussion of ODE (3.21)
The formal Lagrangian (4.11) for Eq. (3.21) is written

m—+1

"
A

— " —mf"? (4.25)

and Eq. (4.14) yields the following adjoint equation:

1)

éz— " (3m—|—1)zf”—i— fz”—i—(?)m—i—l) "f'=o0.
Since

1) 1

_[' :—f”/+ 3m+1+—+ ff”—i—(3m+1)f’2,

5f Z:f 2

the self-adjointness condition (4.7) is written

1
—f”/+ (3m+1+7+> ff”+(3m+1)f B |:f/”+%ffﬂ—mf/2
and yields:
1 1
Smal4 Mt M e o
2 2
These two equations are identical and yield m = —1/2.
Thus, we have proved (see [4]) that Eq. (3.21) is self-adjoint if and only if
1
=——. 4.26
m=—s (126)
This statement reveals a new significant property of the critical value m = —1/2.

The reckoning shows that the substitution z = A(f) does not provide new cases. In other
words, there are no quasi-self-adjoint equations (3.21) except the self-adjoint case (4.26).

5. Conservation Laws Associated with Symmaetries
5.1. Introduction

It is proved in [8] that every Lie point, Lie-Bécklund or non-local symmetry

. 0 0
X=¢ —
g (x’ u’ u(l) )a 7 )aua Y

of Egs. (4.1) provides a conservation law for the system (4.1) considered together with its
adjoint system (4.2). The conserved vector is given by the formula

+77 (ZC,U,U(l),... (51)

. Jloc oL oL
=L Df(au”>+DD’f<ag;k> ]
ot oL | oc
D; (W) W%—D (a %k>+... + D, Dy (W) ot ] (5.2)
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where £ is the formal Lagrangian (4.5) and W is given by
Wa:na—fju?, a=1,...,m. (5.3)

The formal Lagrangian £ and hence the quantities (5.2) contain the “non-physical” variables
v®. Therefore the conservation law

D;(C*) =0 (5:4)

is satisfied for the vector (5.2) if we consider it on the solutions of Egs. (4.1)—(4.2). However,
if Eq. (4.1) are quasi-self-adjoint we can eliminate v® from (5.2) by using the substitution
(4.8) and obtain the vector satisfying the conservation equation (5.4) on the solutions of
Eq. (4.1), without involving Eq. (4.2).

Note that one can omit in (5.2) the term £°L, when it is convenient, because £ vanishes
together with its derivatives on the solutions of Eq. (4.1).

5.2. Calculation of a conserved vector for the Prandtl equations

We will apply the formula (5.2) to the Prandtl equations (1.1). We know from Subsec. 4.2
that the formal Lagrangian for Eq. (1.1) has the form

1
L = Uluug + vuy + ;px — Viyy] + Vpy + Wug + vy).

Let us find the conserved vector associated with the first symmetry from (2.1):

0 0 0
X =x— — + 2p—.
! x@x +u8u * p@p

We denote z = 2!, y = 22, u = u', v = u?, p = v? and obtain from Eq. (5.3)

Wl =u—au,, W?=—zv,, W3=2p—ap,.

Substituting our £ in Eq. (5.2), written without the term z£, we obtain:

1.
ot — w2k + W2 = oL + W3 = oL = (Uu+ W)W+ -UW?,
Ouy O0vg Ops p
oL oL oL oL oL
1 D [ 2= 2 3 D 1 Y~
c=w [a“y ! (auyy)] v vy o py +DW )auyy

= [Uv+ D,(vU)]W' + WW? + VW3 — vUD,(W1),
whence
1
Cl = (Uu+ W)W+ ;UW?’,

C? = [Uv + Dy,(vU) W'+ WW? + VIW? — vUD,(W1).
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We insert here the above expressions for W, W?2, W3, eliminate U, V, W by the substitution
(4.24) and obtain the following components of the conserved vector:

2
C' = Ky |2u? — 2zuu, + ;p — fpx} + K3(u — zuy), (5.5)
p

C? =K, [uv — TVUy — TUVE — YUy + VTULy| — K3zvy +17(p)(2p — xps).

The reckoning shows that
1
D.(CY) + D,(C?) = Ka(1 — zD,,) (uux + vuy + ;px - Vuyy>
+ [Ka(1 — 2Dy )u — K3z Dy (ug + vy)

+[r(p)(2 - 2Dz) +r'(p)(2p — zps)py-

It follows that the vector with the components (5.5) satisfies the conservation equation (5.4)
on the solutions of the Prandtl equations (1.1).

5.3. Calculation of conserved vectors for Moffatt’s equation

Let us find the conservation laws for Moffatt’s equation (1.3) associated with its symmetries
(2.19). We will apply the formula (5.2) to the formal Lagrangian (see Subsec. 4.3) written
in the symmetric form

1 1
L=¢ §¢y1/’xy + §¢y¢yx — Yoy — Vhyyy | - (5.6)

2

We have here two independent variables ' = =, 22 = y and one dependent variable u = ).

Accordingly, Eq. (5.3) becomes
w :77_§1¢3: _§2¢y- (5-7)

In our case Eq. (5.2) are written as follows:

w28 p (9L oc
C _££+W[31/Jx Dy<8wxy>:|+Dy(W)8¢xy7

oL oL oL oL
SLAW 50, Dy v\ gy ) T\ B0y
oL oL oL oL
D,(W)— +D,(W)|—— — D, | ——— D2(W .
" ( )6¢ym * y( ) |:a¢yy Y <3¢yyy>} * y( )awyyy

We substitute here the formal Lagrangian (5.6), replace ¢ by 1 because Eq. (1.3) is self-
adjoint, and obtain:

Cl = fl»c -W [g¢¢yy + %d’;] + %wwyDy(W%

3 1 1
C? = §2£ + W {§'¢¢xy + 5%% - way:| + §¢¢ny(W)

+ [y — Vo] Dy (W) — vip DI(W).
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I will provide here detailed calculations for the first operator from (2.19):

0 0
Xl .T—+1/1@

We find from Eq. (5.7) W = ¢ — x1, and substitute it in Egs. (5.8) to obtain:
O = — S0y + S ety + Yty + 1t — 2ty
3 2 1 2
= S0Py — Sty — Wity + v
= 5 [Vethay + Wy tas + Yy — 2ty — 2ty + 2y
The term with 2 in C! can be written as a total derivative in 3, namely
S [Watyy + Vythay + Ut — 200y] = Dy (G100t — iy + i)
Therefore we can transfer this term to C? due to the identity
Dy (C' + Dy(T)) + Dy(C?) = D,(C*) + Dy(C?), C?=C?+Dy(T). (59
In our example T' = &[Yhp1), — 20ty + mb;], and hence
DL(T) = L (st + 1153) — iy,
5 [V0etey + Ve + Yy — 2ty — ety + 20y
Adding D,(T) to our C? and omitting the tilde and the coefficient 3 we obtain
Ol = WPy, OF = S0Py + g0 — ity
We can simplify this vector further by representing the first term in C? as
L o 2
S0 ay = Da(V%y) — Vi,
and use the identity similar to (5.9) with <+ y, C' <> C?. Then we obtain
O = (Wt vy) + g (5.10)
The reckoning shows that the vector (5.10) satisfies the identity

Dy(CY) + Dy(C?) = dlibythay — Yathyy — vibyy,]

and hence obeys the conservation equation (5.4) on the solutions of Eq. (1.3).
The operator X5 from (2.19) leads to the same conserved vector (5.10).
The operators X3 and X5 lead to the trivial conserved vector C' = C? = 0.
The operator X, = 0/0vy provides the conserved vector

=7, C% = —pthy — viPy,. (5.11)
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5.4. Ordinary differential equation (3.21)

It has been shown [4] by inspecting the determining equations that every equation (3.21)
with m # 3 admits Lo spanned by

0 0 0

Xi=—, Xo=f——-A= A2

and that Eq. (3.21) with m = 3,
f/// 4 2ff// o 3f12 — O, (513)

has the additional symmetry
0 0

X3 =\ —2Mf) 5 14
2= N s+ (620 ) 5 (514)

The symmetry (5.14) leads to the invariant solution

6 K
f= X + 2 K = const. (5.15)

We know (Subsec. 4.4) that Eq. (3.21) is self-adjoint if m = —1/2. Accordingly, we will
calculate the conserved quantities associated with the symmetries (5.12) of the self-adjoint
equation

1 1
f/// + fo// + §f/2 —0. (5.16)
The conserved quantities (5.2) associated with symmetries
9
of

of third-order ordinary differential equations (4.10) are written

- oc oL\ ([ oC
0_5£+W[W‘D<af">+D (61’”

oL oL 2 OL L
+D(W)[8f”—D<8fm>}+D(W)afm, W=n—¢f. (5.17)

X = €0 f) g +0lA f)

The reckoning shows that application of the formula (5.17) to the translation generator
X1 provides the trivial C' = 0. One can readily verify that the application of the formula
(5.17) to the operator Xy provides the non-trivial conserved quantity (first integral)

Aff"+ A —2f% = C. (5.18)

Thus, the Lie group analysis reveals two critical values of the exponent m, namely,
m = —1/2 and m = 3.
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