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Using a complex representation of planar motions, we show that the dynamical conserved quantities
associated to the isotropic harmonic oscillator (Fradkin–Jauch–Hill tensor) and to the Kepler’s
problem (Laplace–Runge–Lenz vector) find a very simple and natural interpretation. In this frame
we also establish in an elementary way the relation which connects them.
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1. Introduction

In 1873 J. Bertrand [3, 10] established that, among all central potentials, the Kepler (1/r)
and Hooke (r2) sytems are very specific in the sense that they are the only ones for which,
at the classical level, the bounded planar orbits are closed for any initial conditions and of
elliptic type. This specificity is met again in the fact that, besides the energy and angular
momentum, they possess additional globally conserved quantities, respectively of vectorial
(Laplace–Runge–Lenz vector) and tensorial (Fradkin–Jauch–Hill tensor) natures [7, 19, 21].
These supplementary constants of motion are related to the existence of a dynamical group
of symmetries larger than the space–time one for both systems.

The study of a relation connecting these two privileged systems has a long history
initiated in Hooke and Newton’s works [13]. In 1911 Bohlin showed that this relation can
be formulated in terms of conformal mapping [4]. This conformal transform is at the core
of the Levi-Civita’s regularization scheme [22] of which tridimensional generalization has
been achieved by Kustaanheimo and Stiefel [34]. In fact, as noted by Needham [26, 27]
two years before Bohlin’s paper, Kasner [20] had established a more general duality law
relating pairs of power law potentials (but the result has only been published in 1913). This
relation has been rediscovered and generalized by Arnold and Vassiliev [1, 2] in 1989 and
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quite simultaneously by Hojman et al. [17]. In fact the generalization of Kasner’s result had
already been obtained by Collas [5] and implicitly enters into the frame of the coupling
constant metamorphosis of Hietarinta et al. [16, 31, 37]. Even if we restrict ourselves to the
classical aspects (the study of this correspondence in the quantum mechanical frame has
an interesting parallel history that we do not deal with here), numerous articles have been
published on this subject during the last fifteen years [13, 15, 24, 25, 35, 36, 38].

In this article we show that the use of a complex representation, particularly well adapted
in the study of planar motions, permits one to give a very simple and transparent inter-
pretation to the Jauch–Hill–Fradkin (JHF) tensor and Laplace–Runge–Lenz (LRL) vector.
In the first part, we begin by giving the essentials of the complex representation scheme.
Treating Hooke and Kepler systems in this frame, we show that the FJH tensor and the LRL
vector are induced by the existence of simple integrating factors for the respective equations
of motion. In particular, for the Hooke system, it is directly induced by the analytic form
of the equation of motion, which is peculiar to this system.

We then recall the principle of Bohlin–Arnold–Vassiliev’s dual correspondence. Apply-
ing it to the special case of the Hooke–Kepler connection, we then recover in a simple and
direct way the link established by Nersessian et al. [28–30] between the additional dynamical
conserved quantities associated to these systems. Moreover, it appears clearly that the gen-
erators of the dynamical symmetry algebras of the Kepler and Hooke systems respectively,
are (up to a constant factor) the same object, expressed in the systems of representation
(coordinates and parametrization) associated to the two dual motions.

2. Complex Formulation of Planar Motions

2.1. Basic elements

We are interested in the study of the motion �r(t) for a particle of mass m subjected to a
central potential U(�r) = U(r), eventually singular at the origin for which the equation of
motion is given by:

m
..
�r = −�∇U(r) = −U (1)(r)

�r

r
(1)

where the dot represents the time t derivative and U (n)(r) = dnU(r)/drn.
As it is well known, the angular momentum �L = m�r ×

.
�r of the system is conserved:

.
�L = m�r ×

..
�r = �0 (2)

and the motion is contained in the plane (O,�u1, �u2) orthogonal to �L = L�u3, (O,�u1, �u2, �u3)
being an orthogonal frame of the three-dimensional space.

To describe such a planar motion, we can adopt a complex formulation and represent
any vector �A in the plane of the motion by a corresponding complex number A, called its
affix:

�A =
(

A1

A2

)
(O,�u1,�u2)

→ A = A1 + iA2 ∈ C. (3)
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For the position vector, we have in particular:

�r(t) =
(

x(t)
y(t)

)
(O,�u1,�u2)

→ z(t) = x(t) + iy(t). (4)

In the plane of motion the potential is viewed as a real-valued function, U(z, z) of z and
z, the gradient of which is given by:

�∇U(�r) → 2
∂U(z, z)

∂z
, (5)

where: 
∂

∂z
=

1
2

(
∂

∂x
− i

∂

∂y

)
∂

∂z
=

∂

∂z
.

(6)

In this representation, the equation of motion takes the form:

..
z +

2
m

∂U(z, z)
∂z

= 0. (7)

For a central potential, it becomes simply:

..
z +

1
m

U (1)(r)
z

r
= 0. (8)

Multiply both sides of Eq. (7) by
.
z and both sides of the complex conjugate equation

by
.
z. Then adding the resulting identities, we obtain:

.
z

..
z +

.
z

..
z

2
+

1
m

(
.
z
∂U(z, z)

∂z
+

.
z
∂U(z, z)

∂z

)
= 0, (9)

the left member of which is a total derivative.
Integrating this identity with respect to t, we recover the conservation of energy:

E =
1
2
m| .z|2 + U(z, z) =

1
2
m
∥∥∥ .
�r
∥∥∥2

+ U(�r). (10)

If �A and �B are two vectors in the (O,�u1, �u2) plane, the complex affix of �A × �B is given
by the real quantity Im (AB), A and B being the complex affixes of �A and �B, respectively
(this real quantity corresponds to a vector which is orthogonal to the (O,�u1, �u2) plane).

The angular momentum �L admits the real affix:

L = m Im(z
.
z) =

m

2i
(z

.
z −

.
zz) ∈ R. (11)

Note that for any vector �A lying in the (O,�u1, �u2) plane we have the following corre-
spondence:

�L × �A = −LA2�u1 + LA1�u2 → iLA. (12)
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2.2. Isotropic harmonic oscillator (Hooke’s problem)

We consider the case for which the second term, ∂U(z, z)/∂z, of the equation (7) is analytic
in z, that is the equation not z dependent:

..
z +

1
m

a(z) = 0. (13)

Equation (7) admits an integrating factor
.
z and besides E and L we obtain after a

staightforward integration the following complex conserved quantity:

F = m
(

.
z)2

2
+
∫

a(z)dz. (14)

If we restrict ourselves to central potentials, we see immediately that this analycity
condition corresponds to U (1)(r)/r (see Eq. (8)) constant in r, that is to the Hooke potential
(isotropic harmonic oscillator) U(z, z) = kzz/2, k ∈ R.

We then have a(z) = kz and Eq. (8) is linear:

..
z +

k

m
z = 0 (15)

(and its solution is straightforwardly obtained as a linear combination of the two basis
solutions exp(±i

√
k/mt)).

F becomes simply (see Eq. (14)):

F = m
(

.
z)2

2
+

k

2
z2 (16)

or in algebraic form:

F = F1 + iF2 (17)

where:

F1 = Txx − Tyy, F2 = Txy.

T = (Tij)i,j∈{x,y} being the well known Jauch–Hill–Fradkin tensor [7, 19]:

T =
(

Txx Txy

Txy Tyy

)
=
(

m(
.
x)2/2 + kx2/2 m

.
x

.
y/2 + kxy/2

m
.
x

.
y/2 + kxy/2 m(

.
y)2/2 + ky2/2

)
. (18)

The energy is the trace of this tensor: E = Tr(T ) = m| .z|2/2+k|z|2/2 and we can write:

Txx =
1
2
(E + F1)

Tyy =
1
2
(E −F1)

Txy = F2.

(19)
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Note that, if we define

F1 =
1
ω
F2, F2 =

1
2ω

F1, F3 =
1
2
L (20)

with ω =
√

k/m, it can be easily shown that the Fi satisfy the following Poisson Brackets
relations [14, 19, 23]:

{Fi, Fj} = εijkFk (21)

and then are generators of the dynamical O(3) symmetry algebra associated to the isotropic
harmonic oscillator.

The complex representation allows one to show the existence of a specific conserved
quantity for the harmonic oscillator and of the associated global dynamical symmetry in a
straightforward way. The use of complex numbers rather than vectors permits one to profit
from their algebraic properties. The existence of the Jauch–Hill–Fradkin tensor and of the
associated dynamical symmetry appears in a transparent way, as a very simple consequence
of the analytic in z dependence of the equation of motion which is a characteristic feature
of the Hooke system.

2.3. Kepler’s problem

Besides the isotropic harmonic oscillator there is only one other one-particle central system
which admits a globally defined conserved quantity, namely the Kepler system UK(r) =
−k̃/r. For it, the conserved quantity is the well known Laplace–Runge–Lenz vector [21].
One may wonder if it can be obtained via a simple and direct quadrature on the associated
equation of motion:

..
z +

k̃

m

z

r3
= 0 (22)

as it was the case for the Hooke problem (see Eq. (15)).
Looking for an integrating factor, we can think to use a quantity in which any term

contains
.
z or

.
z as a factor. This is the case of iL = m(z

.
z−

.
zz)/2 (see Eq. (11)). Multiplying

both sides of Eq. (22), we obtain:

iL
..
z +

k̃

2
(z

.
z −

.
zz)

z

r3
= 0. (23)

As L being conserved, the first term is the total time derivative of (iL
.
z). As for the

second term it can be rewritten as:

k̃

2
(z

.
z −

.
zz)

z

r3
=

k̃

2

(
.
z

z
−

.
z

z

)√
z

z
= k̃

d

dt

(√
z

z

)
= k̃

d

dt

(z

r

)
. (24)

Then the left-hand member of Eq. (23) is a total time derivative and we obtain the
following conserved quantity:

A = iL
.
z + k̃

z

r
. (25)
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Using Eq. (12), we immediately recognize the affix of the well-known Laplace–Runge–
Lenz vector [21] for the Kepler motion �r(t):

�A = �L ×
.
�r + k̃

�r

r
. (26)

Again, due to the algebraic properties of complex entities, the existence of the Laplace–
Runge–Lenz vector appears as simply induced by the existence of a simple, although non-
analytical, integrating factor, namely the angular momentum, for the equation of motion.
Note that the components of �A are the generators of the dynamical su(2) symmetry algebra
associated to the two-dimensional Kepler problem.

In complex representation Hamilton’s vector [8, 21, 33] is simply obtained as:

K =
iA
L

=
k̃

L

iz

r
− .

z, (27)

or in, using Eqs. (25) and (12):

�K =
1
L2

�L × �A =
k̃

L
�eθ −

.
�r (28)

(iz/r being the affix of the �eθ = �u3 ×�r/r vector of polar coordinates). Its constancy is then
a direct consequence of these ones of �L and �A.

K can also be obtained directly using Eqs. (11) and (24). Their combination imply
indeed:

iL

m

k̃z

r3
= k̃

d

dt

(z

r

)
(29)

which permits to write the left member of Eq. (22) as a total derivative without having to
introduce any integrating factor:

d

dt

(
.
z +

k̃

iL

z

r

)
= 0. (30)

We deduce immediately:

i
k̃

L

z

r
− .

z = K = const. (31)

3. Complex Transformations and Bohlin–Arnold–Vassiliev’s Duality

In the preceding section we have obtained a unified interpretation of the origin of specific
conseved quantities for the Hooke and Kepler systems. In both cases it is simply con-
nected to the existence of simple integrating factors for the complex formulated equation
of motion. The question which of course arises is to know if this common behavior is due
to an underlying relation between the two systems. The answer has been given one century
ago by Levi-Civita [22], Bohlin [4] and Kasner [20] and recently settled in a more general
frame by Arnold and Vassiliev [1, 2]. This relation appears in fact as a particular case of
the so-called Bohlin–Arnold–Vassiliev’s duality which relates a class of planar motions to
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which the power law potentials belong. This duality scheme appears very naturally if we
consider the possible transformations of the equations of motion combining an analytical
change of the complex coordinate and a local reparametrization of the motion.

3.1. Conformal change of coordinates

We return to the general equation (7) and consider firstly an arbitrary conformal (that is
analytical) change of coordinates:

z = f(w), z = f(w) = f(w). (32)

Then

∂

∂z
=
(

∂z

∂w

)−1 ∂

∂w
=

1

f
(1)(w)

∂

∂w
=

1

f (1)(w)

∂

∂w
, (33)

where f (n)(z) = ∂nf(z)/∂zn.
After substitution, Eq. (7) takes the following form:

..
w + (

.
w)2 log(f (1)(w))(1) +

2
m

1
|f (1)(w)|2

∂Ũ (w,w)
∂w

= 0, (34)

where Ũ(w,w) = U(f(w), f(w)).

3.2. Euler–Sundman’s reparametrization

Equation (34) above incorporates now a term of first order in time derivative, which has
an artificial character. In order to suppress it, we can envisage to change the parametriza-
tion for the motion w(t). A global change of parametrization is inefficient. Rather, we
choose a change of parametrization having a local structure, that is an Euler–Sundman’s
reparametrization of the type:

dt = |g(w)|2ds (35)

where g(w) is an arbitrary analytic function. This form ensures in particular that the
correspondence between the initial time parameter t and the new (fictitious) time s is
one-to-one and increasing, with

d

dt
= |g (w) |−2 d

ds
. (36)

Starting from Eq. (34), it is straightforward to show that the equation for the motion
in w(s) is now given by:

w′′ + (w′)2
(

log
f (1)(w)
g(w)

)(1)

− (log g(w))(1)|w′|2 +
2
m

|g(w)|4
|f (1)(w)|2

∂Ũ(w,w)
∂w

= 0. (37)

A priori the structure of this equation is still more complicated than the previous one
since it incorporates two kinds of terms depending upon the first derivative in time: the
first one depending upon (w′)2 as in Eq. (34) and the second one, depending upon |w′|2.
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But the gain becomes readily clear. Indeed the freedom in the choice of g(w) allows us to
expect to suppress the first one. As for the problem induced by the second, as we just go
to see, it is solved by the use of energy conservation identity.

3.3. Energy conservation

Expressed in terms of w and s, the energy conservation equation (10) gives:

|w′|2 =
2
m

(E − Ũ(w,w))
|g(w)|4

|f (1)(w)|2
. (38)

We are then in position to replace in Eq. (37) the contribution containing |w′|2 by
another one, depending only on the position. We obtain:

w′′ +
(
w′)2(log

(
f (1)(w)
g(w)

))(1)

+
2
m

|g(w)|4
|f (1)(w)|2

(
∂Ũ (w,w)

∂w
− (log g(w))(1)(E − Ũ(w,w))

)
= 0. (39)

3.4. Choice of reparametrization

In order to eliminate the contribution containing (w′)2 we have to fix g(w) such that g(w) =
Cf (1)(w), C ∈ C. The simplest choice is to take C = 1 and

g(w) = f (1)(w). (40)

Then Eq. (39) becomes simply:

w′′ +
2
m

f (1)(w)
∂

∂w
(f (1)(w)(Ũ(w,w) − E)) = 0. (41)

Defining:

Vf (w,w) = |f (1)(w)|2(Ũ(w,w) − E) + V0, (42)

where V0 is an arbitrary real constant, we finally obtain

w′′ +
2
m

∂Vf (w,w)
∂w

= 0. (43)

In other words, w(s) is the motion of a particle of mass m in the potential Vf (w,w). If
we choose as supplementary additive term an arbitrary holomorphic function V0(w), we are
led to the same equation, but the corresponding potential Vf (w,w) is no more real valued.

As for the energy of this dual system, it is given by:

Ẽ =
m

2
|w′|2 + Vf (w,w) = V0. (44)

Relation (42) becomes finally:

|f (1)(w)|2 =
Ẽ − Vf (w,w)

E − Ũ(w,w)
=

Ẽ − Vf (w,w)
E − U(f(w), f(w))

. (45)
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We then obtain a functional equation for the transformation f linking the motions in
the potentials U and V, respectively.

In conclusion, among all the transformations of a 2D-motion in a potential U combin-
ing a conformal (i.e. analytical) change of coordinates z = f(w) and an Euler–Sundman
reparametrization dt = |g(w)|2ds, those for which the transformed motion is an autonomous
2D-motion submitted to a potential V , necessarily satisfy Eqs. (40) and (45).

3.5. Arnold–Vassiliev’s potentials

We consider the case in which the initial potential U(�r) takes the form U(�r) = U(z, z) =
Au(z)u(z) = A|u(z)|2, where u(z) is an analytical function on C

∗ and A ∈ R. We call such a
potential an Arnold–Vassiliev potential [2]. It is easy to show that the only central Arnold–
Vassiliev potentials are the power law potentials, corresponding to u(z) ∼ zν/2, ν ∈ R,
that is:

U(z, z) = A|z|ν , ν,A ∈ R. (46)

If ũ(w) = (u ◦ f)(w) , we have, by the transformation associated to f , an associated
dual potential of the form (see Eq. (45)):

Ẽ − V (w,w) = |f (1)(w)|2(E − A|ũ(w)|2). (47)

The question is now to determine for which type of conformal transformation, f , the
corresponding image potential V is also an Arnold–Vassiliev potential V (w,w) = B|v(w)|2.
This is clearly verified for the choice:

w = f−1(z) =
∫

u(z)dz (48)

or

v(w) = f (1)(w) =
1

u(f(w))
=

1
u(z)

(49)

with

Ẽ = −A, B = −E. (50)

The transformations satisfying Eqs. (48) and (50) conserve the set of Arnold–Vassiliev
potentials. Since they are involution, they can be seen as duality transformations:

(E,A|u(z)|2)w=
R

u(z)dz→
(
−A,

−E

|u(z)|2

)
ζ=

R
v(w)dw=z→ (E,A|u(z)|2). (51)

The Arnold–Vassiliev potentials appear then as constituting the more natural class of
potentials for which the above combination of an analytical change of coordinates and an
Euler–Sundman reparametrization is a dual correspondence.
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3.6. Power-law potentials

Consider the particular case of power-law potentials: u(z) = z
ν
2 , U(z, z) = A|z|ν , at fixed

energy E. Equation (8) becomes:

..
z +

νA

m
|z|ν−2z = 0. (52)

The preceding results (see Eq. (51)) give:
w = f−1(z) =

1
1 + ν/2

zν/2+1

z = f(w) =
(
1 +

ν

2

)1/(1+ν/2)
w1/(1+ν/2).

(53)

By the duality transformation considered above the corresponding image potential is
then given by:

v(w) =
(
1 +

ν

2

)−ν/(ν+2)
w−ν/(ν+2), V (w,w) = B|v(w)|2 = Ã|w|µ, (54)

where:

µ = − ν

1 + ν/2
, Ã = −E

(
1 +

µ

2

)−µ
. (55)

The energy for the dual motion is Ẽ = −A and the equation of the dual image motion
takes the form:

w′′ +
µÃ

m
|w|µ−2w = 0. (56)

We recover for the dual image motion, a motion of energy (−A) , submitted to a power
law potential of characteristic exponent µ, such that:(

1 +
ν

2

)(
1 +

µ

2

)
= 1 (57)

and for which the coupling constant is proportional to the opposite of the initial energy E

(and real if ν > −2).
The relation between the two motions will be called “Bohlin–Arnold–Vassiliev duality”.
In the special case ν = 2, we obtain µ = −1. In other words, the dual motion of the

planar harmonic oscillator (Hooke potential 1
2kr2, energy E > 0) is nothing but the Kepler

motion (Newton potential −E/2ρ, energy Ẽ = −k/2 < 0). We recover the usual Levi-Civita
regularizing transformation [22] with the associated change of variables:

z =
√

2w, w =
1
2
z2 (58)

and reparametrization:

ds = 2ρdt = r2dt, (59)

where r = |z| and ρ = |w|.
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3.7. Bohlin–Arnold–Vassiliev’s duality and conserved quantities

For a general 2D-central potential we have two real conserved quantities: the energy E,
associated to translational invariance in time, and the angular momentum L, associated to
rotational invariance. In the case of power-law potentials the effect of the duality transfor-
mation on the energy is given by Eq. (55). Concerning the angular momentum it is easy to
show that (see Eq. (40)):

L =
m

2i
(z

.
z −

.
zz) =

m

2i

(
w′

(log f(w))(1)
− w′

(log f(w))(1)

)

which gives for power law potentials (see Eq. (53)):

L =
(
1 +

µ

2

)
L̃,

where L̃ is the angular momentum of the w(s) motion.
Among all the central potentials, only the Kepler system and the isotropic harmonic

oscillator possess true additional conserved quantities which are the Laplace–Runge–Lenz
vector A [21] and the Jauch–Hill–Fradkin tensor T (or F) [7, 19] respectively.

With all the other central potentials are associated only piecewise conserved vectors
[12, 18].

In terms of the w variable and s parameter (see Eqs. (58) and (59)) F takes the form:

F =
m

4w
(

.
w)2 + kw = mw(w′)2 + kw. (60)

Since the energy of the dual motion is given by Ẽ = −k/2 = 1
2m|w′|2 − k̃/ρ, where

k̃ = E/2 > 0, we can write

F = mw′(ww′ − ww′) + E
w

ρ
= 2iw′L̃ + 2k̃

w

ρ
, (61)

that is

F = 2A, (62)

where

A =
m

k̃
iw′L̃ − w

ρ
(63)

is the affix of the well-known Laplace–Runge–Lenz vector [21] for the Kepler motion �ρ(s) →
w(s):

�A = �̃
L × �ρ′ + k̃

�ρ

ρ
. (64)

Consequently, the LRL vector and the JHF tensor, or more precisely the generators of
the dynamical symmetry algebras of the Kepler system and the isotropic harmonic oscillator
respectively, are (up to a constant factor) two forms of the same object, expressed in the
systems of representation (coordinates and parametrization) corresponding to each of the
dual motions.



August 5, 2010 16:29 WSPC/1402-9251 259-JNMP 00072

224 Y. Grandati, A. Bérard & H. Mohrbach

It is interesting to note that the elementary approach developed here can be extended
to a much more general set of planar motions conserving only the angular momentum
direction [9, 11]. In this case, the duality connects different classes of motions. For those
presenting closed orbits which satisfy generalized Gorringe–Leach equations, there exist
additional conserved quantities which are linked by a relation similar to Eq. (62).

4. Conclusion

The interest of the use of complex variable in the study of planar systems has already
been largely emphasized [1, 6, 25, 32]. Our main aim in this paper was to highlight a more
unusual aspect, namely its specific relevance concerning the interpretation of dynamical
conserved quantities. We have shown that in a complex variable formulation, the existence
of such a conserved quantity, namely the JHF tensor, is almost trivially induced by the
particular structure of the equation of motion. Using the Bohlin–Arnold–Vassiliev duality
we have then shown that the LRL vector and the JHF tensor are obtained from the same
vector, expressed in the dual dynamical representation systems of the Kepler and isotropic
harmonic oscillator respectively.
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[2] V. I. Arnold and V. A. Vassiliev, Newton’s principia read 300 years later, Not. Am. Math. Soc.

36 (1989) 1148–1154; 37 (1990) 144 (addendum).
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