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A systematic investigation of certain higher order or deformed soliton equations with (1+1) dimen-
sions, from the point of complete integrability, is presented. Following the procedure of Ablowitz,
Kaup, Newell and Segur (AKNS) we find that the deformed version of Nonlinear Schrodinger equa-
tion, Hirota equation and AKNS equation admit Lax pairs. We report that each of the identified
deformed equations possesses the Painlevé property for partial differential equations and admits
trilinear representation obtained by truncating the associated Painlevé expansions. Hence the above
mentioned deformed equations are completely integrable.

Keywords: Integrable equations; nonlinear partial differential equations; soliton equations; deformed
equations.

1. Introduction

The investigation of completely integrable higher order nonlinear partial differential equa-
tions (PDEs) with (1 + 1) dimensions admitting solitons has drawn considerable attention
in recent years [6–11, 13, 15–18, 21]. For example by extending the Painlevé property for
PDE [4, 19, 20], Karasu et al. [7] have recently identified a sixth order completely integrable
nonlinear PDE

u6x + 20uxu4x + 40uxxuxxx + 120u2
xuxx + uxxxt + 4utuxx + 8uxuxt = 0 (1.1)

or

(∂3
x + 8ux∂x + 4uxx)(ut + uxxx + 6u2

x) = 0 (1.2)

or

vt + vxxx + 12vvx = gx(t, x), (1.3a)

gxxx + 8vgx + 4vxg = 0, (1.3b)
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where subscripts denote partial derivatives, v = ux, and g(t, x) = ut + uxxx + 6u2
x.

Equations (1.3) known as KdV 6 in the literature and can also be written as

ut − uxxx − 6uux = gx(t, x), (1.4a)

gxxx + 4ugx + 2uxg = 0, (1.4b)

which can be viewed as a nonholonomic deformation of the Korteweg–deVries equation
[9, 11]. It is appropriate to mention that Eq. (1.2) can also be derived through a different
approach [13, 14, 18]. This suggests that one of the possibilities of finding a higher order
but scalar completely integrable nonlinear PDEs with (1+1) dimensions possessing solitons
is (in a sense) to finding a coupled or deformed equation (with integrability properties)
consisting of (i) known nonlinear PDE with (1 + 1) dimensions possessing solitons with
deformed variable and (ii) PDE in the deformed variable. Kundu has shown that Eq. (1.4)
admits a Lax pair [9]. Also Kupershmidt [8] has demonstrated that Eq. (1.4) admits a
bi-Hamiltonian representation while Ramani et al. [15] have shown that it can be written
in bilinear form. Recently we have shown that the coupled or deformed equations (1.4)
possess other integrability structures such as the existence of infinitely many generalized
symmetries, polynomial conserved quantities, nonlocal symmetries, master symmetries and
a recursion operator [10, 16] . In this article we report that the deformed NLS, Hirota and
AKNS equations with (1 + 1) dimensions, respectively, given by

iut − uxx − 2u2u∗ = g(x, t), (1.5a)

gx = −2iu
√
c(t)2 − gg∗. (1.5b)

iut + iε(u3x + 6|u|2ux) + uxx
2 + |u|2u = g(x, t), (1.6a)

gx = −2iu
√
c(t)2 − gg∗. (1.6b)

ut = −uxx + 2u2v + g̃(x, t), (1.7a)

vt = vxx − 2v2u+ h(x, t), (1.7b)

g̃x = 2u
√
c(t)2 + g̃h, (1.7c)

hx = 2v
√
c(t)2 + g̃h, (1.7d)

where ∗ denotes complex conjugate, ε is a constant and c(t) is an arbitrary function admits
Lax pair and possesses the Painlevé property for PDEs. Also we have shown, by truncating
the associated Painlevé expansions, that each of them can be written in trilinear form. Thus
the deformed NLS, Hirota and AKNS equations are completely integrable.

Note that on eliminating g(x, t), g̃(x, t) and h(x, t) in the above coupled equations one
can obtain higher order nonlinear PDEs. For example, the deformed Hirota equation (1.6)
can be written as(

u
∂2

∂x2
− ux

∂

∂x

)(
iut + iε(u3x + 6|u|2ux) +

uxx

2
+ |u|2u

)
+ 2u2

[
i(uu∗t + utu

∗)

+ iε(uu∗3x + u∗u3x) + 6iεuu∗(uu∗x + u∗ux) − 1
2
(uu∗xx − u∗uxx)

]
= 0
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which is a fifth order one. The plan of the article is as follows: In Sec. 2, we explain through
AKNS procedure that how one can derive Lax matrices for deformed nonlinear PDEs with
(1 + 1) dimensions in general and show that deformed NLS Eq. (1.5), Hirota (1.6) and
AKNS equation Eq. (1.7) admit Lax pairs. In Sec. 3, we show explicitly that deformed
NLS equation (1.5) possesses the Painlevé property. In Sec. 4, we show by truncating the
Painlevé expansions that the deformed NLS admits trilinear representation. In Sec. 5, we
give a brief summary of our results. In the Appendix, we show that both the deformed
Hirota equation (1.6) and AKNS equation (1.7) possess the Painlevé property and admit
trilinear forms.

2. Lax Pair of Nonlinear PDEs: AKNS Procedure

It is well known that the Lax pair of a scalar PDE, for example nonlinear evolution equation
of the form

ut = F (u, ux, uxx, . . .) (2.1)

can be constructed through AKNS procedure [1, 2, 12] in the following manner. Consider
a linear system

Ψx = LΨ, Ψt = MΨ, (2.2)

or equivalently, [
ψ1x(λ)

ψ2x(λ)

]
=

[
L11(λ) L12(λ)

L21(λ) L22(λ)

] [
ψ1(λ)

ψ2(λ)

]
,

[
ψ1t(λ)

ψ2t(λ)

]
=

[
A(λ) B(λ)

C(λ) D(λ)

] [
ψ1(λ)

ψ2(λ)

]
,

where λ is the spectral parameter and Lij(λ), A(λ), B(λ), C(λ) and D(λ) are functions of
dependent variable and their x-derivatives. The compatibility condition of the linear system
(2.2) gives

Lt −Mx + [L,M ] = 0 (2.3)

which is usually referred to as Lax equation.
The explicit form of the Lax matrices can be derived in the following way, that is,

for a given suitable matrix L the matrix M can be derived by expanding its entries as a
polynomial in the spectral parameter λ or 1

λ satisfying Eq. (2.3). Let us fix the entries of
matrix L as

L11 = iλ, L12 = iq, L21 = ir, L22 = −iλ

or equivalently,

ψ1x = iλψ1 + iqψ2 (2.4)

ψ2x = irψ1 − iλψ2. (2.5)
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Proceeding further from Eq. (2.3) we find

D = −A, (2.6)

Ax = iqC − irB, (2.7)

iqt = Bx − 2iλB + 2iqA, (2.8)

irt = Cx + 2iλC − 2irA. (2.9)

Expanding A(λ), B(λ) and C(λ) as polynomials in ( 1
λ)j , j = −3,−2,−1, 0, 1, 2 and then

equating different powers of λ in the above equations to zero yields the following:

A(λ) = a3λ
3 + a2λ

2 +
(
−a3qr

2
+ a1

)
λ+

(
ia3

4
(rqx − qrx) − a2qr

2
+ a0

)
+
A1

λ
+
A2

λ2
,

(2.10)

B(λ) = a3qλ
2 +

(−ia3qx
2

+ a2q

)
λ+

(−a3

4
(qxx + 2q2r) − ia2qx

2
+ a1q

)
+
B1

λ
+
B2

λ2
,

(2.11)

C(λ) = a3rλ
2 +

(
ia3rx

2
+ a2r

)
λ+

(−a3

4
(rxx + 2qr2) +

ia2rx
2

+ a1r

)
+
C1

λ
+
C2

λ2

(2.12)

in addition with

iqt +
a3

4
(q3x + 6qrqx) +

ia2

2
qxx + ia2q

2r − 2ia0q − a1qx = −2iB1 (2.13)

irt +
a3

4
(r3x + 6qrrx) − ia2

2
rxx − ia2qr

2 + 2ia0r − a1rx = 2iC1, (2.14)

A1x = iqC1 − irB1, B1x = 2i(B2 − qA1), C1x = −2i(C2 − rA1), (2.15)

A2x = iqC2 − irB2, B2x + 2iqA2 = 0, C2x − 2irA2 = 0, (2.16)

where a0, a1, a2 and a3 are integration constants. We would like to mention that the Lax
matrices of well known soliton equations such as Korteweg–de Vries equation (KdV), mod-
ified KdV, etc can be derived by choosing Ai, Bi and Ci, i = 1, 2 as zero. This suggests that
by choosing nonzero expressions for Ai, Bi and Ci, i = 1, 2 satisfying (2.13)–(2.16) one can
derive Lax matrices for higher order or coupled or deformed nonlinear PDEs. Some of the
identified higher order or deformed PDEs are as follows:

(i) Deformed NLS Equation: PDEs (2.13)–(2.14) reduce into

iut − uxx − 2u2u∗ = g(x, t) (2.17)

and its conjugate for the choice

a0 = a1 = a3 = 0, a2 = 2i, q = u, r = u∗, B1 =
ig

2
, C1 =

ig∗

2
.
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Proceeding further with the above expressions for B1 and C1 we find that (2.15)–(2.16)
reduce into

bx = i(ug∗ − u∗g), gx = −2ibu (2.18)

where

A1 =
ib

2
, A2 = 0, B2 = 0, C2 = 0

and so the Lax matrices L and M become

L =

(
iλ iu

iu∗ −iλ

)
,

M =

(
2iλ2 − iuu∗ 2iλu+ ux

2iλu∗ − u∗x −2iλ2 + iuu∗

)
+

i

2λ

(
b g

g∗ −b

)
.

Note that Eqs. (2.17)–(2.18) become the deformed NLS equation (1.5) when b(x, t) =√
c(t)2 − gg∗.

(ii) Deformed Hirota Equation: PDEs (2.13)–(2.14) reduce into

iut + iε(u3x + 6|u|2ux) +
uxx

2
+ |u|2u = g(x, t) (2.19)

and its conjugate for the choice

a0 = a1 = 0, a2 = −i, a3 = 4iε, q = u, r = u∗, B1 =
ig

2
, C1 =

ig∗

2
.

Proceeding further with the restrictions given above we find that (2.15)–(2.16) reduce into

gx = −2iub bx = i(ug∗ − u∗g) (2.20)

where

A1 =
ib

2
, A2 = 0, B2 = 0, C2 = 0.

Note that the deformed Hirota equation (1.6) can be obtained by choosing b(x, t) =√
c(t)2 − gg∗ in (2.19)–(2.20) and admits Lax pair with Lax matrices L and M as

L =

(
iλ iu

iu∗ −iλ

)
,

M =




4iελ3 − iλ2 +
iuu∗

2
− 2iελuu∗ 4iελ2u+ 2ελux − iλu− iεuxx

+ε(uu∗x − u∗ux) −2iεu2u∗ − ux

2
4iελ2u∗ − 2ελu∗x − iλu∗ −4iελ3 + iλ2 − iuu∗

2
+ 2iελuu∗

+
u∗x
2

− iεu∗xx − 2iεuu∗2 −ε(uu∗x − u∗ux)




+
i

2λ

(
b g

g∗ −b

)

satisfying the Lax equation (2.3).
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(iii) Deformed AKNS Equation: PDEs (2.13)–(2.14) become

ut = −uxx + 2u2v + g̃, (2.21)

vt = vxx − 2v2u+ h (2.22)

for the choice

a0 = a1 = a3 = 0, a2 = 2, q = u, r = v, B1 =
−g̃
2
, C1 =

−h
2
.

Proceeding further with the restrictions given above we find that (2.15)–(2.16) reduce into

g̃x = 2ub, hx = 2vb, bx = (uh+ vg̃) (2.23)

where

A1 = − ib
2
, A2 = 0, B2 = 0, C2 = 0.

Note that the deformed AKNS equation (1.7) can be obtained by choosing b(x, t) =√
c(t)2 + g̃h in (2.23) and admits Lax pair with Lax matrices

L =

(
iλ iu

−iv −iλ

)
,

M =

(
2λ2 + uv 2λu− iux

−2λv − ivx −2λ2 − uv

)
+

i

2λ

(
−b −g̃
−h b

)
.

satisfying the Lax equation (2.3).

3. Painlevé Analysis of Deformed NLS Equation

We wish to report that each of the above identified deformed equations possesses the
Painlevé property for PDEs [4, 19, 20]. In this section, we present the computational details
for the deformed NLS equation while the details for the deformed Hirota and AKNS equa-
tion are given in the Appendix. We would like to mention that deformed NLS (1.5) can be
written as

iut − uxx − 2u2u∗ = g(x, t), (3.1a)

bx = i(ug∗ − u∗g), gx = −2ibu. (3.1b)

In order to extend the Painlevé analysis for PDEs we write the above equation as

Ut − Vxx − 2U2V − 2V 3 = H, (3.2a)

Vt + Uxx + 2U3 + 2UV 2 = −G, (3.2b)

Gx = 2V B, (3.2c)

Hx = −2UB, (3.2d)

Bx = 2UH − 2V G, (3.2e)

where u = U + iV, g = G+ iH. Obviously b = B is a real valued function.



October 8, 2010 8:54 WSPC/1402-9251 259-JNMP S1402925110000969

Integrability of Certain Deformed Nonlinear Partial Differential Equations 385

It is well known that the Painlevé analysis for PDEs consists essentially of three steps
[19] namely: (i) determination of the leading-order behavior of the Laurent series solution,
(ii) identifying the resonances at which the arbitrary functions enter into the series and
(iii) verifying that sufficient number of arbitrary functions exist without the introduction
of movable critical singularity manifolds.

Let us assume that the leading order behavior of the solutions of (3.2) be

U(x, t) ≈ U0φ
α1 , V (x, t) ≈ V0φ

α2 , G(x, t) ≈ G0φ
α3 ,

H(x, t) ≈ H0φ
α4 , B(x, t) ≈ B0φ

α5 ,
(3.3)

where α1, α2, α3, α4 and α5 are negative integers to be determined and U0, V0, G0,H0, and
B0 are functions of (x, t) and φ(x, t) is the singularity manifold. Substituting (3.3) in (3.2)
and equating the most dominant terms we find

α1 = α2 = −1, α3 = α4 = α5 = −2 (3.4)

and

U2
0 + V 2

0 = −φ2
x(repeated twice) ⇒ either U0 or V0 is arbitrary

G0 =
−V0B0

φx
, H0 =

U0B0

φx
, B0(x, t) − arbitrary. (3.5)

For finding the powers at which the arbitrary functions enter into the series solution, we
substitute

U(x, t) ≈ U0φ
−1 + Ujφ

j−1, V (x, t) ≈ V0φ
−1 + Vjφ

j−1, G(x, t) ≈ G0φ
−2 +Gjφ

j−2,

H(x, t) ≈ H0φ
−2 +Hjφ

j−2, B(x, t) ≈ B0φ
−2 +Bjφ

j−2 (3.6)

into the leading order terms of (3.2), and equating the lowest-order terms to zero we obtain a
system of five equations linear in (Uj, Vj , Gj ,Hj, Bj). In matrix form it may be conveniently
written as


4U0V0 4V 2
0 + (j2 − 3j)φ2

x 0 0 0

4U2
0 + (j2 − 3j)φ2

x 4U0V0 0 0 0

0 2B0 (2 − j)φx 0 2V0

−2B0 0 0 (2 − j)φx −2U0

2H0 −2G0 −2V0 2U0 (2 − j)φx







Uj

Vj

Gj

Hj

Bj




=




0

0

0

0

0




(3.7)

Upon evaluation, Eq. (3.7) yields the following resonance values

j = −1, 0, 0, 2, 3, 4, 4. (3.8)

Obviously, the resonance value at −1 represents the arbitrariness of the singularity manifold
φ(x, t) = 0.
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To compute the arbitrary functions at the resonance values we now substitute the fol-
lowing Laurent series expansions,

U(x, t) =
4∑

j=0

Ujφ
j−1, V (x, t) =

4∑
j=0

Vjφ
j−1, G(x, t) =

4∑
j=0

Gjφ
j−2,

H(x, t) =
4∑

j=0

Hjφ
j−2, B(x, t) =

4∑
j=0

Bjφ
j−2

(3.9)

into (3.2). From the leading-order analysis it is clear that B0(x, t) and either U0(x, t)
or V0(x, t) are arbitrary corresponding to the resonance values 0 and 0. Equating the
coefficients of (φ−2, φ−2, φ−2, φ−2, φ−2) in (3.2) to zero, we obtain




4U0V0 4V 2
0 − 2φ2

x 0 0 0

4U2
0 − 2φ2

x 4U0V0 0 0 0

0 2B0 φx 0 2V0

−2B0 0 0 φx −2U0

2H0 −2G0 −2V0 2U0 φx







U1

V1

G1

H1

B1




=




−U0φt + V0φxx + 2(V0x)φx −H0

V0φt + U0φxx + 2(U0x)φx −G0

G0x

H0x

B0x



. (3.10)

Solving the above equation (3.10), we obtain

U1(x, t) =
1

2φ3
x

(U0φxxφx − V0φtφx − 2U0xφ
2
x − V0B0),

V1(x, t) =
1

2φ3
x

(V0φxxφx + U0φtφx − 2V0xφ
2
x + U0B0),

G1(x, t) =
1
φ4

x

(−U0B
2
0 +B0V0xφ

2
x + V0B0xφ

2
x − 2V0B0φxφxx − U0B0φtφx),

H1(x, t) = − 1
φ4

x

(V0B
2
0 +B0U0xφ

2
x + U0B0xφ

2
x − 2U0B0φxφxx + V0B0φtφx),

B1(x, t) = − 1
φ2

x

(B0xφx −B0φxx)

so that

U0U1 + V0V1 =
φxx

2
, V0G1 − U0H1 = B1φx.
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Similarly, by equating the coefficients of (φ−1, φ−1, φ−1, φ−1, φ−1) to zero, we obtain

4U0V0U2 + (4V 2
0 − 2φ2

x)V2 = U0t − V0xx

− 2V1φxx − 2(U2
1 + V 2

1 )V0 −H1, (3.11a)

(4U2
0 − 2φ2

x)U2 + 4U0V0V2 = −(V0t + U0xx + 2U1φxx

+ 2(U2
1 + V 2

1 )U0 +G1), (3.11b)

2V0B2 + 2V2B0 = −2V1B1 +G1x, (3.11c)

2U0B2 + 2U2B0 = −2U1B1 −H1x, (3.11d)

2U2H0 + 2U0H2 − 2V0G2 − 2V2G0 = B1x + 2V1G1 − 2U1H1. (3.11e)

Solving Eqs. (3.11a) and (3.11b) we obtain

U2 =
1

6φ4
x

[2U0V0(−U0t + V0xx + 2V1φxx +H1) − 2V 2
0 (V0t + U0xx + 2U1φxx +G1)

+φ2
x(V0t + U0xx + 2U1φxx +G1 + 2(U2

1 + V 2
1 )U0)]

V2 =
1

6φ4
x

[2U0V0(V0t + U0xx + 2U1φxx +G1) + 2U2
0 (U0t − V0xx − 2V1φxx −H1)

−φ2
x(U0t − V0xx − 2V1φxx −H1 − 2(U2

1 + V 2
1 )V0)].

From Eqs. (3.11c) and (3.11d), we find

B2 =
−1
2V0

(2V2B0 + 2V1B1 −G1x) =
−1
2U0

(2U2B0 + 2U1B1 +H1x).

From Eq. (3.11e) we infer that either G2(x, t) or H2(x, t) is arbitrary corresponding to the
resonance at 2.

Now, equating the coefficients of (φ0, φ0, φ0, φ0, φ0) in (3.2) to zero, we obtain the fol-
lowing equations

4U0U3 + 4V0V3

=
1
V0

[−4(U1V0 + U0V1)U2 − 8V0V1V2 − 3φxxV2 − V1xx −H2 + U1t

+U2φt − 2V2xφx − 2(U2
1 + V 2

1 )V1], (3.12a)

4U0U3 + 4V0V3

= − 1
U0

[4(U1V0 + U0V1)V2 + 8U0U1U2 + 3φxxU2 + U1xx +G2 + V1t + V2φt

+ 2U2xφx + 2(U2
1 + V 2

1 )U1], (3.12b)

2V0B3 + 2B0V3 − φxG3 = −2V1B2 − 2V2B1 +G2x, (3.12c)
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2U0B3 + 2B0U3 + φxH3 = −(2U1B2 + 2U2B1 +H2x), (3.12d)

2H0U3 + 2U0H3 − 2V0G3 − 2G0V3

= 2V1G2 + 2V2G1 − 2U2H1 − 2U1H2 +B2x. (3.12e)

It is straightforward to check that the right-hand side of Eqs. (3.12a)–(3.12b) are one and
the same and hence either U3(x, t) or V3(x, t) is arbitrary corresponding to the resonance
value at 3. The explicit forms of B3(x, t), G3(x, t) and H3(x, t) can be obtained from the
remaining Eqs. (3.12c), (3.12d) and (3.12e).

Equating the coefficient of (φ1, φ1, φ1, φ1, φ1) in (3.2) to zero leads to a system of five
algebraic equations for U4, V4, B4, G4,H4 involving lengthy expressions. To solve them with-
out loss of generality we assume that φ(x, t) = x + ψ(t). Proceeding further, we find that
either U4 or V4 and B4 are arbitrary corresponding to the resonance values at 4, 4. Thus,
the deformed NLS equation (3.2) possesses the Painlevé property for PDEs and hence it is
expected to be integrable.

4. Trilinear Representation of Deformed NLS Equation

To investigate whether or not the deformed NLS equation admits bilinear or trilinear
representation, first we introduce a set of new dependent variables, that is,

g → lx, b→ kx, lx =
∂l

∂x
, kx =

∂k

∂x

and so the deformed NLS equation (3.1) becomes

iut − uxx − 2u2u∗ = lx, (4.1a)

kxx = i(ul∗x − u∗lx), lxx = −2iukx. (4.1b)

The associated Painlevé expansions of Eq. (4.1) truncated up to constant term read

U =
U0

φ
+ U1, V =

V0

φ
+ V1, lR =

G0

φ
+G1, lI =

H0

φ
+H1, k =

B0

φ
+B1, (4.2)

where l = lR + ilI . Without loss of generality, we consider the vacuum solution

U1 = V1 = G1 = H1 = B1 = 0.

Note that Eq. (4.2) can be rewritten as

u =
R

S
, u∗ =

R∗

S
, l =

Q

S
, l∗ =

Q∗

S
and k =

T

S
(4.3)

with S(x, t) and T (x, t) real, and Q(x, t) and R(x, t) are complex valued functions. Substi-
tuting (4.3) into (4.1) and rearranging the terms we find that Eq. (4.1) can be written into
a trilinear form. They are

(iDt −D2
x)R · S = DxQ · S, (4.4a)

D2
xS · S = 2RR∗, (4.4b)
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S(D2
xQ · S) −Q(D2

xS · S) = −2iR(DxT · S), (4.4c)

S(D2
xT · S) − T (D2

xS · S) = i(R(DxQ
∗ · S) −R∗(DxQ · S)), (4.4d)

where D is the Hirota operator defined by [5]

Dn
t D

m
x f · g = (∂/∂t − ∂/∂t′)n(∂/∂x − ∂/∂x′)mf(x, t)g(x′, t′) | x = x′, t = t′.

Expanding the functions Q(x, t), R(x, t), S(x, t) and T (x, t) as power series in ε̃ that is

Q =
∞∑

n=1

Q2n−1ε̃
2n−1, R =

∞∑
n=1

R2n−1ε̃
2n−1,

S = 1 +
∞∑

n=1

S2nε̃
2n, T = T0 +

∞∑
n=1

T 2nε̃2n

and using them in (4.1), one can construct the N-soliton solutions in the usual way. To
obtain one-soliton solution, we consider

Q = ε̃Q1, R = ε̃R1, S = 1 + ε̃2S2, T = T0 + ε̃2T2, (4.5)

where ε̃ is an arbitrary small parameter. Substituting Eq. (4.5) in Eq. (4.4) and then equat-
ing different powers of ε̃ to zero yields an over determined system of linear PDEs. Solving
them consistently yields

R1 = eη1, S2 = eη1+η∗
1+A, Q1 =

−2i
p2
1

c(t)eη1 ,

T0 = c(t)x, T2 =
(p1x− 4)

4p3
1

c(t)eη1+η∗
1

where

η1 = p1x− ip2
1t−

2
p1

∫
c(t)dt + p2, eA =

1
4p2

1

p1 and p2 are real constants and c(t) is an arbitrary function and so the one-soliton solution
of Eq. (4.1) reads

u(x, t) =
R

S
=

eη1

1 + eη1+η∗
1+A

,

l(x, t) =
Q

S
=

−2ic(t)eη1

p2
1(1 + eη1+η∗

1+A)
,

k(x, t) =
T

S
=
c(t)(4p3

1x+ (p1x− 4)eη1+η∗
1 )

4p3
1(1 + eη1+η∗

1+A)
.

The above form of one-soliton solution implies that the speed of the solution no longer has
explicit relation with the amplitude as in the case of NLS equation without deformation.
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5. Summary

A systematic investigation of certain higher order or deformed soliton equations with (1+1)
dimensions, from the point of complete integrability, is presented. Following the procedure of
Ablowitz, Kaup, Newell and Segur (AKNS) we find that the deformed version of Nonlinear
Schordinger equation, Hirota equation and AKNS equation admit Lax pairs. It is shown that
each of identified deformed equation possesses the Painlevé property for PDEs. Also we have
shown by truncating the associated Painlevé expansions that each of the deformed equations
admits trilinear representation. Hence they are completely integrable. The analysis shows
that the deformation may cause variations in the speed of the soliton solutions.

Appendix: Painlevé Analysis of Deformed Hirota and AKNS Equations

A. Painlevé analysis of deformed Hirota equation

The deformed Hirota equation (1.6) can be written as

iut + iε(u3x + 6|u|2ux) + uxx
2 + |u|2u = g(x, t) (A.1a)

bx = i(ug∗ − u∗g), gx = −2ibu. (A.1b)

In order to extend the Painlevé analysis for PDEs we rewrite the above equations as

Ut +
Vxx

2
+ (U2 + V 2)V + 6ε(U2 + V 2)Ux + εUxxx = H, (A.2a)

Vt − Uxx

2
− (U2 + V 2)U + 6ε(U2 + V 2)Vx + εVxxx = −G, (A.2b)

Gx = 2V B, (A.2c)

Hx = −2UB, (A.2d)

Bx = 2UH − 2V G (A.2e)

where u(x, t) = U(x, t) + iV (x, t), g(x, t) = G(x, t) + iH(x, t). Obviously B(x, t) is a real
valued function. From the leading order behavior we obtain the following:

U(x, t) ≈ U0φ
−1, V (x, t) ≈ V0φ

−1, G(x, t) ≈ G0φ
−2,

H(x, t) ≈ H0φ
−2, B(x, t) ≈ B0φ

−2
(A.3)

and

U2
0 + V 2

0 = −φ2
x(repeated twice) G0 =

−V0B0

φx
,

H0 =
U0B0

φx
, B0 − arbitrary.

(A.4)

Similarly from the resonance analysis we obtain the following resonance values

j = −1, 0, 0, 1, 2, 3, 4, 4, 5.

and the resonance value at −1 represents the arbitrariness of the singularity manifold
φ(x, t) = 0, while the resonance 0, 0 are associated with the arbitrariness of U0 or V0

and B0.
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To compute the arbitrary functions associated with the obtained resonance values we
now introduce the following series expansions,

U(x, t) =
5∑

j=0

Ujφ
j−1, V (x, t) =

5∑
j=0

Vjφ
j−1, G(x, t) =

5∑
j=0

Gjφ
j−2,

H(x, t) =
5∑

j=0

Hjφ
j−2, B(x, t) =

5∑
j=0

Bjφ
j−2

(A.5)

into Eq. (A.2). Now collecting the coefficients of (φ−3, φ−3, φ−2, φ−2, φ−2) in (A.2) to zero,
we obtain 



2εU0φx 2εV0φx 0 0 0

2εU0φx 2εV0φx 0 0 0

0 2B0 φx 0 2V0

2B0 0 0 −φx 2U0

−2H0 2G0 2V0 −2U0 −φx







U1

V1

G1

H1

B1




=




εφxφxx

εφxφxx

G0x

−H0x

−B0x



. (A.6)

From Eqs. (A.6) we conclude that either U1(x, t) or V1(x, t) is arbitrary corresponding to
the resonance value at 1.

Proceeding as before, we find that the functions G2(or H2), U3(or V3), U4(or V4), B4

and U5(or V5) are arbitrary corresponding to the resonance values at 2, 3, 4, 4, 5. Thus the
general solution of deformed Hirota (A.2) possesses the required number namely nine arbi-
trary functions without the introduction of movable critical manifolds. Thus, the deformed
Hirota equation (A.2) possesses the Painlevé property for PDEs.

B. Trilinear representation of deformed Hirota equation

To investigate whether or not the deformed Hirota equation admits bilinear or trilinear
representation, first we introduce a set of new dependent variables, that is,

g → lx, b→ kx

and so the deformed Hirota equation (A.1) becomes

iut + iε(u3x + 6|u|2ux) +
uxx

2
+ |u|2u = lx(x, t)

kxx = i(ul∗x − u∗lx), lxx = −2iukx.
(B.1)

The associated Painlevé expansions of Eq. (B.1) truncated up to constant term reads

U =
U0

φ
+ U1, V =

V0

φ
+ V1, lR =

G0

φ
+G1, lI =

H0

φ
+H1, k =

B0

φ
+B1.

(B.2)

Without loss of generality, we consider the vacuum solution

U1 = V1 = G1 = H1 = B1 = 0.
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Note that Eq. (B.2) can be rewritten as

u =
R

S
, u∗ =

R∗

S
, l =

Q

S
, l∗ =

Q∗

S
and k =

T

S
(B.3)

with S(x, t) and T (x, t) real, and Q(x, t) and R(x, t) are complex functions. Substituting
(B.3) into (B.1) and rearranging the terms we find that Eq. (B.1) can be written into a
tilinear form. They are(

iDt +
1
2
D2

x + iεD3
x

)
R · S = DxQ · S,

D2
xS · S = 2RR∗,

S(D2
xQ · S) −Q(D2

xS · S) = −2iR(DxT · S),

S(D2
xT · S) − T (D2

xS · S) = i(R(DxQ
∗ · S) −R∗(DxQ · S)).

(B.4)

Hence we obtain the one-soliton solution of Eq. (B.1) as

u(x, t) =
R

S
=

eη1

1 + eη1+η∗
1+A

,

l(x, t) =
Q

S
=

−2ic(t)eη1

p2
1(1 + eη1+η∗

1+A)
,

k(x, t) =
T

S
=
c(t)(4p3

1x+ (p1x− 4)eη1+η∗
1 )

4p3
1(1 + eη1+η∗

1+A)

where

η1 = p1x+
ip2

1t

2
− εp3

1t−
2
p1

∫
c(t)dt+ p2, eA =

1
4p2

1

,

and c(t) is an arbitrary function.

C. Painlevé analysis of deformed AKNS equation (1.7)

The deformed AKNS equation (1.7) can be written as

ut = −uxx + 2u2v + g̃, (C.1a)

vt = vxx − 2v2u+ h, (C.1b)

g̃x = 2ub (C.1c)

hx = 2vb (C.1d)

bx = uh+ vg̃. (C.1e)

From the leading order behavior we obtain the following:

u(x, t) ≈ u0φ
−1, v(x, t) ≈ v0φ

−1, g̃(x, t) ≈ g̃0φ
−2,

h(x, t) ≈ h0φ
−2, b(x, t) ≈ b0φ

−2
(C.2)
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and

u0v0 = φ2
x(repeated twice), g̃0 =

h0u0

v0
, b0 = − g̃0v0

φx
. (C.3)

Similarly from the resonance analysis, we obtain the following resonance values

j = −1, 0, 0, 2, 3, 4, 4.

Obviously, the resonance value at −1 represents the arbitrariness of the singularity manifold
φ(x, t) = 0, while the resonance 0, 0 are associated with the arbitrariness of u0 or v0 and
g̃0 or h0.

To compute the arbitrary functions associated with the obtained resonance values we
now introduce the following series expansions,

u(x, t) =
4∑

j=0

ujφ
j−1, v(x, t) =

4∑
j=0

vjφ
j−1, g̃(x, t) =

4∑
j=0

g̃jφ
j−2,

h(x, t) =
4∑

j=0

hjφ
j−2, b(x, t) =

4∑
j=0

bjφ
j−2

(C.4)

into Eq. (C.1). Equating the coefficients of (φ−2, φ−2, φ−2, φ−2, φ−2) in (C.1) to zero, we
obtain 



4φ2
x 2v2

0 0 0 0

2v2
0 4φ2

x 0 0 0

2b0 0 φx 0 2u0

0 2b0 0 φx 2v0
h0 g̃0 v0 u0 φx







u1

v1

g̃1

h1

b1




=




−u0φt − u0φxx − 2(u0x)φx − g̃0

v0φt − v0φxx − 2(v0x)φx + h0

g̃0x

h0x

b0x



. (C.5)

Solving Eq. (C.5), we obtain the explicit values for u1, v1, g̃1, h1 and b1. Proceeding as
before, we find that g̃2(or h2), u3(or v3), u4(or v4) and b4 are arbitrary corresponding to
the resonance values at j = 2, 3, 4, 4. Thus the general solution of deformed AKNS (C.1)
possesses the required number namely seven arbitrary functions with out the introduction of
movable critical manifolds. Thus, the deformed AKNS equation (C.1) possesses the Painlevé
property for PDEs.

D. Trilinear representation of deformed AKNS equation

To investigate whether or not the deforemed AKNS equation admits bilinear or trilinear
representation, first we introduce a set of new dependent variables, that is,

u→ iu, v → iv, g̃ → ilx, h→ imx, b→ kx

and so the deformed AKNS equation (D.1) becomes

ut + uxx + 2u2v = lx,

vt − vxx − 2v2u = mx,
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lxx = 2ukx,

mxx = 2vkx

kxx = −(umx + vlx). (D.1)

The associated Painlevé expansions of Eq. (D.1) truncated up to constant term reads

u =
u0

φ
+ u1, v =

v0
φ

+ v1, l =
g̃0
φ

+ g̃1, m =
h0

φ
+ h1, k =

b0
φ

+ b1. (D.2)

Without loss of generality, we consider the vacuum solution

u1 = v1 = g̃1 = h1 = b1 = 0.

Note that Eq. (D.2) can be rewritten as

u =
R

S
, v =

P

S
, l =

Q

S
, m =

M

S
and k =

T

S
(D.3)

where P (x, t), Q(x, t), R(x, t), S(x, t),M(x, t) and T (x, t) are real. Substituting and rear-
ranging the terms we find that Eq. (D.1) can be written into a trilinear form. They are

(Dt +D2
x)R · S = DxQ · S,

(Dt −D2
x)P · S = DxM · S,
D2

xS · S = 2RP,

S(D2
xQ · S) −Q(D2

xS · S) = 2R(DxT · S),

S(D2
xM · S) −M(D2

xS · S) = 2P (DxT · S),

S(D2
xT · S) − T (D2

xS · S) = −(R(DxM · S) + P (DxQ · S)).

(D.4)

Hence we obtain the one-soliton solution of Eq. (D.1) as

u(x, t) =
R

S
=

eη1

1 + eη1+η2+A
,

v(x, t) =
P

S
=

eη2

1 + eη1+η2+A
,

l(x, t) =
Q

S
=

2c(t)eη1

p2
1(1 + eη1+η2+A)

,

m(x, t) =
M

S
=

2c(t)eη2

p2
1(1 + eη1+η2+A)

,

k(x, t) =
T

S
=
c(t)(4p3

1x+ (p1x− 4)eη1+η2)
4p3

1(1 + eη1+η2+A)
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where

η1 = p1x− p2
1t+

2
p1

∫
c(t)dt+ p2,

η2 = p1x+ p2
1t+

2
p1

∫
c(t)dt+ p2,

eA =
1

4p2
1

,

and c(t) is an arbitrary function.
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