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discuss a discrete approach to the multiscale reductive perturbative method and apply it to

a biatomic chain with a nonlinear interaction between the atoms. This system is important to
describe the time evolution of localized solitonic excitations.

the

We require that also the reduced equation be discrete. To do so coherently we need to discretize
time variable to be able to get asymptotic discrete waves and carry out a discrete multiscale

expansion around them. Our resulting nonlinear equation will be a kind of discrete Nonlinear
Schrodinger equation. If we make its continuum limit, we obtain the standard Nonlinear Schrédinger
differential equation.

Keywords: Multiple scale expansions; asymptotic analysis on the lattice; integrable equations;
nonlinear chains; discrete Nonlinear Schrodinger equation; biatomic lattices.

1. Introduction

Nonlinear systems, and in particular nonlinear discrete systems, are gaining an increasing
impact in modern science [33].

In 1955 Fermi, Pasta and Ulam (FPU) [14] considered a unidimensional chain of atoms
with nonlinear nearest neighboring interaction to verify if nonlinearity could produce energy

equipartition. Instead, they found recurrence, i.e. the motion of the chain for small energies
was almost periodic [43]. To explain this result Kruskal and Zabusky found in 1965 [42]
a connection between the FPU system and the Korteweg-De Vries equation (KdV), an
equation introduced in fluid dynamics to describe one dimensional surface waves in the
shallow water context [20]. By introducing the Inverse Scattering Transform, they were
able to solve the Cauchy problem for the KdV equation [15] and to prove the existence of

soliton

solutions.
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In 1967 Toda [37] considered a dynamical system with exponential interaction, U(r) =
e~ " +r — 1, the “Toda potential”, whose small amplitude approximation gives the FPU
system, and shares many of the integrability properties of the KdV equation. So the FPU
system turns out to be an approximation of a discrete soliton model.

Later more complicate atomic chains have been considered, as, for example, the biatomic
one [6, 9, 11, 12, 16, 26]. These systems have various applications in physics and biology
as, for example, in the study of ferroelectric perovskites, materials that, in certain crystal-
lographic directions have an almost unidimensional frame, and in organic molecular chains.
A biatomic chain of neighboring atoms A; and As is described by the discrete indepen-
dent variable n and a continuous time t. However, the simplest nonlinear coupled lattice
dynamical equations one can construct for this system are not solvable. Only special exact
solutions may be found.

Multiscale expansions [7, 8, 19-21, 35, 36] have proved to be important tools to find
approximate solutions for many physical problems by reducing a given nonlinear par-
tial differential equation to a simpler equation, which is often integrable [5]. Recently,
few attempts to carry over this approach to partial difference equations have been pro-
posed [2, 10, 22, 23, 32]. Almost all approaches considered contain some approximation,
either based on physical or on mathematical reasoning as scaling transformations of the
lattice provide a nonlocal result. In the following we prefer to stick to mathematical
approximations as in this case it will be more evident what to do to improve the final
result [17].

In [9] a biatomic chain obtained as a first nonlinear approximation of a complex Lenard-
Jones interaction between atoms has been considered. There the multiscale expansion of
the continuous limit of the lattice model showed that the modulation of periodic solutions is
governed by the Nonlinear Schrodinger differential Equation (NLSE). Here we consider the
same model but we are interested in carrying out the multiscale expansion on the lattice,
i.e. we are looking for a lattice equation which in the asymptotic regime approximate the
biatomic nonlinear lattice. To do so we need to discretize time to be able to allow for discrete
asymptotic waves. If we keep a continuous time variable an asymptotic wave travelling on
the lattice by necessity will be described by a continuous variable. So by necessity we go
over to a differential system.

Discretization of variables, besides representing an interesting problem in mathematical
physics for its computerizability, it is also useful in itself. Measurements, for example, are
based on sampling of physical variables such as space and time. It follows that physical
models in which variables are defined on the lattice are easier to be compared with the real
world we see in our measurements.

In this work, we propose to continue the previous researches of biatomic chains consid-
ering both ¢t and n as discrete variables. In particular, we shall assume, as these authors,
that the system has an unharmonic cubic potential as in nature, potentials usually are
non—symmetric. We shall thus apply a discrete multiscale reductive perturbative method to
the model introduced by Campa et. al. [9] consisting of a biatomic chain with a nonlinear
nearest neighbor interaction.

In Sec. 2, we describe in detail the biatomic chain and write down the dynamical equa-
tions. Then in Sec. 3, we introduce some notions of discrete calculus and multiple scales
defined on the lattice which we apply in Sec. 4 to the biatomic chain introduced in Sec. 2.
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In Sec. 5, we analyze the resulting nonlinear discrete equation obtained and carry out its
continuum limit. Finally, in Sec. 6, we draw some final conclusions.

2. The Model

We want to describe here a chain suitable to represent, for example, an a-helix channel, see
Scott (1999) [33]. Our model consists of a biatomic chain formed by a sequence of pairs of
neighboring atoms A; and As, with masses M7 and My, respectively. Each pair, made of
an atom of mass M; and the following one of mass My, can be considered as a “molecule”.
We denote by the index n the nth molecule formed by the atom A; and As (see Fig. 1).
Let us indicate with x,(t) and y,(¢) the displacements of the atoms A; and As belonging
to the same molecule n. For each atom, we assume only nearest neighboring interactions.
Then, the total potential of the chain is given by

U= Z{U1(yn - iUn) + UQ(xn-i-l - yn)}a (1)

where U is the intramolecular potential, between atoms belonging to the same molecule,
and U, is the potential between different molecules.

Given a natural [3, 6, 38] asymmetric potential with an absolute minimum in the equi-
librium position as, for example, a Lenard—Jones potential, by taking the first terms of its
Taylor expansion around the equilibrium position we can write the potentials U; and Us as

1, 5 €. 3 1, 5 €, 3
Ur(r) = 574317” + 5/817' ;o Us(r) = §k27” + gﬂzr :
where ki and ks are the harmonic constants, (3; and (35 are the cubic interaction constants
and € is a small parameter which will play the role of the perturbative parameter. We
assume that the interaction between atoms of the same site is stronger than that of atoms
of different sites; thus k1 > ko and |31| > |32|. So, the Hamiltonian of our molecular chain
turns out to be

1 . . 1
H=Y" {§[M1fci + Magi] + 5 k1 (yn = 2n)” + ko (2011 = yn)’]

- B (g — 2) + Bl — ym} ,

Wl ™

Xn-2 Yn-2 Xn-1 Ya-1 X4 Yn Xa+1 Yn+1 Xn+2 Yne2

Fig. 1. Pattern of a biatomic molecular chain in one dimension. The chain is formed by a sequence of pairs
of neighboring atoms A; and As. The displacements of the atoms of the molecule n are indicated with
and yn.
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where ;ic(t)Edflgt) and the equations of motion are

_OH
ox,

= kl(yn - xn) - k2(xn - yn—l) + Eﬁl(yn - xn)Q - €ﬁ2(xn - yn—1)2> (2>

My, =

M2yn = W
n

=—k (yn - xn) + k2(fcn+1 - yn) - 661(3/71 - xn)Q + 662(:671—%1 - yn>2' (3>

Equations (2) and (3) are a natural extension of the FPU model [14] to a biatomic
System.

3. Multiple Scales on a Lattice

Here we introduce the concepts necessary to extend the multiscale reductive perturbative
approach introduced by Poincaré [5] for the study of the asymptotic expansion of ordi-
nary differential equations and extended by Taniuti to the reduction of partial differential
equations [35, 36] to the case of difference equations [17, 24, 32].

3.1. Lattices and functions defined on them

Given a lattice, we will denote by n the running index of the points separated by a constant
spacing h. Thus to the lattice index n, we can associate a continuous variable x = nh
defining the position of the points with respect to the origin, for convenience chosen to be
with no loss of generality xg = 0.

If we introduce a small parameter ¢ = N~!, where N is a large integer positive number,
we can define on the same lattice the slowly varying discrete variables n;(j = 1,2,3,...) of
constant spacing H; and the continuous variables z; (see Fig. 2) where

n=N'n;, z;=¢€ux. (4)
0 200 400 h 60O 800 n ()
0 10 80 Hy; 120 160 nylxg)
0 3 16 Hy 24 32 nalxgd

Fig. 2. Rescaled lattices.
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If n; varies by one, n varies by N 7, a number much larger than unity. For this reason,
n; is a “slow variable” and provide an asymptotic behavior of the system. For each j there
is a slow lattice variable corresponding to the slow index n;. n; will be an integer only if n
is a common multiple of N7.

Let us consider F;,, a function of the discrete index n. An equation on the lattice is
a functional relation which involves the function F' at various lattice points, {F,1¢}. In
the case of the model considered before (2, 3), £ = £1. We are interested to transform
the system, defined on a lattice n, to the slowly varying lattices n;, providing the scales
of the asymptotic behavior of the original system. This is equivalent to say that we are
interested in transforming the system defined on z to the one with the slowly varying
variables x;. We can consider the function F;, written in terms of the slowly varying lattice
variables {n;}, with, for example, j = 1,2, F}, = fy, n,, and we can carry out the e expansion
of the function F), .

Let us consider at the beginning the case of one slowly varying lattice ny, i.e. F, = fp,.
As the shift operator T), acting on F,, gives T,,F,, = Fy,+1, we have F, 1y = Tan. In order
to extract the behavior of the function F,41 = F(z + h) on the new scales, let us carry
out the Taylor expansion of Fj,;; in powers of h. In such a case the shift operator can be
expressed as an infinite order differential operator with respect to z, i.e.

o

T, = exp(hdy)

(5)

k=0
Moreover, if we define a A operator as ALY = (T, — 1)/h, we have

log(1 + hAS)

and Eq. (5) could be written as

> (o (+)
Z (log(1 —I—hA )k . (7)
k=0

+)

Formulas (6) and (7) are written in terms of AP, However on the lattice we can define
an infinite number of different difference operators which in the continuum limit, when h
goes to zero, go over to the first order derivative. Among them it is important, as it is

self-adjoint, the symmetric shift operators Agf) = %(Tn —T;71). In this case we have

arcsinh(hAq({S)) - (arcsinh(hAgf)))k
o, = OB g oy (et ) )

k=0

Introducing the slowly varying variable z; and the corresponding lattice n; in Eq. (5), as
0y = €0y,, we have

— (Chedy, )*
T! = oo — cfehdey e - 5 ( 6}3 )t (9)
k=0 '
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If we introduce more lattice variables, for example {n;}, with j = 1,2, then 7}, becomes

€ rle Eeh@x £62h8x
T! =TTt :Z J Z ) (10)
k=0 ' =0

Once we expand the operator d;; in terms of shift operators we get an expression for F (n£l)
in terms of variations of f(ni,ns) with coefficients depending on e and /.

As delta operators are linear combinations of shift operators, from Eq. (13) it can be
proved [18, 24] that for A = AMH) we have the following formula

(AGHEE, = Z sz)(A(+)) (11)

where ( ) fny is the kth-difference of f,,, respect to nj, and the coefficients P(i, k) are
given by ( ) =" = w*S*GY,, where w is the ratio of the increment in the lattice of
variable n with respect to that of variable n;. In this case, taking into account Eq. (4),
w = N. The coefficients S;* and G, are the Stirling coefficients of the first kind and second
kind, respectively. The result (11) can be inverted, providing:
[e.e]
-y e

i=k

®|A~

(i, k) (A s (12)

where Q(i, j) is the same as P(i, j), but with w = N~! =e.
A general way to get these formulas is provided by the finite operator calculus [13, 29, 30].
The finite operator calculus prescribes the following formula [25]

o

k=0

where the functions py(j) are the unique basic sequence associated to the operator A, , i.e.
such that they satisfy the following conditions

po(n1) =1, pr(0) =0 forall k>0,

(14)
An,pr(n1) = kpg—1(n1).
The basic sequences can be directly obtained by the transfer formulae:
Anl * k—1
= : 15
pr(n1) =m <h8x1> ni (15)
When A, = Al 1) or A, = Aﬁf}, the basic sequences are:
ehder — 1\ 7F _
p,(j)(nﬂ = h¥n <T) m =z = 21(zy — ) - (z1 — kh + D),
o (16)

i ehdey _ e=hdzy \ 7K
pi} )(nl) = hknl <T> ’I’l]_k ! == szk(CL’l, —h, 2h),
Z1
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where Gi(y;a,b) are the Gould polynomials [29] given by

Y y—ka
ca,b) =
Gk(y7a7 ) y—ka < b >k

:m(y—k@(y—ka—b)---(y—ka—(k—l)b). (17)

Let us also mention that for each A,,, operator we can write from Eq. (13)

o0

| 1 [d
(02,) = 75 > o [d—yjpk(y)}

k=0

(Any)", (18)
y=0

i.e. we can express the partial derivative as an infinite sum of differences whose coefficients
depends from the type of difference we are expanding into. In terms of A+ from Eqs. (13)
and (16), Eq. (9) reads

ToF, = fj %(Am%, (19)

TR, =Y ChO” Gt; -1, 2)(AS)" fy- (20)

From Egs. (19) and (20) we get that any finite shift in the original equation will give rise
to an expression in the slowly varying variables which involves an infinity of lattice points
or, equivalently, contains differences at all orders of the function f,,. So to get a reduced
equation on a finite number of points we need to cut the series by requiring that the function
fn, be of finite order of variation. Let us introduce the following definition:

Definition. The function f,, is a slow varying function of order p if
APFLE, = 0. (21)

Then we can prove the following Theorem:

Theorem. The function F, is a slow varying function of order p iff fn, is a slowly varying
function of order p in its own variable, i.e. if Aﬁ?lfnl = 0.

Proof. The proof of this theorem will be given in the case of A = AT, but it is easy to see
that it is valid for any delta operator. It is divided into two parts:

(a) Let f,, be a slowly varying function of order p. From formula (12) it follows that

° p+ 1)! . i
aprm = 3 PR GG p + 1AL fu =0 (22)
i=p+1

i.e. F}, is also a slow function of order p.
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(b) Let F,, be a slowly varying function of order p. From formula (11) it follows that

[ee]
+1)! ;
AP = (p . ) P(i,p+1)Al F, =0, (23)
iy
i.e. fp, is also a slow function of order p. O

The expansion (20) can be performed in two steps: at first we write the shift operator
in the n variable in terms of the derivatives with respect to x; by formula (9) and then
we expand the derivatives with respect to x; in term of delta operators by formula (18).
In doing so we will have formulas in derivatives which are valid for any delta operator.
Moreover the first expansion has e dependent coefficients while the second will provide a
finite number of terms only if we use the slow varying condition for the functions fy,, n,.

Let us now explicitate the first terms of Eq. (20) for future use, at first in terms of the
derivatives and then in delta operators assuming that the function f,,, ,, is a slow function
at most of order 2. At first we shall consider the case in which we have only one slow lattice,
just the variable nj is present and then we extend the result to the case of two slow lattices,
n1 and ng and to partial lattices n and m.

3.1.1. F, = fu, = f(z1)
From Eq. (9) we get

h 2
Fr1 = f(ml) + hea&?l f(xl) + 2_6'621]0(1,1) + 0(63)' (24)

As from Eq. (18) for p =2, 0,, = A, and 9%,, = (A,,,)?, then Eq. (24) reads

1

Fn:l:l = fn1 + ﬁ (fn1+1 - 2fn1 + fn1—1) + O(N_S)' (25)

1
(fnﬁ-l - fn1—1) + W
31.2. Fy = foym, = f(z1,72)

p = 2 is the lowest nontrivial value of p for which we can consider F;, as a function of the
two scales, n1 and ny. Taking [ = 1, from Eq. (10) we have

Of(x1,22) n h?e? 02 f (x4, w2) i hezaf(fm,@)
oxy 2 81‘% 0xo

3 0 Of(w1,22)
6.7}1 81‘2

Foi1 = f(x1,22) £ he
+ hZe + O(eh). (26)

If F, is a slowly varying function of order two in nq, it might be of order one in ns. In this
case, Eq. (26) becomes

of(x1,x2) n h2e? 82f(:c1,a:2) n h628f(a:1,a:2)

Foay = fz1,29) + h
1= flz1,22) ¢ ox1 2 81’% Oxo

+0().  (27)
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Moreover, from Eq. (18) it follows that 9y, = Ay,,02 = (An,)? and 0,,05, = Ay, Ap,.
Then Eqgs. (26) and (27), written in terms of differences instead of derivatives, are given by

1
Fnil - fnl,nz + W(fnl—i-l,nz - fnl—l,nz)

1 1
+ W(fnﬁ-l,m - 2fn17n2 + fm—l,nQ) + W(fm,nz-ﬁ-l - fnhnz—l)
1 _
+ W(fm—&-l,nﬁl - fn1—1,n2+1 - fn1+1,n2—1 + fn1—1,n2—1) + O(N 4) (28)
and
1
Fnil - fnl,nz + W(fnl—i-l,nz - fnl—l,nz)
1
+ W(fm-&-l,nz - 2fn1,n2 + fnl—lmz)
1 _
+ —Q(fnl,nri-l - fn17n2—1) + O(N 3)7 (29)
2N
respectively.

3.1.3. Fn,m = fnl,ml,mg = f(xlatth)
In this case we have

Of(z1,t1,t2)

Fom+1 = f(x1,t1,t2) £ 7€
oty

7‘262 62f(l‘1, tl, tg)

Of (x1,t1,t2) 3
+ 7 2 10 30
8 re SRR L o(e), (30)
and
Of (x1,t1,t h2e2 0% f (x1,t1,t
Frt1m = f(x1,t1,t2) £ he I alxll 2) + 3 f(alijl 2) + O(€®). (31)
1
In terms of differences, the last two equations are given by
1
Fn,mil = fm,ml,mz + ﬁ(fm,ml-&-l,mQ - fm,ml—l,mz)
1
+ W(fnhmﬁ-l,mQ - 2fm,m1,m2 + fn17m1_17m2)
1 _
+ W(fm,ml,mrﬁ-l - fnhml,mz—l) + O(N 3) (32)
and
1
Frtim = frimime £ ﬁ(fm-&-l,ml,mz - fnl—lymlamQ)
1 _
+ W(fnl'f‘lymlme - 2fm,m1,m2 + fn1—17m1,m2) + O(N 3)' (33)
For future use we can further rescale the lattice with some extra parameter by defining

ny = L]Vﬂ, myp = Lng e my = xz, where the order 1 parameters L; and Ly are divisors of N
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and N? respectively if we require that n; and ns be integer numbers. In this case, Eqs. (30)
and (31) become

0 ti,t 2122 0? ti,t
Fn,mi1=f(fb‘1,t1,t2)ﬂ:TL26 f(l’l, 1, 2) +7' o€ f(fb“l, 1, 2)

ot 2 ot?
t1,t
e dflTnint) | o) (34)
Oto
and
Of (m1,t1,ty) | WPL3 8 f (w1, 1, o) 3
Fos1m = f(x1,t1,t2) & hiLe + 3 + O(e”). (35)
Moreover, from Eq. (34) we have
2
Foms1 —2F0m + Fum—1 = r%%éw +0(). (36)
1

In terms of symmetric difference operators these equations can be written as

Lo
Fn,mil = fm,ml,mz + W(fm,ml-&-l,mQ - fm,ml—l,mz)

L2
+ —22(fn1,m1+1,m2 - 2fn1,m1,m2 + fnlaml—lme)
2N
1 _
+ W(fnl,ml,mg—&—l - fnl,ml,mg—l) + O(N S)a (37)
Ly
Fnil,m - fnl,ml,mz + ﬁ(fnﬁ—l,ml,mz - fnl—l,ml,mg)
Lj 3
+ W(fm-&-l,ml,mz - 2fn1,m1,m2 + fnl—l,ml,mz) + O(N ) (38)

and

L3
Fn,m-i-l - 2Fn,m + Fn,m—l = m(fm,ml-i-l,mz - 2fn1,m1,m2 + fn1,m1—1,m2)

+O(N73). (39)

The last three equations will be used in the following section to apply the multiscale method
to the biatomic lattice model we introduced in Sec. 2.

4. Multiscale Reduction of the Discrete Biatomic System
4.1. Equations of motion

In the equations of motion of the biatomic chain (see Egs. (2) and (3)), the nonlinear terms
(proportional to 31 and (33) are of order € respect to the remaining terms, and thus we can
use perturbative methods to look for approximate solutions of z,(t) and y,(t). This has
been done in 1993 by Campa et al. [9] using the multiscale perturbative method with just
the lowest order differential terms. In this way, performing at the same time a multiscale
expansion and a continuum limit they were able to reduce the system to the NLSE (69).
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Here we discretize time and look for completely discrete equations, i.e. passing from
the differential terms in the expansion (see Egs. (24), (26), (27), (30), (31), (34)—(36)) to
difference terms corresponding to the lowest order of slow varyness p, i.e. to Eqgs. (25),
(28), (29), (32), (33), (37)-(39). To discretize time we replace the time ¢ with a discrete
variable m, so that ¢t = m7, where 7 is the temporal scale. Thus, when 7 reduces to
an infinitesimal quantity and m approaches infinity in such a way that ¢ remains finite
we recover the continuous case. We consider the simplest approximation of the second
derivative by differences using a central difference so as to get a real dispersive relation.
The discretized equations of motion are given by

M1 (Zn,m+1 — 2Tnm + Tnm—1) = k1 (Yn,m — Tnm) — k2(Tnm — Yn—1,m)

+e[B1(Ynm — Tnm)® = Bo(@nm — Yn-1,m)?)s  (40)
M2 (Ynm+1 = 2Ynm + Ynym—1) = —k1Ynm — Tnm) + k2(Tnt1,m — Ynm)

— €[B1(Ynm — Tnm)® — Bo(Tngtm — Ynm)?],  (41)
Mi 2

where Ty, 1 = 10 (MT), Ynm = yu(m7) and my 2 = —3*. We are looking for @y, ,, and yy, m as
bounded solutions written as a modulation of the harmonic wave solutions of the linearized

equations which one obtains when setting ¢ = 0. The harmonic waves are given by
JO— ei[kn—w(k)mL (42)

with w(k) real for any real value of k. The physical reason for choosing harmonic waves is
that the atoms of the chain make only small oscillations around their equilibrium position.
When we introduce this ansatz into Eqgs. (40) and (41), we realize at once that the solution
of the nonlinear equations of motion can be represented as a modulated linear combination
of harmonic functions.

A solution of the linear part of Eqgs. (40) and (41) (#; = (2 = 0), written in terms of
the harmonic waves (42), is given by

Inm = AEn,ma Ynm = BEn,ma

where

B _ - ki + ko 4 2my(cosw(k) — 1) ket + koc'® "
A T ki + k;2€—ik - ki + ko + 2m2(COSW(k‘) — 1)a

with the dispersion relation

k k
Iy (k1 + k2)(mq1 + ms)

w(k) = arc cos{l -

k
+ \/(kl + k2)2(m1 + m2)2 — 16k1k2m1m23in2§] } . (44)

It can be proved that the term inside the square root of the dispersion relation is always
positive, so that the argument of “arccos” is always real.

In Eq. (44), the positive sign corresponds to the optical branch wqpi(k), whereas the
negative one to the acoustical branch w,c(k). It can be proved that the function w(k) is real
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for all real values of k iff the temporal scale 7 satisfies the following inequalities:

4M1 My
< =17, 45
"= \/(k1 T he)(My + M) (45)

for the optical branch, and

. 8 M My
T\ (k1 4 k2)(My + M) — /(ky + k2)2(My + Ma)2 — 16k ko My My

=7, (46)

for the acoustical one. It is easy to show that 7, is always larger than 7,. In Figs. 3, 4 we
show how w(k) varies as a function of 7. We have chosen, following Campa [9], the following
numerical values for the parameters, M; = 1, My = 1.5, k1 = 1 and ks = 0.3, so that
7, ~ 1.358732 and 7, ~ 2.910816. So the obtained threshold values 7, and 7, are consistent
with the request that 7, the discretization parameter, be smaller than one.

Let us seek a finite amplitude solution of the nonlinear system (40), (41). To do so, we
write y, », and Yy, in terms of the harmonics of the linearized Eq. (42)

m — Z sz,m(En,m)s + Z G_'fL,m(En,m)_S; (47)

where, as the variables x,, ,, and y, ,, are real, (Gflm,H s ) are the complex conjugates
of the modulation coefficients (G, ,,, Hy, ,,). We choose GS = 9y mym, and Hp =

ha.ma ms s slowly varying functions of the second order in n1 and my and of the first order

0.5 i e i et
0.4F 3
Optical
0.3 ]
O L 4
o r J
(]
£
O r ]
0.2 b
Acoustical
0.1 1
[ORON Z« N Lo oo [ [
0 1 2 3 4

Fig. 3. Graph of w(k) against k, with &k lying in the interval [0, 7]. We have chosen M; = 1, My = 1.5,
ki =1, kp =03 and 7 =107 "/2,
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Optical

Omega

Acoustical

Fig. 4. Graph of w(k) against k, with & lying in the interval [0, 7]. The parameters My, Ms, k1, and ko are
the same as in Fig. 4, but 7 = 7o.

in me, defined in such a way to avoid secular terms. Moreover we expand the functions

9y mamy a0d Ay in the small parameter €. So we have:

ni,mi,ma
G;Sl m = Z € 97(7,81 ,l7)n1,m27 (49)
=0
Hy =Y enih (50)
=0

4.2. Derivation of the equations of motion

Substituting ansatz (47), (48) into the equations of motion (40), (41) and taking into account
Eqgs. (49) and (50) we get two equations of the form

o o0
ZZ B s Bnan) + D> D EEED L (Epm) ™ =0, (51)

s=0 [=0 s=0 [=0

where the FT(Lf:thmQ are function only of the slow variables. As (E,, ,,)® and (Ey, ;)% are
independent functions, its coefficients must be equal to zero. So for each power of (E;, ;)
and € we get sets of equations FT(Lfln)n ms = 0 for the slow varying modulation coefficients

g7(f'1 lznl,mg and hgll 2n1,m2 together with their complex conjugate.

42.1.

We look here for the linearized terms. In this case, the coefficient of the zeroth harmonic
satisfies the equation

(0,0) — p0,0) (52)

gnl,ml,mg ni,mi,ma’
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whereas the coefficients of the first harmonics gives a set of two equations that are identically
satisfied when w(k) satisfies the dispersion relation (44) and

1,0
hgly%lme —r (53)
(1,0) o
9ny,mi,mz
It can be proven easily that, for ¢ > 2, g5y mi,ms = by my,me = 0.

42.2. €
The coefficients of the zeroth harmonic are

hLiky 0900 (21,t1,t
WO (21,11, t2) = g0V (1, t1,12) + ke 097 (w1, 1y, to)

k1 + ko ox1
2 .
+ Bl — e r P = Bal L = rPYg" O (@, b, 1), (54)
k1 + ko
or
ROD 0D Liky _ 00) (0.0)
ni,mi,me — Inimime ( ni+l,mi,ma gm—l,mhm2)
2(k1 + k2)
2 —ik,_ .2 21 (1,0 2
e Ball = e = L= gl (55)
depending if we use the expansions in terms of derivatives or differences.
For s = 1 we find a system of two equations in the two unknowns, gr(lll’,%,)ll,mg and
h,(lll’}r)nl,mQ. This system is compatible only if
98 s,z = Gz (56)

where ny = np — my and

11 11 2i sin wmqw j, + kore=*
( ’ ) = Tg( ’ ) 2
n1,M1,m2 ni,mi,ma 2(]4:1 + k26—ik)

L = oy (57

na+1,mz ng—1,mg

h

where w), = % = f—f, with Ly and Ly given in Appendix A.1 by Eqgs. (72) and (73). The
differential version of Eq. (56) is

g0 (21,11, ty) = g1 (2, 19),

where x9 = hng = h(ng — my) = o1 — %tl, and

24 sin wmqw j, + kore=* dg(wa, to)10)
RO (2, b1, t9) = rgM Y (2,81, L hL ’ . (58
(1‘1, 1 2) rg (.’L’l, 1 2)+ k‘l+k‘2€_7‘k 1 61‘2 ( )
For the second harmonic we get
g£121’,17211,m2 = Klg7(11172‘2121,m27 (59)
W ms = B0 o (60)

where K and K3 are given in Appendix A.1 by Egs. (75) and (76). It can be easily proven
that, for ¢ > 3, gr(lql’%hmz = hq(qu’,l%hmg =0.
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4.2.3. €

Taking into account Eq. (56), the zeroth harmonic gives a system of two equations that is
satisfied only if

2, (0,0 0,0 1,0) 2
L (gglz-‘r)l ma + g7(12 )1 ,m2 - 297(1277212) = (‘gng—‘,—l mg‘ |g£7,2 1 7T'L2‘ )

(1,0 —(1,0 1,0 1,0
+ Ll {97(1123712 (gng—i-)l mo 97(12—)1,1712) + 97(112 %2 (97(7,2+)1 ma 97(12—)1,7712)}7 (61)

where ¢ and ¢! are two real constants given in Appendix A.3. Defining

0
_ 0,0 0,0 C 1,0) 2 2
Angans = L1001y = 98900 = 5 (9051 ma 198500 1)

10 10 5(10) (10)
2 (gnz,mQ-gng—i-l mo + gnQ,ngng—H mg) (62)
Eq. (61) reads:
An2+1,m2 - ATLQ,WQ = 0. (63)
Thus Ay, m, = C(ma), where C'(mg) is an arbitrary function of my. Using the fact that

(0,0)

Gny o 1S a slowly varying function in ny we have

(0,0) (0,0) _0y1..(1,0) 2 2
L (gTLQ-‘r]. mo gn2 1 mg) =cC (|g’n2+1 mg‘ + ‘QHQ,WLQ‘ )

_(1,0 _ 1,0
+ 90T P+ I 1,my) + Cm2) (64)
Equation (64) written in terms of the derivatives reads:

69(070) (1‘2 ’ t2)

C(m2)
61‘2 '

hL; >

= (" +cH)|gLo, 1> + (65)

If we transform the derivatives of Eq. (65) into differences (using again Eq. (18), and
recalling that zo = hns), we have

0,0 0,0
L, = a0y =2+ )L, P + Clma), (66)

an equation simpler than Eq. (64). This difference is due to the fact that Eq. (65) is obtained
using the Leibniz’s rule and an integration, while in the case of Eq. (64) the Leibniz’s rule
is not applicable as we deal with differences.

Finally, for s = 1, we get a system of two equations in the two unknowns, g%’?%Q and

h%’?n)m, which is compatible and not—secular only if

. 1,0 1,0 2 1,0 1,0
ZB]. (97(7/2 77')7,2"1‘]. 97(7,2 7212 ]_) + BQL (91(7,2+)1 mo + g'I{LQ—)l mo 297(12 7212)

(1,00 =(1,0)

‘2 + |g'£7,12(?m,2‘ ) + B5(gn2 ngn2+l mo

+%@£%mﬂﬂwmm%m—u (67)

Here the coefficients B;(i = 1,...,6) are real and given in Appendix A.3. This is a NLSE
on the lattice. At difference from the standard discrete-time NLS equation presented by
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Ablowitz and Ladik [1], this is completely local but not integrable [28, 39]. In the develop-
(1,0)

ment of z, ,, and Yp m, gna,m, is the main term which multiplies eV and E,, m. If we require

that gf{zl%m and h%’%Q are localized with respect to ng, we have to set C'(mgy) = 0 and
Eq. (67) becomes

. 1,0 1,0 1,0 1,0 ,
iB1(gh a1 ~ Fnsma—1) + BaLA (G s + 9his s — 208500 + Balgl 0, P08,
1,0) 1,0
+ {B4(|g1(7,2+1 mo ‘2 + ‘gng m2| ) + B (97(12 721297(12"1‘)1 m2
+ g'gllg,qr;lggng—i-l mg)}gng,mg - (68)

5. Continuum Limit of the Discrete NLS

Equation (68) is obtained from Egs. (40) and (41) by discretizing the continuous time
variable. This discretization was necessary to be able to solve the [ = 1, s = 1 system which
otherwise would have been an unsolvable linear differential difference wave equation. By
discretizing we get a discrete wave equation whose general solution is given by an arbitrary
function of a discrete variable.

It is interesting to perform the limit when the discrete time m; is transformed into a
continuous ¢t—variable. To do so, we take the limit when 7 goes to zero and m tends to oo
in such a way that the product 7m = ¢ is finite. So Eq. (68) becomes the integrable NLSE

910 (29, t9) LA 92910 (29, 12)

,0)
o, 253 + [A3]g™0 (29, 1) ” + AsC(t2)]g™" (22, t2) = 0,

(69)

1A

where to = lim,_ o lim,, oo 7mo and z9 = %(nl — %tl) is a new continuous variable. The

coefficients A;(i = 1,...,4) in this limit are finite and real, and are given by

(M7 + M3)(ky + ko) — 2M7 Mo)?

Al = lim 27’Bl = -0
7—0

k1 + ko — M2 ’
. [(Ml + Mg)(k‘l + k‘Q) — 2M1M2Q2)](Q7k)2 — MIMQ(QJC)Q — k1ko cos k
AQ = lim BQ = ’
=0 ki + kg — M2
Az = hI?%(Bg + 2B4 + 235) = hII(l](Bg + 2(60 + Cl)Bﬁ)
_ 2k2(1 — cos k) — (M + My)Q?
:_25%(R—1){(R—1)\R—1|2 2(1 = cos )D( L+ M)
2(R—-1) 2 B ik —ik
S el R|}+2ﬂ2( — Re®) {-(1 - Re™)
_ _ 2 —ik _ 4
<1 Re_ik\22kl(1 cosk) — (M; + M2)Q2*  2(Re 1)‘ _ Reihp2
D k1 + k2

Ms + M2 02 2(R—1 ,
( 2 + Mye ) (R )‘1_Re—zk|2}

D D —ik\2
+2,81[32(R—1){(R—1)(1—R6 ) D -+ kl—l-kg



Discrete Multiscale Analysis 373

My + Mle_Qik)QQ
D

+2mia(1 — R { (=170 - Ret!

2(1 — Re™ %) 2}
——— |1 — R|*} +2gAy,
k1 + ko | | g
. k1P|l — Re™ |2 + kyf31|1 — R?
Ay = lim Bg =
4 T% 6 k1 + ko ’
where
. hm(c e )2ﬁ2k‘1|1 — Re_ik‘Q + 2ﬁ1k‘2|1 — R|2
9= 7—0 ! 2 (Ml + MQ)(/ﬁ + kg)(Q7k)2 — k1ko ’
D = [ky + ko — MyQ%|[ky + ko — MyQ?] — (k3 + k2 + 2k1 ko cos 2k), (70)
and
. ki + ko — M;Q?
R=1 = .
e P

Q(k) = lim,_ @ gives back the continuous dispersion relation [9].

6. Conclusions

In this work, introducing the concepts necessary for applying the perturbative multiscale
method to discrete equations we have obtained a rescaled discrete equation. We have applied
this technique to a biatomic chain model. In this way we have shown that we can perform
in a coherent way a multiscale expansion on the lattice. If we want to remain on the lattice
and want to avoid nonlocality then we need to restrict ourselves to slow—varying functions.
This restriction on the class of function implies that some of the properties of the starting
system will be lost. Among them by sure that of the integrability, which is strictly related
to the analytic properties of the solutions.

We have found that ¢(1:0) (the slowly varying coefficient of the first harmonic) satisfies
a totally discrete local version of the discrete NLSE. One interesting feature of our discrete
NLSE is that, when we perform the continuous limit in the time variable, the spatial variable
becomes continuous, and we get the continuous integrable NLSE (69) as in the work by
Campa et al. [9].

A. Appendix
A.1. g&Y  gpd (D)
n2,Mm2

n2,1m2
Let us consider the expansion of the equations of motion with [ = s = 1. In this case we
get a system of two equations in two unknowns, géll’}rzll,mQ and h,(111’77)rl1,m2, that is compatible

only if
[(k1 + k2)(mq + m2) + 4myma(cosw — 1)] sin(w)Lg(g£L11’7(211Jr17TrL2
1,0 ) 1,0 1,0
B g7(11,77)l1—1,m2) + k1Ko sin kLl(g7(11+)1,m1,m2 - 97(11—)1,m1,m2) =0. (71)
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It is convenient to choose
Ly = Ssin(w)[(k1 + k2)(my1 + mg) + 4myma(cosw — 1)] (72)
and
Loy = Skikysink, (73)

where S is a real number such that L;(Ls) is an integer number. In terms of L; and Ly the
dispersion relation becomes w ) = é—f With this choice of L; and Lo, and assuming that

ggl’,%th = g%%m with ny = n; — mq, we find that Eq. (71) is satisfied. Thus the system

of equations we are studying is compatible, and leads us to the Eq. (57).

A.2. The discrete NLSFE

In this Appendix, we show the steps necessary to find the discrete NLSE (68). First, we
take the equations of motion, and select the harmonic s = 1 with [ = 2. In this way we get
a system of two equations in the two unknowns 95112’,27212 and h%’%g, which is compatible only
if the nonhomogeneous first order difference equation

[(k1 + k2)(my + m2) + 4myme(cosw — 1)] sin(w) Lo (1L1)

gnl,ml—i-l,mg

(171) H (171) (171)
- gnl,ml—l,mg) + klk? S kLl (gn1+1,m1,m2 - gnl—l,ml,mQ)
_ 00 00 (10
- F(gn2+1,m2’gng—l,mg’ggz,%QL (74)

is satisfied. Here F' = F (gfg’i)lm,g%%g) is a given nonhomogeneous term. As the Lh.s. of

(11) replaced by g(1 0 ), the

nz’il,mz nz’il,mg
terms depending on g contained in F lead to secular terms for the unknown ¢, To
avoid secular terms, we must set F' = 0 and Eq. (74) gives géll’}%LmQ = 97(112117)12

If we substitute g% given by Eq. (64) into F' = 0, then this condition will give Eq. (68)

written in terms of g(10).

this equation is the same as that of Eq. (71) (but with ¢
(1,0)

A.3. Constants
We give here the expressions of the coefficients appearing in Egs. (59), (60), (64) and (68):

(1) Egs. (59) and (60).

Ky = {B1(r —1)°[ky + koe™ — r(ky + koe>F)]

— Bo(1 — re™™®)2[ky + koe'® — r(kie® + ko)]}/{rD}, (75)
Ky = {B1(r —1)°[ky + k2e®™ —r(ky + kae™ )]
— Bo(1 — re”™®)2 [k + koe®™* — (k12 4 kyet™))} /{D}, (76)

where

D = [2m;y(cos2w — 1) + k1 + ka][2ma(cos 2w — 1) + k1 + ko]
— (k% + k2 4 2k ko cos 2k). (77)
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(2) Eq. (64):
= —2k}2[ﬂ2|1 — Te_ik‘Q + 611 — 7“|2]
o (m1 + mg)(kl + kg)(w’k)Q — kle’
Ao 20(k + k)1 — re”*|?
o (m1 + mg)(kl + k}Q)(W7k)2 — kiky
(3) Eq. (68):
4 —1
By = —sin (w) (my 4+ ma) (k1 + k2) + 4myma(cos w )’

2ma(cosw — 1) + ky + ko

[(m1 + ma) (k1 + k2) + 4mima(cosw — 1)]
cos(w)(wk)? — mimasin®(w)(w x)? — k1ka cosk
k1 + ko + 2ma(cosw — 1)

(1 —cosk)+2(my +ma)(cosw — 1)
D

)

2 =

B = 208 - ) {(r — Dl - 172

kYA
+ k1+l€2| T|}

— cos k)+2(my+ma)(cosw—1)
D

. . 52k (1
+262(1 — fe’k) {—(1 — Te_zk)\l — 1”@_”‘7\2 Gl

2re”" —1) —ik 2}
+ = Nl —ret
k1 + ko | |

. -9 21k _1)—9 1
+26152(7 — 1) {(r —1)(1 —re )2 e*"my (cosw D) ma(cosw — 1)
2(r—1) ik
A 7
+ ey |1 —re |
. L =92 —2ik 1) —2 1
+2ﬂ1,82(1 — felk) {(7‘ — 1)2(1 _ ’felk) € ml(COSW D) mQ(COSw )
2(1 — re=ik) ,
- - 7 1 o
+ k1 + ko | T| ’
B4 = COBG)
B5 == ClBﬁ,
Bo— k1B2|1 — T‘e_”f|2 + ko |1 — T‘2
" kl + kQ ’
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