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In the recent paper by one of the authors (MBS) and A. A. Malykh on the classification of second-
order PDEs with four independent variables that possess partner symmetries [1], mixed heavenly
equation and Husain equation appear as closely related canonical equations admitting partner sym-
metries. Here for the mixed heavenly equation and Husain equation, formulated in a two-component
form, we present recursion operators, Lax pairs of Olver—Ibragimov—Shabat type and discover their
Lagrangians, symplectic and bi-Hamiltonian structure. We obtain all point and second-order sym-
metries, integrals and bi-Hamiltonian representations of these systems and their symmetry flows
together with infinite hierarchies of nonlocal higher symmetries.

Keywords: Symmetries; integrals; Noether theorem; Lax pair; symplectic two-form; bi-Hamiltonian
representation.

1. Introduction

In the

recent paper [1], one of the authors (MBS) and A. A. Malykh obtained, up to

a change of notation for independent variables, the general form of second-order partial
differential equations (PDEs) with four independent variables t, z,y, z, that possess partner
symmetries [2-5] and contain only second derivatives of the unknown w:

F = a1 (utyUps — UpaUay) + a2 (U tyy — UnUzy) + a3(UtyUzy — Utz Usgy)
+ ag(Ugrtey — Ugptlyy) + a5 (U tpr — Uiatas) + a6 (Ut tpe — UZ,)

+ b1Ugy + Doty + b3ty + byt + bsuyy + 2bgusy + by, + by = 0, (1.1)

with constant coefficients a; and b;. Partner symmetries, that make it possible to

obtain

noninvariant solutions of PDEs of the form (1.1), are generated by the recursion
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relation:

Or = —(agusy + aauy: — aglig + b — wo)pr — (a3tey + asty; + asty + b7)Ps
+ (a1usz + aguy + azty — b1)y + (—aruy + aguy + astg — b3)@s,

(1.2)
Sax = _(QQny + aqug, — Aglgy — bS)SOt - (a3uxy + asUy, + aplUy — b6 - WO)SOI

+ (aluxz + agUiy + a3Ugy + b?)(py + (_aluxy + aqUiy + a5ty + b4)90z:

where ¢ and ¢ are symmetry characteristics [6] and wg is a constant. In (1.1) and (1.2),
subscripts denote partial derivatives. The transformation (1.2) maps any symmetry ¢ of
Eq. (1.1) into its partner symmetry @.

In [1], we also listed canonical forms to which the general form (1.1) can be reduced by
point and Legendre transformations. Among these forms we find, along with the first and
second heavenly equations of Plebanski [7], a new equation that looks, up to a point, like
the combination of these two equations, which we called mized heavenly equation:

Uty Ugz — Utz Ugy T UttUgy — u?x =g, (13)
where € = +1. Recursion relation (1.2) for symmetries of Eq. (1.3) becomes

Gt = (Uty + wo)pr — Uttps + UtzPy — UtyPz, (1.4)

Pz = Ugapt — (Utz — W0)Pz + UzzPy — UzyPz-

Note that in our classification heavenly equations of Plebanski belong to equivalence classes
different from the one to which the mixed heavenly equation belongs, that is, they cannot
be related neither by point nor by Legendre transformations.®

Another form of a canonical equation from the same equivalence class coincides, at
€ = +1, with the Husain heavenly equation:

UtyUgy — Utz Ugy + Ut + EUgy = 0, (15)

which is an alternative form of a basic self-dual gravity equation arising in the chiral model
approach to self-dual gravity [9, 10]. Recursion relation (1.2) for symmetries of Eq. (1.5)
takes the form

Pt = Utz Py — UtyPz — EPz + wWopt,
(1.6)
Pr = UgzPy — UgyPr + Pt + WoPs-

Though Eq. (1.5) can be obtained from the mixed heavenly equation (1.3) by Leg-
endre transformation (7.2), the main objects of the Hamiltonian formulation of Husain
equation, like Lagrangian, symplectic two-form, Hamiltonian operators and Hamiltonian
densities cannot be obtained that way. Therefore, we study Lax representation, symplectic
and Hamiltonian structures of Eq. (1.5) independently of those of Eq. (1.3).

In this paper, we consider mixed heavenly equation and Husain equation in a two-
component form, which enables us to rewrite the corresponding recursion relation as a

2Quite recently a different classification of integrable PDEs of Plebaniski type was done in paper [8].
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single 2 x 2 matrix-differential equation and introduce naturally recursion operators R.
Together with the operator A of the symmetry condition, which determines symmetries
in a two-component form, the two operators R and A form Lax pair of Olver—Ibragimov—
Shabat type [11,12]. We construct symplectic and Hamiltonian operators and corresponding
Hamiltonian densities for the two-component mized heavenly system and Husain system.
The proof of Jacobi identity is a simple check that the corresponding symplectic two-
forms are closed. Thus, both systems are set into Hamiltonian form. Applying the recursion
operator R to first Hamiltonian operator, for each system, we generate explicitly second
Hamiltonian operators for both systems and, thus, we show that they are bi-Hamiltonian
systems, which are integrable in the sense of Magri [13].

In Sec. 2, we derive recursion operator for symmetries and Lax representation for mixed
heavenly system.

In Sec. 3, we present Lagrangian, symplectic two-form, symplectic operator and Hamil-
tonian representation of the mixed heavenly system.

In Sec. 4, using the recursion operator, we obtain explicitly second and third Hamilto-
nian representations of our system and prove that the first two Hamiltonian operators are
compatible, i.e. they form Poisson pencil. Thus, we show that mixed heavenly equation in
a two-component form is an integrable bi-Hamiltonian system in the sense of Magri.

In Sec. 5, we present all point symmetries and second-order symmetries of the mixed
heavenly system and calculate a table of commutators of symmetry generators. In Sub-
sec. 5.1, we study the action of the recursion operator on these symmetries. In Subsec. 5.2,
using inverse Noether theorem for variational symmetries, we determine conserved densities
corresponding to them, which serve as Hamiltonians of the symmetry flows. In Subsec. 5.3,
we study recursions of Hamiltonians for symmetry flows of the mixed heavenly system.

In Sec. 6, we study hierarchies of mixed heavenly system and of its symmetry flows. In
contrast to our previous studies of bi-Hamiltonian structures of second heavenly equation
of Plebanski [14] and complex Monge-Ampere equation [15], the mixed heavenly system,
though being bi-Hamiltonian, does not possess an infinite hierarchy but its hierarchy consists
only of two members (the same is true for Husain system). However, some of its variational
symmetries do form an infinite hierarchy of commuting flows, that contains higher nonlocal
flows. In particular, we present explicitly the first Hamiltonian flow generating a nonlo-
cal symmetry of our system. We also obtain bi-Hamiltonian representations for all local
variational symmetry flows.

In Sec. 7, we convert Husain equation in a two-component form and present a
Lagrangian, suitable for deriving Hamiltonian form of the two-component Husain system.

In Sec. 8, we construct a symplectic two-form, symplectic and Hamiltonian operators
and Hamiltonian density and, thus, obtain Hamiltonian form of the Husain system.

In Sec. 9, we discover recursion operator and obtain Lax representation for Husain
System.

In Sec. 10, we compute second Hamiltonian operator and prove that the two Hamiltonian
operators form Poisson pencil. Thus, we conclude that Husain equation in a two-component
form is an integrable bi-Hamiltonian system in the sense of Magri [13].

In Sec. 11, we present all point and second-order symmetries of Husain system and
calculate a table of commutators of symmetry generators. In Subsec. 11.1, we study the
action of recursion operator on symmetries of Husain system. In Subsec. 11.2, we find
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Hamiltonian densities of variational symmetry flows which are conserved densities of the
Husain system. In Subsec. 11.3, we study the action of recursion operator on Hamiltonians
of the symmetry flows.

In Sec. 12, we show that the hierarchy of Husain system consists of two members only.
We obtain an infinite hierarchy of commuting symmetry flows that contains higher nonlocal
flows. We present explicitly the first nonlocal Hamiltonian flow in this hierarchy. We obtain
bi-Hamiltonian representations for all local variational symmetry flows of Husain system.

2. Recursion Operator for Symmetries and Lax Representation
of the Mixed Heavenly System

By choosing u; = v as the second unknown, we present mixed heavenly equation (1.3) in
the form of a two-component evolution system

1
U =v, v = —(vg + U Ugy — VyUs, +€) = Q, (2.1)
T

which we shall call mized heavenly system. Lie groups of symmetry transformations of
system (2.1) in the canonical form, when only dependent variables are transformed, are
determined by the Lie equations

U=, v =1, (2.2)

where 7 is the group parameter. The symmetry condition amounts to compatibility of Lie
equations (2.2) and Egs. (2.1): uyr —ur¢ = 0 and v —v¢ = 0. We introduce a two-component
symmetry characteristic of system (2.1): ® = (i) Then the symmetry condition results in
the linear matrix equation

A(®) =0, (2.3)

where A is the Frechét derivative of the flow (2.1)

) D, .
A= (2.4)
2
ng_v_zpmpy+v_meD2’ Dt_ﬂpm+u$zpy_@1)2
Uz Uz Ugy Uz Uz Uz

Here Dy, D,, D,, D, are operators of total derivatives with respect to t,z,y, z. In particular,
the first row of (2.3) yields ¢; = 1. Using this relation and a similar one for the partner
symmetry, ¢ = ot, we rewrite the recursion relation (1.4) with wy =0 and uy = v, vy = Q
in the two-component form

Q}b = (_QDQY =+ Usz - UyDz)SO + ’Umw? (2 5)
Py = (_U:ED:B + umDy — uxyDz)gO + Ugz . '

After integrating the second equation (2.5) with respect to = at constant y,z and t and
using the notation ¢ = (g), the recursion relation takes the matrix form ® = R(®), where
the recursion operator R is the 2 x 2 matrix

n (D;l(—vxDx + Uy Dy — gy D) D;lum>

(2.6)
—QDy +v.Dy — vy D, Vg
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For the commutator of the recursion operator R and operator A of the symmetry con-
dition (2.3), computed without using the equations of motion, we obtain

_('Ut - Q)a: - Dgl[(vt - Q)mm
+(ur — U)xsz — (ue — U)xyDZ]

—D; N ug — )z

[R’ A] - %[_Q(ut - U)xx + v, (ut - /U)xy . (27)
—Uy (U — V)gz + 205 (v — Q)g — Uz (v — Q)y —(vy — Q)x
gy (v — Q):] Dz — (v — @)Dy + (v — Q) D,

Therefore, on solutions of the system (2.1) operators R and A commute and hence R acting
on any two-component symmetry generates again a symmetry. This proves that R is indeed

a recursion operator. Moreover, vanishing of the commutator (2.7) reproduces (2.1) and
hence operators R and A form a Lax pair of the Olver-Ibragimov—-Shabat type [11,12] for
mixed heavenly system (2.1).

3. Lagrangian, Symplectic and Hamiltonian Structure of the Mixed
Heavenly System

We start with the Lagrangian for the mixed heavenly system (2.1)

1 1
L = <vut —5 v2> Uy + 3 Ut (Uylgy — UzUyy) + €U, (3.1)
which yields the canonical momenta
oL 1 oL
Ty = 8—ut = VlUgg + 3 (uyuxz - Uzuxy)a Ty = 8_1),5 =0, (3:2)

that cannot be inverted for the velocities u; and v, and therefore the Lagrangian (3.1) is
degenerate. Following Dirac’s theory of constraints [16], we treat the definitions (3.2) as
constraints of the second class
1
Gy = Ty — VUgy — g (Uyuxz - uzuxy) =0, ¢,=m =0, (3'3)
compute the Poisson brackets of the constraints (for details of this procedure see [14])

[¢i(xayaz)>¢j(x/ay/az/)] = sz l,] = 1>2a Uy =mu, uU2=7 (34)

as entries of the 2 x 2 matrix

1 1
Dyvy + v, Dy + 5 (Dzua:y + ua:yDz) - 5 (Dyuxz + uszy) y T Ugy (3 5)

Ugz 0

K =

which is an explicitly skew-symmetric symplectic operator. The corresponding symplectic
two-form is a volume integral {2 = fv wdzxdydz of the density

1 . .
w= §duz/\Kijduj

1
= vzdu A duy — Ugpdu A dv + §(nydu A du, — ugdu A duy). (3.6)
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The form € is closed since the exterior differential of (3.6) is a total divergence
1
dw = 3 dug N duy A du,

1
= E(Dm(du A duy N duy) + Dy(dug A du A du,) + D, (dugy A duy A du)), — (3.7)

which is equivalent to zero under the volume integral in €2, at appropriate boundary con-
ditions. Therefore, 2 is indeed a symplectic form and so K, defined by (3.5), is indeed a
symplectic operator. Hence its inverse is a Hamiltonian operator

1
0 -
Uz
1 1 1
Jo= K= Dyt — Dyt 2p |, (3.8)
_ L Uz Ugy Uz Uz 2Ugy Ugy
Uy 1 Dy% Ugy Dzi n 1 D, Ugsy

since it is explicitly skew-symmetric and Jacobi identity is satisfied as a consequence of the
closeness of symplectic two-form €.

The Hamiltonian density, corresponding to Jy, is defined as
Hl = MUt + TV — L

with the result
1 1, 5

i = Lot v s B = L 02— e 9)

where the equivalent Hamiltonian densities differ only by a total z-derivative which vanishes
in the Hamiltonian H' = If _Jrozo H'dxdydz due to appropriate boundary conditions at
infinity. Indeed, % T2 Upy = u + Dx(% r%u, — ) & U.

Thus, the mixed heavenly equation in two-component form (2.1) can be presented as

the Hamiltonian system
OuH
)= (T (3.10)
Ut (SUH1

where §,, and ¢, are Euler-Lagrange operators [6] with respect to v and v applied to the
Hamiltonian density H; (they correspond to variational derivatives of the Hamiltonian
functional [, H1dV).

4. Bi-Hamiltonian Representation of the Mixed Heavenly System

By a theorem of Magri [13], we can generate second Hamiltonian operator by acting with
the recursion operator (2.6) on the Hamiltonian operator (3.8)

_p-1 Y=
Ji = Ry = tae | (4.1)
_ e g
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where J122, in an explicitly skew-symmetric form, is defined as

1 1 1 1 1
J?2 = {— <Q_ng— + —DxQ—> + <“2Dyu T Dyvz>
T

2 U Ugy Uy
1 1 Uy Uy Ugz Vg
—(w,D.— + ~D.v, ) — (LD, az y Yezp r
Tx Uz Tx Uz xx Uz
v Uu Uu v
+ <_$D2ﬂ+ﬂD2_m>}’ (4.2)
Uz Uz Uz Uz

where we have denoted

202 1
Q- =Q— —F = —(—v2 4+ voupy — VU, +€).
Ugy Ugy

The proof of Jacobi identity is straightforward and lengthy. The calculations can be sim-
plified by using P. Olver’s criterion (Theorem 7.8 in [6]) formulated in terms of functional
multivectors.

We have also performed a straightforward check for compatibility of two Hamiltonian
operators Jy and J; using P. Olver’s criterion (Corollary 7.21 in his book [6]) and proved
that every linear combination aJy+ bJ; with arbitrary constant coefficients a and b satisfies
Jacobi identity, i.e. Jy and J; form Poisson pencil (called Hamiltonian pair in [6]).

The mixed heavenly flow (2.1) can be generated by Hamiltonian operator J; from the
Hamiltonian density

Hy = (¢ — x)vugy, (4.3)

where ¢ is a constant, so that the mixed heavenly equation in the two-component form (2.1)
admits two Hamiltonian representations

Ut 0uH1 0uHo
= Jo —J (4.4)
V¢ (Sle 5UH0

and thus it is a bi-Hamiltonian system.
We note that we could drop out the term hg = cvu,, in the Hamiltonian Hy and set
¢ = 0in (4.3), so that Hy = zvug,, because the vector of variational derivatives of hy

belongs to the kernel of J;
Ouh 0
A =), (4.5)
Oyho 0

According to Magri’s theorem, by repeated applications of recursion operator to the
first Hamiltonian operator Jy, we could generate an infinite sequence of Hamiltonian
operators

Jn = R"Jj. (4.6)
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In particular, for n = 2 we obtain a new Hamiltonian operator Jo = R?Jy = RJ;, which
has the following explicitly skew-symmetric form

1 1 B
_Dgl(umyDz + Dzuaty D; (Dyvz Dzvy)

2 1
J —Uy, Dy — Dyug,) Dt + - (VyUgy — VyUgy — €) .
2 = : _
—{(v:Dy — vy D)D" v
1 J3
+ — (VyUgz — Vo Ugy — 8)}
T
where J2? is defined by
J22 _ Yz ( B _aD 1 D
2 u2 VyUgz VzUgy 5) e+ | VUzy 2’Uxuxz y
T

1
— <Uyum - §vxuxy> Dz} + {Di(vyum — VyUgy — €)

1 1 v
+Dy <Uzu:s:s - §'U:sumz> - D, <Uyuxm - §Uxumy> } uTx (48)

rx

Surprisingly enough, the Hamiltonian density, from which the Hamiltonian operator Jo
generates the system (2.1), is proportional to H; defined by (3.9)

H i =—cH =u-— gvzum, (4.9)

so that the mixed heavenly system admits the three-Hamiltonian representation

Ut . 5ujfll . 5uH0 . 5u(H—1)
() _ (M) i (m)) o <5U(H_l)> | (a10)

The result (4.9) for H_; is derived in a regular way in (5.39) (at ¢(y,z) = 0) in Subsec. 5.3
(see also (6.6)).

Computing J, in (4.6) for n = 3,4, ..., we can generate an infinite series of Hamiltonian
operators, which shows that the mixed heavenly equation, considered in a two-component
form, is a multi-Hamiltonian system in the above-mentioned sense.

5. Symmetries and Conservation Laws for the Mixed Heavenly System

Using the software packages LIEPDE and CRACK by T. Wolf [17], run under REDUCE
3.8, we have calculated all point and Lie-Béacklund second-order symmetries of mixed heav-
enly system (2.1). For point symmetries, we list generators and two-component symmetry
characteristics ® = (p,9)7, where T' means transpose:

X1 =t + 0y, 1=t YPr=1
Xo = =0z, @Q2="1Uz, P2="10,
Xg = (I(y, Z)a'tu P3a = (I(y, Z)a ¢3a =0

X§ =ay(y,2)0; —a.(y,2)0y, Paa = AUy — QyUz, VYag = A0y — Ay,
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1
X5 =— {g(yay + 20,) + toy +u8u} ,

1 1
w5 =tv—u+ g(yuy +zuy), U5 =1tQ + §(yvy + zv,)

(5.1)
Xg =10 — x0; — 00y, g = TUy —tv, Yg=aV, —tQ —v
Xe@w) = —Co(,0)0; + (¢ —=v¢y)0uy e = c(x,0), Yo = cy(7,v)Q,
where c¢(z,v) is an arbitrary smooth solution of the equation
Crz(T,0) + ey (x,v) =0 (5.2)

and we have used the equations of motion (2.1) for eliminating u; and v;. Such obvious
symmetries as translations in y, z and u, which do not appear explicitly in the list (5.1),
can be obtained as simple particular cases of X§ and X§, while translations in ¢ are obtained
from X, at ¢ = —w.

All second-order Lie—Béacklund symmetries [18] modulo point symmetries have genera-
tors of the form

Xo = (I(t,ﬂi‘,’l}, ux)au + (at + a,Q + aumvx)av +--,
Pa = a(t7 z,v, ux)a Yo = ap + a,Q + Ay, Vs (53)

where the dots denote an infinite prolongation part and a(t, z, v, u,) is an arbitrary smooth
solution of the equations

Oty — EQyy, =0, Qg + gy, =0,  Qgz + 0y, =0,  ay + ay,u, =0. (5.4)

Corresponding Lie equations have the form of a second-order flow, due to the definition of

Q in (2.1),
ur = a(t,z,v,uz), vr = a; + ayQ + ay, vy (5.5)

where the “time” 7 is the group parameter. We note that mixed heavenly system itself in
(2.1) is a particular case of (5.5) at @ = v, that obviously satisfies conditions (5.4). We
also note that (pg,16) correspond to the particular case of second-order symmetries (5.3)
with a = zu, —tv. We point out that the symmetry characteristic (¢, 1) in (5.1) together
with the condition (5.2) is a particular case of the symmetry (¢q,%,) in (5.3) with a =
c(z,v) satisfying the conditions (5.4). Similarly, we see that symmetry generators X; and
X5 in evolutionary form are also particular cases of the second-order symmetry generator
Xotrwmy) while X3¢ X802 and X are not.

All second-order Lie-Béacklund symmetries can be obtained by taking linear combina-
tions of the generators (5.3) and point symmetries generators Xg (y’z), X Z ®2) and Xs.

In Table 1 we present commutators of symmetry generators, where the commutator
(X, X;] is given at the intersection of ith row and jth column. We have used here the
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Table 1. Commutators of symmetries of mixed heavenly system.

, b(y, ¢
X4 Xs Xg{(y ?) X4(y ?) X5 X6 Xc(z,v) Xb(t,z,v,ux)
X1 0 0 0 0 0 -X1 X, Xy,
X, 0 0 0 0 0 Xy  —Xe, —Xy,
(v.2) 5 1 ypaly2)

a(y,z A(y,z) aly,z
X3 0 0 0 XJ@ 1xy 0 0 0

a( Z) a(f,a) d(a,b) d( z)
X4 Y, 0 0 _Xga(y-,z) X40(?/yz) %X4 Y, 0 0 0
X5 0 o —ix] —Ixt 0 0 Xe X
X6 X X5 0 0 0 0 Xz X;
Xd(z,v) —Xa, Xq, 0 —Xa —Xj 0 X (b0
Xa(t,."c,v,um) —Xa, Xa, 0 0 Xa -Xz X(a,c) X<<a,b>>

following shorthand notation:

d(a,b) d(a,b)  I(a,b)
Ay, 2) = ayb, —azby, (a,c) = aey — ay,czy,  <a,b> = B(t,0) | B(a, )
a = tay — Tz + UgQy, — Vay, 4 =yYay+ 2a, —2a, a' =ta;+ uzay,, —a. (5.6)

Let Xg be an evolution form of a symmetry generator with the characteristic ® = (i)
Consider the evolution system of PDEs

<:Z> — F([u], [v],7) = <£> (5.7)

where 7 = (x,y,z) and [u], [v] denote unknown functions u and v of 7 together with their
partial derivatives with respect to the components of 7. Let Xp be an evolutionary generator
of the flow (5.7) with the characteristic F' = (g) Then X¢ generates a symmetry of the
flow (5.7) if and only if the following commutator relation is satisfied [19,20]

[X‘P>XF] :X‘bt’ (58)

where ®; denotes partial derivative of ® with respect to t. In particular, if & does not depend
explicitly on time ¢, then these two generators must commute: [X@,X r] = 0. For mixed
heavenly system (2.1) we have F = (v,Q)” and then the results of Table 1 for X; = X,
show that Eq. (5.8) is indeed satisfied for all the generators in the left column of the table,
which provides an independent test for all of the symmetries of (2.1).

5.1. Action of recursion operator on symmetries of the
mixed heavenly system

In order to obtain correctly the action of recursion operator R on the space of symmetries, we
note that the operator D! in R should be understood as an indefinite integral with respect
to « with the “constant” of integration C(y, z,t). Indeed, the integrability condition for the
recursion relation (1.4) in a two-component notation (2.5) has the form @g¢ = 1), which
implies @; = 1) + C(y, z,t) with an arbitrary function C(y, z,t). Therefore, the required
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relation ¢; = v does not follow from (2.5) but may present an additional constraint on
the t-dependence of C(y, z,t) when R is applied to symmetries & = (22), while the additive
term ¢(y, z) in C(y, z,t) will still be completely arbitrary. In the Lax representation (2.7)
and Definition (4.1) of J; we have to choose ¢(y, z) = 0.

Proceeding to the action of the recursion operator on symmetries, we start with the

recursion
B R e N e B
U1 U1 1 Vg Uy

but due to the constraint @; = 1 we have C; = 0 and so C = c(y, z) with an arbitrary
function c(y, z). Finally we have

951 . Uy + C(ya Z) . ©2 P3¢
(1;1) a ( Vg ) a <¢2> " <¢3c>7 (5.10)

where (:Zi) = (C(yo’ z)). Our next step is to compute

<q2> g <¢2> . <u> _ (D;1<0>> _ (C(y,z,ﬂ) (511)
(0 (0 Uy —e —c

using in R the definition of () from (2.1). Here the “constant” of integration C(y, z,t) could
not be neglected since the choice C' = 0 will violate our constraint @; = 1;, so that (BE) will
not be a symmetry. Instead, the constraint yields Cy(y, z,t) = —¢e so that C' = —et + ¢(y, 2)
with an arbitrary function c¢(y, z), which implies the result

<¢32> = —¢ <t> + (C(y’z)> — —¢ <901> + (9%). (5.12)
(> 1 0 L P3c

Similarly, we obtain

(S?Sa) - R (903a> - R <a(y,z)> _ <903c> _ <904a>' (513)
P34 P3q 0 V3e i

At the next step we obtain the first nonlocal symmetry

9?411 —R Pda —R AUy — Qyly
Yaa V4q AUy — Ay,
. <D;1 {uxx¢4a + Ugz (ayvx + 904a,y) — Ugy (azvx + ()04a,z)}> (5 14)

a UZ(904a,y - ayvx) — Uy (S04a,z — Q) — Q¥sa,z

with @44,y = Dy(¢4q) and so on, since the expression in curly braces in the first row is not
a total z-derivative. Another nonlocal symmetry is obtained by the action of R on Xj5:

(§5> _R <g05> _ 1 (D;l{um(yvy + 20,) — VpWy + UV wy — vyw, } + €tx> 7 (5.15)
5

U5 2 Uz (yvy + 20;) — Qg + v wy — vyw,
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where we have denoted w = yu, + zu, — 2u. The action of R on Xg yields

Y6\ _ ,(we) _ Uy + ext ey, 2)
<1[}6> - <¢6> B <UmQ—|—vva, —I—z—,‘x) + ( 0 ) (5.16)

where we have again used the constraint pg; = 1/;6 on the “constant” of integration C'(y, z,t).
Finally we consider the action of R on the symmetry X, in (5.1) with ¢(z, v) satisfying (5.2):

(g?jc> _ <<pc> _ R( c(x,v) ) _ (Dx—l(—va,c373 —I—SCU)> . (5.17)
wc ¢c CU(JZ,U)Q _CxQ

Equation (5.2) in the form (c¢;), = —e(cy), implies local existence of the function f(z,v)
such that f, = ¢; and f, = —e¢, and hence f(x,v) satisfies the same equation as c(x,v):
fax + fow = 0. The result (5.17), being expressed in terms of f(z,v), becomes

<¢> o (D;%[f(%@]) - ( f(a.v) ) . (a<y=z>>, (5.18)
P fUQ f(l’,U)Q 0

”

where a(y, z) is the “constant” of integration. If we neglect a(y, z), then the result (5.18)

reads (g) = —(ijﬁ ), so that recursion acts on the solution space of Eq. (5.2).

Next we consider action of R on second-order symmetries X, in (5.3) with a(t, z,v, ug)
that satisfies four linear equations (5.4):

Szfa _R Pa —R a(t,z,v,uy) _ D;l(atum — Az + Eay) . (5.19)
¢a w(l at + a/”UQ + auzvx _Eauz - a/;rQ + atvx

Equations (5.4) imply the existence of b(t, z, v, u,) related to a by the equations

by = —eay,, by =cay,, by=—ay, by, =a. (5.20)

x

As a consequence of (5.20), the potential b(t,z, v, u,) satisfies the same equations (5.4) as
a(t,x,v,ug). In terms of b, the result (5.19) becomes

Pa\ [ Dyt (br + buyugs +byvs)\ D1 D,[b]
&a - by + va + b'lLIUIE B bt + va + b'Ma:/UII!

() ()0 e
by + va + bUI Vg 0 Py V3

so that, up to an arbitrary “constant” of integration c(y, z), the recursion acts on the space
of second-order symmetries and on solutions of linear system (5.4).

The repeated application of the transformation (5.20) to a = b takes us back to a:
b = —ca, so that the action of the recursion on (5.21) results in the formula

(2)=n(2)==()- (o) (7)o

7

where we have used the relation (5.13) and d(y, z) is an arbitrary “constant” of integration.
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The transformed characteristics of Xg, (&g, 16) in (5.16), can be obtained by the trans-
formation (5.20) from a(t,x,v,u,) = pg = xuy — tv, which yields pg = b = —(uyv + ext).

The transformation (5.20), being applied to mixed heavenly system (2.1) itself, trans-
forms a = v into b = e(x — C), where C' is an arbitrary constant, so that the transformed

flow becomes
(AN v [e(z—=0) c(y, 2)
() =2(0) (0 7) () =

where  is the time transformed by the recursion. We note that the action of R on (¢, %)
in (5.18) is a particular case of the action of R on second-order symmetries in (5.21).

5.2. Hamiltonian structure of symmetry flows and conservation laws

Hamiltonian operators provide the natural link between commuting symmetries in evolution
form [6] and conservation laws (integrals of motion) in involution with respect to Poisson
brackets. We write Lie equations for symmetries with the two-component characteristics
(¢i,%;) in the Hamiltonian form

ur\ (e S H'
()= ()= ) o1

where the symmetry group parameter 7; plays the role of ith time for the flow (5.24) and
H = I _Jrozo H'dzdydz is an integral of the motion along the flow (2.1), with the conserved
density H'. The second equality in (5.24) is the Hamiltonian form of Noether’s theorem that
gives a relation between symmetries and integrals. We determine conserved densities H’,
corresponding to known symmetry characteristics (¢;,;), by inverting the relation (5.24)
in the form of inverse Noether theorem

(?Lﬁj) — K (2/’7) _ (ny@iz — UgzPiy +5”x§ix + Vazi — Uxx¢z>7 (525)
v i zxPi

where symplectic operator K = J; Uis defined in (3.5).
By using (5.25), we find Hamiltonians for the first four symmetries from the list (5.1)

1
X Hll = (tv - §u> Upp & H' = (tv — 2ug)Ugy, Xo: H? = vugty,,

u
X5 Hg(y’z) = a(y, 2)VUzg + B (AxUgy — GyUys),

1
X H;l(y’z) = (azuy — ayu.) {vum + g(uyum - uzumy)} , (5.26)

while for the symmetry X5 Hamiltonian does not exist and hence this is not a varia-
tional symmetry. Equivalent Hamiltonian densities Hi and H' in (5.26) differ by a total
x-derivative, which vanishes in the Hamiltonian. Hamiltonians for symmetries X. and Xg
are obtained below as specializations of Hamiltonians for second-order symmetries.
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Lie equations of second-order symmetries (5.5) of system (2.1) admit Hamiltonian
form (5.24) with the Hamiltonian density

H® = A(t, z, v, ug)uge — y(t)u, (5.27)

where 7(t) is an arbitrary function and A is defined in terms of the function a(t,x, v, u,) in
(5.5) by the relation A,(t,z,v,u,;) = a(t,x,v,u,). Here A should satisfy the equations

Atm - EAvuz = Oé(t, €T, um)> Atv + Amuz = 07
Apr + €Ay =(t), Ap+eAyu, = 0(t, z,uy) (5.28)

as a consequence of the corresponding equations (5.4) for the function a with restrictions
on some “constants” of integration, that follow from (5.25). We note that at A = v?/2 we
have a = v and, as a consequence of (5.28), 7 = ¢ and the Hamiltonian (5.27) reduces to
the Hamiltonian density H; defined in (3.9), while second-order Lie equations (5.5) reduce
to mixed heavenly system (2.1). Therefore, the mixed heavenly system is embedded into
the hierarchy of second-order flows commuting with it.

We show now that Hamiltonians for the symmetry flows generated by X., X1, X2 and
X can be obtained as particular cases of Hamiltonians (5.27) for second-order symmetries.
The resulting Hamiltonians below are simplified by eliminating the terms which are total
x-derivatives.

Hamiltonian H! of the flow generated by Xi, given in (5.26), is a particular case of H®
in (5.27) at a = A, =t with A = tv — zu,, that satisfies Eqgs. (5.28) with a = v =6 = 0.
Hamiltonian H? in (5.26) of the flow generated by X, is a particular case of H® in (5.27)
at a = A, = u, with A = vu,, that satisfies Egs. (5.28) with a = —¢ and 7 = § = 0.

Hamiltonian H® of the flow generated by Xg in (5.1) is obtained from the Hamilto-
nian (5.27) of the second-order flow by setting a = A, = ¢g = xu, — tv which, on account
of Egs. (5.28) for A, implies v = 0 and specifies A and H in (5.27) as

1
As = 5 t(ea? —v) + zugv,  H® = Ag(t, 2,0, us)us. (5.29)

Here again we have dropped the terms which are total z-derivatives which resulted in the
simplification of H® and Ag in (5.29), so that Egs. (5.28) for A are now satisfied with
a=7=0=0.

Hamiltonian of the flow generated by X, in (5.1) is obtained from H® in (5.27) by setting
a= A, = c(z,v):

H¢ =d(z,v)uzy, where dgg(x,v) + edyy(z,v) =0 (5.30)

and the function d(x,v) is defined in terms of ¢(z,v) by the relation d,(x,v) = ¢(x,v). Here
A = d(z,v) again satisfies Eqs. (5.28) with a =~y =46 = 0.

5.3. Action of recursion operator on Hamiltonians of symmetry flows

Transformation (5.10) of the symmetry (y7,%1) implies the following transformation of
Hamiltonian H*

- U
' = g% + Hg(y,z) = VUzpUzy + (Y, 2)VUzy + B (C2Uugy — Cylys), (5.31)

where H3, . is determined in (5.26) with a(y, z) replaced by c(y, 2).

(y,2)
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The action of R on the symmetry (¢2,12) in (5.12) induces the transformation of H>

H? = —¢H' + Hg(y,z) = —e(tv — Tug) Uy, + Hf(y,z). (5.32)

Recursion (5.13) for the symmetry (¢3,3) in terms of its Hamiltonian Hs(y ») becomes

ﬁg(y,z) = _Hg(y,z) + Hg(y,z)’ (533)

4
where Ha(y’

the resulting nonlocal symmetry (@4,1&4) has a nonlocal Hamiltonian in the representa-
tion (5.24) with Hamiltonian operator Jy. In the next section, we will show that the cor-

») 1s determined in (5.26). For the symmetry (¢4,4), transformed by R in (5.14),

responding nonlocal symmetry flow has local Hamiltonian density H*? with respect to the
Hamiltonian operator J; = R.Jy, as will follow from (6.11).

A recursion for Hamiltonian HS of the symmetry flow generated by X will be more
convenient to consider at the end of this section as a particular case of a recursion for
Hamiltonians (5.27) of second-order symmetries (5.3).

Recursion (5.18) for the symmetry (¢ (z,v)s Ye(a,0)) implies the following transformation
of Hamiltonian H¢ of this flow defined in (5.30)

- U
H¢= —HY9+ Hg’(y’z) = —g(z,v)Uzy + a(y, 2)vUzy + 3 (QxUzy — yUys), (5.34)

where a(y, z) is an arbitrary function, g(z,v) satisfies the equations ¢, + €9y = 0 and
gv(z,v) = f(x,v), with f(z,v) being determined in terms of ¢(z,v) by the relations f, =
Cy fo = —€Cy.

Recursion formula (5.21) for second-order symmetries implies the following recursion for
their Hamiltonians:

e = gb 4+ Hg’(y,z) = [B(t,z,v,uy) + c(y, z)v]ugs + g (C2Uigy — Cyuy, — 279(t)),  (5.35)
where B, = b(t, z,v,u,), b is related to a(t,z,v,u,) by Egs. (5.20) and b satisfies the same
equations (5.4) as a(t,x,v, uy).

For the symmetry flow (@g,46) in (5.16), obtained by the action of R on the flow
generated by Xg, we take for b = B, in the Hamiltonian (5.35) the solution b = —(ugv+ext)
of Eqgs. (5.20) with a = zuy —tv. The resulting Hamiltonian H® for the symmetry flow (5.16)
reads

H® = Ag(t, z, v, Uy ) Uy + HE’(W), Ag = % (ex® — v?)uy — extv, (5.36)
where Eqgs. (5.28) for Ag = B are satisfied at vy = a = § = 0.

For mixed heavenly system given in Hamiltonian form (3.10) with Hamiltonian Hj,
defined in (3.9), we apply transformation (5.20) to a = v to get b = B, = e(x — ¢), where ¢
comes from a constant of integration. Then we determine B in (5.35), solving (5.28) with
A +— B, to obtain the transformed H;j in the form

Hy = e(x — )0ty + HY, .y = —eHo + HY, ), (5.37)

where Hj is defined in (4.3). The second application of the same transformation to (5.37)

takes us back to H; (modulo the transformed “constant” of integration H S’(y 2) determined
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by (5.33)):

Hy = é(xZ — e )ugy + HYy,, ) = —eHy + Hy, . (5.38)
The last equation in (5.38) is obvious from the alternative formula for H; in (3.9).

For the second Hamiltonian density Hy = (¢ — x)vuy,, the transformed Hamiltonian
coincides with Hy: Hy = Hy. This is obvious if one compares bi-Hamiltonian representa-
tion (4.4) of the mixed heavenly system with the second formula in (6.4) applied to H = Hy.

The transformation inverse to (5.35): H_; = Hy (with a and b interchanged and b =
B, = ¢ — x), yields

1
H_, = §(x2 — 0 gy + HY, & Hoy = —eHi + HY, ), (5.39)

where the equivalent Hamiltonian is obtained by dropping a total x-derivative.

All the flows for the variational symmetries generated by X1, Xo, X3, X4, X6, Xc(2,0),
Xa(tw,u,) and X1, X5, X3, X6, Xe, Xo, where X; = RX;, have the Hamiltonian form (5.24)
with the local Hamiltonian densities presented above, while the nonlocal symmetry gener-
ated by X, has the Hamiltonian form with the local Hamiltonian H*

Uzy D u 4
T R

with respect to Hamiltonian operator Ji, as will be shown in (6.11).
All Hamiltonians of symmetry flows are integrals of mixed heavenly system (2.1).

6. Hierarchy and Bi-Hamiltonian Representations for Symmetry Flows
of Mixed Heavenly System

We know from the work of B. Fuchssteiner and A. S. Fokas [19] (see also the survey [20]
and references therein) that if a recursion operator has a factorized form, as in our case
R=JJy L= J1K, and the factors Jy and J; are compatible Hamiltonian operators, then R
is a hereditary (Nijenhuis) recursion operator. The skew symmetry of Hamiltonian operators
JI = —Jy and J} = —Jj implies Rt = J;'J; = KJy, so that RJy = J; = JoR'. Note that
in this section, in contrast to Subsecs. 5.1 and 5.3, we have D! = f_xoo dx’ (for functions
vanishing rapidly at —oco) in the definition (2.6) of R, same as in Definition (4.1) of Ji, so
that D7D, = 1.
Now, the Hermitian conjugate hereditary recursion operator
Bl ((—vax + Uy Dy — gy D.)D;t DyQ — v, Dy + vyDz> | 61)

-1
—Uge D, Vg

acting on the vector of variational derivatives of an integral of the flow, again yields a
vector of variational derivatives of some integral of this flow [19]. Therefore, acting with the
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recursion operator on a variational symmetry flow

) (0 6.2

vy -0 S,H |’ (62)

(e (v _, ouH _JM,%H _ 6 H 63
vy B vz 7 0o H -0 oo H -0 S,H )’ .

where 7 and H are the group parameter (“time”) and Hamiltonian of the transformed sym-
metry obtained by the action of R on (6.2). The transformed flow (6.3) and its Hamiltonian
H have been determined in Subsecs. 5.1 and 5.3, respectively, where we now have to skip all

we obtain

arbitrary “constants” of integration ¢(y,z) and a(y, z) for transformed symmetries (3, )7
and transformed Hamiltonians H due to the restricted definition of R given at the beginning
of this section. Thus, an alternative (to Subsec. 5.3) way of transforming a Hamiltonian by
the recursion operator is to act by the Hermitian conjugate recursion operator on the vector
of variational derivatives of this Hamiltonian

o, H 6, H 6, H 6, H
R “ )= "N=nl" " =0l"] (6.4)
0 H o H o H o H
where both relations follows from (6.3). Similarly, Js (fsg) =J; (‘;“g) and so on.
We now use these remarks for constructing hierarchies of mixed heavenly system (2.1)
and its symmetry flows, together with bi-Hamiltonian representations of the symmetry

flows. We start by applying R to this system in Hamiltonian form (3.10)

Uty _J 0y Hy _J 5ufjl _ . x—C (6.5)
(%7 ! (Sle 0 51)[‘]1 0 7 '

where we have used the result (5.23), C is an arbitrary constant, ¢; = ¢ is the parameter
of the group transformed by the recursion and H; = —eHy according to (5.37) with Hg’(
skipped, where Hj is defined in (4.3).

Applying again the recursion operator to the Hamiltonian system (6.5) we obtain

u 5, H 5 H 5 H v
& = Jl " ~1 = J() “ :1 = —EJ() vt = —¢ s (6.6)

Uty 5UH1 5UH1 5le Q
where t, = £ and the transformation (5.38) of Hamiltonian H, was used: H, = —eH,. This
result shows that we are back to the mixed heavenly system and so further applications of

Y,2)

the recursion operator will not generate an infinite hierarchy. We also note that by applying
Jo to Hy we will not get anything new:

Uty \ ouHy B C—z
Q) () -
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We now apply R to Hamiltonian symmetry flows from (5.1), that commute with the
mixed heavenly flow (2.1), to obtain the following results:

u SuH! S, H! S, H? Uy
=J =Jo _ =T = , (6.8)

v S, H' 8, H! 8y H* Uz
s S H? S H?2 SuH? t
on) " \am2 ) TP\ Gm2) T o) T 1) (6.9)

2 v v v

3 5uflg 5u}j3 z 5ufl4 a
U — ] g(y,z) —Jo ~ra(y, )\ _ —Jo Z _ P4 . (6.10)
Vs 5”Ha(y,z) 5vH3a(y,z) ovH, Yaa

By applying R to the flow of H* we obtain the first nonlocal Hamiltonian flow in the infinite
hierarchy of symmetries of mixed heavenly system:

s 5, HY 0uH*, Pla
) g )=y () = (7)), (6.11)
Vi 5UHa 5vfI4a ¢4a
where G4 and 14, are defined in (5.14). The next higher flow of this hierarchy can be
obtained by applying .J5 to (6, H*, §,H?*) and so on.

Finally, we consider the action of the recursion operator on the general flow of second-
order symmetries (5.3) with the Hamiltonian (5.27)

U Oy H® a(t,z,v,u
= (T — ( ) . (6.12)
vy 0y H® ar + ayQ + Gy, Uy
Transformation (5.35) of Hamiltonian (5.27) under the action of R, H* = H?, implies the
following transformation of the flow

uj S He S, H? b(t,z,v,uy)
=Jy - | =J b | = , (6.13)
vy O, H 0o H bt + b, Q + by, Uy

where b = a is related to a by transformation (5.20), Yvith a and b satisfying same equa-
tions (5.4). Repeated application of R to (5.35) yields H* = Hb = —¢H®, because b = —¢a,

and therefore
5ufj“ O H® a(t,z,v,uy)
= Jo ~ = —€J0 = —& s (6.14)
O, H® 0y H® a; + a,Q + Gy, Vg

§

so that we are back to original flow (6.12). This is quite similar to the behavior of the mixed
heavenly system which is a very particular case of this general flow.

St Sk

By definition of a hereditary recursion operator, R generates an Abelian symme-

try algebra out of commuting symmetries. Since [Xg(y’z),XZ(y’z)] = 0 this implies

[f(g (y’z),f(z(y’z)] = 0, where X is the symmetry generator obtained from X by the action
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of R. Now, Xg W) _ —Xz(y’z) for vanishing constant of integration c¢(y, z) and therefore

[Xz(y’z),XZ(y’z)] = 0. A straightforward calculation shows that the flows (uu,vu)? =
(Paa,taa)" and (uz,v4)" = (Paa, Paa)” indeed commute.

Repeating this reasoning for powers of R applied to the last result, we see that the
hierarchy of symmetries generated by R from Xg @) consists of commuting flows.

7. Two-Component Form and Lagrangian of Husain Heavenly Equation

Husain equation (¢ = +1 in [9])
ViyVUpz — VizUpy + Vit + EVpp = 0 (7.1)

can be obtained from the mixed heavenly equation (1.3) by the partial Legendre transfor-
mation in x

T=—Up, U=V—DPU, D=1U, V(t,PY,2)=1u— Tu,. (7.2)

Up to a change of notation of variables, Eq. (7.1) with ¢ = £1 is a particular case (1.5) of
our general equation (1.1) admitting partner symmetries.

To discover its bi-Hamiltonian structure, we have to consider Husain equation in a two-
component form, without using Ashtekar’s Hamiltonian formulation of general relativity [21,
22], which was a starting point in the paper [9] by V. Husain.

We start with the Lagrangian of Eq. (7.1) in a one-component form

1 1
L= 3 (v + f—:vf,) + 3 U (VyUpz — V2 Vpy), (7.3)
which for e = +1 is equivalent to the one given in [23].

In a two-component evolution form, Eq. (7.1) becomes

{Ut —1 (7.4)

qt = 4zVpy — QyUpz — EVpp.

We shall call Eq. (7.4) Husain system.

The determining equation and recursion for symmetries of Husain equation in a one-
component form could easily be obtained by Legendre transformation (7.2) from correspond-
ing formulas for mixed heavenly equation and then converted to a two-component form,
resulting in a Lax representation of Husain system (7.4). However, the main objects of
the Hamiltonian formulation, like Lagrangian, symplectic two-form, Hamiltonian operators
and Hamiltonian densities cannot be obtained that way. Therefore, we have to undertake
an independent study of Husain system along the same lines as we have done before for
mixed heavenly system. Lagrangian for Husain system (7.4) reads

1 1
L = 3 (2uiq — ¢° + 81)]2,) + 3 U (VyUpz — V2 Upy)- (7.5)

Note that the form of the Lagrangian (7.5) is not uniquely defined by one-component
Lagrangian (7.3) and it requires some skill in order to arrive at the form of Lagrangian that
will be suitable for a Hamiltonian form of Husain system (7.4).
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8. Symplectic and Hamiltonian Structure of Husain System

Lagrangian (7.5) yields the canonical momenta

1
Ty =q + 3 (VyUpz — V20py), Ty =0, (8.1)

that cannot be inverted for the velocities w; and v, and, therefore, Lagrangian (7.5) is
degenerate. According Dirac’s theory of constraints [16], we treat the definitions (8.1) as
constraints of the second class

1
v =Ty —q— 3

3 (VyVpz — Vz0py) =0, ¢g =1y =0. (8.2)

Poisson brackets of the constraints yield the skew-symmetric symplectic matrix operator
Upy D, — vy, Dy —1
S . (8.3)
1 0

The corresponding symplectic two-form = fV wdzxdydz of the density
1
w= §(vpydv A dv, — vpzdv A dvy — 2dv A dgq) (8.4)
is closed since the exterior differential of (8.4) is a total divergence (similar to (3.7))
1
dw = 3 dv, A dvp A duy,

which is equivalent to vanishing 2 at appropriate boundary conditions. Therefore, €2 and K
in (8.3) is indeed a symplectic form and symplectic operator, respectively. Hence, its inverse
K ' is a Hamiltonian operator

Jo—xt—[° ! | (8.5)
=1 vpyD, —vp. Dy

Indeed, it is explicitly skew-symmetric and Jacobi identity is satisfied as a consequence of
closeness of the form .
Hamiltonian density, corresponding to Jy, reads

3

1
H1=7Tvvt+7Tth—L=§q2—§U;2,,

so that Husain system (7.4) is the Hamiltonian system

ve) g, (O 8.7
qt - 5qull ’ ()

where 6, and d, are Euler-Lagrange operators [6] with respect to v and g.



Bi-Hamiltonian Representation of Mired Heavenly and Husain Systems 473

9. Recursion Operator and Lax Representation for Husain System

Recursion relation (1.6) for symmetries of Eq. (7.1), with the change of notation u — v and
x — p, becomes

ot = Viz Py — VyPz — EPp + WoPt,

: (9.1)
Pp = UpzPy — UpyPz + Pt + WoPp.

As before, we introduce two-component symmetry characteristics of Husain system
determined by the Lie equations (with independent variables not transformed by the

group)
Ur . @ _
(%) - <¢> - o

where 7 is the group parameter. The symmetry condition is the linear matrix equation, the
compatibility condition of Lie equations (9.2) and Eqs. (7.4)

T — Urt — 0 ~
YT T L A@) = o0, (9.3)
Qtr —qre =0

where A is Frechét derivative of the flow (7.4)

. Dy -1
A= , . (9.4)
EDp — qupr + QprDZ, Dt + Upsz - UpyDZ

Then the first row of (9.3) yields ¢; = 9.
Using the relations ¢ = ¢, and ¢ = ¢, for the transformed symmetry, we rewrite the
recursion relation (9.1) with wg = 0 and v; = ¢ in the two-component form

@p = (Vp2Dy — vpy D)o + 1),
7; = (QZDy - QyDz - EDp)SO- (9.5)

In the notation ® = (§)> the recursion relation takes the form ® = R(®), where recursion
operator R has the 2 x 2 matrix form

R <D£1(“psz — vpyD:) Dp_1>
4Dy — qyD, — €D, 0

(9.6)

As in the case of the mixed heavenly system, recursion relation (9.5) for symmetries implies
that D, ! should be understood as an indefinite integral with respect to p with the “con-
stant” of integration C(y, z,t) determined by the constraint @, = 1/; up to an arbitrary
additive term c(y, z). However, in the Lax representation (9.7) and definition of the second
Hamiltonian operator J; = R.Jp in (10.1) we should use the restricted definition of D Las
the definite integral | P . dp' satistying the condition D, 1Dp = 1 (on assumption that all
functions vanish at p = —o0).
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The commutator of recursion operator R and operator A of symmetry condition (9.3),
computed without using the equations of motion, reads

Dp_l[(vt - Q)pyDz - (Ut - Q)psz]> 0

[R,A] = .
(@t — qzvpy + QyVpz + €Vpp)y Dy — (G — q2Vpy + QyUpz + €Vpp) Dy, 0

(9.7)

Thus, on solutions of the system (7.4) operators R and A commute and therefore R acting
on any symmetry ¢ generates again a symmetry, so that R is indeed a recursion operator.
Furthermore, vanishing of the commutator (9.7) reproduces Husain system (7.4) and hence
the operators R and A form a Lax pair of the Olver—Ibragimov—Shabat type [11,12].

10. Bi-Hamiltonian Representation of the Husain System

By a theorem of Magri [13], second Hamiltonian operator is obtained by acting with recur-
sion operator (9.6) on Hamiltonian operator (8.5)

-D;! 0
J1=RJy= ; (10.1)
0 ¢Dy—qyD,—¢eD,

which is explicitly skew-symmetric. The proof of the Jacobi identity has been performed by
using P. Olver’s criterion [6] in terms of functional multivectors.

We have also made a check for compatibility of the two Hamiltonian operators Jy and
J1 by using P. Olver’s criterion and proved that every linear combination aJy + b.J; with
arbitrary constant coefficients a and b satisfies the Jacobi identity, i.e. Jy and J; form a
Poisson pencil (a compatible Hamiltonian pair). The flow (7.4) is generated by J; from the
Hamiltonian density

Hy = qup. (10.2)

Thus, Husain equation in two-component form (7.4) is a bi-Hamiltonian integrable system:

S, H 5, H,
R V=5 ). (10.3)
qt (Squ 5qH0

11. Symmetries and Conservation Laws for Husain System
Using symmetry package LIEPDE in REDUCE [17], we have computed all generators and
two-component characteristics ¢, 1 of point symmetries of Husain system (7.4):
X1=01, ¢1=—q 1 =qyUp: — q:Upy + EVpp
Xo = —t0; — pOp + q04, w2 =tq+pvp, V2= q+ pgp + t(qVpy — qQyUp. — EVpp)
X3=0p, w3=—vp, Y3=—qp

1 1 1
X4=§(y8y+28z)+v8v+q8q, <p4=v—§(yvy+zvz), ¢4=q—§(yqy+zqz)

X5a = a(ya 2)61)7 P5a = (I(y, Z)a Qp5a =0
Xg = ay(% Z)az - az(y, Z)azp P6a = AzVy — AyUy, Veaq = GzqQy — QyQz
Xc(t,p) = Ct(tap)av + Ctt(t,p)aq, Pe = ct(tap)a 1/1c - ctt(tap)a
(11.1)
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where ¢(t,p) is an arbitrary smooth solution of the equation
¢t +ecpp =0 (11.2)

and we have used equations of motion (7.4) for eliminating v; and ¢;. Translations in y, z
and v can be obtained as simple particular cases of X§ and X¢, respectively.

All second-order Lie-Béacklund symmetries of Husain system modulo point symmetries
have the generators

Xy = f(t,p,q,vp)0s + {fe + fo(@zvpy — qyps — vpp) + q:ofvp}aq +oe

(11.3)
Pf = f(tapa QJ/Up)7 I/Jf - ft + fq(QzUpy — QyUpz — €vpp) + Q;vap;

where f(t,p,q,v,) satisfies the equations

ftvp+5qu:0a fpvp_fqtzoa qu+5fvpvp =0, ftt+5fpp:0- (11-4)

Lie equations corresponding to (11.3) have the form of a second-order flow

Ur = f(tapa q, Up)> qr = ft + fq(QzUpy — QyUpz — ‘S’UPP) + qpf”upa (115)

where the “time” 7 is the group parameter. Husain system is itself a particular case of (11.5)
at f = q obviously satisfying conditions (11.4), so that symmetry generator X; in evolution-
ary form is a particular case of X - Similarly, we note that symmetries Xo, X3 and X, )
are also particular cases of the second-order symmetry X ,), While the symmetries Xy,

Xg(y’z) and Xg(y’z) are not.

All second-order Lie-Béacklund symmetries can be obtained by taking linear combi-
nations of generators (11.3) and point symmetry generators Xy, Xg(y’z) and Xg(y’z) in
evolutionary form. In Table 2 we present commutators of symmetry generators, where the
commutator [X;, X;| is given at the intersection of ith row and jth column. We have used
here the following shorthand notation:

d =tci+pcp — ¢, g =19+ DPGp — q9q — VpGv,, 4 = Yay+ za; — 2a

— vy Y d7 — d d Up ) ) = ' 11
9=49q+vgv, =9, (d,9) = dugq + dipgv,, <[, 9> ata) A(p, vp) o

Table 2. Commutators of symmetries of Husain system.

f.2) b(y,2) o
X1 Xa X3 Xy X3 X Xetp)  Xg(t.piavp)
X 0 -X; 0 0 0 0 Xe, Xy,
X5 X1 0 X3 0 0 0 — X -X;
X3 0 X3 0 0 0 0 Xe, Xy,
1vfW2)  140(.2) 0

X4 0 0 0 0 §X5 §X6 —Xc Xg

. d(a,b)
xgw?) 0 0 0 —ixt 0 X7 0 0

. a(f,a) d(a,b)
Xg(y,Z) 0 0 0 _ %xg _X50<y,z> X68<y.,z> 0 0
Xaep) ~Xq, Xg —Xg Xy 0 0 0 Xid,)
Xftpao) —Xp X7 Xy, Xy 0 0 Xy X<rig>
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11.1. Action of recursion operator on symmeitries of Husain system

Here we study the action of recursion operator (9.6) on symmetry characteristics of Husain
system. We start with the recursion

e Y R - (P
(3 () QyVpz — 4=Vpy T EVpp dp
— - Up + C(y7 Z) - . ®3 i Pse(y,z) ’ (117)
dp 0 ¢3 wSC(y,z)

where the “constant” of integration C(y,z,t) = ¢(y,z) is time-independent due to the
constraint ¢; = ¥. We continue with the formula

P2 ©2 tq + pup
~ = R = R
P2 P2 q+ pgp + t(q0py — QyUpz — EVpp)

_ D:;le [pq — atvp] _ P f=pg—ctvp n P5e(y,z) (11.8)
P(q=Upy — Qyvpz — EVpp) — E(tqp + p) Y f=pq—ctu, Pse(y,z2) 7
where the first term in the right-hand side of the last equation is a two-component char-

acteristic of the second-order symmetry (11.3) with f = pg — etv,, that obviously satisfies
conditions (11.4). Now we compute

P\ _p (3 g\ _ q L (CW:2)
3 ¢3 —qp qzVpy — QyUpz — EVpp 0
= () 4 [P, (11.9)
() w5c(y,z)
At the next step, we obtain the first nonlocal symmetry

@4 - R P4 - R v = % (yvy + Z'Uz) _ l Dp_l [Upywz = UpzWy — 'LUt] (11 10)
L Py q— % (yaqy + 2q2) 2 QyWz — ¢ Wy + EWp 7

where we have denoted w = yv, + 2v, — 2v, so that w; = yq, + 2q. — 2q. Next, we obtain
Q%Sa(y,z) - R P5a(y,z) - R a(y7 Z) _ AyVy — AUy I C(y7 Z)
1/]5a(y,z) zﬂfm(y,z) 0 Ay — Gxqy 0

_ (wﬁa(y,2)> 4 (9056(1152))' (11.11)
wﬁa(y,z) ¢5C(yvz)
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Another nonlocal symmetry stems out from the transformation of symmetry Xgq, .):

923611(34,2) - R P6a(y,z) - R AzVy — AyVz
wﬁa(y,z) Qp()‘a(y,z) Axqy — yqy
) WS

q2P6a,y — QyP6a,z — €P6a,p

The remaining point symmetry transforms under the recursion in the following way:
@c(t,p) - R Pe(t,p) - R ct(t,p) _ Dp_lctt (tap) _ D;Idtp(tap)
wc(t,p) ¢c(t,p) cit(t, p) —ECtp (t,p) dut (t, p)
d t, 5 c z
_ +(t,p) N c1(y, 2) _ (e L (e , (11.13)
dyt (t, p) 0 ¢d(t,p) ¢5cl (y,2)

where ¢;(y, z) is a “constant” of integration. Here d(t, p) is related to c(t,p) by the trans-
formation d, = ¢;, d; = —ecp, so that d(t,p) satisfies the same equation (11.2) as c(t, p):
dy +edy,, = 0. The existence of the potential d(t, p) for c(t, p) follows from (11.2) presented
in the form (c¢)¢ = (—ecp)p-

Finally, we consider the action of R on second-order symmetries X; in (11.3) with
f = f(t,p,q,vp) satisfying four linear equations (11.4):

?f(tvpqup) - R Sof(t,p,q,vp) - R f(tapa q, Up)
/l/]f(tvpvlbvp) ¢f(t7p7q7vp) ft + qtfq + quUP

-1
_ Dp (ft_gvppfq‘i’prvp) (11.14)
—e(fp+ apfy) + aifo,
where ¢ = @Upy — qyUpz — €Upp. Equations (11.4) imply the existence of a potential
g(t,p,q,vp) for f defined by the relations
gt = —gfpa 9p = ft, 9q = fvpa Gu, = _5fq' (11-15)

As a consequence of (11.15), ¢(t,p, q,vp) satisfies the same equations (11.4) as f(t,p, q,vp).
In terms of g, our result (11.14) becomes

O —R LA Dp_l(gp + VppGu, + pYq) _ Dp_le[g]
Yy Yy 9t + 4pGv, + 1194 Dy[g]
_ < g ) I (C(y7 Z)) _ <¢g(t,p,q,vp)> + <905c(y,z)> : (1116)
Dt [g] 0 wg(t,p,q,vp) w5c(y,z)

so that, up to an arbitrary “constant” of integration c(y, z), the recursion acts on the space
of second-order symmetries and on solutions of linear system (11.4). We note that the second
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application of this recursion takes us back to the original second-order symmetry, up to the

factor —e:
(; 2 C 4 z
1/Jf wf ¢f ¢60(y,z) ¢5d(y,z)
modulo “constants” of integration ¢(y, z) and d(y, z).

11.2. Hamiltonian structure of symmetry flows and conservation laws
for Husain system

Presenting Lie equations for variational symmetries with the two-component characteristics
(¢i,1;) in the Hamiltonian form

o) (%) g (O (11.18)
¢ ) \wi)  \eH) |

we determine conserved densities H?, corresponding to known symmetry characteristics
(i, 1), using the inverse Noether theorem

6y H' i iz — UpzPiy — Wi
=K i) (Vi T Uiy — Y , (11.19)
5qH (2 Pi

where the symplectic operator K = J; Uis defined in (8.3). Using this relation for sym-
metries from the list (11.1), we find the corresponding Hamiltonians which serve also as
conserved densities for Husain system

1 1
Xl:lei(avf,—qQ):—Hl, XQ:HQvapq—i-it(qQ—evz),
X5 H? = —qu, = —Hy, Xg(y’z) : HS = q(a,vy — ayv,) — vyU;(avpy + ayvp;),

1
Xg(y’Z) : Hg(y,z) = aq + 5 (ayvz - (IZ’Uy)Up, Xc : HC = Ct(tap)q + Ecpp(t>p)v7

(11.20)

where c(t, p) satisfies Eq. (11.2). For the symmetry X, Hamiltonian does not exist and so
it is not a variational symmetry.

Lie equations (11.5) of second-order symmetries of Husain system (7.4) can also be
presented in the Hamiltonian form (11.18) with the Hamiltonian density

Hf = F(tapa q, UP)’ (1121)

where F' is defined in terms of the function f(t,p,q,v,) in (11.5) as Fy(t,p,q,vp) = f. On
account of Egs. (11.4) and (11.19) with H = H/ and ¢ = ¢y, 1 = ¢y defined by (11.5), F
can be shown to satisfy the equations

Fyy, +€Fpq = alt,p,vp),  Fpy, — Fy =0,

(11.22)
qu + €Fv = O, Ftt + €Fpp = 5(t,p, Up),

pUp
where all the functions in the right-hand sides of Eqs. (11.22) are arbitrary functions of
their arguments. We note, in particular, that if Hf = F = %(q2 — 51)12,) in (11.21), then
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F' satisfies all the conditions (11.22) with & = 0, 6 = 0 and Hamiltonian (11.21) reduces
to Hamiltonian (8.6) of Husain system, while second-order Lie equations (11.5) with 7 =¢
coincide with the Husain system (7.4). Therefore, Husain system is embedded into the
hierarchy of second-order flows commuting with it.

Hamiltonians of the symmetry flows, presented here, serve as conserved densities for
Husain system. We note that the conservation laws presented in this section seem to be
different from those given in the paper of V. Husain [9].

11.3. Action of recursion operator on Hamiltonians of symmetry flows

Transformation (11.7) of the symmetry (¢1, 1) corresponds to the following transformation
of Hamiltonian H'!

1
—(cyvs — c0y) Uy, (11.23)

H'= —cH® + Hg(yjz) = qlevy, + c(y, 2)] + 5

where ¢(y, z) is a “constant” of integration in (11.7). For Hamiltonian H; of Husain system
given in (8.6), due to H; = —H'!, we have from (11.23)

Hy=eH®—H}, = —equ, — HY, ., = —eHo— H}, ., (11.24)

Y,z

where H is the second Hamiltonian (10.2) in the bi-Hamiltonian representation (10.3) of
Husain system, that is, H; = —eHy modulo arbitrary “constant” of integration c(y, z).

Action of R on the symmetry (p2,12) in (11.8) implies the following transformation of
the Hamiltonian H?

H? — gf=pa—stvp | Hg’(y, )= ]2) (¢° —ev ) — etqu, + H? o(y,2)’ (11.25)

that is, H? transforms to the Hamiltonian H/ = F in (11.21), where F is determined by
f = pq — €tv, due to the relation Fy(t,p,q,v,) = f and Eqgs. (11.22) for F. It is obvious
that the specified f satisfies all the equations (11.4).

Transformation (11.9) of the symmetry (s, 3) results in the following transformation
of Hamiltonian H3:

.. 1
3 _ 1 5 _
H*=H +H =3

5 (evy — ) + HYy - (11.26)

Transformation (11.11) of the symmetry (s, 5) implies
ﬁ(‘;’(%z) = —HS(W) + HCS(W) = q(ayvs; — azvy) + vyv;(avpy + ayvp) + HC5(W). (11.27)

Transformation of the symmetry (¢g,16) gives rise to nonlocal flow (11.12) and hence
Hamiltonian H 6( 2) is also nonlocal with respect to the Hamiltonian operator Jy. In the
next section, in Eq. (12.6) we will see that the Hamiltonian of this nonlocal flow will be a
local one, notably H 6(y o) if considered with respect to second Hamiltonian operator .J;.

From transformation (11.13) of the symmetry (¢e(p), Ve(tp)) We deduce the transfor-
mation of the Hamiltonian H¢(t:»)

- 1
H¢=H?+ Hf(y,z) = qldi(t,p) + c(y, 2)] + edpp(t,p)v + §(cyvz — Cy)vp,  (11.28)



480 M. B. Sheftel € D. Yazici

where d(t,p) is related to c(t,p) by the equations d,, = ¢;,dy = —ec, and satisfies the same
Eq. (11.2) as c(t,p): dy + edpp = 0.

Finally, transformation (11.16) of the general second-order symmetry (¢f,tf), with
f(t,p,q,vp) satisfying Eqgs. (11.4), results in the following transformation of the Hamiltonian
HY:

- 1
H = HI + Hg(y,z) =G(t,p,q,vp) + c(y, 2)g + §(cyvz — CaUy)Up, (11.29)

where G, = ¢ and ¢(t,p,q,vp) is determined by Eqs. (11.15) for any given f(¢,p,q,vp)
satisfying (11.4). From (11.17) we note that the repeated application of the recursion to Hf
takes us back to Hf: H/ = —eHf modulo “constants” of integration. Since the Hamiltonian
H; of Husain system is a particular case of H f with f = ¢, the same is true for Hi:
H, = —¢H;. Similarly, the second Hamiltonian Hy of Husain system can be obtained from
HY at f = vp, which yields flo = H; and flo = —eHj.

12. Hierarchy and Bi-Hamiltonian Representations for Symmetry
Flows of Husain System

Similar to the beginning of Sec. 6, in this section, in contrast to Subsecs. 11.1 and 11.3,
we have D =7 -, dp’ (for functions vanishing rapidly at —oo) in the definitions (9.6)
and (10.1) of R and Ji, respectively, so that D;le = 1. In Sec. 6, we have noted the
identity RJy = J; = JoR! resulting in the relation (6.4), which signifies that the action
of J1 on variational derivatives of the Hamiltonian H can be replaced by the action of Jy
on variational derivatives of the Hamiltonian H obtained from H by the action of R, in
accordance with the formulas derived in Subsec. 11.3, where we now skip all the terms
involving arbitrary “constants” of integration.

We now proceed to use relation (6.4) for constructing hierarchies of Husain system and
its symmetry flows, together with bi-Hamiltonian representations of the symmetry flows.
Applying R to Husain system in Hamiltonian form (8.7), we obtain

Uty (Sle (Svﬁl 5vH0 Up
= Jl = Jo . = —€J0 = —¢ y (12.1)
dtq 5qH1 (Squ 5qu qp

where t; = £ is the parameter of the group transformed by R and we have used H 1= —¢eHy
due to (11.24) modulo Hg(y .)- The second application of R to Hamiltonian system (12.1)
yields

Ut2 (Svﬁl (Svﬁll 5UH1 q
= Jl ~ = JQ ~ = —&]0 = —¢ (12.2)
4ty g1 dqH1 gt 4zVpy — qyVUpz — EVpp

due to H; = —eH;, so that we are back to Husain system and further applications of the
recursion operator will not generate an infinite hierarchy. We also note that applying Jy to
Hy will not yield anything new

8, H
o) = g )= ("), (12.3)
dto d0gHo dp
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while J; applied to Hy is equivalent to Jy applied to Hy = H;, which again results in
bi-Hamiltonian representation (10.3) of Husain system.

Next we apply R to Hamiltonian symmetry flows generated by (11.1) that commute
with Husain flow (7.4). We skip the flow of H! = —Hj, which will reproduce (12.1) up to
a sign, and start with H? from (11.20) with the following results

. 5y H? S, H? — et
El=n (U = a0, ) = e L (124)
dp2 ogH ogH P(Vpyqz — Vp2qy) — (PVp +1q)p

where A2 = Z(q? — ev}) — etqu, = pHy — etHy according to (11.25).
Since H® = —Hy, we skip the action of J; on H?3. There is no Hamiltonian for the

symmetry generated by X, in (11.1). Therefore, we proceed with the action of J; on H2(y, 2)
in (11.20) to obtain

’U{5 J 5"’H3(y,z) J (Svf{(? J (SUHS P6a
= J1 = Jo . = —Jy = —
dps 5‘Iflg(y,z) 5QH2 5qu V6a
ayVy — A0
S (12.5)
Qyqry — G4y
where we have used that H> = —HS according to (11.27).
Applying J; to the flow of the symmetry (g4, Vsq), defined in (11.1), with the Hamil-

tonian Hs(y ») given in (11.20), we obtain the first nonlocal symmetry flow (11.12) in the
hierarchy of variational symmetries of Husain system

(% J 5vHs J 51;}}3 Dgl[vngoﬁa,y — UpyP6a,z T wﬁa] (12 6)
fr— 1 . = 0 ~ — 9 .
9o 0gHg S Hg 02960,y — yP6a,z — EP6ap
because D, ! obviously acts not on a total p-derivative. Since X¢ and X¢ commute, consid-
erations presented at the end of Sec. 6 show that the hierarchy of symmetry flows, generated
by powers of IR from the symmetry X¢', consists of commuting flows.
We skip a discussion of point symmetry X ,) in (11.1), since it is a particular case of

the second-order symmetry Xy p g.0,) 11 (11.3). So we finally consider the action of R on
the Hamiltonian H/, defined in (11.21)

v _ SoH' _, SoHT _ (0
) “\em!f) O \s,mt) " 7O \o,H9
. g(tap>Q>vp) )

_ (12.7)
9t + 9¢(q2Vpy — QyVpz — EVpp) + GpGu,

where, according to (11.29), HI = H9 with g(t,p,q,vp) related to f by Egs. (11.15). Since

HI = —eH, the second application of R to H7 takes us back to the original second-
order flow (11.3) with the generating function f. We note that the flow (11.3) is a natural
generalization of the Husain system.
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13. Conclusion

The importance of equations, that admit partner symmetries is that they possess nonlocal
recursion relations for symmetries of a special form, that enable us to obtain noninvariant
solutions by symmetry methods. They are integrable equations also in a more traditional
sense because they admit Lax representation together with infinite sets of symmetries and
conservation laws. Mixed heavenly equation, that combines, up to a point, first and second
heavenly equations of Plebanski, and Husain heavenly equation are among the simplest
canonical equations with these properties. We have reformulated both equations as two-
component evolution systems, which resulted in a natural definition of a single matrix
recursion operator for each system. This operator together with the operator of the symme-
try condition forms a Lax pair of Olver—Ibragimov—Shabat type for each of these systems.

By choosing an appropriate Lagrangian, we have discovered symplectic and Hamiltonian
representations for both mixed heavenly system and Husain system. Applying the recursion
operator to the Hamiltonian operator, we have explicitly generated second Hamiltonian
structures for these systems. Thus, we have shown that the mixed heavenly equation and
Husain equation, set in a two-component form, are bi-Hamiltonian systems with compatible
Hamiltonian structures forming a Poisson pencil. Therefore, they are integrable Hamiltonian
systems also in the sense of Magri. Hamiltonian structure relates symmetries and conserved
densities which serve as Hamiltonian densities for symmetry flows. We have determined
such Hamiltonian densities for all variational point symmetries and generalized second-
order symmetries for both mixed heavenly system and Husain system. We have derived
transformation laws of symmetries and their Hamiltonians under the action of recursion
operator.

We studied hierarchies of the mixed heavenly system and Husain system. A characteristic
feature of these systems is that the repeated action of the recursion operator on each of these
systems takes us back to the original system, so that there are only two members in the
hierarchy containing each of these systems and no infinite hierarchy can be generated from
them by the recursion. This is a remarkable distinctive feature of the mixed heavenly system
and Husain system as compared to the second heavenly equation of Plebanski and complex
Monge—-Ampere equation whose bi-Hamiltonian structures we studied earlier. However, we
discovered an infinite hierarchy of Hamiltonian flows commuting with each other and with
the considered system. Such a hierarchy is generated by one of Lie point symmetries of each
system. Higher flows in each hierarchy are nonlocal and we have obtained explicitly first
nonlocal Hamiltonian flows for both systems. Thus, the mixed heavenly system and Husain
system possess an infinite number of (mostly nonlocal) symmetries and conservation laws
which is a customary property of integrable systems. We have obtained bi-Hamiltonian
representations for the flows of all variational point symmetries and all higher second-
order symmetries. Further study of higher-order and nonlocal symmetries may provide an
additional interesting information about the structure of these hierarchies.

There is also a set of all higher second-order symmetries for each system, which have
a functional arbitrariness and commute with this system but not with each other. The
commutators of all the symmetries are presented in the tables. This set of second-order
symmetries of each system includes the original system as a very particular simple case
and looks like a natural generalization of mixed heavenly and Husain systems. It would
be interesting to study symmetries and conservation laws of these more general systems
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of second-order Lie equations (5.5) and (11.5). An important question is if they possess
partner symmetries, may be under some restrictions.
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