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In this paper, we give a unified construction of the recursion operators from the Lax representation
for three integrable hierarchies: Kadomtsev—Petviashvili (KP), modified Kadomtsev—Petviashvili
(mKP) and Harry Dym under n-reduction. This shows a new inherent relationship between them.
To illustrate our construction, the recursion operator are calculated explicitly for 2-reduction and
3-reduction.
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1. Introduction

The recursion operator @, firstly presented by Olver [1], plays a key role (see [2-4] and
references therein) in the study of the integrable system. For single integrable evolution
equation, it always owns infinitely many commuting symmetries and bi-Hamiltonian struc-
tures [2-4] which the recursion operator can link. As for an integrable hierarchy, the higher
flows can be generated from the lower flow with the help of the recursion operator, which
offers a natural way to construct the whole integrable hierarchy from a single seed system
(see [2-4] and references therein). By now, much work has been done on the recursion oper-
ator. For example, the construction of the recursion for a given integrable system [5-17],
and the properties of the recursion operator [18-23]. In general, the recursion operator has
non-local term. So it is a highly non-trivial problem to understand the locality of higher
order symmetries and higher order flows generated by recursion operator [22, 24]. In this
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paper, we shall focus on the construction of the recursion operator and explain the locality
of their higher flows although the recursion operator associated is non-local.

The main object that we will investigate is three interesting integrable hierarchies, i.e.
Kadomtsev—Petviashvili (KP), modified Kadomtsev—Petviashvili (mKP) and Harry Dym
hierarchies [25, 26|, which are corresponding to the decompositions of the algebra g of
pseudo-differential operators

g = { Z uial} = Zuiai ©® {Z Uiai} = g>k D g<k (1)

i€00 i>k i<k

for k = 0,1, 2 respectively, where u; are the functions of t = (t; = z,t9,...) and 0 = 0,.
The algebraic multiplication of 9" with the multiplication operator u are defined by

Ou=>Yy Cluo=i, ez, (2)
Jj=0

where u) = %, with

i1 (i—j+1)

Y =
4!

)

In fact, g>; and g<j, are the sub-Lie algebra of g: (9>, 9>k] C g5k and [g<g, 9<k] C g<k
when k = 0, 1,2. The projections of L = ", ;0" € g to g>x and gy are

LZk ::ji:lqai, _L<k ::ji:zu8i. (3)

i>k i<k

Then according to the famous Adler-Kostant-Symes scheme [27], the following commuting
Lax equations [25, 26] on g can be constructed

Ltm = [(Lm)Zk>L]’ (4)

where k = 0,1,2 are corresponding to KP, mKP and Harry Dym hierarchies respectively,
with the Lax operator L given by

O+ u 0t +uz024+--- k=0,
L=S0+u; +u0 !t +--- =1, (5)
upd +up +ud Lo k=2,

For simplicity, we rewrite (5) in a unified form [25, 26]

L= Zulﬁl_l, (6)

1>0
1.e.

1—k
L= Zulﬁl_l + Z ulal_l, (7)
=0

1>2—k
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where ug, ..., u;_; are constants, and let

B = (L")sks L™ =" a(m)d? = 3" 0/b;(m). 5)

j<m j<m
Then (4) becomes into
Lt,, = [Bm, L]. (9)

These three integrable hierarchies have been studied intensively in literatures [26, 28-30],
which contain the following well-known 2 + 1 dimensional equations

k = O . 4U,2m = (UQxxx + 12U2U2x)x + 3Uny, (KP)

k=1: 4duiy = (Wgee — 6udu1y)s + 3utyy + 6uigury + 6u14,0 tugy, (mKP)
1 1

k=2: duy= ugumm —3— u(z]f)_l <—) , (Harry Dym)
() () y

where we have set to = y,t3 = t.

There are some inherent relationships discovered among these three integrable hierar-
chies. For example, their flow equations are defined by a unified Lax equation (9) although
their B,, are different, their Hamiltonian structure is given by a general way, i.e. r-matrix
method [28], and there exists an interesting link among them in the flow equations and
gauge transformations [26]. So it is very natural to ask whether there exists a unified
way to deal with their recursion operators, which is just our central aim of this paper.
For the KP hierarchy, Strampp and Oevel [9] and Sokolov et al. [11] separately devel-
oped a general method to construct the recursion operator by the Lax representation (9).
Sokolov et al. [11-14] used an important ansatz B = PB, + R that relates B, opera-
tor for different n, where P is some operator that commutes with the L operator and R
is the remainder. While, Strampp and Oevel derived a general expression (see Eq. (47)
of Ref. [9]) for the recursion operators of the KP hierarchy under n-reduction starting
from Lax equations. In this paper, we will use Strampp & Oevel’s method. However,
their method is not applicable to get a similar and compact formula for the mKP and

Harry Dym hierarchies due to following two observations: (1) (L™)<o = >_; g d7bj(m)
for the KP hierarchy, but (L™)<1 = >, 4 bj(m) + Py bg-j)(m) for the mKP hierarchy,

(L™)<2 =22 7bj(m)+ Z;»n:Q(bgj) (m) +jb§»j_l) (m)0) for the Harry Dym hierarchy. (2) It
is not affirmative to get a compact form of the flow equations of mKP hierarchy and Harry
Dym hierarchy as Egs. (6) and (17) of Ref. [9] for the KP hierarchy because of the second
summation terms in the last two cases of (1).

In this paper, to further find inherent relations between above three hierarchies, we
shall improve Strampp and Oevel method (use a;(m) only) and give a unified construction
of the recursion operators from the Lax representation for three integrable hierarchies:
KP, mKP and Harry Dym under n-reduction (see Eq. (18)). There are two advantages in
our construction: (1) it is easy to explain why nonlocal recursion operators produce local
flows, since the L.H.S. of (9) only produces the differential polynomials of w;, thus the flow
equations of (9) are naturally local; (2) a formula of the recursion operator for arbitrary
n-reduction are derived, which shows the existence of recursion operators for the three



164 J. Cheng, L. Wang & J. He

kinds of integrable hierarchies, and provides a constructive way to get recursion operators
for higher order reductions although the calculation is not an easy task.

This paper is organized as follows. In Sec. 2, we rewrite the unified Lax equations (9) into
matrix forms in terms of a;(m) under n-reduction. Then, we devote Sec. 3 to deriving the
formulas of the recursion operators for the three integrable hierarchies. At last, we consider
the applications of the formulas of the recursion operators and check the correctness of the
formulas.

2. Lax Equations

In this section, we will rewrite the Lax equations (9) into matrix forms in terms of a;(m)
under n-reduction. For this, we start from the mth power of L, that is

L™ =" a;(m)d. (10)

j<m
Thus
m .
(L™)sk =Y aj(m)d, (11)
j=k
(L) ek =Y aj(m)d. (12)
i<k
Note that, the Lax dynamics equation (4) can be rewritten into

Lt,, = [L, (L") <k]- (13)

m

We first derive the flow equations for the coordinates u;. After inserting (12) into (13),
we find

L(L™) <k — (L™) <L = Z Z(Uzal_laj(m)ﬁj — a;j(m)d 0"

>0 j<k

=333 wal (m) — Cra(myuP)ot I
1>0 j<k p>0

- Z Z Z cl- lula Dm) - Cg_laj(m)ul(q_l))al—ﬁj
q>0 1=0 j<k

k—1 j+r

r— r—I j+r— j+r—I —r
= 3 Y Y@ P m) - 0 ag(myu )0
r>1—k j=—r [=0

ro T

J .
— Z Z (CI:l]_lula(__jj+r_l) (m)
0

r>2—k j=1—k l=

- C:§+T_la_j (m)ul(_jJrr_l))E)l_r.
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According to (7), we know

Ltm = Z uum@l_l. (14)
1>2—k

So by comparing (14) with L(L™)-; — (L")« L, we obtain

Uty = Y Opja_j(m), r=2-k3—Fk..., (15)
j=1-k
with O, ; given by
Orj =Y (C] ==t — ¢ D), (16)
=0

In particular, we find
Or,r = 0, 07«77«_1 = an - (1 - T‘)’U,Ox.

Notice that from (10), we find a;(m) can be uniquely determined by w;, that is,

a/s(m) == muan_lqu—s + fsm(u07 LRI 7um—s—1)a (]‘7)
where fs,, are the differential polynomials in wg, ..., u,—s—1. After substituting (17) into

(15), we obtain a series of evolution equations for w;. These flow equations are all local
because as(m) are the differential polynomials of u;.

We next consider the so-called n-reduction, that is, we impose the constraints below on
the Lax operator L,

L = (L") - (18)

Under the constraints above, as(n) = 0 for s < k. Hence from (17), we can express u; for j >
n—k in terms of (ug_k, Us—g, ..., Up—k). Thus only n—1 coordinates (us_g, Us—k, ..., Un_k)
are independent, which are in one-to-one correspond with (ag(n),agy1(n), ..., axrn—2(n)).
For example, under the 2-reduction, only uy_j is independent, then the flow equation (15)
implies the following 1 4 1 dimensional equations,

for k=0
Uty = Zu2zzz + 3uoua,, (19)
155 5 L5 ! 20)
u = —UyU —U2U —U u — U
2ts 2 2 U2 4 2U2xxx 2 2xx U2x 16 2rxTTT)
for k=1
1 3
Uty = Zula:a:m - 5’“%“12:’ (21)
15 , 5 1 54, 5

2
Uty = gululx - éulxxxul + Eulxxxxx - gulx — FUIULz2 ULz, (22)

2
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for k =2
1
Uoty = Zugu(]xmw (23)
1
Uots = 3—2Ug(10U0U0mU0xm + 5“0%@1”333 + 10upUozzasUor + 2u0u0xxxxx)- (24)

After the preparation above, under n-reduction we can at last rewrite the Lax equations
(9) into matrix forms in terms of a;(m). For this, we denote

U(n) = (ug—p, Us—ps - - -, Un—k)"
A(na m) = (a—l—i-k(m)a 24k (m)a sy Ang 14k (m))ta
OQ—k,l—k 0 ce 0 (25)

Os3_p1-r Os3_po_
O(n) = 31:@,11@ 3]'672]6

On—ki—k Op—ko—k - Op—kn—1-k
where t denotes the transpose of the matrix, then we can rewrite (15) into
U(n)s,, = O(n)A(n, m). (26)

It is trivial to know that all of the flow equations in U(n);,, are local, including those in

U(n)t

m

m-+4jn*

3. Recursion Formulas

In this section, we will construct the recursion operator. To do this, we have to first obtain
a recursion formula relating A(n,m) and A(n,m+n) under n-reduction constraint, that is,
we try to seek an operator R(n), s.t. A(n,m + n) = R(n)A(n,m).

For this, we consider the relation L™ = L™[L"™ = L"L™. Assuming n-reduction,
we find

n

> ajm)da(n)d

j<k—1l=k <k

= 3 Y3 ctajm)a? (n)oHi

j<k—1 1=k p>0

(L™L") <k

<k

= ¥ zn: O %a(m)a =" (n) 9+

j<k—1q<nl=max(k,q)

<k

=3 Y Y A m)a T ). (27)

j<k—1g=j+1—kl=max(k,q)
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Comparing with

(L™ M)k = > aj(m+n)d (28)
j<k-1
we find
aj(m+n)= Y Pgn)aj_g(m), j<k-1, (29)
q=j+1-k
with

Pgn)= Y Ol (), j<k—1, g=j+1—k j+2—k...n  (30)
I=max(k,q)

In particular, we have
Pjp(n) = vy, Pjp-1=an—1(n)+ (j —n+1)ay(n),. (31)

We next introduce the (n — 1) x (n — 1)-matrix S(n) and the (n — 1) x n-matrix 7'(n)

Py_10(n) Pr—11(n) oo Peo1n-2(n)
S(n) = f%_2f4(n) f%—%p(n) E f%—2ﬁ—3(n) ’ (32)
Pk, —ni2(n) Popyiyk—ni3(n) -+ Popjpipro(n)
Py_1p-1(n) Py_1n(n) 0 e 0
T(n) = f%—zfra(n) f%—2ﬁ—4(n) f%—%n(n) e 9 (33)
}2—n+l;kJ(n) }2—n+1;k2(n) Popiigk3(n) o Popyiira(n)
So (29) for j =—1+k,—2+k,...,—n+ 1+ k can be written into

A(n,m +n) = S()A(n,m) + T(n)(a—nin(m), a—p_156(m), . .., a_ops1ex(m))t. (34)

So now the only thing that we need to do is to express (a_p4+x(m),a—p—141(m),
oy @ opi14k(m))t in terms of A(n,m). For this, we will use the relation L™L" = L"L™.

L= (33 wm)da;(m)e?

1=k j<k—1 <k

n l
=22 2 > Cramyal (m)or+ =

I=k j<k—15=0 <k
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(T T cnanmdme

j<k—1p=0 s=max(k—pu,0)

n n—u
- Z Z Z C§+ua8+u(n)a§'s—)#(m)8j-

j<k—1p=0 s=max(k—p,0)

Comparing with (28), we obtain
m+n ZQu a]u m), j<k-—1,

with
n—p
Qun) = Z C§+Mas+u(n)08, O0<p<n.

s=max(k—p,0)
In particular,
Qn(n) =uy, Qn-1(n) =na,(n)0+ ap—1(n).
Thus using (29) = (35), we obtain

a—14k(m +n)
a_ork(m+n)

a—nt1+k(m +n)

a_pt+r(m+n)

P14k 0(n) Poiigi(n) - Poiygn—3(n) Poiykn—2(n)
P_gik,-1(n) Pooyko(n) -+ Poogpp-a(n) Pooypn-3(n)
P_piitk,—n+2(n) Pongivk,—nt3(n) -+ Popiiyk,—1(n) Popiiyko(n)
P—n-i—k,—n-i—l(n) P—n+k,—n+2(n) T P—n+k,—2(n) P—n—i—k,—l(n)
P_H_k,n_l(n) 0 te 0 0
P_oipn—2(n) Poofpp_i1(n) --- 0 0
+ : : - : :
P_oniiik1(n) Popyiir2(n) -+ Popyitkn—1(n) 0

P—n—i—k,O(n) P—n-i—k,l(n) T P—n+k,n—2 (n) P—n-i—k,n—l(n)

<k

a—1+x(m)

a—2+k(m)

a—nt2+k(m)
a—p+1+k(M)
a—ntk(m)

A—n—1+k (’I?’L)

a_2nt24k(m)

a_on4i14+k(m)



a—p—1+k(M)

a—p—o+k(m)
+ug

a—2n+1+k(m)

a_2n+k (’I?’L)

nan(n)0 + ap—1(n)

Qn—2(n)
+ :
Q1(n)
Qo(n)
Atk (M)
a—p—1+k(m)
X

a_on4o4+k(m)

a_2nt14k(m)
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Qo(n) Q1(n) -+ Qn-3(n) Qn_2(n) a—1+x(m)

0 Qo(n) - Qu-a(n) Qn-3(n) a2k (m)

0 0 0 Qo | |amszestm)

0 0o - 0 0 a—p+1+k(M)
0 0 0
nan(n)0 + an—1(n) --- 0
Qg'(n) nan(n)a—.l—an_l(n) 0

Q1(n) Qn—2(n) nan(n)d + an—1(n)

a—n—l-i—k(m)

a—p—2+k(m)

n
+ ug

a_onti14+k(m)

a_2n4k(m)

So if we denote M (n) and N(n) as n x n and n x (n — 1) respectively, that is

—nan(n)0 — (n — k)an(n), 0 e 0
D_oippn—2(n) —nan(n)0 — (1 —k+n)ay(n), - 0
M(n) = : : - z »
D_pik0(n) D_pir1(n) —nap(n)0 — (2n—1
—k)an(n),
D_1450(n) D_i451(n) D_iykn-3(n) D_iyrn—2(n)
P oik—1(n) D_s41,0(n) D_oipn—a(n) D—2+k n—3(n)
N(n) = ~ ' - |

P_pi14k,—nt2(n)
Ptk —n+t1 (n)

with Djs = Pj}s(n) —

M (1) (@ (m), a1k (m), ..
— —N(n)(a_114(m), a_sii(m), ..

Since M(n) is

invertible,

D_pii14k,0(n)
an+k,71 (n)

P_ryivk,-1(n)
an+k,72(n)

P_pi1+k,—n+3(n)
Ptk —n+t2 (n)

Qs(n), then we have

L@ _oproyk(m), a_gn i1 ek(m))

s a2k (M), apyrpr(m)) (38)

y A—2n+2+k (m)>

solve  (a—nir(m), a—pn—14r(m),. ..

we can

a_oni14k(m))t from (38) and then insert into (34).

So we get

A(n,m+n) = R(n)A(n,m)
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with
R(n) = S(n) — T(n)M(n)"'N(n). (40)
If we set
®(n) = O(n)R(n)O(n) !, (41)
then we can easily find
Uty = O(n)A(n, m + jn)
=O0(n)R(n)A(n,m+ (j — 1)n)
= O0(n)R(n)O(n)tO(n)A(n,m + (j — 1)n)
= @)U (1)t ;110
= ®(n)’U(n),,. (42)

Remark. Note that the recursion operator (41) is nonlocal, but it does not generate the
nonlocal higher flow equations, because in our cases, all the flow equations in (26) are local
and the recursion operator (41) is just extracted from these local flow equations.

4. Applications

In this section, we give some examples for the applications of the formula (41) for the
recursion operator. Here we only consider 2-reduction and 3-reduction.
2-REDUCTION

For k = 0 case, one calculates

a(2) = 2us, 0(2) =0, S(2)=a(2), T(2)=(0,1),

1,
-2 0 _1 —50 ! 0
M(2): _82 29|’ M(2) = 1 1 )
——0
2

N(2) = v R(2) = Lo 4 ouy — 0w
- —(10(2)17 ) - 4 2 2x-

So the recursion operator [9, 11] is

1
(2) = 0% + 2uz + uze 0. (43)
Beginning from ug;, = ua,, we find

1
U2ty = @(2)’[},%1 = ZUQIxx + Bugua,,

ugt, = P(2)u —EuQu +§uu —|—§u Uy + —u
2t — 2ts — 2 2 U2z 4 2W2xxx 2 2ex W2x 16 2rrrre-.

Note that in Ref. [9], Strampp and Oevel also calculate the M (2) and N(2), but they are
different from here. This is because we only use a;(m).
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For k£ =1 case, one has

a1(2) = 2uy, 0(2) =0, 5(2) =0, T(2) = (a1(2)a 1)a

—20 0 » —507 0
M= _0@), w@ -0 20| MO =] 11 ’

1
d(2) = 182 —u? — w10 . (44)

Thus, from w1, = w15, we know

1 3
Uity = P(2)uyy, = 7 Utzas — §u%u1m,
15 5 1 5
Uity = (I)(2)ult3 = guéllulx - gulxxxu% + Eulxxxxx - gu:l)’ft - iululxxulx-

At last, for k = 2, we have

0(2) = upd — uge = ugdugt, O02)7' =updtug?, S(2) =0, T(2)=(0,ud),

Loy o
—2UO28 0 -1 _58 Ug 0
M(2) = —u20?  —2uo(upd + ugz) )’ M@ = 1 11, 5,2 1 11,1 ’
ZUO (%) ’LLO —§UO ’LLO
—up20? 1
N(2) = ( "), R2) = Sugdtugd®.
0 4
Therefore the recursion operator [31] is
1
d(2) = Zu383u08_1u52. (45)
So
Uot, = 07
1 3
Uoty = @(2)’”0151 = Zuouﬂmmm
1
Uots = (P(Q)uﬂts = _u%(]-OUOUOIIUOxxx + 5“0%@1”39; + 10upuoggzs oz + 2u0u0xxxxx)'
32

Obviously, all of above soliton equations are consistent with flow equations of (19)—(24),
which shows the validity of the explicit recursion operators (43)—(45).
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3-REDUCTION

k =0 case
3) —ai1(3), 3
om=(7 5). sw=( 0 " m ).
0 9 —ap(3)z + a1(3)zz  ao(3) — 2a1(3),
: 1 0 —-30 0 0
T = < 3) 0 1) , M@3) = —30° =30 0 |,
a
! —3a1(3), — a1(3)0 — &° —30% —30
Lo
—38 0 0
M@3)™t = % —-o! 0 ,
25,1 “1_ 254 T 1o
90-1— 3(11(3)0 98 a1(3) 3 30
—a1(3), —a1(3)0 — 93 —30?
N(3) = —OL()(?))m + aq (3)1717 —2aq (3)m —ai (3)8 -3
a0(3)m — a1(3)mx —2&0(3)x + 3a1 (3)xx
with a1(3) = 3ug,a0(3) = 3us + 3ug,. Then by (40) and (41), the recursion operator is
given by
(i3H1 ‘1’12>
P(3) = 46
B (g 3 (16)
where
2 1 1 1 1 1
G P— e " —1 - - 93 - - .
11 38&0(3)8 30&1(3) 0 + 380,1(3) + 38 + 3a0(3) 3a1(3) s
1 _ 2 1
(1912 = gf)al (3)8 1 + 382 -+ gal (3),
1 1 1 1 2.3 12, 2 -1
@21 = —gaag(?))x@ -+ 58(11 (3)55558 - 58 a1(3)8 - 58 - 5(11 (3)8@1 (3)8
2 1 1
- 5(11 (3)02 - §a0(3)m + gal(?’)mma
By — é@ao(?))a_l _ %0&1(3)338_1 - éa?’ - §a1(3)8 + %0&1(3) + gao(S) —ar(3),

We have checked the action of recursion operator (46) on the ¢; flow to ¢4 flow, that is,
(), = ()
us t us "
(i), =)
us/,, us/

2
dugug, + duguss + 2uguore + 2“’31 + §u3mmm + §u2xmxm

1 2
2
—2U3Ug — 2UU3zs — 2U2Upzs — §u3xmxm - 5”21733333333 - 4“2“2:5 + duzuz,

— 44Uz U2y
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- 9 0 B 0 ai (3) - (12(3)33
0(3) = <0 a) , SB) = (0 —a(3), +a2(3)m> ’

. (12(3) 1 0
T(3)_(a1(3)—2a2(3)x as(3) 1)’

-39 0 0
M(3) = —2as(3), — 2a2(3)d — 39* —-30 0 |,
—2aq (3)x + 3as (3)xx —al (3)8 —as (3)82 -3 —3a2(3)x — 20@(3)8 —30% =30
— 0 0
M(3)~t = A —%6_1 0 :
1
B _ 91
C 36
—a1(3)0 — ax(3)0? — 0° —as(3), — 2a2(3)0 — 30?
N(3) = 0 —a1(3)$ -+ a2(3)mm —ai (3)8 — (12(3)82 — 83 ,
0 a1(3)m — aQ(S)xm

where

a1(3) = 3ug + Su% + 3u1y, az(3) = 3uq,

2 _ 1 1 _ 1. 1
A= §ag(za)a 1y 5 O= ga2(3)a b 50 Lay(3) + 3
B=2a013)0"" = 2071a1(3) — 20as(3)0" — 2a2(3)0! + —0 a(3)dan(3)0"
9 9 9 9 27
1 1., 2
X §a2(3) — 50 (12(3)0 — 58
Then according to (40) and (41), we get the recursion operator
P11 (1)12>
d(3) = 47
B (g 3 (47

where
1 1 1 1 2 1 1,4
‘1911 = —§8a2(3)8 aq (3) - 580@(3)8 (12(3)8 + 58(12(3)8 + gaal (3) + §8 y

D1y = 2001(3)07 — 2005307 — 500370 — $0aa(3 ax(3) + 207,

1 1 1 1 1
<I>21 = —50(11 (3)0 — §(I1 (3)02 — 50&1 (3)0_1(11(3) — 5&%(3) - §8a1(3)8_1a2(3)8

_ %al(S)aQ(S)G + %32(12(3)0_1&1(3) _ %a%@(s)a + 362@(3)0‘1@2(3)8

+ 237@(3)8@(3)3—1@1 3) + ;7@2(3)8@2 (3)0 Las(3)0 + %ag(:a)aag (3)0

1 1 1 2 2
- §a2(3)8a1 (3) - 5@2(3)8&2 (3)8 - §a2(3)83 - 582a1(3) - 584,
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Doy = _éaal (3).07" + %aag(:a)ma—l — %8&1(3)@(3)8_1 - %8a1 (3)0~ a2(3)
1 1 1 1 1.y gy
—=0a1(3) — =a1(3)az(3):0™" — za1(3)az(3) — =a1(3)0 + =9%a5(3)0
3 9 3 3 9
+ %8%2(3)8‘1@(3) — %8%2(3) + %ag(s)aag(?,)a—l + %@(3)8@(3)8_1@2(3)
1 -1 1 —1 1 2 1 2 1
— 5&2(3)% (3),07 "+ §a2(3)a2(3)m8 - §a2(3)8 — 5&2(3)8 + §0a2(3)m
+ 101309 - 2aa(3)0as(3).01 — 20%a5(3),07" — 1P
3a1 9(12 ag x 9 a2(9)z 39

With the recursion operator (47), we can get the t4 flow from ¢; flow,

1 2 4 2 8
3
Uity = gulxxxx + §u2xxx + 2ug U1y — gulxul + 2UU gy + dugUgy + gululxxx + gulxulxm
=4 8 4u? 4 4 dug?, —
- T
U2ty UTULgaUle — OULTU2UE — FUTU2ULy — FUITUUI gy — FUI U2 ULy — FU2UY, — §u2xm3333
2 , 2 , 4 2 8
— T Ulzzzzr — 4u2ulx — S UlgxzU] — ZUT U2 — 2 gar — U1 U gzar — = UlzUlzas
9 3 3 3 3
2 2 22 o L3
- §u1u2xmx — 2U2px ULy — ?ubjulmm — 2UQU2py — LUy — 42U, — gulm'
k = 2 case,

—U1e  UYO 0 1u1x0_1u0 oLyt
0 0 Py P30
s6)= (g o)- <>=<P . P>,
01 102 103
—3a3 (3)8 — a3y 0 0
M(?)) = D01 —3(13 (3)8 - 2(131 0 y
D_1p D 1, —3a3(3)0 — 3as.
1
_5“616_1“62 0 0
_ 1
M(@3)™ = A —gug%-lugl 0 :
B C ——uy o
Dy D1y
N@B)=1 0 Do

0 0
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as(3) = 3ud(uy + uoe), asz(3) = ud,

P2 = a2(3) —a3(3)z, Pz =a3(3), Por=—a2(3)z + a3(3)za,
Py = as(3) — 2a3(3)z, P13 = a3(3),

Doy = —a3(3)s + a3(3)aa — 2a2(3)0 — 3a3(3)0?,
D_10=0a2(3)ez — a3(3)zxz — a2(3)0* — a3(3)9?,

D11 = —2a3(3)s + 3a3(3)ar — 202(3)0 — 3a3(3)9?,

Dig = —a2(3)9% — a3(3)0%, D11 = —2a2(3)0 — 3a3(3)0?,

Doo = —a3(3)9” — a3(3)0”,

1 1
A= —§u0 ~2971 Ug 1D01U0 15~ 1u52, C = —§u536_1D_1’1u528_1u51,
1 1
B = —§u0 ~307'D_ 1,0Ug 1o u02 — 2—7u538_1D_l,luaza_luanglualf)—luaZ.

Then the recursion operator can be obtained with the help of (40) and (41).

(P11 P2
<I>(3)_<<I>21 (1)22)

1
<I>11: guoﬁuo P126 uo Dw’nga u02—u06u0 P13AD1()U06 uo

1
—1—gugf)anPlgf)_lanDll8_1u1x8_1u0 —uof)uo PisAD110 g0t uo

1
+ §u§6u53P136_1u51D006_1u1$6 1u52,

1
b9 = §u38u52P128_1u52D118_1u51 — ugauglPlgADllf)_lugl

1 _ 1 1 1
<I>21 = —gula,uo 1P126 1u0 2D10U06 1u0 2 + ulzplgADlgan 1u0

1
+ §u§6u53P136_1u0_1Dogﬁ_luo_l,
2

1 _ o _ 1 _ 1
—gulxuo 1P128 1u02D118 lule) 1U02—|—U11P13AD118 luuf) 1u02

1 _ 1 _ 1 1 1Al — 1
—gulzuo 2P136 1u0 1D006 1u116 1u02—|—§u08P01u0 19 1u0 2D10U06 1u02

— anPOQADloan_lu(;Z — u06P033D10u06_1u52

1
+ 5u0dPorug L0 g2 D110 g0t ug ? — ug0Pya AD11 0 M ug 0 g ?

175

(48)
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1
- ugangBDlla_lule)_lqu -+ §U08P02u628_luangoa_lulxa_lan
— ugangC’Doga_lulx@_lan,

1 _ 1 1 -1 -
(1)22 = —gulxuo 1P128 luo 2D118 luo ! + ulelgADllf) luo !

— %U1$US2P136_1’LL51D006_1U51 + éu00P01u510_1u52D110_1u51
—ugOPy2 AD110 ™ uy t — ugOPy3 BD110  ug?
+ %u08P02u528_1u51Dogﬁ_lual - uof)PogCDgo@_luEl.

The t; and t4 flows are as follows,

Uty = ULty = 07

1
2 2 2 2 2
U, = guo(—12uh;u1 — 12u1u0,u1 + 2UgUizzs + 2U0UGL, + UGUOzzee T+ 4UT2UOUOLL

2 2 2
+ 66Uz U U1z + 2U0 U0z U1 T 4u0u0mmmu(]x - 2u1mu0m — UQga Uy — 6u0mmu1

- 6u0mmu033u1)a
3 2
Uipq = —§U0(24U1x160xu0u0m + 6UUOzza U1 U0z — 30U UL U UGz — OUOL2 UG, — T2U0ze U0z U]

3 2 3 2 3 2
+ 3UpUizgzr + 18U U U0z — S0UOLz U] + 33U0ULz2 Uy, — 12U1,Up, — 84U1U1 U,
2 2 2 2 2
+ 16u0u0xxxxu0x - 18u0ulxxu1 + 18u0$xu0u0xxx + 24u0u1xxu0$x - 42u0xxulu0x
—36 2+ 18uiultig, — 6 2 12 249292 2
UTUUT, + 18U UGUI2o UTUQ U UOUOzz2 U] + 22U U032z Upy
6u? — T2upud + 12 2 —144 2 4 oud
+ UgUQz Ul Uz U] + WOz U U gy Uz U0z U] + UgUQzaaaa
6ul 24u2
+ OugUI gz U1 + uoulmmeOm)-

Because of the complication of the corresponding calculations, we have only checked ugy,
by the recursion operator (48) from the ¢; flow.

Remark. From the examples above, one easily find that though these recursion operators
contain the nonlocal terms, the flows generated by them are local. And also the forms of
the recursion operators are much more complicated when n and %k tend to larger.
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