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We present a new method for the derivation of mappings of HKY type. These are second-order
mappings which do not have a biquadratic invariant like the QRT mappings, but rather an invariant
of degree higher than two in at least one of the variables. Our method is based on folding transfor-
mations which exist for some discrete Painlevé equations. They are transformations which relate
the variable of a discrete Painlevé equation to the square of the variable of some other one. By con-
sidering the autonomous limit of these relations we derive folding-like transformations which relate
QRT mappings to HKY ones. We construct the invariants of the latter mappings and show how
they can be extended beyond the ones given by the strict application of the folding transformation.

Keywords: Integrable mapping; invariant; QRT mapping; HKY mapping; folding transformation;
elliptic functions; discrete Painlevé equations.

1. Introduction

When one discusses integrable mappings the example that springs to mind is that of the
QRT system [1]. Indeed, this family of mappings has, by now, become the standard paradigm
of discrete integrable systems in the plane. In what is called the symmetric version, the
mapping has the form

fl (xm) - xm—lf? (xm)

I (@) — Tt f3(2m)

(1.1)

where the f; are specific quartic polynomials. The corresponding invariant has the form

aoy?z? + Boyz(y + ) + yo(y* + 22) + eoyz + Co(y + ) + o
a1y22? + Bryz(y + x) + 11 (y2 + 22) + eryz + G (y + @) +

K(z,y) = (1.2)
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What we mean by invariance here is that if we start from K(x,,z,-1) and compute
K = K(zny1,2n), we find that K = K whenever x,,_1,7,, 2,1 are related by (1.1). The
existence of this invariant allows the mapping to be solved in terms of elliptic functions.
This is a consequence of the fact that the biquadratic equation

az’y® + Bry(z +y) + (@2 +y?) +exy + {(z+y) +p=0 (1.3)

can be parametrized in terms of elliptic functions.

However, the QRT mappings are not the only integrable two-dimensional ones. Indeed,
while investigating the integrability of third-order mappings, Hirota, Kimura and Yahagi [2]
discovered several systems that could be integrated to second-order mappings of a particular
type: their invariants were not biquadratic but rather biquartic. The classical example is
the mapping

(zn — a)(zp — 1/a)(z; — 1)

(xnxn—i-l - 1)(.%'”.%'”_1 - 1) = pzx% 1 (14)

with invariant

o — ((xn —2p_1)? = pP(pxn_1 — 1)2) ((xn +2p 1 —a—1/a)* —p*(zprn_1 — 1)2)
B (xnxn—l - 1)2 ’
(1.5)

However, as shown in [3], the invariant curve obtained from (1.5)
(@ =9)? =p*(ay = 1)*) (e +y - ) = p(ey = 1)°) = K(azy —1)*=0 (L6

can still be parametrized in terms of elliptic functions. This is a consequence of the general
result that all the integrable birational mappings of infinite order on the plane are just
additions on an elliptic or a rational curve.

The HKY mappings obtained by Hirota, Kimura and Yahagi were not an exceptional
occurrence. Since their discovery, HKY-type mappings have appeared in many instances,
in some cases even unexpectedly. In [4] we have shown how to construct HKY mappings
from an suitable autonomisation of g-Painlevé equations. Let us present an example based
on the ¢-Pv equation that was introduced in [4]:

(zn — aq"™)(zn — bg")

= 1.7a
YnlYn—1 1—pz, ( )
—cq"” —dq"
T 41Tn = (9 f Jon — da") (1.7b)
—TYn
with the constraint c¢d = gab. In order to obtain an autonomous reduction we put ¢ = —1.
This imposes a +b = c+d = 0, and ¢> = —a®. Moreover we take p = 1, 7 = i and rescale y
as y — —iy. We find
2 2
T, —a
=2 1.8a
YnlYn—1 2, — 1 ( )
2 2
y:—a
Tpp1Xy = . (1.8b)
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The resulting autonomous mapping possesses a biquartic invariant:

2?y(y — x)? — 2zy(z + y)(y — x)? + 2a%xy(y + x) + (2 + y? — a?)?

K = 5

o (1.9)

where z,y stand for x,,y, or z,,yn_1.
In [5] we have examined the reductions to second-order mappings of the integrable lattice

equations derived by Adler, Bobenko and Suris. While some of the systems obtained were
of QRT type, a few HKY mappings were also obtained. We found for instance the mapping

Tp1Tn—1 + 1’31 + al‘n(l‘n—i-l + xn—l) +b=0 (110)
the invariant of which is

o <2xna:n_1 +a(z? +22_ ) - ab>2
20TnTp-1 + T2 + 22 | +0b

(1.11)

An interesting remark, pertaining to the relation of the HKY invariant to biquadratic
quantities that are of QRT type, was made in [5]. Indeed, a possible construction starts
from the assumption that the main building block of the HKY invariant is the QRT one
K (xp, x,—1). However, the mapping is not obtained by requiring that K (z,,x,—1) be con-
stant when (2, 2,_1) — (Zni1,Tn), i.e., K = K, where K is the invariant computed with
updated variables. Rather, one asks that the invariant be transformed to a homography
of itself, a homography which moreover must be an involution. The general form of the
latter is

aK + 0

K=ontr
YK —«a

(1.12)
Two cases can be distinguished. If v = 0 one can, by a translation, bring (1.12) to K = —K.
In this case, the quantity that is invariant under the evolution defined by the mapping is
simply C = K?2. If v # 0 one can again perform a translation and with a scaling of K bring
(1.12) to the form K = 1/K. In this case, the true invariant is £ = K + 1/K. However,
as pointed out by Kassotakis and Joshi [6], since one is allowed to transform the QRT
invariant through a homography one can dispense with the general involution and choose
the simplest possible one, namely the sign change.

The relation of HKY mappings to QRT ones through the general conservation law (1.12)
we found in [5] is not an isolated occurence. Indeed, in [7] we obtained the mapping

(T + 1) (2 +i/)
(2n + @) (xn + 1/a)

Tn4+1 = 7 Tn—1 (1.13)

Given the form of the mapping we postulated an invariance condition K(zp41,2,) =
iK (Zn,Tn_1), leading to an invariant = K* and found

x%x%_l — TpTp—1(a+ 1/a) (@, + Tp_1) — (5’32 - x%_l) + (a+1/a)(ixy — xp—1) +1

Tndn—1

K =

(1.14)

Here the invariant is not biquartic but in fact bioctic.
In the present paper we shall investigate another path for the construction of HKY
mappings. It is based upon the folding transformations of discrete Painlevé equations. In
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what follows we shall give a short summary of the folding procedure before proceeding to
the construction of the mappings.

2. Folding Transformations

The term “folding” was introduced by Okamoto, Sakai and Tsuda who, in [8], derived
transformations between Painlevé equations where the variable of one equation was related
to the square of the variable of the other. The simplest example of such a folding relation
is perhaps that involving Py;. We start with Pyp

v’ = 2u® +tu+ « (2.1)

2

in which we take o = 0. Multiplying by v and introducing w = u* we obtain the equation

" w” 2
W= + 4w® + 2tw (2.2)
w

which is equation XX in the Painlevé-Gambier classification [9)].
Another well-known quadratic relation is the one relating Py to Pyrr, which in fact goes
back to Gambier himself [10]. We start from Py in the form:

1 1 w o (w—1)2 B w o w(w+1)
" 12 . - N A =~ - o\ )
w' =w <2w+w—1> ; 2 aw—i—w +’yt—i—5 p— (2.3)

and assume that « = § = 0. Next, we introduce the quadratic dependent variable transfor-

mation
u+1 2
w =
u—1
and obtain the Pyp equation:

u”zu——i—l(utl)—g@?’—l). (2.4)

Given this form it is always possible, for nonzero J, to bring the equation to the form

u? W a 1

(L R (2.5)
U t t U

through a scaling of the independent variable.

The discrete analogues of the folding transformations were studied in detail in [11] where
we showed that discrete analogues to all the continuous folding transformations can indeed
be derived. For instance, in the case of discrete Py one starts from
ZnTn + a

2.
1—a2 (26)

T+l + Tp—1 =

and takes a = 0. It then suffices to multiply both sides of (2.6) by z, put X,, = z2 and
introduce the auxiliary variable Y,, = z,2,11. We then obtain the system

ZnXn
1-X,
X Xpi1 =Y?2 (2.7b)

Yo+ Y=

(2.7a)
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or, eliminating X,

(Yn +Yni1+ Zn-i-l)(yn + Y, 1+ Zn) _ L (2 8)
(Yn + Yn-i—l)(yn + Yn—l) Yr? '

which is indeed the discrete analogue of equation XX in the Painlevé-Gambier classification.

However, in the case of discrete Painlevé equations other possibilities exist. As is
well-known, some discrete Painlevé equations are nothing but contiguity relations for the
solutions of the continuous ones. In this case, it may happen that a folding transformation
which exists between the solutions of some continuous Painlevé equations carries over to the
contiguity relations of these equations and thus leads to a folding transformation between
two discrete systems. Hence, there might exist discrete folding transformations that are
not analogues of some continuous ones, but rather consequences thereof. Finally, a third
possibility would be for a discrete folding transformation to exist without any continuous
analogue and without being the consequence of some continuous folding. All these relations
have been examined in great detail in [11].

How can folding transformations be used in relation to HKY mappings? Obviously the
first step would be to consider the autonomous limit of such relations. Starting from two
discrete Painlevé equations one can then derive a quadratic transformation between two
autonomous mappings. Implementing this relation in the invariant of the first mapping,
which by construction is of QRT type and therefore possesses a biquadratic invariant, one
obtains an invariant for the second mapping which is quartic in at least one variable. Let us
illustrate this by an example. We start from the reduced autonomous form of the discrete
Painlevé IT equation (often referred to as the McMillan mapping)

axy

Tpyl +Tp_1 = (29)

1—122
the invariant of which is just
K=a222 | — 22 — 22, + axpTny1. (2.10)

Multiplying (2.9) by z, we can introduce auxiliary variables vy, = x,2n 1, 2, = 2> (the
folding transformation) and rewrite (2.9) as a system

Zninsl = Y2 (2.11a)
@%n (2.11b)

Yn + Yn—1 = .
1—2z,

The invariant becomes now

2 2 2
_ Ynin — 2 — Up + aZnyn
Zn ’

K (2.12)

In order to obtain an HKY system we introduce the variable z, = u2 whereupon (2.11)
becomes

UnpUn+1 = Yn (213&)

Yn + Yn—1 = R (2.13b)
n
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Expressing the invariant of the latter in terms of u and y we obtain

2,2 4 2 2
YpUp — Up — Yp + AUy Yn
2
n

K = (2.14)

u

which is manifestly not of QRT type. Still, the fact that only the square of u appears in
(2.14) suggests immediately that the square be taken as a new variable. (Let us point out
here that since u is nothing but the initial x, up to sign, invariant (2.14) is just (2.10)
written in a more complicated way.) What is interesting at this stage is that one can extend
the HKY mapping (2.13) so as to make it nontrivial. Indeed, it is straightforward to check
that

UpUni1 = Yn (2.15a)

up (au, +0)
1—u2

Yn + Yn—1 = (2.15b)

has the invariant

viuZ —ud — 2 + youn(au, +b) + bud

2
n

K = (2.16)

U
which is of HKY type and is nontrivial because of the presence of the linear and cubic terms
in u.

3. From Folding Transformations to HKY Mappings

Several folding transformations of discrete Painlevé equations have been derived in [11].
In what follows we shall use some of these transformations in order to derive mappings of
HKY type. The first system we shall consider is the autonomous limit of a special case of
the discrete Py

a
Tpl + Ty + Tp—1 = l‘_ (31)

n

Equation (3.1) can be rewritten as a system
Tn4+1Tn = Yn (32&)
Yn + Y1 = —22 +a. (3.2b)

The associated invariant is

(4 + 72) (g — )

k= . (3.3)

Next we introduce 2z, = z2 whereupon (3.2) becomes
Zni17n =Y, (3.4a)
Yn + Yn—1 = —2n + a. (3.4b)

In order to obtain the invariant of (3.4) in terms of y and z we consider the square of (3.3)
and find

(yn + Zn)Q(yn - Q)Q
Zn

P=k=

(3.5)
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which is manifestly an invariant of HKY type. Still, the relation of (3.5) to (3.3) is obvious.
However it is quite easy to extend the mapping (3.4) and obtain a nontrivial HKY one. We
find indeed

Zni1Zn = Yo — b (3.6a)

Yn+Yn—1= —2n+a (3.6b)

with invariant

((yn + 20)? = b)((yn — a)* — b)

Zn

K= (3.7)
which is a genuine HKY invariant.

The second case we shall examine is a mapping obtained from the autonomization of
the ¢-Pv equation. It has the form

Tpa1Ty = y% +1 (3.8a)

2
— 1
YnYn—1 = Tn @ T2 + . (38}))
1—cx,

Its invariant is

k_y%(l—cxn)+x%—axn—l—1

InYn

(3.9)

The appearance of y? on the r.h.s. of (3.8) suggests the transformation z, = y2 but for the
invariant to be expressible in terms of z we must introduce the square of K. We thus have
the system

Tpt1Tn = 2n + 1 (3.10a)

2 n 1 2
o1 = (1_—+> (3.10b)

with invariant

(zn(1 = czp) + 22 — axy +1)?

K = 5
T2 2n

(3.11)

Again it is possible to extend the mapping by enriching the second equation. We obtain

Tpt1Tn = 2n + 1 (3.12a)

(22 — axy, + 1) (22 — bz, + 1)
(1 —czp)(1 —dxy) '

(3.12b)

Znin—1 =

The invariant now becomes

22 zk = 222(1 — cx) (1 — day) + 2, (222 — (a4 b)zy 4 2)(2 — (¢ + d))
+2(22 — axy, +1)(z2 — bz, + 1). (3.13)
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At this point it is interesting to consider the special case of (3.12) obtained by taking b = —a
and d = —c. We find the mapping

Tpt1Tn = 2p + 1 (3.14a)
(22 +1)? — a?z?
Znin-1 = — 1= 22 = (3.14b)
with invariant
22(1 = 2a2) + 22, (22 + 1) + (22 +1)% — a%22
K= K " K . (3.15)

Ts2n

Had we introduced the variable v = z? in (3.14), (3.15) we would have obtained a QRT
mapping for u and z.

Next we turn to a mapping obtained from the autonomization of the d-Py equation.
Our starting point is the mapping

Ty — f 2 —a?
YnYn—1 = ( 22 —)82 (3.16&)
2
T+ = - +fy2 (3.16b)
with invariant
2N, 2 N2 2

The appearance of y? in (3.16) suggests the substitution z, = y2, which leads to
2
(xn - f)2 — a’2
Znin—1 — <W (3183)

2f
142,

Tpt1 + Ty = (3.18b)

In order to construct the invariant of (3.18) we must take the square of (3.17), yielding

K = ((xn - 02)2n + (xn - f)2 - a’2)2 (3.19)

Zn

which is again a HKY-type invariant. It is now possible to extend this HKY mapping to
((zn = f)? = a®)((zn — [)* = V°)
(27 — 2)(a7, — d?)

2f
14+ 2z,

(3.20a)

Znin—1 =

Tpal + Ty = (3.20b)

with the appropriate extension of the invariant being
2K =222 (22 — ) (a2 — d?) + 2,(222 — & — d*)(2(xy, — f)? — a® — b?)
+2((xn — f)? = a®)((z = ) = 0°). (3.21)
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Finally we consider a mapping related to the ¢-Pyr equation. We start from

x%_afxn+f2

1= 3.22a
2+l
Tpally = 3.22b
with invariant

TnlYn
As in the previous paragraph we introduce the substitution z, = y2, obtaining

2 2\ 2
Inin—1 = <x" afzn+ | > (3.24a)

22 —cxp+1

f2 + zn
= 3.24b
In+1Tn 1+ 2, ( )
and the corresponding invariant, obtained by squaring (3.23):

2
5 %n

which, by inspection, turns out to be of HKY type. As in the previous cases it is possible
to extend this mapping while keeping the HKY character. We find

(x%_afxn+f2)(x%_bfxn+f2)

n<n—1 = 3.26

Il T T2y + 1) (22 — dan + 1) (3:262)
_ f2 + 2n

Tn1¥n = T (3.26b)

with invariant K such that:
22, K = 222 (22 — ey + 1) (22 — doy + 1) + 2,(222 — (a + D) fr, + 2f?)
x (222 — (c+ d)xp +2) + 2(22 — afz, + f2) (22 — bfz, + £2).  (3.27)
An interesting reduction of (3.26) can be obtained if we take b = —a and d = —c. We find

(x5 + f2)? — a?f?a]

Znin—1 = 3.28a
nen (22 +1)% — 22 ( )
2
+z
Tpi1Ty = fl - n (3.28b)
n
with invariant

2
TsZn

Had we introduced u,, = 22 in (3.28), (3.29) we would have obtained a QRT mapping for
u and z.
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4. Conclusions

In this paper, we have presented a new method for the derivation of mappings of HKY type.
These mappings which made their appearance a few years ago, are particularly interesting
since they are very similar to QRT mappings but possess invariants with higher degrees. It
goes without saying however that their integration does not introduce new functions: the
solutions of all second order, birational mappings are just samplings of elliptic functions.
Several methods exist for the derivation of HKY mappings and in the introduction we
have presented a review of some of these methods illustrating each of them with selected
examples. However this review cannot be exhaustive: more methods for obtaining HKY
certainly exist. In order to substantiate this statement let us present an example of such a
derivation.

Our starting point is a mapping already identified as being of HKY type. Indeed in [4]
we have shown that the mapping

2 2
T, —a
= A1
Inn=t = pr )1 — stn) (41a)
2 2
+a
Tpi1Ty = Yn (4.1b)

(1= 7yn)(1 = tyn)

with ps = rt is of HKY type. Indeed its invariant has the form:

PP K = 2y 7 = 2zy(ha + gy) (fo*y® + 2% + 7)) + 2°0° (2f (2° + v7) + (ha + gv)?)
+2a*zy(hx — gy) + (y* — 2° + a?)? (4.2)
where we have taken f = ps =1rt, g =p+sand h = r+t (and we have omitted the indices
of z and y).

Now we take the limit s = ¢ — oo, @ — 00, such that a?/s — ¢, together with r =p =1
and find the mapping

q

o =—— 4.3
YnYn—1 n (xn — 1) ( a)
q
x Ty = ———. 4.3b
n+14n yn(yn — 1) ( )
The invariant becomes
K = x%yi - 2502%%(% + yn) + x%y%(xn + yn)2 + 2qxnyn(xn - yn) + q2 (4 4)

27,2
LnYn

Thus the mapping (4.1) remains of HKY type, even at this limit. Whether more HKY
mappings exist hidden among other, already known, HKY mappings remains to be seen.
Perhaps a better geometrical understanding of the folding approach could provide a more
systematic way to solve the problem of the construction of mappings with invariants of
higher degree. The results presented in this paper show that the hunt for integrable second-
order mappings is not over yet and we hope to support this claim with new results in future
works of ours.
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