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We explicitly describe Heisenberg families of elements in an arbitrary grading subspaces of the
quantized universal enveloping algebra Uq( bG) of an affine Kac–Moody algebra bG in the Drinfeld
formulation.
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1. Introduction

Heisenberg subalgebras of affine Lie algebras proved their importance in numerous appli-
cations in mathematical physics in particular in integrable models. It would be even more
interesting to understand the structure of various possible Heisenberg subalgebras in arbi-
trary gradings of the quantum deformation of the universal enveloping algebra Uq(Ĝ) of an
affine Kac–Moody Lie algebra Ĝ. The Heisenberg subalgebra associated to the homogenous
grading can be easily determined in the second Drinfeld realization [5] of Uq(Ĝ). Vertex
operator constructions both for affine Kac–Moody Lie algebras [6] and for q-deformations
of their universal enveloping algebras [5, 9] are essentially based on Heisenberg subalgebras.

The Heisenberg families were explicitly constructed in the simplest case of the quantized
universal enveloping algebra of Ĝ = ŝl2 [11]. In the present paper we extend the construction
of [11, 12] and introduce Heisenberg families which correspond to arbitrary gradings of
quantized enveloping algebras Uq(Ĝ). The construction under consideration was hinted by
the form of a Heisenberg subalgebra for an ordinary affine Lie algebra. It is easy to convince
oneself that a naive replacement of generators of a classical Heisenberg subalgebra with
quantum group analogues does not give a Heisenberg subalgebra of Uq(Ĝ). At the same
time it is interesting to find quantum group counterparts that would be in as much general
as possible form. For this purpose we introduce generators (2.3) that are supposed to play
such role. They contain certain powers ofK-generators of the quantized universal enveloping
algebra to satisfy a Heisenberg family commutation relations (2.9), (2.11).
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This construction was built similarly to that of a Heisenberg subalgebra of an affine
Lie algebra. The basic idea is to combine together generators of Uq(Ĝ) corresponding to
positive and negative roots deformed by appropriate powers of K-generators multiplying
x±-generators. One has to introduce also the specifically designed commutator (2.1) to bring
the commutation relations of a Heisenberg family generators to the briefest and clearest
form. Then under the deformed commutation (2.1) of two Heisenberg family generators
the commutators of pairs of positive and negative Uq(Ĝ) generators compensate each other
resulting in central elements. Thus the main purpose of this construction was to present
an algebraic structure inside the quantized universal enveloping algebra which would be
similar to a Heisenberg subalgebra.

The introduction of a new bracket (2.1) together with the specific form of generators
(2.3) allows us to overcome a barrier which prevents trivial analogues of ordinary Heisenberg
subalgebra generators to close to a Heisenbeg subalgebra in the quantum group setting. The
commutation rules for elements of a Heisenberg family [11] contain two types of commu-
tation relations corresponding to two types of mutual values of generator indexes. These
two types of relations are unified in this paper with the use of the operator (2.2) in the
bracket (2.1). Then using this new bracket it is easy to check the new commutation rela-
tions for Heisenberg family elements. It is important to mention that the present form of
generators which seems to be a natural analogue and should play a role similar to genera-
tors of a Heisenberg subalgebra for ordinary affine Lie algebras and homogeneous Heisenber
subalgebras in Uq(Ĝ) [2]. A Heisenberg subalgebra relations add more flexibility to use
in comparison to ordinary Heisenberg subalgebra commutation relations. As we found in
Sec. 2.2 a Heisenberg subalgebra elements can be gathered to form certain series of ele-
ments commuting with respect to new bracket. Then these series are convenient to define
deformed vertex operators which will be described elsewhere.

Heisenberg families can be considered as further generalizations of q-deformed com-
mutator algebras [10] (in particular q-bracket Heisenberg subalgebras) which appeared in
numerous examples in quantum algebras and applications in integrable models. Under cer-
tain conditions on elements of the Cartan matrix of Ĝ and powers of Ki-generators of Uq(Ĝ),
we obtain commutation relations for a Heisenberg family with respect to an integral p-th
power of Kζ-deformed commutator. In [3] the principal commuting subalgebra in the nilpo-
tent part of Uq(ŝl2) was constructed. Its elements expressed in q-commuting coordinates
commute with respect to a q-deformed bracket. In this paper we introduce a construction
which partially generalize the construction of [3] for an arbitrary affine Kac–Mody algebra Ĝ.

The paper is organized as follows. We find explicit expressions for elements of Heisenberg
families in Uq(Ĝ) an prove their commutation relations. Then we construct γK-commuting
series of Heisenberg family elements. Finally, an example in Uq(ŝl2) case is given.

2. Heisenberg Families

2.1. Definitions and main result

In [11], we defined for some p ∈ Z, 0 ≤ ζ ≤ κ, Kp
ζ -deformed commutator [A,B]Kp

ζ
=

A Kp
ζ B − B Kp

ζ A. Recall the definition of the quantized universal enveloping algebra

Uq(Ĝ) in the second Drinfeld formulation given in appendix. For a linear combination of
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Uq(Ĝ) generators {γ,K, ai,n, n ∈ Z/{0}, x±i,k, k ∈ Z}, multiplied by some power of Kζ , one
can extend Kp

ζ -deformed commutator by a γ� (A,B)Kp
ζ -deformed commutator

[A,B]γ� (A,B)Kp
ζ

= A γ� (A,B) Kp
ζ B −B γ� (A,B) Kp

ζ A, (2.1)

with � (A,B) defined as follows

�(A,B) = p(A,B) N− sign(N (A) + N (b)), (2.2)

where N (A), N (B), denote indices of A and B correspondingly, (in particular, N (x±i,n) = n,
N (ai,n) = n, N (γ) = N (Kζ) = 0), and N− = n is the index of the operator in the pair
A or B with negative upper index. The operator �(A,B) is well-defined since it is zero for
a pair of the same parity, though one could replace N− with N+. In (2.2) p(A,B) is the
standard parity operator with respect to upper ± indices and p(A,B) = 0, for A, B of the
same parity, and p(A,B) = 1, of different. For example, p(x+

i,n, x
−
j,k) = 1, p(x+

i,n, x
+
j,k) = 0,

p(ai,n, x
±
j,k) = 0. The sign functions sign(z) is defined as −1 if z < 0, and 1 if z > 0, and

we take it double valued at z = 0: sign(0) = {−1, 1}. We will further suppress (A,B) and
denote �(A,B) = � = �(N (A),N (B)). The commutator (2.1) introduced serves purely to
unify the notations for two types of commutators we use in what follows. Nevertheless, it
suggests a possible connection between Z2-graded vector spaces of superalgebras and Uq(Ĝ).

Let us introduce for κ = (α,m, β, η), 0 ≤ i, α, β ≤ κ; m, η, n, s ∈ Z, the following
elements:

Ei,n,s(κ) ≡ Ei,n,s(α,m, β, η) = x+
i,nK

m
α + x−i,sK

η
β . (2.3)

We see that the generators x+
i,n, x−i,s+1 in Ei,n,s(κ) are independently chosen and could

belong to two different grading subspaces of Uq(Ĝ). Then some further requirements on n,
s, k, r should be applied reflecting a Heisenberg family existence conditions.

Remark 2.1. In [11] we used Kp
ζ -deformed commutator in order to define a Heisenberg

family. In that form one has two types of its elements E±
i,n,s with γ±s multipliers in the second

term in (2.3). Here we extend the commutator to the form (2.1) and unify these elements. In
[11] and [12] we have chosen s = n, r = k, and therefore E±

n (m, η), E±
−k−1(l, θ) (in notations

of [12]) belonged to n and −k-th Uq(ŝl2) principal grading subspaces correspondingly.

Let us now introduce the following three cases of conditions on the parameters of
elements (2.3):

(1) ξ = α, δ = β, l = m, θ = η,

mBα,i = mBα,j = −η Bβ,i + 2pBζ,i, (2.4)

η(Bβ,j −Bβ,i) = 0;

(2) β = α, δ = ξ, η = m, θ = l,

mBα,j = l Bξ,i = pBζ,i; (2.5)
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(3) δ = α, θ = −m, ξ = β, l = −η,
2pBζ,i = m (Bα,j −Bα,i), (2.6)

mBα,j = −η Bβ,i,

η Bβ,j = −mBα,i.

We now formulate the following

Proposition 2.1. Let κ1 = (α,m, β, η), κ2 = (ξ, l, δ, θ), 0 ≤ i, j, α, β, ξ, δ, ζ ≤ κ; m, η,
l, θ, n, s, k, r, p ∈ Z, such that

n− r = s− k. (2.7)

Then the elements of the family

{Ei,n,s+1(κ1), Ej,−k−1,−r(κ2)}, (2.8)

are subject to the commutation relations

[Ei,n,s+1(κ1), Ej,−k−1,−r(κ2)]γ�Kp
ζ

= 0, n �= r, (2.9)

when either of the conditions (2.4)–(2.6) is satisfied. When in addition for some p± ∈ Z,

and every 0 ≤ t ≤ κ, one has

±Bi,t +mBα,t + θ Bδ,t + p±Bζ,t = 0, (2.10)

with the identifications from (2.4)–(2.6) substituted into (2.10), then

[Ei,n,s+1(κ1), Ej,−s−1,−n(κ2)]
γ�K

p±
ζ

= δi,jci,n,s, (2.11)

where

c+i,n,s =
qmBα,i−p+Bζ,i

qi − q−1
i

[γ2nKm
α K

θ
δ − γ2s+2Kη

β K
l
ξ]KiK

p+

ζ , (2.12)

c−i,n,s =
qmBα,i−p−Bζ,i

qi − q−1
i

[γ−2s−2Kη
βK

l
ξ − γ−2nKm

α K
θ
δ ]K−1

i K
p−
ζ , (2.13)

are elements that belong to the center Z(Uq(Ĝ)) of Uq(Ĝ) (where it is assumed that identi-
fication of indices and powers in (2.12), (2.13) is made according to (2.4)–(2.6)).

Remark 2.2. Two types of central elements (2.12), (2.13) is due to the double-valued form
of the sign-function chosen. When t = i in (2.10), then one has

±Bi,i + (2p + p±)Bζ,i = 0.

In the case j = i, in (2.6) the condition p = 0, or Bζ,i = 0.

Definition 2.1. We call a subset (2.8) of Uq(Ĝ)-elements with all appropriate 0 ≤ i, α, β,
ξ, δ, ζ ≤ κ; n, s, k, r, m, l, θ, η, p, p± ∈ Z, satisfiying the commutation relations (2.9) and
(2.11), the general Heisenberg family.
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Remark 2.3. When � = 0 and p = 0, (2.9), (2.11) reduce to ordinary commutativity
conditions. Elements satisfying (2.9) represent a version of γ�Kp

ζ -commutative subalgebra
in Uq(Ĝ) in an arbitrary grading. When m, l, θ, η, p are zero (and therefore the conditions
(2.4)–(2.6) trivialize), then corresponding elements of a Heisenberg family {Ei,n,s(κ);n, s ∈
Z} form a version of a Heisenberg subalgebra with respect to γ�- and γ�K

p±
ζ -deformed

commutators (2.9) and (2.11).

Remark 2.4. One could also form a Heisenberg-type subalgebra using generators of Uq(Ĝ)
with respect to ordinary commutator bracket so that the result of commutation would give
zero but in this case the center element for n = k is missing.

Proof. We check the commutation relations (2.9) and (2.11). Using the commutation rela-
tions (A.1) we obtain

[Ei,n,s+1(κ1), Ej,−k−1,−r(κ2)]γ�Kp
ζ

= γ�(n,r)(qmBα,j−pBζ,jx+
i,nx

−
j,−r − q−θBδ,i+pBζ,ix−j,−rx

+
i,n)Km

α Kθ
δ K

p
ζ

+ γ�(k,s)(q−ηBβ,j+pBζ,jx−i,s+1x
+
j,−k−1 − qlBξ,i−pBζ,ix+

j,−k−1x
−
i,s+1)K

η
β K

l
ξ K

p
ζ

+ (qmBα,j+pBζ,jx+
i,nx

+
j,−k−1 − qlBξ,i+pBζ,ix+

j,−k−1x
+
i,n)Km

α K l
ξ K

p
ζ

+ (q−ηBβ,j−pBζ,jx−i,s+1x
−
j,−r − q−θBδ,i−pBζ,ix−j,−rx

−
i,s+1)K

η
β K

θ
δ K

p
ζ .

Suppose m, η, l, θ, p, α, β, ξ, δ, ζ are such that

mBα,j − pBζ,j = −θ Bδ,i + pBζ,i = pBζ,j − η Bβ,j = l Bξ,i − pBζ,i,

mBα,j + pBζ,j = l Bξ,i + pBζ,i, η Bβ,i + pBζ,j = θ Bδ,i + pBζ,i.
(2.14)

Then the commutator results in

[Ei,n,s+1(κ1), Ej,−k−1,−r(κ2)]γ�Kp
ζ

= δi,j
qmBα,i−pBζ,i

qi − q−1
i

[γ�(n,r)(γ1/2(n+r)ψi,n−r − γ−1/2(n+r)φi,n−r)Km
α Kθ

δ K
p
ζ

−γ�(k,s)(γ1/2(s+k+2)ψi,s−k − γ−1/2(s+k+2)φi,s−k)K
η
β K

l
ξ K

p
ζ ]. (2.15)

We see that for j �= i, the commutation relations (2.9) are fulfilled when (2.4)–(2.6) are
satisfied. Using the system (2.14) we infer in particular that p(Bζ,j − Bζ,i) = 0. When
Bζ,j = Bζ,i, one has

mBα,j + θ Bδ,i = 2pBζ,i,

mBα,j = l Bξ,i, (2.16)

η Bβ,j = θ Bδ,i.
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In each case of the conditions given by the first lines of (2.4)–(2.6) the monomes Km
α Kθ

δ ,
Kη

β K
l
ξ, are equal.

Suppose now n < r, and s < k according to the condition n−r = s−k. Then �(n, r) = r,
�(k, s) = s+ 1. Since for n < r, ψi,n−r = 0, the remaining terms containing φi,n−r cancels,
and we obtain (2.9). Similarly, for n > r, s > k, �(n, r) = −r, �(k, s) = −s − 1, and
φi,n−r = 0, the terms containing ψi,n−r cancels, and (2.9) follows. Substitution of equality
conditions for the monomes Km

α Kθ
δ and Kη

β K
l
ξ into (2.16) leads to (2.4)–(2.6). When β = α,

ξ = δ, and η = m, θ = l, then from (2.16) we obtain (2.5). In this case elements of a
Heisenberg family have the form

Ei,n,s+1(α,m,α,m) = (x+
i,n + x−i,s+1)K

m
α ,

Ej,−k−1,−r(ξ, l, ξ, l) = (x+
j,−k−1 + x−j,−r)K

l
ξ .

Using (2.5) we conclude that when m = l = 0, it follows that p = 0. From (2.10) one sees
that Bi,t, 0 ≤ t ≤ t, and elements (2.17) of a Heisenberg family satisfy to the commutation
relations of a Heisenberg subalgebra, while according to the commutation rules (A.1), Uq(Ĝ)
has U(Ĝ) as a limit. Thus it is essential that m and p be nonzero.

Now suppose ξ = α, δ = β, and l = m, θ = η. Then from (2.16) we obtain (2.4). Thus,

Ei,n,s+1(α,m, β, η) = x+
i,nK

m
α + x−i,s+1K

η
β ,

Ej,−k−1,−r(α,m, β, η) = x+
j,−k−1K

m
α + x−j,−rK

η
β .

Suppose m = 0, then it follows that η Bβ,i = 2pBζ,i. When in addition η = 0, then
pBζ,i = 0. Thus either p = 0, and from (2.10) we see that a Heisenberg family commutation
relations degenerate to a Heisenberg subalgebra ones for Uq(Ĝ), or Bζ,i = 0. Now suppose
that η = 0, then from (2.4) we obtain mBα,i = mBα,j = 2pBζ,i. Therefore for p = 0,
the Heisenberg family degenerates for both m = 0 and partially (with Bα,i = Bα,j = 0)
degenerates for m �= 0.

Finally, when δ = α, and θ = −m, while ξ = β and l = −η, (2.6) follows from (2.16). A
Heisenberg family therefore are

Ei,n,s+1(α,m, β, η) = x+
i,nK

m
α + x−i,s+1K

η
β ,

Ej,−k−1,−r(β,−η, α,−m) = x+
j,−k−1K

−η
β + x−j,−rK

−m
α .

Suppose m = 0, then η Bβ,i = η Bβ,j = 2pBζ,i = 0. When either η = 0 or p = 0, the
Heisenberg family degenerates into Heisenberg subalgebra for U(Ĝ).

Due to the commutation relations (A.1) the monome K±1
i Km

α Kθ
δ K

p
ζ is central when

for all 0 ≤ t ≤ κ, and some p± ∈ Z, one has (2.10). Then the commutation relations (2.15)
result in (2.12) and (2.13). �

Remark 2.5. Note that due to the commutation relations (A.1) of a pair of generators
x+

i1,n, x−i2,s+1 (or x+
j1,−k, x

−
j2,−k), and the structure of a Heisenberg family elements (2.8)

there is no much sense to consider pairs of non-equal i1, i2, and j1, j2, since the delta-index
δi,j in the commutation relations restricts this choice.
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2.2. Series of Heisenberg family elements

As in the case of ordinary algebras Ĝ, one can form commuting series of elements with
commutation relations similar to Heisenberg ones. The commutator (2.15) shows that the
elements of a Heisenberg family reproduce generators φn for n < 0, and ψn for n > 0 as
a result of Kp

ζ -deformed commutations. One might mentioned that the commutator (2.1)
actually encodes two commutators with different values of power of the central element γ
according to mutual values of indices for a pair of particular Heisenberg family elements. In
this subsection we give certain formulae for γ�Kp

ζ –deformed commutators of the form (2.1)
which will be useful in construction of deformed vertex operators associated to Heisenberg
families. For a Heisenberg family element Ei,n,s+1(κ1), with some fixed n, s, m, η ∈ Z, 0 ≤ i,
α, β ≤ κ, κ = rank Ĝ, we define (by analogy with conformal field theory notations [7]) a
formal series in a complex variable z, for r − k = n− s = µ, (see (2.7))

Aj(µ, κ2, z) =
∑
m∈Z

Ej,m+l−1,m(κ2)z−m−µ, (2.17)

where m = −µ−k. We call µ the weight of a Heisenberg algebra element Ei,n,s+1(κ1). Since
µ is the same for all elements in the sum (2.17), we call µ the weight of the vertex operators
Aj(µ, κ2, z), 1 ≤ j ≤ κ. If one of the conditions (2.4)–(2.6) is satisfied we then have from
(2.9) for any 1 ≤ i, j ≤ κ, and all suitable κ2,

Aj(µ, z) =
∑

m∈Z;κ2

Ej,m+l−1,m(κ2)z−m−µ, (2.18)

[Ei,n,s+1(κ1), Aj(µ, z)]γ�Kp
ζ

= 0, (2.19)

for some fixed ζ, p. Note that for p = p±, and when the condition (2.10) is fulfilled, one has

[Ei,n,s+1(κ1), Aj(µ, z)]γ�K
p±
ζ

= δi,jci,n,s. (2.20)

Summing over all appropriate κ1 Heisenberg family elements Ei,n,s+1(κ1) multiplied by
appropriate powers of another formal complex variable w, we obtain operators Ai(µ,w),
1 ≤ i ≤ κ,

Ai(µ,w) =
∑

n∈Z;κ1

Ei,n,n−µ+1(κ1, )w−n−1

=
∑

s∈Z;κ1

Ei,s+µ,s+1(κ1)w−s−µ−1. (2.21)

Then one can apply the locality condition [7] for some appropriate pairs (κ1, κ2) andN � 0,

(w − z)N [Ai(µ,w), Aj(µ, z)]γ�Kp
ζ

= 0, (2.22)

When the condition (2.10) is satisfied we obtain a vertex operator representation of a
Heisenberg family in the form

(w − z)N [Ai(l, w), Aj(l, z)]γ�Kp
ζ

= δi,jci,n,s. (2.23)
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One can also consider a sum over all 1 ≤ j ≤ κ, and all values of r, k ∈ Z for fixed µ = r−k,

B(µ, z) =
κ∑

i=1;r,k∈Z

µ=fixed

Ai(µ, z). (2.24)

Either (2.22)–(2.23) or (2.24) can be used in a construction of a γ�Kp
ζ –deformed integrable

models with an infinite number of commuting (modulo center in the original quantized
universal enveloping algebra) values (vertex operators).

3. Example: Uq(ŝl2) Arbitrary Grading Subspace Heisenberg Families

In [11] we have introduced a Heisenberg family associated to the principal grading of Uq(ŝl2)
(see [9] for discussion of gradings). In this section we will generalize that result for the
case when pairs of generators in elements of a Heisenberg family belong to two arbitrary
subspaces in a chosen Uq(ŝl2) grading. This example will help us to understand the general
case of Uq(Ĝ). With n, s, k, r, m, η, l, θ ∈ Z, a Heisenberg family elements are the following:

En,s+1(m, η) = x+
nK

m + x−s+1K
η,

E−k−1,−r(l, θ) = x+
−k−1K

l + x−−rK
θ.

(3.1)

We see that ±-generators in each of two pairs x+
n , x−s+1 and x+

−k−1, x
−
−r are chosen inde-

pendently and could belong to various grading subspaces. In [11] we have chosen s = n,
r = k, and therefore E±

n (m, η), E±
−k−1(l, θ) (in notations of [11]) belonged to n and −k

grading subspaces correspondingly in the principal grading of Uq(ŝl2). Let p, m ∈ Z, l = m,
θ = η = −m− 2p. Then the for n− r = s− k family of elements

{Ep,n,s+1(m), Ep,−k−1,−r(m)},

where Ep,n,s+1(m) ≡ En,s+1(m,−m−2p), Ep,−k−1,−r(m) ≡ E−k−1,−r(m,−m−2p), we have
denoted in (3.1) are subject to the commutation relations with k ∈ Z,

[Ep,n,s+1(m), Ep,−k−1,−r(m)]γ�Kp = 0, n �= r,

[E±1,n,s+1(m), E±1,−s−1,−n(m)]γ�K∓1 = c±n,s(m),

where

c+n,s(m) =
q−2(m−1)

q − q−1
[γ2n − γ2s+2],

c−n,s(m) =
q−2(m+1)

q − q−1
[−γ−2n + γ−2s−2],

belong to the center Z(Uq(ŝl2)) of Uq(ŝl2) (with respect to ordinary (non-deformed) com-
mutator). Note that the resulting center element is K0-commutative with elements of a
Heisenberg family described above.
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4. Conclusions

In this paper, we give explicit construction for a Heisenberg family elements with commuta-
tion relation with respect to γ�Kp

ζ -deformed commutator defined in Uq(Ĝ) with an arbitrary
grading. Families of elements we introduce can find applications in deformed vertex alge-
bras and integrable models. This will be a topic of a further paper. The idea to introduce
an analogue of Uq(Ĝ) Heisenberg subalgebra was inspired by their multiple applications in
mathematical physics. One of our aims was to generalize some of the constructions of the
paper [3] where the quantum principal commutative subalgebra in Uq(ŝl2) associated to the
principal grading of ŝl2 was found. Similarly to [3] we use Kp

ζ -deformed commutators (which
for p = 1 can be seen quite similar to q-deformed commutators in [3]). Our construction of
Heisenberg families includes in particular families of commutative elements of Uq(Ĝ).

Appendix: Drinfeld Realization of Uq(Ĝ)

Let (kij), i, j ≤ 0, . . . , r, be the symmetrizable Cartan matrix of an untwisted affine Kac–
Moody algebra Ĝ of rank κ. Let di be relatively prime positive integers such that (di kij) is
a symmetric matrix.

Recall the second Drinfeld realization [1, 2, 4] of the quantized universal enveloping
algebra Uq(Ĝ). It is an associative algebra over a field K (e.g., C(q)) (we assume that q is a
generic complex number, i.e., not a root of unity) generated by the elements

{γ± 1
2 ,Ki, ai,k, k ∈ Z/{0}, x±i,n, 1 ≤ i ≤ κ, n ∈ Z\{0}},

subject to the commutation relations, n, k, l ∈ Z, 1 ≤ i, j ≤ κ:

[γ±1/2, ai,k] = [γ±1/2, x±i,n] = [γ±1/2,Ki] = [Kj , ai,k] = [Ki,Kj ] = 0,

Kix
±
j,nK

−1
i = q±Bi,jx±j,n,

[ai,k, aj,l] = δk,−l
[kBi,j ]i
k

γk − γ−k

qj − q−1
j

,

[ai,k, x
±
j,n] = ± [kBi,j]i

k
γ∓

|k|
2 x±j,k+n,

[x+
i,n, x

−
j,l] =

δi,j

qi − q−1
i

(γ
1
2
(n−l)ψi,n+l − γ−

1
2
(n−l)φi,n+l),

(A.1)

x±i,n+1x
±
j,l − q±Bi,jx±j,lx

±
i,n+1 = q±Bi,jx±i,nx

±
j,l+1 − x±j,l+1x

±
i,n. (A.2)

For i �= j, n0 = 1 − kij ,

Symk1,k2,...,kn0

1−Bi,j∑
r=0

(−1)r
[n0

r

]
i
x±i,k1

· · · x±i,kr
x±j,lx

±
i,kr+1

· · · x±j,kn0
= 0,

where the symmetrization is assumed with respect to the indices {k1, . . . , kn0}, and sym-
metric bilinear form defined by Bi,j = (αi, αj) = dikij , where {αi} , 0 ≤ i ≤ κ, is the basis
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of the root lattice of Ĝ. In (A.1) we denote

[x]i =
qx
i − q−x

i

qi − q−1
i

,

where qi = qdi , and x ∈ C. Elements φi,m, ψi,−m, 1 ≤ i ≤ κ, m ∈ Z, are related to elements
ai,l, l ∈ Z\{0}, by means of the expressions

+∞∑
n=0

ψi,nz
−n = Ki exp

(
(qi − q−1

i )
+∞∑
l=1

ai,lz
−l

)
,

+∞∑
n=0

φi,−nz
n = K−1

i exp

(
−(qi − q−1

i )
+∞∑
l=1

ai,−lz
l

)
.

(A.3)

Thus one has ψi,n = 0, n < 0, φi,n = 0, n > 0. In contrast to [1, 2] we use a different
identification of Uq(Ĝ) Chevalley generators ei, fi, ti, with generators Ki, x±j,n, γ, assuming
(instead of relations (A.2)) that [x±i,n, x

±
i,l] = 0, 1 ≤ i, j ≤ κ, n, l ∈ Z.
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