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A new type of the nonisospectral KP equation with self-consistent sources is constructed by using
the source generation procedure. A new feature of the obtained nonisospectral system is that we
allow y-dependence of the arbitrary constants in the determinantal solution for the nonisospectral
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1. Introduction

Since the discovery of soliton, the soliton equations have been used to describe various
nonlinear phenomena in many fields of natural science, such as the plasma physics, fluid
dynamics, biology and so on [1, 2]. For example, the Kadomtsev–Petviashvili (KP) equa-
tion, a two-dimensional generalization of the well-known KdV equation, can model several
significant situations such as ones arising from the plasma [3]. Recently, the nonisospectral
KP equation have attracted much research attention [4–7]. The nonisospectral KP equation
provide a description of surface waves in a more realistic situation than the KP equation
itself. The nonisospectral KP equation can also describe the waves in a certain type of
nonuniform media.
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In this paper, we consider soliton equations with self-consistent sources, because soli-
ton equations with self-consistent sources are an important class of integrable equations.
Physically, the sources can result in solitary waves moving with a nonconstant velocity and
therefore lead to a variety of dynamics of physical models. For applications, these kinds
of systems are usually used to describe interaction between different solitary waves. One
typical example is the KP equation with self-consistent sources [8]. Many methods have
been developed to solve soliton equations with self-consistent sources, such as the inverse
scattering transform [9], Darboux transformation [10–12], Hirota bilinear method [13–16],
source generation procedure [17–19] and so on.

Very recently, Hu and Wang have proposed the source generation procedure to sys-
tematically construct and solve soliton equations with self-consistent sources [17, 18]. The
source generation procedure consists of three steps:

(1) express N-soliton solutions of a soliton equation without sources in the form of deter-
minant or Pfaffian with some arbitrary constants;

(2) construct corresponding determinant or Pfaffian with arbitrary functions of one
variable;

(3) seek coupled bilinear equations whose solutions are just these generalized determinants
or Pfaffians.

It is noted that the success of step (3) heavily depends on the suitable choice of arbitrary
functions involved in step (2). Some soliton equations with self-consistent sources found by
the source generation procedure require time dependence of the arbitrary constants appear-
ing in the determinantal or Pfaffian solutions for the equations without sources. For example,
we have constructed the following nonisospectral KP equation with self-consistent sources
(KPESCS) by allowing time dependence of the arbitrary constants in the determinantal
solution for the nonisospectral KP equation [20].

4ut + y(uxxx + 6uux + 3∂−1
x uyy) + 2xuy + 4∂−1

x uy +
K∑

j=1

(ΦjΨj)x = 0, (1)

Φj,y = Φj,xx + uΦj , j = 1, 2, . . . ,K, (2)

Ψj,y = −Ψj,xx − uΨj, j = 1, 2, . . . ,K, (3)

The purpose of this paper is to apply the source generation procedure to the
nonisospectral KP equation by allowing y-dependence of the arbitrary constants appear-
ing in the determinantal or Pfaffian solutions for the nonisospectral KP equation. Conse-
quently, a new type of the nonisospectral KPESCS is produced, which is quite different
from the nonisospectral KPESCS (1)–(3). In order to further show integrability of the
novel nonisospectral KPESCS, we propose a bilinear Bäcklund transformation for the new
nonisospectral KPESCS.

This paper is organized as follows. In Sec. 2, a new type of nonisospectral KP equation
with self-consistent sources is constructed via the source generation procedure by allowing
y-dependence of the arbitrary constants appearing in the determinantal solutions for the
nonisospectral KP equation. In Sec. 3, we present a bilinear Bäcklund transformation for
the novel nonisospectral KPESCS. Finally, some conclusions and discussions are given.
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2. New Type of Nonisospectral KP Equation with Self-Consistent Sources

In this section, we will apply the source generation procedure to the nonisospectral KP equa-
tion by allowing y-dependence of the arbitrary constants appearing in the determinantal
solutions for the nonisospectral KP equation.

The nonisospectral KP equaiton can be written as [21]

4ut + y(uxxx + 6uux + 3∂−1
x uyy) + 2xuy + 4∂−1

x uy = 0. (4)

Its Lax pair is

φy = φxx + 2uφ, (5a)

φt = y

[
φxxx + 3uφx +

3
2
(∂−1

x uy + ux)φ
]

+
1
2
x(φxx + 2uφ) +

1
2
φx +

1
2
(∂−1

x u)φ. (5b)

Through the dependent variable transformation

u = 2(ln τ)xx,

Equation (4) can be transformed into the bilinear form

4DxDtτ · τ + y(D4
xτ · τ + 3D2

yτ · τ) + 2xDxDyτ · τ + 4τyτ = 0, (6)

where the well-known Hirota bilinear operator D is defined by [22]

Dl
xD

m
y D

n
t a · b = (∂x − ∂x′)l(∂y − ∂y′)m(∂t − ∂t′)na(x, y, t)b(x′, y′, t′)|x′=x,y′=y,t′=t.

The nonisospectral KP equation (6) has the following Grammian determinant
solution [5]:

τ = det
(
βij +

∫ x

−∞
fif̃jdx

)
1≤i,j≤N

, βij = constant, (7)

where fi and f̃j satisfy the following differential equations

fi,y = fi,xx, f̃j,y = −f̃j,xx, (8a)

fi,t = −yfi,xxx − 1
2
xfi,xx − 1

2
fi,x, (8b)

f̃j,t = −yf̃j,xxx +
1
2
xf̃j,xx +

1
2
f̃j,x. (8c)

In order to construct new type of nonisospectral KPESCS, according to the source
generation procedure, we generalize τ into the following new function:

f = det(aij)1≤i,j≤N = (1, 2, . . . , N,N∗, . . . , 2∗, 1∗) = (•), (9)

where Pfaffian elements are defined by

(i, j∗) = aij = βij(y) +
∫ x

−∞
fif̃jdx, (i, j) = (i∗, j∗) = 0, i, j = 1, 2, . . . , N,
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with each function βij(y) satisfying

βij(y) ≡
{
βi(y), i = j and 1 ≤ i ≤M ≤ N, M,N ∈ Z+

βij , otherwise,

where βi(y) is a function of the variable y. Then we get the following formulae through
derivative formulae of Pfaffian:

fy = (d0, d
∗
1, •) − (d1, d

∗
0, •) +

M∑
i=1

ki, (10)

fyy = (d3, d
∗
0, •) − (d1, d

∗
2, •) + (d0, d

∗
3, •) − (d2, d

∗
1, •) + 2(d0, d

∗
0, d1, d

∗
1, •)

+
M∑
i=1

ki,y +
M∑
i=1

βi(y)[(d0, d
∗
1, 1, . . . , î, . . . , N,N

∗, . . . , î∗, . . . , 1∗)

−(d1, d
∗
0, 1, . . . , î, . . . , N,N

∗, . . . , î∗, . . . , 1∗)], (11)

where the function ki is defined by

ki = β̇i(y)(1, . . . , î, . . . , N,N∗, . . . , î∗, . . . , 1∗), i = 1, 2, . . . ,M, (12)

new Pfaffian elements are defined by

(d∗n, i) =
∂n

∂xn
fi, (dm, d

∗
n) = 0, (d∗m, d

∗
n) = 0, (dm, dn) = 0,

(dn, j
∗) =

∂n

∂xn
f̃j, (d∗m, i

∗) = 0, (dn, i) = 0, m, n ∈ Z,

where ˆ indicates deletion of the letter under it, and the dot denotes the derivative of the
function βi(y) with respect to the variable y. By a direct computation, we find the function f
will not satisfy Eq. (6) again. Therefore, we need to introduce other new functions defined by

gi =
√
β̇i(y)(d∗0, 1, . . . , N,N

∗, . . . , î∗, . . . , 1∗), i = 1, 2, . . . ,M, (13)

hi =
√
β̇i(y)(d0, 1, . . . , î, . . . , N,N∗, . . . , 1∗), i = 1, 2, . . . ,M, (14)

Pi =
β

′′
i (y)

2
√
β̇i(y)

(d∗0, 1, . . . , N,N
∗, . . . , î∗, . . . , 1∗)

+
√
β̇i(y)

[ ∑
1≤i<j≤M

β̇i(y)(d∗0, 1, . . . , ĵ, . . . , N,N
∗, . . . , ĵ∗, . . . , î∗, . . . , 1∗)

−
∑

1≤j<i≤M

β̇i(y)(d∗0, 1, . . . , ĵ, . . . , N,N
∗, . . . , î∗, . . . , ĵ∗, . . . , 1∗)

]
, (15)
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Qi =
β

′′
i (y)

2
√
β̇i(y)

(d0, 1, . . . , î, . . . , N,N∗, . . . , 1∗)

+
√
β̇i(y)

[ ∑
1≤i<j≤M

β̇i(y)(d0, 1, . . . , î, . . . , ĵ, . . . , N,N∗, . . . , ĵ∗, . . . , 1∗)

−
∑

1≤j<i≤M

β̇i(y)(d0, 1, . . . , ĵ, . . . , î, . . . , N,N∗, . . . , ĵ∗, . . . , 1∗)

]
, (16)

where ′′ denotes the second-order derivative of the function βi(y).
We can show that the above new functions satisfy the following new bilinear equations:

4DxDtf · f + y(D4
xf · f + 3D2

yf · f) + 2xDxDyf · f + 4fyf

= 6y
M∑
i=1

(Dyki · f −Dxgi · hi) − 4x
M∑
i=1

gihi + 4

(
M∑
i=1

ki

)
f, (17)

Dxki · f + gihi = 0, (18)

(Dy −D2
x)gi · f = Pif − gi


 M∑

j=1

kj


 , (19)

(Dy −D2
x)f · hj = hi


 M∑

j=1

kj


− fQi, (20)

4Dtgi · f + y(D3
xgi · f + 3DxDygi · f) + 2xDygi · f

= 3y


Dx


Pi · f − gi ·


 M∑

j=1

kj






+ 2x


Pif − gi


 M∑

j=1

kj




 , (21)

4Dtf · hi + y(D3
xf · hi + 3DxDyf · hi) + 2xDyf · hi

= 3y


Dx




 M∑

j=1

kj


 · hi − f ·Qi




− 2x


fQi − hi


 M∑

j=1

kj




 . (22)

In the following, we prove that those new functions so-defined are solutions of
Eqs. (17)–(22). First, we calculate the following derivative formulae:

f = (1, 2, . . . , N,N∗, . . . , 2∗, 1∗) ≡ (•), fx = (d0, d
∗
0, •), (23a)

fxx = (d0, d
∗
1, •) + (d1, d

∗
0, •), fxxx = (d0, d

∗
2, •) + (d2, d

∗
0, •) + 2(d1, d

∗
1, •), (23b)

fxxxx = (d3, d
∗
0, •) + 3(d2, d

∗
1, •) + 2(d0, d

∗
0, d1, d

∗
1, •) + 3(d1, d

∗
2, •) + (d0, d

∗
3, •), (23c)
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fyx = (d0, d
∗
2, •) − (d2, d

∗
0, •) +

M∑
i=1

β̇i(y)(d0, d
∗
0, 1, . . . , î, . . . , N,N

∗, . . . , î∗, . . . , 1∗) (24a)

ft = −y[(d0, d
∗
2, •) − (d1, d

∗
1, •) + (d2, d

∗
0, •)] −

1
2
x[(d0, d

∗
1, •) − (d1, d

∗
0, •)], (24b)

ftx = −y[(d0, d
∗
3, •) − (d0, d

∗
0, d1, d

∗
1, •) + (d3, d

∗
0, •)] −

1
2
x[(d0, d

∗
2, •) − (d2, d

∗
0, •)]

−1
2
[(d0, d

∗
1, •) − (d1, d

∗
0, •)], (24c)

gi,x =
√
β̇i(y)(d∗1, 1, . . . , N,N

∗, . . . , î∗, . . . , 1∗), (25a)

gi,xx =
√
β̇i(y)[(d∗2, 1, . . . , N,N

∗, . . . , î∗, . . . , 1∗)

+ (d0, d
∗
0, d

∗
1, 1, . . . , N,N

∗, . . . , î∗, . . . , 1∗)], (25b)

gi,y = Pi +
√
β̇i(y)[(d∗2, 1, . . . , N,N

∗, . . . , î∗, . . . , 1∗)

− (d0, d
∗
0, d

∗
1, 1, . . . , N,N

∗, . . . , î∗, . . . , 1∗)]. (25c)

gi,xy = Pix +
√
β̇i(y)[(d∗3, 1, . . . , N,N

∗, . . . , î∗, . . . , 1∗)

− (d1, d
∗
0, d

∗
1, 1, . . . , N,N

∗, . . . , î∗, . . . , 1∗)]. (25d)

gi,t = −y
√
β̇i(y)[(d∗3, 1, . . . , N,N

∗, . . . , î∗, . . . , 1∗)

+ (d1, d
∗
0, d

∗
1, 1, . . . , N,N

∗, . . . , î∗, . . . , 1∗)

− (d0, d
∗
0, d

∗
2, 1, . . . , N,N

∗, . . . , î∗, . . . , 1∗)]

−1
2
x

√
β̇i(y)[(d∗2, 1, . . . , N,N

∗, . . . , î∗, . . . , 1∗)

− (d0, d
∗
0, d

∗
1, 1, . . . , N,N

∗, . . . , î∗, . . . , 1∗)], (25e)

gi,xxx =
√
β̇i(y)[(d∗3, 1, . . . , N,N

∗, . . . , î∗, . . . , 1∗)

+ 2(d0, d
∗
0, d

∗
2, 1, . . . , N,N

∗, . . . , î∗, . . . , 1∗)

+ (d1, d
∗
0, d

∗
1, 1, . . . , N,N

∗, . . . , î∗, . . . , 1∗)]. (25f)

Substituting (9)–(11), (13) and (14) into Eq. (17) yields the sum of the determinant
identities

24y[(d0, d
∗
0, d1, d

∗
1, •)(•) − (d0, d

∗
0, •)(d1, d

∗
1, •) + (d0, d

∗
1, •)(d1, d

∗
0, •)]

+ 6y
M∑
i=1

β̇i(y)[(d0, d
∗
1, 1, . . . , î, . . . , N,N

∗, . . . , î∗, . . . , 1∗)(•)

− (1, . . . , î, . . . , N,N∗, . . . , î∗, . . . , 1∗)(d0, d
∗
1, •)
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+ (d∗1, 1, . . . , N,N
∗, . . . , î∗, . . . , 1∗)(d0, 1, . . . , î, . . . , N,N∗, . . . , 1∗)

− (d1, d
∗
0, 1, . . . , î, . . . , N,N

∗, . . . , î∗, . . . , 1∗)(•)
+ (1, . . . , î, . . . , N,N∗, . . . , î∗, . . . , 1∗)(d1, d

∗
0, •)

− (d∗0, 1, . . . , N,N
∗, . . . , î∗, . . . , 1∗)(d1, 1, . . . , î, . . . , N,N∗, . . . , 1∗)]

+ 4x
M∑
i=1

β̇i(y)[(d0, d
∗
0, 1, . . . , î, . . . , N,N

∗, . . . , î∗, . . . , 1∗)(•)

− (1, . . . , î, . . . , N,N∗, . . . , î∗, . . . , 1∗)(d0, d
∗
0, •)

+ (d∗0, 1, . . . , N,N
∗, . . . , î∗, . . . , 1∗)(d0, 1, . . . , î, . . . , N,N∗, . . . , 1∗)] = 0,

which indicates that Eq. (17) holds. In the same way, substitution of (9), (12)–(14) into
(18) leads to the Jacobi identity of determinants

β̇i(y)[(d0, d
∗
0, 1, . . . , î, . . . , N,N

∗, . . . , î∗, . . . , 1∗)(•)
− (1, . . . , î, . . . , N,N∗, . . . , î∗, . . . , 1∗)(d0, d

∗
0, •)

+ (d∗0, 1, . . . , N,N
∗, . . . , î∗, . . . , 1∗)(d0, 1, . . . , î, . . . , N,N∗, . . . , 1∗)] = 0,

then Eq. (18) holds. Substituting (23) and (25) into Eq. (19), we get the following determi-
nant identity

2
√
β̇i(y)[−(d0, d

∗
0, d

∗
1, 1, . . . , N,N

∗, . . . , î∗, . . . , 1∗)(•)
+ (d∗1, 1, . . . , N,N

∗, . . . , î∗, . . . , 1∗)(d0, d
∗
0, •)

− (d∗0, 1, . . . , N,N
∗, . . . , î∗, . . . , 1∗)(d0, d

∗
1, •)] = 0,

so Eq. (19) holds. Similarly, substitution of (9), (13), (15) and (23)–(25) into (21) leads to
the determinant identity

6y
√
β̇i(y)[(d0, d

∗
0, d

∗
2, 1, . . . , N,N

∗, . . . , î∗, . . . , 1∗)(•)
− (d∗2, 1, . . . , N,N

∗, . . . , î∗, . . . , 1∗)(d0, d
∗
0, •)

+ (d∗0, 1, . . . , N,N
∗, . . . , î∗, . . . , 1∗)(d0, d

∗
2, •)

− (d1, d
∗
0, d

∗
1, 1, . . . , N,N

∗, . . . , î∗, . . . , 1∗)(•)
+ (d∗1, 1, . . . , N,N

∗, . . . , î∗, . . . , 1∗)(d1, d
∗
0, •)

− (d∗0, 1, . . . , N,N
∗, . . . , î∗, . . . , 1∗)(d1, d

∗
1, •)] = 0,

then Eq. (21) holds. In the same way, we can prove that new functions in (9), (12) and
(13)–(16) are determinant solutions of bilinear Eqs. (17)–(22). And Eqs. (17)–(22) just
constitute a new type of nonisospectral KPESCS in the bilinear forms.
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Using the dependent variable transformations

u = 2(ln f)xx, ψi = gi/f, ϕi = hi/f, i = 1, 2, . . . ,M, (26a)

χi = ki/f, φ1,i = Pi/f, φ2,i = Qi/f, i = 1, 2, . . . ,M, (26b)

the bilinear equations (17)–(22) are transformed into the following nonlinear nonisospectral
equations

4ut + y

(
uxxx + 6uux + 3

∫ x

−∞
uyydx

)
+ 2xuy + 4

∫ x

−∞
uydx

= 6y
M∑
i=1

(χi,y + ϕi,xψi − ϕiψi,x)x − 4x
M∑
i=1

(ϕiψi)x + 4
M∑
i=1

χi,x, (27a)

χi,x + ϕiψi = 0, (27b)

ψi,y = ψi,xx + uψi + φ1,i − ψi

M∑
j=1

χj , (27c)

ϕi,y = −ϕi,xx − uϕi + φ2,i − ϕi

M∑
j=1

χj , (27d)

4ψi,t + y

(
ψi,xxx + 3uψi,x + 3ψi,xy + 3ψi

∫ x

−∞
uydx

)
+ 2xψi,y

= 3y


φ1,i,x −

M∑
j=1

(ψi,xχj − ψiχj,x)


+ 2x


φ1,i − ψi

M∑
j=1

χj


 , (27e)

4ϕi,t + y

(
ϕi,xxx + 3uϕi,x − 3ϕi,xy − 3ϕi

∫ x

−∞
uydx

)
− 2xϕi,y

= 3y


−φ2,i,x −

M∑
j=1

(ϕi,xχj − ϕiχj,x)


 − 2x


φ2,i − ϕi

M∑
j=1

χj


 . (27f)

Equations (27) can be further simplified into the following nonlinear nonisospectral
equations:

4ut + y

(
uxxx + 6uux + 3

∫ x

−∞
uyydx

)
+ 2xuy + 4

∫ x

−∞
uydx

= 6y
M∑
i=1

[ϕi,xxψi − ϕiψi,xx − (ϕiψi)y] − 4x
M∑
i=1

(ϕiψi)x − 4
M∑
i=1

ϕiψi, (28a)
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4ψi,t + y

(
4ψi,xxx + 6uψi,x + 3uxψi + 3ψi

∫ x

−∞
uydx

)
+ 2xψi,y

= −6yψi


 M∑

j=1

ϕjψj


+ 2x(ψi,y − ψi,xx − uψi), (28b)

4ϕi,t + y

(
4ϕi,xxx + 6uϕi,x + 3uxϕi − 3ϕi

∫ x

−∞
uydx

)
− 2xϕi,y

= 6yϕi


 M∑

j=1

ϕjψj


− 2x(ϕi,y + ϕi,xx + uϕi), (28c)

which is new type of the nonisospectral KPESCS.
Utilizing expressions (9), (12)–(16) and relation (26), we can give theN -soliton (N ≥M)

solution of the new type of nonisospectral KPESCS (28).
For example, when N = 1,M = 1, we take

β1(y) =
e2α(y)

m+ n
, m, n ∈ R,

f1 = eξ = ep(t)x+p2(t)y−l(t), f̃1 = eη = eq(t)x−q2(t)y+γ(t),

pt(t) = −1
2
p2(t), qt(t) =

1
2
q2(t), p(t) =

2
2c1 + t

, q(t) =
2

2c2 − t
,

l(t) = c3 + ln(2c1 + t), γ(t) = c4 + ln(2c2 − t), c1, c2, c3, c4 ∈ R,

where α(y) is an arbitrary function of the variable y, p(t), q(t), l(t) and γ(t) are four
arbitrary functions of the variable t. Then, the 1-soliton solution can be expressed in the
following forms.

u = 2
∂2

∂x2
ln
(

1 +
m+ n

p(t) + q(t)
eξ+η−2α(y)

)
, ψ =

√
2(m+ n)α̇(y)eξ−α(y)

1 +
m+ n

p(t) + q(t)
eξ+η−2α(y)

,

ϕ =

√
2(m+ n)α̇(y)eη−α(y)

1 +
m+ n

p(t) + q(t)
eξ+η−2α(y)

,

when N = 2,M = 2, we take

βi(y) =
e2αi(y)

mi + ni
, mi, ni ∈ R, β12 = β21 = 0, i = 1, 2,

fi = eξi = epi(t)x+p2
i (t)y−li(t), f̃i = eηi = eqi(t)x−q2

i (t)y+γi(t), i = 1, 2,

pi,t(t) = −1
2
p2

i (t), qi,t(t) =
1
2
q2i (t), i = 1, 2,

pi(t) =
2

2c1i + t
, qi(t) =

2
2c2i − t

, c1i, c2i ∈ R, i = 1, 2,

li(t) = c3i + ln(2c1i + t), γi(t) = c4i + ln(2c2i − t), c3i, c4i ∈ R.
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Then the 2-soliton solution of the system (28) has the following form:

u = 2
∂2

∂x2
ln
[
1 +A1e

ξ1+η1−2α1(y) +A2e
ξ2+η2−2α2(y) +A3e

ξ1+η1+ξ2+η2−2α1(y)−2α2(y)
]
,

ψ1 =

√
2(m1 + n1)α̇1(y)eξ1−α1(y)(1 + a1e

ξ2+η2−2α2(y))
1 +A1eξ1+η1−2α1(y) +A2eξ2+η2−2α2(y) +A3eξ1+η1+ξ2+η2−2α1(y)−2α2(y)

,

ψ2 = −
√

2(m2 + n2)α̇2(y)eξ2−α2(y)(1 + a2e
ξ1+η1−2α1(y))

1 +A1eξ1+η1−2α1(y) +A2eξ2+η2−2α2(y) +A3eξ1+η1+ξ2+η2−2α1(y)−2α2(y)
,

ϕ1 =

√
2(m1 + n1)α̇1(y)eη1−α1(y)(1 + b1e

ξ2+η2−2α2(y))
1 +A1eξ1+η1−2α1(y) +A2eξ2+η2−2α2(y) +A3eξ1+η1+ξ2+η2−2α1(y)−2α2(y)

,

ϕ2 = −
√

2(m2 + n2)α̇2(y)eη2−α2(y)(1 + b2e
ξ1+η1−2α1(y))

1 +A1eξ1+η1−2α1(y) +A2eξ2+η2−2α2(y) +A3eξ1+η1+ξ2+η2−2α1(y)−2α2(y)
,

where

A1 =
m1 + n1

p1(t) + q1(t)
, A2 =

m2 + n2

p2(t) + q2(t)
, A3 = − (m1 + n1)(m2 + n2)

(p1(t) + q2(t))(p2(t) + q1(t))
,

a1 =
(m2 + n2)(p1(t) − p2(t))

(p1(t) + q2(t))(p2(t) + q2(t))
, a2 =

(m1 + n1)(p2(t) − p1(t))
(p1(t) + q1(t))(p2(t) + q1(t))

,

b1 =
(m2 + n2)(q1(t) − q2(t))

(p2(t) + q2(t))(p2(t) + q1(t))
, b2 =

(m1 + n1)(q2(t) − q1(t))
(p1(t) + q1(t))(p1(t) + q2(t))

.

From the expressions of the above solutions, we can find these solutions of new non-
isospectral KPESCS (28) include arbitrary function of the spatial variable y, which are
different from the solutions of previous nonisospectral KPESCS (1)–(3) which are related
to arbitrary functions of the temporal variable t.

3. The Bilinear Bäcklund Transformation

In this section, we will present a bilinear Bäcklund transformation for the new type of
nonisospectral KPESCS (17)–(22).

Proposition 1. The bilinear nonisospectral KPESCS (17)–(22) has the following bilinear
Bäcklund transformation

(4Dt + yD3
x − 3yDxDy + 2xDy − 4Dx)f · f ′ = −3y

M∑
i=1

Dxgi · h′i − 2x
M∑
i=1

gih
′
i, (29)

(4Dt + yD3
x − 3yDxDy − 2xD2

x)gi · g′i = −3yDx(Pi · g′i − gi · P ′
i ), (30)

(4Dt + yD3
x − 3yDxDy − 2xD2

x)hi · h′i = −3yDx(Qi · g′i − gi ·Q′
i), (31)
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(Dy +D2
x)f · f ′ = −

M∑
i=1

gih
′
i, (32)

(Dy +D2
x)gi · g′i = Pig

′
i − giP

′
i , (33)

(Dy +D2
x)hi · h′i = Qig

′
i − giQ

′
i, (34)

(4Dt + yD3
x)gi · f ′ − 3yD2

xf · g′i = 0, (35)

(4Dt + yD3
x)f · h′i − 3yD2

xhi · f ′ = 0, (36)

Dxgi · h′i −Dxki · f ′ +Dxf · k′i = 0. (37)

fk′i − kif
′ = gih

′
i, (38)

Dxgi · f ′ + fg′i = 0, (39)

Dxf · h′i + f ′hi = 0. (40)

Proof. Let (f, gi, hi, ki, Pi, Qi) be a solution of Eqs. (17)–(22) and (f ′, g′i, h
′
i, k

′
i, P

′
i , Q

′
i) sat-

isfies relations (29)–(40). What we need to prove is that (f ′, g′i, h
′
i, k

′
i, P

′
i , Q

′
i) is also a solution

of Eqs. (17)–(22). In fact, through relations (29)–(40) and the bilinear operator identities
in Appendix A, we have

P1 =

[
4DxDtf · f + y(D4

xf · f + 3D2
yf · f) + 2xDxDyf · f + 4fyf

− 6y
M∑
i=1

(Dyki · f −Dxgi · hi) + 4x
M∑
i=1

gihi − 4

(
M∑
i=1

ki

)
f

]
(f ′)2

− f2

[
4DxDtf

′ · f ′ + y(D4
xf

′ · f ′ + 3D2
yf

′ · f ′) + 2xDxDyf
′ · f ′ + 4f ′yf

′

− 6y
M∑
i=1

(Dyk
′
i · f ′ −Dxg

′
i · h′i) + 4x

M∑
i=1

g′ih
′
i − 4

(
M∑
i=1

k′i

)
f ′
]

= 8Dx(Dtf · f ′) · ff ′ + 2yDx(D3
xf · f ′) · ff ′ − 6yDx(D2

xf · f ′) · (Dxf · f ′)

+ 6yDy(Dyf · f ′) · ff ′ − 6yDy

M∑
i=1

(kif
′ − fk′i) · ff ′

+ 6y
M∑
i=1

Dx(gif
′ · hif

′ − fg′i · fh′i)

+ 4xDx(Dyf · f ′) · ff ′ + 4x
M∑
i=1

Dx(gih
′
i) · ff ′

+ 4ff ′(Dyf · f ′) + 4ff ′
M∑
i=1

(k′if − f ′ki)
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= 2Dx[(4Dt + yD3
x)f · f ′] · ff ′ − 6yDx(D2

xf · f ′) · (Dxf · f ′)

− 6yDy(D2
xf · f ′) · ff ′ + 6y

M∑
i=1

Dx(gif
′ · hif

′ − fg′i · fh′i)

+ 4xDx(Dyf · f ′) · ff ′ + 4x
M∑
i=1

Dx(gih
′
i) · ff ′

+ 4ff ′(Dyf · f ′) + 4ff ′
M∑
i=1

(k′if − f ′ki)

= −6y
M∑
i=1

Dx[(Dxf · h′i) · gif
′ + (Dxgi · f ′) · fh′i]

+ 6y
M∑
i=1

Dx(gif
′ · hif

′ − fg′i · fh′i) ≡ 0.

P2,i = (Dxki · f + gihi)(f ′)2 − f2(Dxk
′
i · f ′ + g′ih

′
i)

= Dx(kif
′ − fk′i) · ff ′ + gihi(f ′)2 − f2g′ih

′
i

= −Dx(gih
′
i) · ff ′ + gihi(f ′)2 − f2g′ih

′
i

= gif
′(Dxf · h′i + hif) − (Dxgi · f ′ + fg′i)fh

′
i ≡ 0.

P3,i =

[
(Dy −D2

x)gi · f − Pif + gi


 M∑

j=1

kj



]
g′if

′

− gif

[
(Dy −D2

x)g′i · f ′ − P ′
if

′ + g′i


 M∑

j=1

k′j


]

= [(Dy +D2
x)gi · g′i]ff ′ − gig

′
i[(Dy +D2

x)f · f ′] + gig
′
i


 M∑

j=1

kj


 f ′

− 2Dx(Dxgi · f ′) · fg′i − Pig
′
iff

′ + P ′
igiff

′ − gifg
′
i


 M∑

j=1

k′j




= [(Dy +D2
x)gi · g′i − Pig

′
i + P ′

igi]ff ′ − gig
′
i[(Dy +D2

x)f · f ′ +
M∑

j=1

(fk′j − kjf
′)] ≡ 0.

The above results indicate that (f ′, g′i, h
′
i, k

′
i, P

′
i , Q

′
i) satisfies Eqs. (17)–(19). Similarly,

we can show that (f ′, g′i, h
′
i, k

′
i, P

′
i , Q

′
i) satisfies Eqs. (20)–(22). So, (f ′, g′i, h

′
i, k

′
i, P

′
i , Q

′
i)

is a solution of new type of nonisospectral KPESCS (17)–(22). Thus, we complete the
proof.
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4. Conclusions and Discussions

In this paper, we have obtained a new type of nonisospectral KPESCS and its Grammian
determinant solutions. Moreover, we gave 1-soliton solution and 2-soliton solution for the
novel nonisospectral KPESCS. Furthermore, a bilinear Bäcklund transformation for the
new type of nonisospectral KPESCS is presented. If we set each arbitrary function βi(y) a
constant, the new nonisospectral KPESCS is reduced to the nonisospectral KP equation,
and its determinant solutions (9) and (12)–(16) are transformed into the solution of the
nonisospectral KP equation.
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Appendix A. Hirota’s Bilinear Operator Identities

The following bilinear operator identities hold for arbitrary functions a, b, a′, b′, c and d.

(Dza · b)cd− ab(Dzc · d) = (Dza · c)bd − ac(Dzb · d); (A.1)

(D2
za · b)cd− ab(D2

zc · d) = Dz[(Dza · d)cb− ad(Dzc · b)]; (A.2)

Dx(DxDya · b) · ab = Dy(D2
xa · b) · ab−Dx(Dya · b) · (Dxa · b); (A.3)

(DxDta · a)b2 − a2(DxDtb · b) = 2Dt(Dxa · b) · ba = 2Dx(Dta · b) · ba; (A.4)

(D4
xa · a)b2 − a2(D4

xb · b) = 2Dx(D3
xa · b) · ba− 6Dx(D2

xa · b) · (Dxa · b); (A.5)

(D3
xa · b)a′b′ − ab(D3

xa
′ · b′) − 3(D2

xa · b)(Dxa
′ · b′) + 3(Dxa · b)(D2

xa
′ · b′)

= (D3
xa · a′)bb′ − aa′(D3

xb · b′) − 3(D2
xa · a′)(Dxb · b′) + 3(Dxa · a′)(D2

xb · b′); (A.6)

Dx[(Dya · b) · cd+ (Dyc · d) · ab] = Dy[(Dxa · d) · cb− ad(Dxc · b)]; (A.7)

Dx[(Dya · b) · cd+ (Dyc · d) · ab] + (DxDya · b) · cd− (DxDyc · d) · ab
= (Dxa · b)(Dyc · d) − (Dya · b)(Dxc · d) +Dy[(Dxa · d) · cb. (A.8)
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