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The classification of simple finite dimensional modular Lie algebras over algebraically closed fields
of characteristic p > 3 (described by the generalized Kostrikin-Shafarevich conjecture) being com-
pleted due to Block, Wilson, Premet and Strade (with contributions from other researchers) the
next major classification problems are those of simple finite dimensional modular Lie algebras over
fields of characteristic 3 and 2. For the latter, the Kochetkov—Leites conjecture involved classi-
fication of Lie superalgebras and their inhomogeneous with respect to parity subalgebras, called
Volichenko algebras.

In characteristic 2, we consider the result of application of the functor forgetting the super-
structure to the simple serial vectorial Lie algebras known to us and their Volichenko subalgebras.
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1. Introduction

Hereafter K is an algebraically closed field of characteristic 2 unless specified otherwise.
Let i x a denote a semidirect sum of algebras with i an ideal. For less known notions and
definitions, see Appendices.

1.1. History: Main steps

(1) In the 1930s, the topologists started to consider Lie algebras and Lie superalgebras over
fields in characteristic p > 0, a.k.a. modular Lie (super)algebras. The simple modular Lie
algebras drew attention (over finite fields K) as a byproduct of classification of simple finite
groups.

The classical works of Lie, Killing and Cartan completed classification over C of simple
Lie algebras of the following types:

those of finite dimension, and of certain infinite dimensional ones

(1.1)

(namely, of Lie algebras of polynomial vector fields).

(1s) Lie superalgebras, even simple ones and even over C or R, did not interest math-
ematicians much until the 1970s, when physicists observed their (outstanding) usefulness,
but still the modular Lie superalgebras were of hardly any interest to researchers until
recently.

(2) Since 1930s, mathematicians kept discovering more and more new examples of sim-
ple modular Lie algebras until Kostrikin and Shafarevich ([18]) formulated, for p > 7, a
conjecture (KSh-conjecture) embracing all previously found examples; it turned out to be
true not only for p > 7 but for p = 7 as well.

Having built upon ca 30 years of work of several teams of researchers, and having
added new ideas, Block, Wilson, Premet and Strade proved the generalized KSh-conjecture,
see [29, 28, 1]. Moreover, they embraced the case of p = 5, where new type of examples
(Melikyan algebras) appear.

Observe that if p > 0, then only the Lie algebras with p-structure (restricted® Lie
algebras) correspond to algebraic groups, and hence are directly related to geometry, see
Deligne’s comments in [22]. The geometry corresponding to non-restricted Lie algebras is
more vague.

For p = 2, the notion of restrictedness is more involved and has several versions, see [19].

(3) In 1970s, Leites observed that, since [z, 2] = 222 € U(g) for any odd element x € g in
any Lie superalgebra, the element [z, 2] € g vanishes if p = 2. His original idea to obtain new
simple Lie algebras from simple Lie superalgebras by means of the functor F' forgetting the
superstructure does not always work, but sometimes it does with some amendments (like
taking an ideal or the quotient modulo center, see [17, 3]).

In the talk [17], Kochetkov and Leites considered what can one obtain from some of
the exceptional vectorial Lie superalgebras recently found by Shchepochkina [30]. At that
time, the complete classification of the simple vectorial Lie superalgebras, though implicitly
announced by using the term “exceptional”, was not obtained or definitely announced;

ARecall that for p > 2, a given Lie algebra g is said to be restricted if (adx)P is an inner derivation for any
X eg.
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this was done in Boston, at the conference in honor of Buchsbaum, in 1996, see [26] (for an
account from another point of view, see [16] with corrections in [8, 9] and references therein).

In [17], another ingredient vital for classification of Lie algebras for p = 2 was introduced:
A Volichenko algebra vg is defined as a subspace of a Lie superalgebra g inhomogeneous
with respect to parity but closed under the bracket of the ambient Lie superalgebra g.
More precisely, we may speak about the bracket if p # 2, otherwise we have to deal with
squaring (and bracketing, if the even part, gy, of g is not generated by the odd one, g7).
Whatever the characteristic, the Volichenko algebras are new objects, neither Lie algebras
nor Lie superalgebras. When — for p = 2 — we forget the superstructure of the ambient Lie
superalgebra (i.e., pass from the squaring to the bracket) Volichenko subalgebras become
Lie subalgebras.

(4) In [30, 31, 26|, the simple infinite dimensional vectorial Lie superalgebras over C are
classified. One of the main troubles this classification caused to the researcher — how to list
all incompressible Z-gradings of a given vectorial algebras — does not bother us anymore:
For the KSh-procedure it suffices to consider the simple vectorial Lie (super)algebras as
abstract ones.

(5) In [25], corrected (and clarified a bit) in [24], the simple Volichenko subalgebras of
the simple serial vectorial Lie algebras over C are listed. Conjecturally, Volichenko algebras
are related to particles more general than Fermi and Bose particles.

Open problem 1: List simple Volichenko subalgebras in the simple modular analogs of
vectorial Lie superalgebras. For the exceptional simple vectorial Lie superalgebras this is
not done even for p = 0.

(6) A somewhat overoptimistic KL-conjecture describing simple Lie algebras over K for
p = 2 was formulated in [17] together with an example associated with the modular version
of one of the exceptional simple vectorial Lie superalgebras. For an amendment of the
KL-conjecture that added other ingredients, see [23]. In addition to the Open problem 1,
the tedious task:

Open problem 2: investigate the results of taking simple Volichenko
subalgebras of the simple serial vectorial Lie superalgebras and application (1.2)
of the functor forgetting the super structure to the ambient superalgebra

had never been tackled so far.

(7) In [3], a new phenomenon was observed that does not exist for p # 2: If the rules for
constructing Lie algebras and Lie superalgebras from the generators can be formulated with-
out involving the parities of generators (e.g., for Lie (super)algebras with Cartan matrix,
such is construction in terms of their Chevalley generators), then we can — if p = 2 —
change parities of any number of even positive generators of a given Lie algebra by odd
ones, accordingly change parities of the negative generators, and obtain several “almost
simple” Lie superalgebras g from a given F'(g). This phenomenon is observed in [3] where
pe(n) and oop(n|n) are obtained from or1(2n) and several types of Lie superalgebras are
obtained from each of the exceptional Lie algebras ¢(6), ¢(7), or ¢(8).

This phenomenon describes the (partial) application of the inverse of the functor for-
getting the superstructure.
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Open problem 3: Describe the Lie (super)algebras obtained by partial application of the
functor I’ to the vectorial Lie superalgebras.

1.2. Our strategic goal and tactical results

The strategic goal for many years ahead is to construct examples of simple Lie algebras and
superalgebras in characteristic 2.

In this paper, we tackle a part of Problem 2: Confine ourselves to the modular analogs®
of serial simple vectorial Lie (super)algebras similar to those known over C and consider
the results of application of the functor F' to these Lie superalgebras and their Volichenko
subalgebras. We only consider the Volichenko subalgebras obtained by means of the simplest
(if there are several) elements (such as z = Jp, in Table 1.3.3).

Observe that for p = 2, we do not have a chance to get a new simple Lie algebra from
any of the serial vectorial Lie superalgebras by forgetting the superstructure except for by,
and 5?1, the Cartan prolong with gg of the series svect and in these cases we do get new
examples.

We can, however, hope to get a new simple Lie algebra from Volichenko subalgebra of
any of the vectorial Lie superalgebra. For the serial Lie superalgebras considered in this
paper this does not happen but may happen for the other series and the exceptional cases.

1.2.1. Notation

Hereafter p = 2 unless otherwise stated. In any expression, we use t to imply that ¢ is to be
removed from the expression. For instance,

Ty A Db Ty = o b T F T e T

(1) Definition of Lie superalgebras for p = 2. Let us define a Lie superalgebra for
p = 2 as a superspace g = g5 b g7 such that gg is a Lie algebra, g7 is a gg-module (made
into the two-sided one by symmetry; more exactly, by anti-symmetry, but if p = 2, it is the
same) and on g a squaring (roughly speaking, the halved bracket) is defined

x> x?  such that (ax)? = a?? for any z € gy and a € K, and

1.
(x +1y)? — 22 — y? is a bilinear form on gy with values in gg. (1.3)

(We use a minus sign, so the definition also works for p # 2.) The origin of this operation is
as follows: For any Lie superalgebra for p # 2 and for any odd element x € g7, the universal

enveloping algebra U(g) contains the element 22 = z -z, which is equal to the even element

%[l‘, x] € gg. It is desirable to keep this operation for the case of p = 2, but, since it cannot

be defined in the same way, we define it separately and define the bracket of odd elements
to be (this equation is valid for p # 2 as well):

[z,y] = (x +y)* —2° — " (1.4)

Tt often happens that the Lie (super)algebras uniformly described as preserving a tensor can have different
dimension and lose/gain property being simple or have central extension as the characteristic p varies. The
orthogonal Lie algebras and their Cartan prolongs are most graphic examples.



Simple Vectorial Lie Algebras in Characteristic 2 315

We also assume that

if x,y € gy, then [z,y] is the bracket on the Lie algebra,

if x € g and y € g1, then [z,y] := l.(y) = —[y, 2] = —7r(y), where [ and r are the left
and right gg-actions on gi, respectively.

The Jacobi identity for one even and two odd elements now has the following form:
[2?,y] = [z, [x,y]] for any z € g1, y € go. (1.5)
The Jacobi for three odd elements now becomes
[2%,9] = [z,[z,y]] for any z,y € g7. (1.6)
If K # Z/27, we can replace the last condition by a simpler one:
[,2°] =0 for any = € gj. (1.7)

Because of the squaring, the definition of derived algebras should be modified. For any
Lie superalgebra g, set (g(® := g)

oW = [g,8] + Span{g?[g € g7}, oV = [g@,0D] + Span{¢®|g € g} (1.8)
For any Volichenko algebra vg, denote
vgM := Span{[v, w] | v, w € vg}.

(2) Analogs of polynomials. The polynomial algebra in n indeterminates C[z]| has
several bases over Z. In addition to the monomial basis, there is one consisting of divided
powers

u{") = (1.9)
with multiplication rule

b
ul(-a)ul(.b) = <a + >u§a+b), ul(-a)ugb) = u§b)u§a) for any 1, j.
a
Accordingly, we get — over any field K — a family of analogs of the polynomial algebra
denoted by

O(n; N) := K[u; N] := Spang (u™ | r; < p™i for the shearing vector N), (1.10)

where v = (u1,...,up), ¥ = (r1,...,m,) € Z%, and N = (Ni,...,N,) € N". Observe
that only one of these numerous algebras of divided powers are indeed generated by the

indeterminates declared: The one for which N = N, where N, = (1,...,1) is the simplest
(P*1)

value of N. Otherwise, in addition to the u;, we have to add u;
that 1 < k; < N; to the list of generators.

(3) Vectorial Lie algebras and superalgebras. Since any derivation D of a given

for all 7 and all k; such

algebra is determined by the values of D on the generators, we see that the Lie algebra
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oer(O(n; IV)) of all derivations of O(n; N) has more than n functional parameters (coeffi-
cients of the analogs of partial derivatives) if N; # 1 for at least one i. The distinguished®
partial derivatives are defined by the formula

8z(u§k)) = 5iju§-k_1) for all k£ < pNj.

The Lie algebra of all derivations der(O(n; N)) turns out to be not so interesting as its Lie
subalgebra of its distinguished derivations denoted by (W is in honor of Witt who was the
first to study this modular Lie algebra)

vect(n; N) or W(n;N) or
(1.11)
Oeryir Klu; N| = Spang (u"d, | r; < p™Vi for i < n)

called the general vectorial Lie algebra.
The supercommutative superalgebra O(n; N|m) and the Lie superalgebra vect(n; N|m)
of its distinguished derivations are naturally defined:

Let m,n be non-negative integers. The algebra K[n|m] is the supercommutative super-
(a)
i

x; = z; for © = 1,2,...,n and by the odd indeterminates y; := 2z,4; for j = 1,2,... ,m.

algebra generated over K by the divided powers z;"/, where a € N of even indeterminates
In other words, K[n|m] = O(n; N|m), where N = (o0, ...,00). Since the odd indetermi-
nates can be equal to 0 or 1, the shearing parameter [N can only affect the powers of even
indeterminates.
For 1 < i < n, let 9; denote the even partial derivation with respect to the indeterminate
x;; likewise, for 1 < j < m, let n; denote the odd partial derivation with respect to y;.
The Lie superalgebra vect(n; N|m) consists of distinguished derivations

o = Z ©;0; + Z in;, where ;,1; € Kn; N|m].

1<i<n 1<j<m

Lie subalgebras of vect(n; N|m) are called the (general) vectorial Lie superalgebras.
For any ® € vect(n; N|m) and a bisequence I = {i1,... 4 | ji,...,Jq}, where 1 <i; <n
and 1 < j5; < m, let

of — {ad&-l -+-ady, ady, ---ady, (®) for any non-empty I,

d otherwise.

(4) On vectorial Lie superalgebras, there are two analogs of trace. More pre-
cisely, there are traces and their Cartan prolongations, called divergencies.

The straightforward analogs of the trace are the ones that vanish on g*) (often denoted
by ¢ if p = 0); the number of linearly independent traces is equal to codim g(l), these traces
(or supertraces if g is a Lie superalgebra) can be even or odd. Obviously, each trace is
defined up to a nonzero scalar factor selected ad [ib.

Let now g be a vectorial Lie superalgebra considered with a Weisfeiler filtration (for the
definition, see [26]) and the associated grading (g = @g;); let tr be a (super)trace on go,

®These derivatives are sometimes called special which is unfortunate in view of the fact that the Lie
(super)algebra of divergence-free vector field is called special, and hence all its elements are special.
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where gg is the space of vector fields of degree 0 in g. The divergence div: g — F is an
adg_,-invariant prolongation of the trace:

0;(divD) = div[0;, D] for all 9; € g_1;
divlg, = tr;
divlg_, =0.
Strictly speaking divergences are not traces but for vectorial Lie (super)algebras they
embody the idea of the trace (as we understand it) better than the traces. We denote
the special (divergence free) subalgebra of a vectorial algebra g by sg, e.g., svect(n|m). If

there are several traces on gg, there are several types of special subalgebras of g and we
need a different name for each.

1.2.2. The (generalized) Cartan prolongation

Let g— = ©_4<i<—1 gi be a nilpotent Z-graded Lie algebra and gg C dergg_ a Lie subalgebra
of the Lie algebra of Z-grading-preserving derivations. Let DS* be the operation of rising
to the kth divided symmetric power and DS" := @, DS*; we set

i: DSM (g Y ®g. — DS*(g ) ®g" @g_;

. k * k * * (112)
j: DS*(g-)* @ go — DS*(g-)" @ g~ @g-
be the natural maps. For k > 0, define the kth prolong of the pair (g_, go) to be:
g,y = (J(DS™(9-)" @ g0) N (DS (g-)" ® g-))p v » (1.13)

where the subscript & in the right-hand side singles out the component of degree k. Together
with O(n; N) all prolongs acquire one more — shearing — parameter: N. Superization is
immediate.

Set (g—, 00)« N = Di>_d gi N; then, as is easy to verify, (g, go)« is a Lie (super)algebra.
Provided go acts on g_; without kernel, (g_,go)«n is a subalgebra of vect(n; N|m) for
n|m = sdim g_ and some N.

1.2.2a. The serial vectorial Lie superalgebras as prolongs: Over C

Since we only need the vectorial Lie superalgebras considered as abstract, not realized by
vector fields, we may consider their simplest filtration. In the following tables we give the
first terms that determine the vectorial Lie superalgebras as Cartan prolongs.

The central element z € gg is supposed to be chosen so that it acts on gi as k - id. The
symbol id denotes not only the identity operator but the identity module over the matrix
Lie superalgebra.

Notation in Table 1.17. Let A(m) = C[&1,...,&n] be the Grassmann superalge-
bra generated by the &;, each of degree 0. We denote by Vol(0lm) : A(m)* the dual
vect(0|m)-module; as A(m)-module it is generated by vol(§) = 1*. The space of A-densities
is Vol*(0|m); as A(m)-module it is generated by vol*(¢) and the vect(0|m)-action is given



318 U. N. Iyer et al.

by the Leibniz rule

D(f(€)vol*(€)) = (D(£)(€)) + (—1)PPPEINF(£) div(D))vol*(€).

The deform by (n) of b(n) is a regrading of by(n;n) described as follows (for an explicit
form of My, see Appendix B). Set

bap(n) = {Mf cm(n) | adivMy = (—1)PP2(a - bn)%} . (1.14)

For future use, we will denote the operator that singles out by(n) in m(n) as follows:

di —(bn—aE)g—aA for)\—L and A = 62 (1.15)
A= or ’ ~ n(a—0b) - — 0q;0&; '
Taking into account the explicit form of the divergence of M; we get
of
bop(n) =My ecm(n) | (bn — aE)a—T =alAf
= {D € vect(nn + 1) | Lp(voll, .ad™"") = 0}. (1.16)

It is subject to a direct verification that b, (n) ~ by(n) for A = %. This isomorphism
shows that A actually runs over CP!, not C. Obviously, the Lie superalgebra b, (n) differs
from other members of the parametric family and should be considered separately.

Let g(alb) be the Lie superalgebra with given name g realized by vector fields on the
space of superdimension a|b and endowed with the standard grading (e.g., for vect the
degrees of all indeterminates are equal to 1; for the contact series the “time” is of degree 2).
The standard grading is taken as a point of reference for regradings g(a|b;r) governed by
the parameter r and denoting the number of odd indeterminates of degree 0.

\ N \ g \ g2 \ g1 \ go \
! Fcf:tr(:rLTzé) O,bn>lorm=0,n>2 B d=V gllnfm) = gl(V)
‘ 2 ‘ svect(n|m) for m,n # 1 ‘ - ‘ id~V ‘ gl(n|m) ~ sl(V) ‘
‘ 3 ‘ h(2n|m), where mn # 0, n > 1, ‘ - ‘ id ‘ osp(m|2n) ‘
| 4] £(2n + 1|m) for n > 1 | c | id~V | cosp(m|2n) ~ cosp(V) |
5 m(n) :=m(nln+1) forn > 1 I1(C) id~V cpe(n) =~ cpe(V)
6 | ba(nn+1;n)forn>1and A#£0 | — II(Vol*(0|n)) vect(0[n)
7 boo(n) I1(C) id spe(n)a.a
8 le(n) :=le(n|n) for n > 1 - id~V pe(n) ~ pe(V)
9 sle(n) := sle(n|n) for n > 1 - id~V spe(n) =~ spe(V)
10 sb,, (201 — 1]2n) - | e svect,, (0|n)

(1.17)



Simple Vectorial Lie Algebras in Characteristic 2 319

To understand the last line in Table (1.17), observe that in addition to the Z-graded vecto-
rial Lie algebras listed in the table, there are deformations that do not preserve gradings.
For example, Eévect#(om) is the subalgebra of vect(O|n) preserving the volume element
(1 + p&y -+ &r)vol(€), where p(u) = n (mod 2), so p can be an odd indeterminate. The
Lie superalgebras s/t;&u (0Jn) are isomorphic for nonzero p’s; and therefore so are the alge-
bras 5?)#(2"_1 —1]2771). So, for n even, we can set p = 1, whereas if p is odd, we should
consider it as an additional indeterminate on which the coefficients depend.

Some of the Lie superalgebras g in Table (1.17) are not simple, it is their quotients
modulo center or ideal of codimension 1 (the derived algebras g’) which is simple (such are
svect(1lm), h(0|m), by(n) for certain values of A, and sle(n)); certain particular values of
superdimension should be excluded (like (1|1) and (0|m), where m < 2, for the svect series;
(0lm), where m < 3, for the b’ series; etc.)

1.3. Forgetting the superstructure

Clearly,
if p = 2, any Lie superalgebra with the superstructure forgotten is a Lie algebra.

This construction applied to Lie superalgebras of the form g(A) with indecomposable Cartan
matrix (classified in [3]) produces Lie algebras of the form g(A) with indecomposable Cartan
matrix (classified in [35, 33]).

This construction applied to the known serial vectorial Lie superalgebras yields (see
Table 1.3.1) the following list of Lie algebras (not necessarily simple, but its simple sub-
quotient is derived by the routine procedure; here N is the vector N whose coordinates are
extended by an appropriate number of 1s).

Let F(B) be the result of application of the functor forgetting the superstructure to the
bilinear form B; denote by hp(a|b) the Hamiltonian Lie superalgebra — the Cartan prolong
of the ortho-orthogonal Lie superalgebra oop(a|b) preserving the form B, see [21, 13].

Partial forgetting the superstructure of vectorial Lie superalgebras and the
inverse operation. By changing parities of several indeterminates we can, for any k such
that 0 < k < 'm,

(1) from the Lie superalgebra vect(0|m) get the Lie superalgebra vect(k; N |m — k) for any
k such that 0 < k < m, in particular, get the Lie algebra vect(m; N ,|0);

(2) from the Lie algebra vect(m; N,) get vect(k; N |m — k), where N, is the vector of the
first k coordinates of N .

The same two procedures are applicable to subalgebras of these Lie (super)algebras.

1.3.1. Table. Lie algebras obtained from serial vectorial Lie superalgebras
and their names

This table introduces names of vectorial Lie (super)algebras for p = 2 analogous to those
over C, see (1.17). We skip the conditions for simplicity in both columns of the table.
Passing from C to K we may obtain new examples of simple Lie (super)algebras that
have no direct analogs in characteristic 0, but may lose something. It is OK if the lack
of an analog is because it just is so, but could be a result of ill understood situation: For
example, all members of the parametric family by(n|n + 1;7n) become isomorphic being



320 U. N. Iyer et al.

naively considered for p = 2 using the above definition (with divided powers instead of
polynomials). For a right definition, see Appendix C.

‘ Lie superalgebra g ‘ its name with superstructure forgotten

vect(m; N|n)
svect(m; N|n)

vect(m + n; N)
svect(m +n; N)

svect(0|n);

svect(n; )

£(2m + 1; N|2n)

8(2m 4 2n + 1; N)

t2m + 1;N[2n+ 1)

B(2m +2n + 1; N)

= (1.18)
hp(m; Nin) brs)(m +n; N)
m(n; N|n + 1) ¢(2n + 1; N)
bas(n; Nn + 1) hus(2n + 1; N)
le(n; N|n), b(2n; N)
sle(n; N|n), sh(2n; N)
sb, (2" — ; N|2n ) sb, (2" — L, N)

Observe that the Lie algebras h,p(2n + 1;N), sh(2n; N), and 5b,(2" — 1;N) are not
isomorphic to anything previously known.
1.3.2. Volichenko subalgebras of simple vectorial Lie algebras

It is shown in [25] that under certain, conjecturally? inessential hypothesis (the projection
of the Volichenko algebra to the even part of the ambient is onto), all simple Volichenko
subalgebras vg of simple Lie superalgebras g over C are of the form

vg, :={d+[d,z] | d € go}

for odd elements x such that z? = 0 (such elements are called homologic) and satisfying the
following condition (“ensuring non-triviality”). A homologic modulo center of g element x
is said to ensure non-triviality of the algebra vg, if

[[g()? .%'], [967 ZL‘H # 0, (119)
i.e., if there exist elements a,b € gg such that
(la, z], [b, 2]] # 0. (1.20)

The meaning of this notion is as follows. Let a,b € b, let a = a9+ a1 and b = by + by, where
ay = [ag, z], by = [bo, x] for some z € gi. Notice that, for any x homologic modulo center of
g, we have

[la1,b1],2] = 0. (1.21)
If (1.20) holds, we have

[a,b] = [ao, bo] + [a1, b1] + [ao, b1] + [a1, bo] = ([ao, bo] + la1, b1]) + [[ao, bo], ). (1.22)

dWe do not claim this conjecture for p = 2.
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It follows from (1.21) and (1.22) that if = is homologic modulo center, then b is closed under
the bracket of g; if this = does not ensure non-triviality, i.e., if [a;,b1] = 0 for all a,b € vg,,,
then vg, is just isomorphic to gg.

For a vector field D = ) f,.0, from vect(m|n) = derClz, 0], consider the nonstandard
(if m # 0) grading induced by the grading of C[z, 0] for which

deg ;=0 and degf; =1 foralliand j. (1.23)

Define the inverse order inv.ord(f,) of f, € C[z, 6] with respect to (1.23) as the least of the
degrees of monomials in the power series expansion of f,; for D = f,.0, € vect(m|n), set

inv.ord(D) := mininv.ord(f;,).

Lemma 1.1. (1) Let h C g be a simple vectorial Volichenko subalgebra realized as a subal-
gebra of a simple vectorial Lie superalgebra. Then, in the representation h = {a+ f(a) |
a € g5}, we have f = ad,, where x is homologic and inv.ord(x) = —1.

(2) Table 1.3.3 contains all, up to (Aut Go)-action, where Gy is the connected Lie group
with the Lie algebra go, homologic elements of the minimal inverse order in the vectorial
Lie superalgebras. (In particular, for svect(2n) there are none.)

1.3.3. Table. Homologic elements x ensuring non-triviality of Volichenko subalgebras
in simple vectorial Lie superalgebras g over C.

In this table, the 0; are odd indeterminates.

g x
vect(m|n), where mn # 0, n > 1 or m =
0, n>2;
svect(m|n) for m,n # 1; aiel
svect’(1|n), svect(0[2n), le(n), sle’(n) for
n>1
t(2m + 1|n), where n > 1 Ky,
h(2mn), where mn # 0, n > 1, 3%1 = Hp, and (1 = /—1)
and b’'(n) for n > 3 .

(n) 8%1 + Za% = Ho, +i0,
m(n) for n > 1; by(n) for A# 0, n > 1 M, and
(only for bx(2k)) Mite,. . 0.,

b(n),n>1 Leg,
svect(0)2n + 1), n > 1 8‘%1 and (14 t6s .. '92”+1)8871’ where t € C

(1.24)

1.4. The KSh-conjecture

For any p > 5, all simple finite dimensional restricted Lie algebras are obtained by one of
the following methods:

(1) For any simple Lie algebra of the form g(A) over C with Cartan matrix A normalized
so that A;; = 2 for each i, select a (unique up to signs) Chevalley Z-form gz; set

gk =gz @z K.



322 U. N. Iyer et al.

(2) For any simple infinite dimensional vectorial Lie algebra g over C (preserving, perhaps,
a tensor (volume, symplectic or contact form)), take for gx the analog of g consisting
of distinguished derivations of O(m; N,)), preserving the modular analog of the same
tensor.

These Lie algebras gk are simple (in some cases, up to the center and up to taking the
first or second derived algebra) and restricted.

The generalized KSh-conjecture. The described in KSh-conjecture Lie algebras gk
(with any N when applicable), together with their deformations® provide all simple finite
dimensional Lie algebras over algebraically closed fields if p > 5. If p = 5, we should add
Melikyan’s examples to this list.

For p < 5, the above KSh-procedure and Melikyan’s examples do not produce all simple
finite dimensional Lie algebras; there appear other examples and several old ones disappear,
see [12, 4].

The structure of the paper. In what follows, we will consider, section-wise, lines of
Table 1.3.1. For each simple vectorial Lie superalgebra, we find its Volichenko subalgebra
of the simplest type, investigate if simplicity of the ambient and the Volichenko subalgebra
remains after the superstructure is forgotten.

2. The Lie Superalgebra vect(n; N|m)

Theorem 2.1. (1) Letn =1,m = 0,N = (k). Then the graded Lie algebra vect(n; N|0) is
solvable.
(2) Let n=0,m = 1. Then the Lie superalgebra vect(0|1) is solvable.

(3) Let n+m > 1. Then the graded Lie superalgebra vect(n; N|m) is simple of superdimen-
sion (2ktFhntm=l(yy 4 p) | kit thatm=l( 4 n)),

Proof. (1) Then the Lie algebra vect(n; N|m) has a basis given by the set {Iga)81}0§a<2k
and the dimension of vect(n; N|m) is 2F. This Lie algebra is graded and solvable.

(2) vect(0[1) = Span{ny,y1m }, where Span{n;} is an abelian ideal. As (y111)% = y171,-..
(3) Let n+m > 1. The Lie superalgebra vect(n; N|m) is spanned by the set

{fOiYicn, ferinnim) U{IM1}j<m, rekimnnim]-
Further, vect(n; N|m) = &_1<i<r g¢, where r = m + Zign s; and
g+ = Span{ f0;, fn; | f is a monomial of degree t + 1}i<y,, j<m.

Thus, sdim vect(n; N|m) = (m + n) x sdim K[n; N|m].
Let Z be any nontrivial ideal of vect(n; N|m). Then applying appropriate number
of operators ady, or ad,; on Z, we get ZNg_1 # (). Hence, @®<,—19; C Z. Lastly, let

®Although in [22] there are given reasons why the conventional definition of the enveloping algebra should be
modified, and hence the definition of (co)homology, it seems that for the restricted Lie (super)algebras of the
form g(A) and their “relatives”, the infinitesimal deformations can be described in old terms of H?(g;g) if
p # 2, see [5] and [34]. On top of this, there might appear cases with the number of non-isomorphic deforms
different from dim H?(g; g); if p = 2, such cases (first thoroughly investigated by Kostrikin and Kuznetsov;
for details, see [10, 6]) are regular.
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O =z . a2y .. ym0;; then @ = [@,2;0;) € Tifn > 1,i# j, or = [®,y1m] € T if
m # 0. Similarly, z7* ... z5"y1 ... ymn; € Z. Hence the result. O

Example 2.2. Let E;; denote the (7, j)-elementary matrix. Then sl3(K) has the following
basis (to restore familiar formulas, recall that —1 =1 if p = 2):

hi=FEn+Ez» e =E;p e =FEp e3=FEp;,

hy = Es3+ Es  fi1=En fo=Esn [f3=_~Es;.

The Lie algebra vect(2; (1,1)|0) is isomorphic to sl3(K) and an isomorphism is given:

hi v 2101, e1— x12201, ez 01, e3> 2201,

ho v 1202, f1+— 0o, for> x12202, f3+— 210s.

2.1. The Volichenko algebra vvect(n; N|m) for m > 0

The Lie superalgebra vect(n; N|m) contains a Volichenko algebra,
voect(n; N|m) = {d + [n1,d] | d € vect(n; N|m)g}.

Theorem 2.3. (1) dimvvect(0|1) = 1.

(2) Forn+m >1 and any N = (k1,...,ky), the Volichenko algebra voect(n; N|m) has an
abelian ideal T of dimension 2F1+kntm=1 e have

voect(n; N|m)/Z ~ vect(n +m — 1; N), where N = | ky,... kn, 1,...,1
——
m—1 times
Proof. (1) vvect(0|1) = Span{(y; + 1)n }.
(2) Let n+m > 1 and fix N = (k1,...,kp). Let

T = {w € voect(n; N|m) | w(g +m(g)) = 0 for any g € K[n; N|m]g}.

Let w =", fo0,0; + Z]- fi,n; € Z. For g = x;, as w(g) = 0, we get fo; = 0 for every i such
that 1 < i < n. For any j such that 2 < j <m and g = y1y;, we see that w(g+ni(g)) =0
implies f1; = (y1 + 1)y; f1,1. Note that (y; +1)* = 1.

Let ® =n1+ (y1+ 1)yanz + - - - + (y1 + 1)YmWm- Note that ¢ ¢ vvect(n; N|m) as it is an
odd vector field. But our argument above shows that

=AU +m()y+ 1)@ | f € Kln; Nimlg}-

Note that (y; + 1)® is in the center of vvect(n; N|m). Hence, for any ¥ € vvect(n; N|m)
and (f +m1(f))(y1 +1)® € Z, we have

W, (f +m () + D] = U(f +m(f))p + )P .
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Thus, 7 is an ideal of vvect(n; N|m). Moreover, for any (f1+n1(f1))® and (fa+m(f2))® € Z,
we have

[(f1 +m(f1)®, (f2 + m(f2)®] = ©((f1 +m(f1))(f2 +m(f2)))® = 0.

Clearly, dimZ = dim K[n; N|m]s = 1 dimK[n; N|m]. Thus, dimZ = 2k -+ +kntm=1,
We now show that vvect(n; N|m)/Z ~ vect(n+m—1; N). Note that, in vvect(n; N|m)/Z,

every appearance of fn; can be replaced by Z;TLZQ (y1 + 1) fy;n;.
We let tq,...,tm4n—1 be the indeterminates and 0, ,...,d, ., , be the partial deriva-

tives used to define vect(n + m — 1; N ). Then we build the following correspondence:

tz(a) — :c(a), Oy +— 0; forany 1 <i<mn,

i

tivn = (1 + Dyiv1, O, = (y1+1nipn forany 1 <i<m— 1.

This gives a bijective map from vect(n +m — 1; N) to vvect(n; N|m)/Z which respects the
bracket operation. Hence the result. ]

3. The Special Vectorial Lie Superalgebra svect(n; IN|m)
Define the divergence of the vector field by setting

div(®) = Z 0i(pi) + Z (—1)p(wj)77j(wj) for any

1<i<n 1<j<m
d = Z ©;0; + Z pin; € vect(n; N|m).
1<i<n 1<j<m

The special or divergence-free Lie superalgebra is
svect(n; N|m) = {® € vect(n; N|m) | div(P) = 0}.

Notation: In this section, g denotes the Lie superalgebra svect(n; N|m).

Let sl(n|m) denote the Lie superalgebra of supertraceless matrices and V' denote
the space of the identity representation of sl(n|m). View sl(n|m) as a Lie subalgebra of
vect(n; N|m). Then g = (sl(n|m), V), n, the Cartan prolong. That is, consider the standard
Z-grading of vect(n; N|m) in which each indeterminate is of degree 1. Then the Cartan
prolong g« N := (g—1,80)« n or briefly g is the graded Lie superalgebra

g—1 = vect(n; N|m)_1,
g= '>@ 191‘, where ¢ gg = sl(n|m),
i>=
gr = {® € vect(n; Nim) | [g-1, P] € gr—1 for any r > 1}.

For every i such that 2 < i < n, let h; = 2101 + ;0;, and let t; = y1m + y;n; for every
1 < j < m. The vector space

h:= Span({hi}QSign U {tj}lgjgm ) {xlal + y1771})

is the maximal torus of sl(n|m); the vector field x10; + y1m1 does not exist if nm = 0.
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Theorem 3.1. (1) sdimsvect(1; (k)|0) = 1|0 and sdim svect(0|1) = 0|1. In general,

" 2kt thntm=l(py 4y — 1) 4 1 | 2kt thatm=l(m 4 n — 1)) for m even,
sdimg =
g 2kt thntm=l(y 4y 1) | 2t thatm=l(yy 4 1) +1)  for m odd.

Let
;=2 xi ey Y Oi for any 1 <i<n,
x5t athy ey . .
Hii, = 1 n " (24,05 + 2i,05,)  for any 1 < iy < iy < n,
i Lo
Dj; = (2:0; + y;m;) forany 1 <i<n,1<j<m,
Z;Y;
xsl...xs’ﬂyl...y . .
Tjjs = = = (Y iy + Yianyy)  for any 1< gy < ja < m.
y]lyjz
The set

{0, ®ihr<i<n U Ay, Wihi<jem{Hivio b1<i <ingn U{Dij ticnj<m U{Tj1j2 1< <jasm
generates g as a Lie superalgebra. Lastly, g = &!_ | g, where ¢ =m — 2 + Sy Si

(2) Let m =0,n =2, and N = (ki,k2).

(a) If k1 = ko = 1, the Lie algebra g is solvable.

(b) Let k1 = 1 or ko = 1 but ki + ko > 2; without loss of generality, let ky = 1 and
ko > 1. Then gV ; g and g has an abelian ideal, T, of dimension sy such that
the quotient g(l)/I contains a stmple Lie algebra of dimension also so.

() If m =0,n =2, N = (k1,ko) with ki > 1 and ky > 1, then g and gV are not
simple, but 9(2) is simple of dimension 2F1+k2 — 2,

(3) Let m =0,n > 2, and N = (k1,...,ky). Then the Lie algebra g is not simple, but g
is simple of dimension (2F1F+kn —1)(n —1).

(4) If n = 0 and m = 2, the Lie superalgebra g is solvable. If n = 0 and m > 2, the Lie
superalgebra g is not simple, but g(l) is simple and

(@™t —1)(m—1) 12" (m —1)) for m even,

sdim g(l) =
2™ tm—1) | (2™t =1)(m —1)) for m odd.
a) Forn=1,m =1, and N = (1), the Lie superalgebra g is solvable.
5 F 1 1 d N 1), the Li lgeb ] lvabl
orn=1m=1, and N = (k1), where k1 > 1, the Lie superalgebras g,g'"’ are not
b) F 1 1, and N = (ky), where ky > 1, the Li lgeb @)
simple. Further, gV has an abelian ideal, T, of superdimension (0|s1) such that the
quotient gV /T contains a simple Lie superalgebra of superdimension (s1|0).
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(¢) Let nm # 0,n +m > 2. The Lie superalgebra g is not simple, but g(l) is simple.

Further
((2k1+---+kn+m—l —1)(m+n-1)] 2k1+--~+kn+m—1(m +n—1))
) for m even,
sdim g\ =
(2krtothntm=l(y 4y 1) | (QkrEthatmel 1y 4y — 1))
for m odd.

Proof. (1) svect(1;(k)|0) = Span{0;} and svect(0|1) = Span{#n;}. In general, note that g
is the kernel of the linear map

div : vect(n; N|m) — K[n; N|m].

We see that the monomial of the highest degree,

S1 S

is not in the image of div. Every other monomial is in the image of div. That is,

N sdim vect(n; N|m) — (2Fit+kntm=1 _ 1 | gkit-kntm=1) " if 1y ig even.
sdimg =

sdim vect(n; N|m) — (2k+Fntm=1 | ghithntm=1 _ 1) if m is odd.
Hence the claim on the superdimension.

Note that div(®) = 0 can be obtained by getting div(®) = 2f for some polynomial
f € K[n; N|m|. Moreover,

0;(div(®)) = div([0;, ?]) and n;(div(®)) = div([n;, ®]).
Hence, the Lie superalgebra g is generated by the union
{0i}i<nU{n;}j<mU{divergence-free vector fields of highest degree}U{2f for monomials f}.

The vector fields ®; and ¥; for « < n and j < m are of the former kind, and those of the
latter kind are the H; ;,, D;j, T}, for 1 <iy <io <n,i<n,j<mand 1< j <js <m.
Lastly, note that H; ;,, D;j,T},j, € 9q-

(2a) For m =0, n =2, and N = (1,1). We have

g = Span{0y, 0o, ¥102, 2201, hy = 1101 + 2205},
gV = Span{dy, 9, ha},
g = Span{di, 2} is abelian.

(2b) For m = 0, n = 2, and N = (kj,k2) such that k&, = 1 and ko > 1. The
Lie algebra g is generated by the set {91,092, 1, P2, H12}; note [®1, o] = Hyp € g, but
Dy, D,y ¢ g Thus, the Lie algebra gV is generated by the set {01, 04, H12}. The vector
space, Z, spanned by the set {0y, 2201, . .. ,x§2_181} is an ideal of g(). Note that 7 is abelian
of dimension so. The quotient Lie algebra g(l)/I is generated by the set (without loss of
generality, we denote elements in the quotient by the same notation as we do in g(l)) by



Simple Vectorial Lie Algebras in Characteristic 2 327

the set {02, Hi2}, and the first derived algebra of this quotient is a simple Lie algebra of
dimension sy generated by {02, [02, H12]}.

(2¢) For m =0,n =2, and N = (ky,ks), where ky > 1,ko > 1. The Lie algebra g is
generated by the set {01, 0a, ®1, Do, Hio}.

Note that [®, ®o] = Hio and [g, ®1], [g, ®] € Span{H/, | I any sequence}. That is, g(*)
is the Lie algebra generated by {01, 02, Hi2}, and ®q, $o ¢ g,

Note that [hy, Hio] = 0, which further implies that Hyy ¢ g(®; whereas, Hi, € g®@ for
I=(1)orI=(2) as [ho, H,] = HL,. Thus, the Lie algebra g is generated by the set
{01, 00, HYy), H13 ).

It remains to see that g? is simple. Let Z be a nontrivial ideal of g(®. Then using
commutators with appropriate number of 0;,0> on a nonzero element of 7 to see that
ZNg_1 # 0. Note that gg = g(()2) and hence g_1 C Z. Using g_1 we get ®r<q4—2 gq@ cZ.
Lastly,

1 2 2
HYG) = [ho, HY)), HY) = [, HE) € T.

Thus, Z = g®. Further, dim g(® = dim g — 3. Hence the result.
(3) In this case, the Lie algebra g is generated by the set

{05, @i b1<icn U {Hiyip Y1<iy <in<n-

For any r # i1,i and 1 < iy < ip < n, we get H; i, = [x4,0;, + 2,0, Hiy4,] € g(l). Let L be
the Lie subalgebra of g generated by the set {0; }1<i<n U {Hi, iy b1<iy<ig<n-

Note that [h, ®;] = 0 and [g, ®;] € £ for i < n. That is, ®; ¢ g and £ = g(). Thus,
dim g(l) = dim g — n. Hence the claim on dimension.

It remains to show that g(!) is simple. Let Z be a nontrivial ideal of g(!). Using appro-

priate number of commutators with suitable 0;’s, we get Z Ng_1 # 0. As g((]l = go,

and g_1 is an irreducible gop module, ZNg_1 = g_1. Hence, ®_1<,<4—1 ggl) C . Lastly,
Hii, € [0, Hyy iy € Z. Hence T = g,

(4) Let n = 0,m = 2. Then, follow the same argument as in item (2a); note that the
squares of the odd vector fields 1,72 are both 0.

Let n = 0,m > 2. In this case, the Lie superalgebra g is generated by the set

5, Y5 j<m U{Tj1j hi<in <ja<me

For any r # ji, j2, we get ,Tj1j2 = [11]'1]'273/]'177]'1 +yr777“] € g(l) But [ba \IIJ] =0 and \I/]' ¢ [gag]
for 1 < j < m. We further claim that each V¥; is not the square of an odd vector field. If
m is odd, then every ¥; is odd, and hence cannot be the square of an odd vector field. Let
m be even and F € svect(0|m); an odd vector field such that F? = ¥y (without loss of
generality). Let F' = > f;n,. Since F? = Wy, it follows that Yoty e (f1) = y2 - Y.
Since F € svect(0lm), we have > n,(f,) =0. Thus > " o n:(fi1fr) = y2- - - Ym which is not
possible. Hence ¥; ¢ g for all j. The proof of simplicity of gt is identical to those of
item (3).

(5a) For n = 1, m = 1, N = (1), the set {01, m,x1m,y101,2101 + y1m} spans Lie
superalgebra g. Note that (z171)? = (y101)? = 0, and (z1n9; + y101)? = 2101 + y1m1. Hence
gV is spanned by {91, m1, 2171 + 101} and g®) is spanned by {9;,7:} and is abelian.
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(5b) The proof is identical to that of item (2b), noting that the squaring of the odd
vector fields does not change the conclusion.

(5¢) The proof is identical to that of item (3). The only additional work is to see that
®; and ¥ for i < n and j < m are not squares of odd vector fields in svect(n; N|m).

If m is odd, then every ®;, or ¥; is odd, and so is not the square of an odd vector
field.

If m is even, then use the same proof as in item (4) to prove that ®;, or ¥; is not the
square of an odd vector field for any 1, . O

3.1. The Volichenko algebras vsvect(n; N|m) and vsvect™(0|lm) for m > 0

The Lie superalgebra svect(n; N|m) contains a Volichenko algebra
vsvect(n; N|m) = {d+ [m,d] | d € svect(n; N|m)g}.

When m is even and n = 0, there is a family of Volichenko algebras parametrized by
a € K

vsvect®(0lm) = {d+ [(1 + ay2 - ym)m,d] | d € svect(0|m)g5}.

When m is odd and n = 0, there is a family of Volichenko algebras parametrized by an odd
parameter «:

vsvect®(0jm) = {d+ [(1 + ay2 - - Ym)m,d] | d € svect(0lm)s}.

Let svvect(n; N|m) = {® € vvect(n; N|m) | div(®) = 0}. As div is a parity preserving
linear map, vsvect(n; N|m) = svvect(n; N|m).
Notation: Throughout this section, we denote vsvect(n; N|m) by vg and vsvect®(0|m)
by vg®; the maximal torus b is spanned by

{zi0; + (y1 + D)m bicn U{ysmy + (Y1 + D ticm.
Lemma 3.2. For any m > 1, any ideal T of vg containing 01 or (y1 + 1)ne contains b.

Proof. We first consider the case 0 € Z. For any j # 1, we have 0; = [210;,01] € Z.
For any j such that 2 < j < m, we have (y; + 1)n; = [z1(y1 + 1)n;,01] € T.
For any j such that j # k and 2 < j,k < m, we have y;n, = [yjm, (y1 + 1)nx] and

yim = [y, yrm] € Z. Thus, for any j # 1, we have (y1+1)n1+y;n; = [(y1+1)n;,y;m] € Z.
For any ¢ such that 1 < ¢ < n, we see that

Yo(y1+1)0; = (05, y2(y1 +1)(2:0;+y3n3)]  and  2;0;+yam2 = [y2(y1+1)0;, zi(y1+1)n2] € T.

Lastly, z;0; + (y1 + 1)m = 230; + yan2 + y2n2 + (y1 + 1)n1. Hence, h C Z.

If n > 0 and (y1 + 1)ne € Z, then 01 = [(y1 + 1)n2, (y1 + 1)y201] C Z which gives us
hel.

If n =0, then (y1 + 1)n1 + yome = [(y1 + L)n2, yam] € T if m = 2.

If m > 2, then for 3 < j < m, we have (y1 + 1)1; = [(y1 + 1)n2,92n;] € Z. Now we use
the formulae given above, and get h C 7. O

Lemma 3.3. For any m > 1 odd, any ideal T of vg containing b is the entire vg.
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Proof. A spanning set for vg is given by (every ¢ listed below is a monic monomial)

U +mionan o e xin Ao i<z Mo, |

UU (o +m(@)nj | ¢ € Kln; N|m, g]1}

U U {(o +m())(@i0; + x;05) | ¢ € Kln; Nlm]g, deg,, (), deg, (p) are even}

1<i<j<n

U U {e+m@)wmi+ymn) | o € Kn; Nim, G, 5515}
2<i<j<m

U U {e+m@)@ioi+ym) | ¢ € Kin; Nm, jlg, deg,, () is even}
1<i<n,2<j<m

U U {e@ioi + (v + )m) | ¢ € Kln; Nim, i, deg,, () is even}

1<i<n

U U {ewmi + (w1 + m) | ¢ € Kln; Nlm, 41, 5515}
2<j<m

For any m > 1 odd, let ideal Z contain h. We show that every element listed above in the
spanning set is in Z. First note that

0; = [%:0; + yamz, 0il,

(1 + Dmj = [(y1 + D)m + yene, (y1 + Dngl,

yim = [(y1 + Dm +yeme, yym] €T for 1 <i<n,2<j<mandk ¢ {1,j}.
For the rest of the lemma, ¢ # 1.

For any ¢ € K[n, {:L‘ga)}lgagsi;ﬂ|m]6, we have (¢ + n1(¢))0; € Z because
[2:0; + y;n;, (v +m(p))0i] if y; does not appear in ¢ for some j

(o+m(p))0i = such that 2 < j < m,
[2:0; + (y1 + 1)m, (¢ + m(¢))0;] if y1 does not appear in .

For any ¢ € K[n; N|m, y;]1, we have (¢ + n1(¢))n; € T because as ¢ is odd, it misses some
Yk, where k #£ j, and

[(y1 + Dm + ywrme, om] if j =1,
(e +m(e))n; = : .
[y + yini, (o +m(e))n;] i 2<j<m.
For any ¢ € K[n; N|m]g, with deg,, (o), deg,, () even, we have (¢ +m1(p))(2;0; +x;0;) € T
because
(o +m () (@i + x;0;)
(1 + D)+ 2i0%, (o + () (2:0; + x;05)]  if y1 appears in ¢,
[yjn; + i0i, (¢ + m(p))(2:0; + x;0;)] if for some j,2 < j < m,
y; appears in o,
[(y1 + D), (y1 + Dyae(z;0; + ;0;)] if none of the y's appear in .
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For any ¢,j such that 2 < ¢,j < m and ¢ € K[n; N|m, y;, y;]g, we have (¢ + n1(v))(yini +
yjn;) € I because

(0 4+ m()(ini + y;m;)
(@ +m () ini +yjms), (1 + Dm +2101] if o = 27" -3,
adgl1 s adgz (3t xir (yimi + yin;)) for appropriate r1,...,7r, > 0,
if none of the y's appear in ¢,
[( + m(e))(wimi +yjn;), (yr + 1)m +yidi]  if y1 appears in ¢,
[(o + (@) (Yini + yjny)s yenw + Yi0il if yi appears in ¢
for some k,2 < k < m,k #1i,j.

For any i, j such that 1 <i < n, 2 < j <m, and ¢ € K[n; N|m,y;|s with deg,.(¢) even,
we have

(o +m(e) (@i +yjn;) €T

because

(o +m1(p))(2:0; + yjn;)
(0 +n1(0))(:0; +y;m;), (y1 + L)m +yyn;]  if y1 appears in o,
[

(o +m () (@0 + yiny), yune + yin;] if y, appears in ¢
= for some k, k # j,
[(y1 + D), (y1 + Dyro(i0; + y;m;)] for some 2 < k <m,k # j

if none of the y's appear in ¢.

For any 4, j such that 1 <4 <n, and ¢ € K[n; N|m,71]s with deg, (¢) even, since

e(@i0; + (y1 + 1)m)
[o(z:0; + (y1 + L)m),y;m;j + (y1 + 1)n;]  if y; appears in ¢ for some 7, j # 1,
=4 [+ D)ns, [(y1 + )2, (20
+ (y1 + D)m)]] + o(y2m2 + yans) if none of the y's appear in ¢

we have p(x;0; + (y1 +1)m) € Z. For any j such that 2 < j <m and ¢ € K[n; N|m, 1, yjl5,
we have p(y;n; + (y1 + 1)m) € T because

e(y;mj + (1 +1)m)

[p(ymj + (y1 + D), z101 + (yo + 1)m]  ifp=af" -2y,

ady ---ady' (27" - 23 (y;m; + (y1 +1)m))  for appropriate ri,... 1, >0,
= if none of the y's appear in ¢,

[o(ying + (y1 + D)), yeme + (y1 + 1)m if y, appears in ¢
for some k,2 < k < m,k #j.

This completes the proof. ]



Simple Vectorial Lie Algebras in Characteristic 2 331

Remark 3.4. Note that the above lemma and its proof can be adapted to the case n =0
for both vg(0|m) and vg®(0m), where m is odd and « € K, a spanning set of vg® is

U {wi=@i+Dn+oa G5 ymym + yjny)}

2<j<m

U U {yimet
2<j<m,j#k

U U {e+m@)n;| ¢ €Kopm; g, deg(p) > 1}
1<j<m

U U {e+mNm+vm) | o € Kolm; g, gilo}
2<j,k<m

U U e+ Dm +ym) | ¢ € K[0lm; 4, 551}
2<5<m

(n+m — 1)2k+kntm=1 for m odd,

Theorem 3.5. (1) dimog =
@ g {(n +m — 1)2ktkatm=l 4 1 for m even.

(2) The Volichenko algebra vsvect(1; (1)|1) is solvable. For ki > 1, the Volichenko algebra
vg = vsvect(1; (k1)|1) is not simple. But vg\V) is simple of dimension s .
For anyn > 1 and m = 1, the Volichenko algebra vg is simple.
(3) Let m > 1 be odd. Then vg is simple.
(4) Let m be even. Then vg has an ideal 3 and vg/J ~ svect(n + m — 1; N), where N =
(k1y.oykn, 1,...,1).
——

m—1 times

5) Letn=0, m > 1 1is odd, and o € K. Then vg® is simple.
( g

Proof. (1) For m odd. Then
dim vg = dim[svect(n; N|m)]p = dim Ker(div|eci(n;njm);)-
Since dim K[n; N|m]s = dim K[n; N|m]; = 2k1+kntm=1"we have
dim vect(n; N|m)g = (n + m)2ktFntm=1,

Further the image of div restricted to vect(n; N|m)g for m odd does not miss any even
elements. Hence, the image of div has dimension 2F1++katm=1_ Thyg

dim vsvect(n; N|m) = (n+m)2krtthntm=1_okit-thkntm=1 _ (4 1)9kit-+hntm=1

For m even. The image of div restricted to vect(n; N|m)g misses the highest degree
basic vector xlfl kg oy, Thus,

dim vsvect(n; N|m) = (n +m)2k1+Hhntm=l _ gkt thntm=1_7)

= (n+m — )2kt Fhntm=l 4

(2) As vsvect(1;(1)|1) is spanned by the set {01,101 + (y1 + 1)n1 }, it is solvable.
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For k; > 1, the Volichenko algebra vg is graded and generated by the set
{01,250 + 25 (yr + 1)}
The subalgebra vg(?) is generated by the set
{01,257 00 + 2 P (yr + Dm} with 25201 + 25 (y1 + 1y ¢ vgt)

and vg™) is simple of dimension s;.

For any n > 1 and m = 1. We show that any nontrivial ideal, Z, of vg contains
01. Consider a nonzero element w = . ¢;0; + ¥ € I. Then ¢; # 0 for some i and
¢ = (y1 + 1)f for some f € K[n; N|0]. For every x; that appears in any of the ¢; or f,
consider [0j,w] € Z to get 0; € T for some i.

If 4 75 1, then 61 = [1‘161,61] eT.

Note that any ideal Z of vg containing 0; contains h. Indeed, for j # 1, we have 9; =
[xlaj, 81], and xlaj = [:cl(a:jE)j + (y1 + 1)’/71), 81] el.

For i # j and 1 ¢ {i,j}, we have z;0; = [z12;0;,01] € Z. Therefore, for j # 1, we have
xj0; + 2101 = [210;,2;01] € Z. Lastly, as n > 1, we have

1’181 + (y1 + 1)771 = [l’g(xlal + (y1 + 1)771),82] eT.

For any ¢ € K[n, N, {xga)}lgagsi\l}, we have ©d; = [2;0; + (y1 + 1)n1, 90;] € T.
ERt s

Foranylgignandgpz%,weget
o(@i0; + (y1 + )m) = [p(2:0; + (y1 + V)m), 2k + (y1 + 1)m] € Z,

where k # i,1 < k < n. Now any element ¢(z;0; + (y1 + 1)n1) € vg for monomial functions
(2;0; + (y1 + 1)n1). In other words, the

1 Sn
Ty Ty
Ty

 can be obtained using various 0’s and
spanning set of vg is in Z. Hence the result.

(3) We show that every nontrivial ideal Z of vg contains 9y or (y; + 1)ns.

Let w # 0,w € Z. Then, w = 1", p;0; + 29:1 1;n;. Considering [0;, w] € Z, we can
assume that the indeterminates x4, ..., x, do not appear in the description for w.

Case (3a): ¢; # 0 for some i. Let ¢ be the least such. We will show that 9; € Z. For any
y;, where j # 1, that appears in (;, consider [(y1 +1)n;,w] € Z. The operation [(y1 +1)n;, ']
replaces every y; by (y1 +1). As (y1 + 1)*> = 1, we can continue this process to assume
without loss of generality that

w=0; + Z ¢j6j+zwjnjel

j=i+1 j=1
Subcase (3a.i): Let n > 1 and ¢; # 0 for some i < j < n. Then [w,z;0; + ©;0;] =

0; + (,Ojaj € 7. Thus [l’iaj, 0; + (pjaj] = 8]' € 7. This implies that 01 = [xjal,aj] cl.
Subcase (3a.ii): Let n =1 or ; = 0 for all i < j < n. Here, w = 0; + > 'L, ¥yn; € T.

Let 91 # 0. Consider [w,z;0; + (y1 + 1)m] € Z. We can therefore assume that w = 9; +
ZT:I 1;n;, where ¢ can be written without y; in its description, and each v; = (y1 + 1)wj1-,
where wjl- for j > 2 is of even parity and can be expressed without y; in its description.
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Further, 17 is of odd parity and can be written without g7 in its description. Consider a
summand of 1. Since it is of odd parity and can be written without g in its description, it
misses y, for some r # 1. Now consider [w, x;0; + y,n,] € Z. We can therefore assume that

m
w=0; + (y1 + 1)2%‘"7]‘ el
j=2
Let jo such that 2 < jy be the least index such that 1, # 0. Consider [w, z;0; +y;,nj,] € Z.
Thus we can assume that 1;, does not have y;, in its description. A summand of v, is
of even parity, and does not have y; or y;, in its description. Hence, this summand does not
have y, for some r such that r # 1 and r # jp in its description. Now, [w,x;0; + y,n,| € Z.
Thus we can assume that w = 9; + (y1 + 1) Z;; jo ¥inj- Arguing again as above, we get
0;, €T.
If ¢ 75 1, then 61 = [1‘181,61] cT.
Case (3b): Let ¢; = 0 for 4,1 <4 <n. Then w = >, ;n;.
Subcase (3b.i): Let ¢, = 0. Let jy be the least index, 2 < jo < m such that ¢;, # 0. In
other words, w = Z;”Z jo ¥inj- For every appearance of Yrys. oy Yr,, i # 110 9, consider

[(yl + 1)771”17 [(yl + 1)777“27 ceey [(yl + 1)77mw]]] €l

We can thus assume that w = (y1 + 1)nj, + >_7%; 1;n;. Now consider

[w, YjoMjo+1) = W1 + 1) + YioMjo+1 (Wior )i 41+ D YjoMjos1(2b)m; € L.
Jj>jot+1
Continuing this process, we get v = (y1 + 1)n2 € Z or v = (y1 + 1)n, € Z. Note that

[(y1 + 1), Ymme) = (y1 + 1) € T.

Subcase (3b.ii): Let ¢ # 0. Then, for the appearance of every y,,r # 1 in 11, we
consider [w, (y1+1)n,] € Z. As (y1+1)% = 1, we can assume that w = (1 +1)m+3"7 n;.
As the divergence of w is zero and m is odd, there is some 7,2 < r < m such that the
coefficient of the linear summand ¥, in ¢, is 0. Consider therefore,

wi = [(y1 + Ve w] = (g1 + Dy + > (g1 + Dme(h)m; € T
j=2

and 7, (1) # 1, which brings us to Subcase (a).
(4) Recall from Theorem 2.1 that for m > 0,n +m > 1, the Volichenko algebra
vvect(n; N|m) has an ideal

I={(f+m(N)y1+Dm+-+ymnm) | f € Kln; N|mlg}.

Moreover,

vect(n; N|m)/Z ~ vect(n +m — 1;N), where N = | ky,... kn, 1,...,1
~——
m—1 times

Returning to our study of vsvect(n; N|m) for m > 1 even, we see that Z C Ker(div) with
vsvect = svvect = Ker(div), where div : vvect — K[n; N|m]. Thus div extends to a linear
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map div : voect(n; N|m)/Z — K[n 4+ m — 1; N] which is again the divergence map. Hence
svect(n+m — 1; N) = Ker(div) ~ vsvect(n; N|m)/Z.

(5) If & = 0, the Volichenko algebra vg® is vg. So we assume that « # 0.
Note that an ideal containing wy contains

w; = w2, yan;] for3<j<m

(y1 + Um + yeme = [wg, ypm]  for 2 <k <my
hence the ideal contains h, which in turn implies that the ideal contains the spanning set
given in Remark 3.4. For the rest of this proof, we will use the notation from Remark 3.4.

It remains to see that any nontrivial ideal of vg® contains w,.
Let Z be a nontrivial ideal of ng® and

O =d5+ [(1+ays- ym)n,Pgl €Z, where &5 = Zwmi for ¢; € K[0|m];.

7

Subcase (5a): Let 11 = 0. Let jo be the least index such that 2 < jo < m and ;, # 0.
In other words, ®5 = Z;@jo Y;n;. For every appearance of y,,, Yr,, ..., Yr,, Where 7; # 1, in
1y, consider [wy,, [Wy,, ..., [w,, ®]]] € Z. We can thus assume that

m m
<I>:wj0+zwjnj+ (1 +oay2 Ym0, Z%’Uj

Jj>Jjo Jj>Jjo
Now consider

[(I)7yj077]'0+1] = Wjo+1 + ¥ €Z, where V5 = yj;njp+1 (1/]]'0-%1)77]'0-*-1 + Z yjonj0+1(¢j)77j'
J>jo+1

Continuing this process, we get v = wy € Z or v = w,, € Z. Note that [wy,, ymne] = wy € 7.

Subcase (5b): Let ¢y # 0. Then, for the appearance of every y,,r # 1 in ¢, we
consider [®,w,] € Z. As (y; + 1)? = 1, we can assume that &5 = y17; + > ieoting. As
div® = 0 and m is odd, there is some r such that 2 < r < m and the coefficient of the
linear summand ¥, in ¢, is 0. Consider therefore,

m m
U= [we, @ =w, + Yy W)+ | L+ oga-ym)m, > ym(n;| €7
j=2 j=2

and 7, (1) # 1, which brings us to Subcase (5a). O
Remark 3.6. For any m > 1 odd,

dimvg = (n+m — 1)2k++hntm=1 — qim vect(n + m — 1; N),
dimog® = (m — 1)2™~! = dim vect(m — 1;(1,...,1))

and all these Lie algebras are simple. We conjecture that

vg ~ vect(n +m — 1; N) and og® ~ vect(m — 1;(1,...,1)).
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4. The Lie Superalgebra of Hamiltonian Vector Fields

The Lie superalgebras of Hamiltonian vector fields over a field of characteristic 2 are
obtained as Cartan prolongs of the derived algebra of ortho-orthogonal Lie superalgebra
which have been studied in [13]. In fact, in [13] the Cartan prolongs of the ortho-orthogonal
Lie superalgebras (00), their derived algebras (00(!)), and their central extensions (c(o0()))
for the four distinct bilinear forms (77, ITI, 11, IIIT) have been studied. In this paper we
study the Volichenko algebras in each of those prolongs.

Notation: Throughout the subsections on the Volichenko algebras in the prolongs of
oorr(kolk), 005—11-)(]60“61), and C(OOE—II)(]{QVQ)), (Secs. 4.1-4.3), we follow the notation used in
[13]: We let k = ko+Fk1, the indeterminates uy, . . . , ug, be even, which allows for divided pow-
€rs, Ugy+1, - - - , U be the odd indeterminates and 9; = 9,, for every i. Let N = (Ny, ..., Ni,).
Let s; =2Ni — 1 for i < kg, and N; =s; =1 for kg + 1 < i < k. Let

k
Hipp= Z 9:(f)0;
i—1

be the Hamiltonian vector field corresponding to the bilinear form I1 determined by f €
Klko; N|k1].

Let M denote the monic monomial of highest degree in K[kq; N |k1].

In this section, let g denote the Cartan prolong of oorr(kolk1). Let vg = {[®, O,+1] |

b < gyl

4.1. The Volichenko algebra in the Cartan prolong of ooyr(kolki)

Theorem 4.1. (1) Let ko = 0. If ky = 1, then dimog = 1.
If k1 = 2, then vg is solvable of dimension 3.
If k1 > 2 is even, then vg, Ug(l) are not simple, but Ug(z) is simple of dimension 2F1—1-2.
If k1 > 1 is odd, then vg is not simple, but Ug(l) is simple of dimension 2F1~1 — 1.

(2) Let kg # 0 and n; = 1 for all i < ko. If kg = k1 = 1, then vg is solvable of
dimension 3.
If k> 2 and k, is even, then vg,vg() are not simple but vg® is simple of dimension
2k=1 2
If kg = 2 and k1 = 1, then vg is solvable of dimension 6.
If kg > 2 and k1 = 1, then vg and Ug(l) are not simple but Ug@) is simple of dimension
2ko 2,
If k> 2 and k1 > 1 s odd, then vg is not simple but Ug(l) s simple of dimension
2k=1 1.

(3) Let ko # 0 and n; > 1 for some i < ky. If kg = k1 = 1, then vg is not simple, but
vg) is simple of dimension s;.
If k> 2, then vg is not simple, but vg™") is simple of dimension 2™ Tk thi=1 _ 1

Proof. (1) If ky = 0, then the Lie superalgebra g is generated by the set
10, wi0i hr1<i<ky UL{H11 M}
We see that vg is spanned by the set

{Hirp+oup) | f € K[O|k1]o} U{wi0;tacicp; U {(u1 +1)01}-



336  U. N. Iyer et al.

Let ky = 1. In this case, g = Span{d;, u10; } is nilpotent. Further, vg = Span{(u;+1)d; }
is one dimensional.
If k1 = 2, we see that

vg = Span{(uj + 1)01, u202, u20; + (u1 + 1)da},

and vgM) = K{upd; + (uy + 1)d2}. That is, vg is solvable.
Let k; > 2 be even. Here, as (u; +1)?> =1 and as

[HII,(ul—&-l)uia HU,f] = H[[,(u1+1)8i(f)+uial(f) for 2 <i <k,

vg is generated, as a Lie algebra, by the set

{H 1 (g4 1)us» i0i Yo<i<ky UAH 1 pt0,(Mm)s (w1 + 1)1}

Note that for 2 < i < ki, u;0; ¢ vg™™ and (u; +1)9; ¢ vg.
But

Hir pasoy o) = Hrr oy v (w1 +1)01] € og®)

Hir (w1 = 1 (w4 1) (01 +1)01] € gt for 2 <i < k.

Thus, the set {Hpy (u,+1)u, 2<i<k; Y {H 11 Mm40,(Mm) ) generates vg(M) as a Lie algebra.
Note that Hyr ap40,(m) ¢ vg® and the set

{H 1 w1y, Y2<j<ty U{H 10,050 }

generates vg® as a Lie algebra.

Using the commutator relation given above, we see that any nontrivial ideal of vg(®
contains Hiyy (y,41)u, and is therefore the entire vg?. Hence vg®? is simple. We get the
dimension count by noting that

{Hprp40,(p) | fis a monic monomial in K[0[k1]g, f ¢ {M,1}}

is a basis for vg(®.
Let k1 > 1 be odd. The set

{H1 (uy+1)u;» wi0i Yo<i<iy U{H 1,0, (p)» (w1 + 1)1 }

generates vg as a Lie algebra. Here again we see that (u; +1)01,u;0; ¢ pgM for 2 < i < k.
Further, vg") is simple, of dimension 2¥1~1 — 1, and generated, as a Lie algebra, by the set

{H 11 (uy+1)us Yo<i<ks U{H1,0,() }-

(2) Let ko # 0 and n; = 1 for all ¢ < ky.
If ko = k1 = 1, we get vg = Span{dy,u19, (us + 1)d2} and vg() = Span{d; }.
If £ > 2 and k; is even, then vg is generated, as a Lie algebra, by the set

{03, ui0i hr<i<io Y {H 11 (upy 1 +1)us0 4505 ho+2<j<ie U {HIT M0y 41 (M)s (Wko+1 + 1) D41 }-
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Note that u;0;, u;0;, (ugy+1 + 1)Oko+1 ¢ og(M) for every i < ko and ko +2 < j < k. And
vg(M) is generated, as a Lie algebra, by the set

{O0ih1<i<ko YLH T (ugy 1 +1)u; hot+2<i<i U SH T Mty 10 (M) -
Further, HH,MJFakoﬂ(M) ¢ vg® and the set
{0ih1<i<ko YU AH 11, (up 1 +1)u; Hhov2<i<k U {HIL0,M) Hi,0,) 4100 1200}

generates vg(?) as a Lie algebra. Lastly, vg® is simple (proof is identical to the proof in
part (1)) and a basis for vg(®) is the set

{Hr1,f+0,,4:(5) | f 15 a monic monomial in K[ko; N|k1lg, f ¢ {M,1}}.
If kg =2 and k1 = 1, we see that
vg = Span{0, 02, HITuyuy, w101, U209, (uz + 1)d3},
vg") = Span{d1, 0, Hrruyus }
vg® = Span{d;, d,}.
If kg > 2 and k; = 1, then the set

{03, ui0i Yi<ko U {H11,0,, (M) (ko1 + 1)k 41}

generates vg as a Lie algebra. Note that u;d;, (upys1 + 1)k 41 ¢ vgM). Thus, vg™ is
generated, as a Lie algebra, by the set

{Oi}i<ko U{H 110 11 (M)}
Further, H1178k0+1(M) ¢ vg?, and thus vg® is generated by the set
{0 }i<ky U {Hll,alakoﬂ(/vt)}'
It can be seen that Ug(Q) is simple, and a basis is given by the set
{Hjr¢ | f is a monic monomial in K[ko; N, f & {1,u1---ug,}}

Thus, dimvg(®) = 2k — 2,
If £ > 2, and k1 > 1 is odd, we see that vg is generated, as a Lie algebra, by the set

{03, ui0i Yi<io U {AH T (ugy 414+ 1)y 4505 ro+2<i<k U {H 1,0, 1 (M) (ko1 1) Okg41}-
Note that
w03, 1j0;, (g1 + 1)k 41 & 0gY for i < ko, ko +2 < j < k.
And Ug(l) is generated, as a Lie algebra, by the set
{0i i<k ULH 1 (ury 41+ 1)u; Yeo+2<i<k U{Hr1,0, (M) }-

Lastly, Ug(l) is simple of dimension 2¥~! — 1 (same arguments as before).
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(3) Let ko # 0 and n; > 1 for some i < k.
If ko = k1 = 1, we see that the set {01, H}, uil,u‘ilal,(uQ + 1)02} generates vg as a

Lie algebra and w50y, (ug 4 1)92 ¢ vgM). Next we see that vg(!) is simple, and generated,
as a Lie algebra, by the set {Ol,HILuil}. It has basis {Hu,u% | 1 < a < s}, and hence

ding(l) = S1.

If £ > 2 and k; is even, we see that vg is generated, as a Lie algebra, by the set

{01, ui" Oiticko U {HTT (upy 11 +1)u; 0 w505 dho+2<i<k U LHTT My o1 (M) (g1 + 1)Okgt1}
Note that
ufiﬁi,ujaj, (ukOH + 1)8k0+1 §é Ug(l) fori < kg and kg +2<j <k.
Thus, vg") is generated, as a Lie algebra, by the set
{0 }icko U {H I (upy 1+ 1)u; Mho+2<i<k USH 1 Moy, (M) -
Let n, > 1 for some ig < kg. Then u;,0;, € vg®, and hence
[H 11, M+84, 1 (M) YioOio] = Hir Moy, 1 (M) € vg®.

It follows that vg) = vg® and is simple with basis

{H11,f+6y,,, | fis a monic monomial in Klko; N|k1ly, f # 1}

Hence, dimvg(!) = 2mt 4k thi—1 _ 1
If £ > 2 and £k is odd, then vg is generated as a Lie algebra by the set

{03, w7 Oi Yiko Y {HIT, (uy 1 +1)un > %505 thore<isk U{Hr1,0, (M) (ko1 + 1) Oko11}-

(Note that this set has to be suitably redescribed when k; = 1.)

Further note that u’d;, u;0;, (ugy+1+ 1)k +1 ¢ gV, but as explained in the case of k
even, u;,0;, € vg(!) which further implies that vg(®) = vg(® and is simple of the dimension
required. ]

4.2. The Volichenko algebra in the Cartan prolong of oo%)(k(ﬂkl)

We follow the same notation as in the previous Subsec. 4.1. Recall that
00 (kolki) = {[X, Y] | X.Y € oors(kolkr)} & {X? | X € oory (kolk1)}-

If kg = 0, then oogll-)(k:o|k:1) consists of symmetric matrices with diagonal entries equal to
zero. If koky # 0, then oog-ll—) (ko|k1) consists of symmetric matrices of trace zero. Let g denote
the Cartan prolong of oos7(ko|k1), and vg denote the Volichenko algebra in g determined
by 8k0+1-

Theorem 4.2. (1) Let kg = 0. If ky = 1, then vg is trivial.
If k1 = 2, then vg is one dimensional.
If k1 > 1 is odd, then vg is simple of dimension 2¥1—1 — 1.
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If k1 > 2 is even, then vg is not simple, but Ug(l) is simple of dimension 21— — 2.
(Recall part (1) of Theorem 4.1).

(2) Let kg # 0 and n; = 1 for all i < ko. If kg = k1 = 1, then vg is solvable of
dimension 2.
If k> 2,k is even, then vg is not simple, but Ug(l) is simple of dimension 2F~1 — 2.
If ko = 2, k1 = 1, then vg is solvable of dimension 5.
If kg > 2,k = 1, then vg, ng(l) are not simple, but ng(2) is simple of dimension 20 —2.
(Recall part (2) of Theorem 4.1).
If k> 2 and ky > 1 is odd, then vg is not simple but Ug(l) s simple of dimension
2k=1 1.

Proof. (1) Let kg = 0. If k; = 1, then oogll)(0|1) = {0} and g = Span{0;}. As 0, is an
odd operator, vg = {0}.

If k1 = 2, then g = Span{01, 92, HiJ uyu, }- Thus, vg = Span{H 7 (4, +1)us }-

If k1 > 1 is odd, then the set {Hjs (4 41)u; f2<j<ks U {HIra,(Mm)} generates vg as a
Lie algebra. This is simple and has for basis the set {H; ¢ | f is a monic monomial in

K[0lk1]o, f # 1}

If k; > 2 is even, then vg is generated as a Lie algebra by the set
{HT1 (1), Yo<j<t U {HI M}
Note that Hrra ¢ vg"). Thus the set
{H 11 (uy+1)u; F2<i<kn Y {H 10,000 }
generates Ug(l) as a Lie algebra, which is simple, and has the set
{Hp1,¢ | f is a monic monomial in K[0|k1]g, f ¢ {M,1}}

for a basis.
(2) Let kg # 0 and n; = 1 for all i < ky. In this case, g is generated as a Lie
superalgebra by the set {0;}1<i<x U {Hr m}. Recall that

H%I,uiuj = u101 +u]6j for 1 < ko < J-

This gives the trace zero vector fields in g.
If ko = k; = 1, then vg = Span{d,u19; + (ug + 1)z} and vg) = Span{d, }.
If £ > 2 and k; is even, then vg is generated as a Lie algebra by the set

{0, (urg41 + 1)Oky+1 + wi0; Fi<ig
USH 1 (ugey +1)u; > (Uko+1 + 1) Oko+1 + 05 ko+2<i<k U{H 1T Moy, 1 (M) -

Note that

Hitptogy 1) (ko1 + 1)Oko41 + i,
(ukos1 + 1)Okor1 + ujd; ¢ vgV)  fori < ko, and ko +2 < j < k.
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So vg() is generated, as a Lie algebra, by the set

{0 Ficko ULH 1, (ugy+1yu; ho+2<i<k U HIL04 200, 11 (M)}
and is simple with basis
{HH,f+8k0+1(f) | fis a monic monomial in K[ko; N|ki]g, f ¢ {M,1}}.
If k‘o = 2, k‘l = 1, then
vg = Span{01, O, (u3 + 1)03 + u101, (uz + 1)03 + w202, Hrguyu, }-

Further, vg®) = Span{0i, 02, Hr1 uyus }, and vg = {01,02}.

If kg > 2, k1 = 1, then the set

{03, (uko+1 + 1) Okt + uidi Fi<ky U {Hr1,0, (M) }

generates bg as a Lie algebra. Note that (upyr1 + 1)0k41 + uid; ¢ vg). Thus, vgt) is
generated, as a Lie algebra, by the set {0;, }i<k, U {HIIaak0+l(M)}' The rest of the proof is
identical to the corresponding one in part (2) of Theorem 4.1.

If £ > 2 and k; > 1 is odd, then vg is generated as a Lie algebra by the set

{05, wi0; + (wrkgt1 + 1)Oko+1 ti<ko
ULH T (g 41+ 1)y 605 + (W1 + 1)Oko41 tho+2<j<i U {H 11,05 10 (M) }-
Note that
w05 + (Upg 11 4+ 1)hor1, 405 + (Ugg 41 + 1)kgr1 ¢ 091 fori < ko and ko +2<j <k.
Thus, vg") is generated, as a Lie algebra, by the set
{0i Yi<ko ULH T (upy 41 +1)u; Yro+2<i<k ULH 10, (M)}
and is simple of dimension 2¥~1 — 1. O

Remark 4.3. (1) In [13] we show that the Cartan prolong of 00 (kg|k;) in the case where
kok1 # 0 and N; = 1 for exactly one i < ky is identical to the Cartan prolong in the case
where kok; # 0 and N; = 1 for every i < kg. Therefore, the Volichenko algebras in the
corresponding Cartan prolongs will also be identical.

(2) We were unable to understand the Cartan prolong of 00! (ko|k;) in the general
setting of kg > 1, k1 > 0, N; < oo, for all i < ky and Nj, N;, > 1 for some ji,j2 < ko,
and j; # j2 in [13]. That study seems to be a difficult problem. Likewise, the corresponding
study of the Volichenko is a difficult problem, and we do not solve it here.

4.3. The Volichenko algebra in the Cartan prolong of c(oog)(kdkl))

The Lie superalgebra c(ooglf) (ko|k1)) lies between ooy (ko|k1) and 005_1[) (ko|k1); it is a central

extension of oogll)(k:o\kl). That is,

k
c(00') (kolky)) = 00'Y) (kolky) + K <Z uiaz-> .

i=1
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In this section, let g denote the Cartan prolong of c(oogll)(k:o|k:1)) and vg denote the
Volichenko algebra in g determined by Ok, +1.

In the case where kgky # 0, we encounter two cases:

Case 1: Let k = kg+kq be even. Then 00511)(]%“{31) contains Zle u;0;. SO oogll)(k:o|k:1) =
c(oogll)(kzo\kl)). This takes us to the Sec. 4.2.

Case 2: Let k be odd. In this case, oo;7(kolk1) = c(oogll)(k:dk:l)). This takes us to the
Sec. 4.1.

Hence we only need to study the Volichenko algebras when ky = 0. Let n = Zf;l ;0.

Theorem 4.4. Let kg = 0. If ki = 1, then vg is one dimensional. If k1 = 2, then vg is
two dimensional and abelian.

If k1 > 1 is odd, then vg is not simple, but Ug(l) is simple of dimension 2F1~1 — 1.

If k1 > 2 is even, then vg is not simple, but Ug(l) is simple of dimension 2F1~1 — 2.

Proof. If k; = 1, we get vg = Span{(uy + 1), }.
If k1 = 2, we get vg = Span{(u1 + 1)01 + u202, Hy (4, +1)u, } Which is abelian.
If k1 > 1 is odd, then the set

{HII,(u1+1)uj}2§j§k1 U {Hn,al(/vt),?? + 01}

generates vg is generated, as a Lie algebra. Note that 1 + 0y is in the center of vg, and
n+o ¢ pg(M). Thus, vg") is generated by the set

{Hr1 (uy+1)u; Y2<j<ks Y {HIr0,00m) }

is simple, and of dimension 2F1—1 — 1.
If k1 > 2 is even, then the set

{HI1 (us 4 1)y Y2<j<ks U{HII M m + 01}
generates vg as a Lie algebra. Note that n+ 0; is in the center of vg, and n+ 01, Hrr pm ¢
pg(M). Thus, vg") is generated, as a Lie algebra, by the set

{H I (1) F2<i<kn Y {H 1000, (M) )

is simple, and of dimension 21~ — 2. O

4.4. The Volichenko algebra in the Cartan prolong of oo(ko|2k1)

Notation: Throughout the sections on the Volichenko algebras in the prolongs of
oo (ko|2ky), 00%(1@214:1), and c(oo%)(kgﬂk‘l)), (Secs. 4.4-4.6), we follow the notation used
in [13]: Let

T if r < kg,
c(r)=qr+k ifko+1<r<ky+ki, (*)
r—k ifko+k+1<r<k.
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We see that

k
Hiny = Zac(i)(f)ai
i=1

is the Hamiltonian vector field corresponding to the bilinear form 11 determined by f €
K[ko; N|2k1]. Let M denote the monic monomial of highest degree in K[ko; N|2k1].

In this section, let g denote the Cartan prolong of oo(ko|2k1) for k1 # 0. Recall from
[13] that g is generated as a Lie superalgebra by the set {0;,m;}i<k U {Hrmm}, where
1 = ;' Oc(s)- Note that

(Him g Higl = Hin b p(9) = Himgn ,(n» - and [Hig,mi] = Himgp)

for f,g € K[ko; N|2k1],i < k.

Let vg denote the Volichenko algebra in g determined by O, +1.

Let ; = [0i,0pg+1] for @ < k. Note that 7; = n; for i # ko + 1 and 7,y =
(Uko+1 + 1)Oc(kg+1)-

In Theorems 4.4-4.6, we encounter two Lie algebras:

b[(t,(l,,l))a and [][1‘[ t; nl,...,nto,l,...,l fOI‘t:t0+2t1.
——
2t1 times
Let & = (n1,...,n4,1,...,1). If all the indeterminates u1, ..., u; are even, define Hamil-
—
2t1 times

tonian vector fields
t ~
Hm s = Z@C(i)(f)f)i for any f € K[t; N] with ¢(r) defined as in (x)
i=1

(replace ko, k1, k by to,t1,t respectively). If t; = 0, we get H; ;. Thus we get Lie algebras

hr(t;(1,...,1)) ={Hrs| feK[t;(1,...1)]},

brm(to + 2t1; N) = {Hrm g | f € Kto + 2t1; N]}.

Note that by is a particular case of h obtained by setting ¢t = 0. As there are no odd
indeterminates, we do not have any squaring map or a super-structure to worry about.

Theorem 4.5. (1) Let kg = 0. If ky = 1, then vg is nilpotent of dimension 3.

If k1 = 2, then vg is solvable of dimension 11.
If ki > 2, then vg and vg(M) are not simple.
Let

T = {Hm,(f+01(£)) - (w1 +Dtsen) Fuztioea) ++ur, uegey) | I € K[O012k1]g}-

Then T is an ideal of vg®") and vgM) /T ~ b(2k; — 2;(1,...,1)). The first derived
algebra of br(2k1 — 2; (1,...,1)) is simple of dimension 22172 — 2.
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(2) Let ko # 0. Then vg # vg(l). Let
1= {HIHa(f+ak0+l(f)) (g +1F D) Ue (g 1) FUEY+2Ue (kg +2) T F Uk +kq Ye(ko k)
| € Klko; N[2k1]g}-
Then T is an ideal of vg") and

vV /T ~ br(ko + 2k — 2 N), where N = | ny, ... ng, 1,...,1
2k, —2 times

If ki =1, kg < 3, and n; = 1 for all i < kg, then we do not get any simple Lie
algebras (neither vg) /T, nor its derived are simple Lie algebras).

If ki =1, kg > 3, and n; = 1 for all i < kg, then the first derived algebra of Ug(l)/I
is simple of dimension 2k — 2.

If ki = 1, and n; > 1 for some i < ko, then vg") /T is simple of dimension
onit A ng, 2k =2 _

Ifky =2, and ko = ny = 1, then we do not get any simple algebras (neither vg() /T,
nor its derived are simple Lie algebras).
If kv > 1, kg > 1, and n; = 1 for all i < kg, then the first derived algebra of Ug(l)/I
is simple of dimension 2F0 — 2.
If k1 > 1, and n; > 1 for some i < ko, then Ug(l)/I is simple of dimension
2n1+"'+nk0+2k1_2 1.
Proof. (1) Let ky = 0. If k; =1, then
vg = Span{(u; + 1)02, u201, (u1 + 1)01 + u202},
and
vgM) = {(u1 +1)81 + uzdy} s the center of vg.
If k1 = 2, then
og = Span{H 11 (u; +1)u; » HImLuju Yo<j<i<a U {(u1 + 1)03, u20s, u301, usO2, Hirr, (uy +1)ususus -
Further,
vgl)) = Span{H, (u; +1)u;» Hitluw fo<j<i<a,
and vg® is spanned by the set

{HIH,(ul—i-l)uQa HIH,(’U,1+1)’LL4’ HIH,Ung, ) HIH,M3U4 ) HIH,(u1+l)u3+UQU4}a

whereas vg®) = Span{ H 111, (u, +1)us +usus J -
Let ki > 2. First, note that H aqya,(m)» 7 ¢ vg() for i < 2k;. Consider

Hmpvo,(p) for f =i ...u;, where u.;,) is not a factor of f.

Then,

1
H1H7f+<91(f) = [H1H7f+<91(f)’HIH,uz'luc(il)+<91(ui1uc<i1))] = Ug( )
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Next,

Further,
1
HIH,(ul—i-l)---uAj---ukluc<1)---u@)---uk = I:HIH7'LL2"'63"'U/]€7HIH,(U1+1)Uj] + HIH,’LLQ---U?(T)---U;C € Ug( )

Arguing similarly, we see that Hyp r19,(5) € vgl) for f € K[0|2k]j such that f # M.
Note that

k
HIH,(u1+l)uc<1)+uzuc(2>+---+uk1uc(k1) = (ul + 1)61 + Z uzaz
1=2

is in the center of vg(!). That is, for any Hmygy € og)
H[H7g((ul + 1)uc(1) + UgUe(g) + oo Ukluc(kl)) =0.
Therefore, for any Hyrp g € vg and HIH,f~((u1+1)uc(1>+uwc(2>+~~~+uk1uc(k1)) S

LI (1)t 0) 02yt ey ) > TG
= HIHaHIH,g(f)'((ul+1)uc(1)+u2uc(2)+"'+“k1uc(k1)) SHA

Thus 7 is an ideal. We next show that br(2k; — 2;(1,...,1)) ~ vg™) /7.
As

2
HIH,(ul—i-l)uc(l)+uzuc(2>+---+uk1uc(k1) €7 and uc(l) = uc(l) (ul + 1) )

we have HIHJ_HIH,J? € 7, where fis obtained from f by replacing every u.1) by 25;2 (up+

Dujtc(;y- Thus, any element of vg(V) /7 is the image of H

. where

—

f € Ol(ur + Dug, ..., (ug + Lugqy,- .., (ur + g, ],

the subalgebra of K[0|2k1]5 generated by (u; + 1)u; for 2 < i < 2k; such that i # ¢(1).
Let the generators of K[2k1 —2; (1,...,1)|0] be ta, ..., te1)—1,te(1)1s - - - » L2k, - We get an
isomorphism of commutative K-algebras

—

Ol(ur + Dug, ..., (w1 + ey, -« -5 (ur + Dugg, ] — K[2k1 — 2;(1,...,1)|0]
by setting
(up + 1)u; —t; for any 4 such that 2 <i <2k, i # ¢(1)
and extending the map algebraically. Moreover,

[an,f’ Hmgl = HIH,ZQEQ 3 (f)0e(i (@)

This gives the isomorphism required vg(") /Z ~ by (2k; — 2;(1,...,1)).
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Note that hrr(2k; — 2;(1,...,1)) is generated, as a Lie algebra, by the set

{00 Yacicory ize(t) U {Hto teay _1teqry g1 -ton, }-

Its derived algebra is simple, and has basis
{HH,Q ‘gEK[2kl_27 (1>a1)]>g¢ {1>t2" c(1)— ltc(l t2k1}}

(2) Let ko # 0. First, note that vg® does not contain any of the 7;, for i < k. Thus,
Ug(l) is spanned by the set

{Hrm,p 05,01 | [ € Klkos N|2k1]5}-

The proof showing that Z is an ideal of vg™") and that vg(!) /Z is isomorphic to (ko +
2k — 2; N) is similar to the proof of part (1) above.

If iy =1, and n; = 1 for all i < ko, then vg™™ /T = h;(ko;(1,...,1)) which can be
checked to be trivial or solvable for the cases kg < 3.

If ko > 3, then we see that h(ko; (1,...,1)) is generated, as a Lie algebra, by the set

{01, Okos Hiuy gy -

Further, bgl)(k(]; (1,...,1)) is simple and generated by the set {0;, Hy G Fi<ko-
We have

dimb} (ko; (1,...,1) = dimK[ko; (1,...,1)] = 2 (here is no Hr,y and Hr,yy.,)-

If k; = 1, and n; > 1 for some i < ko, then vg(!) /Z = h;(ko; N) which is generated,
as a Lie algebra, by the set {0i,...,0k,, H Tl gk }. Without loss of generality, suppose
TR

ny > 1. Then Hj » = w101 € h1(ko; N). This ensures that bgl)(k:o;ﬂ) = hr(ko; N) and is
simple;

dim b (ko; N) = dimK[kg; N] — 1 (here is no Hr ).

If ki = 2 and ko = ny = 1, then vg™M /T ~ hy1(3; (1,1,1)); its first derived algebra has
an ideal spanned by {01, 02,05}

If ko, k1 > 1, and n; = 1 for all ¢ < kg, then ng(l)/I = bhm(ko + 2k1;(1,...,1)) which is
generated by {01, ...,0k—2, Hriiuy - uy_, - Note that Hrrp oo, , ¢ b%(k‘; (1,...,1)). But
b(l)( k;(1,...,1)) is simple. The dimension count is similar to the case above.

Let k:l > 1, and ni > 1 for some i < kg, and without loss of generality, let n; > 1 Then
notice that hy(k; N) contains H w2 = w101, which ensures that b(k; N) = f)m(kz N).
Simplicity then follows. The dlmensmn count is similar to the case above. O

Remark 4.6. In the above theorem, we refer to the Lie algebras h; and by instead
of the Lie superalgebras of Hamiltonian vector fields because vg does not have a squaring
operation.
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4.5. The Volichenko algebra in the Cartan prolong of oog}(k0|2k1)

Recall the definitions of ¢(r) and Hpyy ¢, and the notation from Sec. 4.4. In this section, let g

denote the Cartan prolong of 00%-}(1%\2]4:1) for k1 # 0 and vg denote the Volichenko algebra
in g determined by Jf,+1. Recall from [13] that g is generated as a Lie superalgebra by the
set

{0i Vi< U {mi tro<i<i U {H 10y -y, }-

Notice that N = (1,...,1) is critical in this case.
Note that if kg = 0, we get 00%)(0|2k1) = o00y11(0[2k1). This case has been studied in
the previous Sec. 4.4.

Theorem 4.7. Let ky >0 and N = (1,...,1). Then vg # vg)).
Let

1= {HIH:(f+ak0+l(f))'((“ko+1+1)uc(k0+1)+uk0+2uc(k0+2)+"'+“k0+k1“c(k0+k1)) | f € Klko; N|2k:]5}-

Then T is an ideal of vg") and

Ug(l)/Izbm(k‘o+2k1—2;&), where N = 1,...,1

ko+2k1—2 times
Now refer to part (1) of Theorem 4.4.

Proof. First note that Himt Moy 4105 T ¢ vg) for kg < i < k. The rest of the proof is
essentially the same as in Theorem 4.4. O

4.6. The Volichenko algebra in the Cartan prolong of c(oog—}(komkl))

Recall the definitions of ¢(r) and Hyyy ¢, and the notation from Sec. 4.4. In this section, let g
denote the Cartan prolong of c(oo%—}(k‘opkl)) for k1 # 0 and vg denote the Volichenko alge-
bra in g determined by O, 1. Recall some more notation from [13]. Let Syin = min;—;__x, si;
let Y u” be the sum of all monomial uj* - - - u;’;‘) taken over all r = (r1,...,ry,) such that all
r; are non-negative and even, and r1+- - -+7rg, = Smin—1; set n = (O u”) (w101 +- - -+ up, Ok, )-
Note that

HIH,(Zul)ul---uk = (Z U£> HIH,ulmuk-

Lastly, recall that g is generated as a Lie superalgebra by the set

{05 Yi<k U {ni tro<i<i U {0 Hmn, (5 uryuy oy § -

Recall from Sec. 4.4 that 7; = [1;, Ok,+1] for any i < k. Likewise, set 77 = [1), Okg+1]-
Note that when kg = 0, 1, we get c(oo%—}(koﬂk‘l)) = 00711(ko|2k1 ). These cases have been
studied in the Sec. 4.4. So, in this section, we assume that ky > 0, 1.
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Theorem 4.8. (1) Let kg > 0,1 and sy, = 1. Then vg # vg(l). Let

1= {Hlna(f+ak0+l(f))'((“k0+1+1)“c(k0+1)+uk0+2uc(k0+2)+"'+“k0+k1uc(k0+k1))
| f € Klko; N|2k1]5}

Then T is an ideal of vg) and

vg™ /T ~ b(ko + 2k1 — 2: N), where N = 1,...,1
—
ko+2k1—2 times
Now refer to part (1) of the Theorem 4.4.
(2) Let ko > 0,1 and spin > 1.

If ko is even, then the first derived algebra of vg(V) /T is simple of dimension (Smin +
1)2k=3 — 2,
If ko is odd, then Ug(l)/I is simple of dimension (smin + 1)28F73 — 1.

Proof. (1) Let ky # 0,1 and s, = 1. First note that 7,7, ¢ vg(!) for kg < i < k.

If kg is even, then HIH,M+8kO(M) ¢ vg(h).

If kp is odd, then HIH,M+8k0(M) ¢ vg) NZ. The rest of the proof follows as in the case
of part (1) of Theorem 4.4.

(2) Let ky # 0,1 and sy, > 1. In this case again, 7,7; ¢ og for kg < i < k, and if kg
is even, then HIH,MJF&CO(M) ¢ vg(D. Again, if ko is odd, then HIH,MJF&CO(M) ¢oghN7T.

Now, vg") /T is isomorphic to the Lie subalgebra of by (ko + 2k — 2; N ) generated by
the set

{8i}i§k,i7éko+l,c(ko+1) U {H[H M} .

Uk +1%c(kg+1)

Denote this Lie algebra by £ and set ® := H M

T Ukg+1%c(kg+1)
If ko is even, then ¢ ¢ LY. But £W is simple, generated, as a Lie algebra, by the set
{05, [0, @1 }ick,i# ko+1,e(ko+1)
and thus is of dimension (s, +1)2¥73 — 2. The dimension count can be obtained by noting
that a basis for £(1) is given by the set (keep in mind that dio+15 de(o+1) do not exist in
the following)

{adg -+ adg (@) | (du,...,dy) € ZEN{(0,...,0),  (smin,1,..., 1)},
d1 S Smin,dj S 1, for ¢ 75 1}.
2k—3

If ky is odd, then £ is simple of dimension (Syin + 1) — 1. In this case, a basis is

(again, dkyt1,de(kyg+1) do not exist in the following)

{adg! - adg (@) | (da,....dp) € ZEP\{(smin 1., D} dy < smindj <1, for i # 1}

O
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4.7. The Volichenko algebra in the Cartan prolong of oorr(2ko|k1)
Notation: Throughout the sections on the Volichenko algebras in the prolongs of
oorrr(2ko k1), oog}(2k0|k1), and c(oo%} (2ko|k1)), (Secs. 4.7-4.9), we follow the notation used
in [13]: We let k = 2ko + k1, the indeterminate uy, ..., us, be even, which allow for divided
POWeTS, Ugjy+1,-- -, U be the odd indeterminates and d; = 0, for every 4. Let

r+ky if r <k,

C(’I"): r—ko if kg <r < 2k,
r if r > 2k,

and let
k
Hp g Z Oci)(f)0i,  where f € K[2ko; N k]
=1

be the Hamiltonian vector field corresponding to the bilinear form II/. Let M denote the
monic monomial of highest degree in K[2ko; N|k;].

In this section, let g denote the Cartan prolong of oorr(2kg|k1) for k1 # 0. Recall from
[13] that g is generated, as a Lie superalgebra, by the set

{01, miYick U{Hurm}, where n; = u] 0.

Note that

(Hur,p, Hirg) = Hurm, g9) = Hun g (), and [Hurg, nil = Hig )

for f,g € K[2ko; N|k1],7 < k. Let vg denote the Volichenko algebra in g determined by
82k0+1. Let ;= [77i>62k0+1] for i < k.
In the theorems of Secs. 4.7-4.9, we encounter the following Lie algebra t = 2ty + t;:

brr | & | 71,y n2e9, 1,000 1
——
t1 times
Let N = (n1,...,n2,1,...,1). If all the indeterminates w1, ..., u; are even, define Hamil-
——
t1 times

tonian vector fields Hyyy f = Zle Oc(iy(f)0; for any f € K[t; N ] with ¢(r) defined as earlier
in this section (replace kg, k1, k by to, t1, t, respectively). Thus, we get a Lie algebra

bris (2t + t1; N) = {Hury | f € K[2tg +t1; N}

Note that hr(t1;(1,...,1)) (defined in Sec. 4.4) is a particular case of hri; by setting to = 0.
If t; = 0, we get the Lie algebra b(2to; (n1,...,n2,)) = {Hunr | f € K[2t; (n1,...,
nat,)]}. This algebra is isomorphic to the Cartan prolong of 0(51)(2150) studied in [13], where
S = antidiagy, (1,...,1).
Note that if kg = 0, we have oor7(0lk1) = o0077(0|k1); this case has been studied in
Sec. 4.1.
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Theorem 4.9. Let kg 7& 0.

If k1 =1, we get og(t) = b(l (2ko; N).

If ky > 1, then vg™ = by (2ko + k1 — 15 (4, - . ., gy, 1,. .., 1)).

If k1 > 1 is even, then vg® G vg() C vg.

If ko = ny = no = 1,k1 = 2, we do not get any simple Lie algebras. In all the other
cases, vg? is simple of dimension 2™ Fr2kethi=l _ o

If k1 > 1 is odd, then vg() is simple of dimension 2™+ +nakgthi=1 _ 1

Proof. If k; = 1, then vg = b1(2ko; N) ©K(7|i < k) with 77; ¢ vg") and [Ty, hr (2ko; N)] =
0. Hence the result.

If k1 > 1, consider the following map (the generators of K[2ko + k1 — 1;(nq,...,
Nokys 1, - - -, 1)] are denoted by ¢;’s):

O[u].J v 7u2k07 (u2k0+1 + 1)u2k0+27 ety (u2k0+1 + 1)Uk]
— K[2k‘0+k‘1 — 1;(n1,...,n2k0,1,...,1)]

ul(-a) — tl(-a) for i < 2kg,a < s;,
(Ugkg4+1 + Duj — t; for 2kg +1 < j < k.
This isomorphism of algebras gives us an isomorphism
og = b (2ko + k1 — 15 (na, ... nakg, 1, ..., 1)) @ K (7)1 < k).

Note that 77; ¢ vg(M) for i < k, and for every Hrmrp € vg, with u; a factor of f for some
j > 2ko, 0, Huz,¢] = Hur,y. Hence the claim.
If k&1 > 1 is even, then vg is generated, as a Lie algebra, by the set

{0iYicoro U T i<k U {Hir M-y 1 (M) }-
Further, vg®) is generated, as a Lie algebra, by
{03 }i<or, U {HHI,M+82kO+1(M)}

with HHI’MJran()H(M) ¢ Ug(z). Thus, Ug@) is generated, as a Lie algebra, by the set

{GZ,H M+8g0 1(M) } U {HHI MA-0py 41 (M) } .
Ui i<2kq uakg 1+ DY ) op ci<k

A basis for vg? is given by the set

{Hur f+00,41(5) | [ € K[2ko; N|kalg, f # 1, M}

If ko = N1 = Ny = 1 and ki = 2, then the abelian algebra Span{0, 92, Hrr (us41)us } 18
an ideal of vg(?.

In the rest of the cases for k1 > 1, we see that any nonzero ideal, Z, nontrivially intersects
the set {Hriru, Fi<2k, U {HHI,(u2k0+1+1)uj Yok +2<j<k, Which, in turn, implies that 7 = vg(®).

If k&1 > 1 is odd, then M is odd. So vg is generated, as a Lie algebra, by the set

{05, M; Yi<oro U {HHI,(u2k0+1+1)uj7ﬁj}2k0+1<j§kz U {HHI,M’ﬁ2k0+1} :
U2k +1
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In this case, Ug(l) is simple, and is generated, as a Lie algebra, by the set

{0i}i<oro U {HUL, (uspg 41 +1)u; Y2k +1<j<k U {Hm M } :

TU2kG41

A basis for vg(!) is given by the set {HHI’fJFa%O“(f) | f € K[2ko; N|k1]g, f # 1} O

4.8. The Volichenko algebra in the Cartan prolong of oog}(2k0|k1)

Recall the notation used in the previous Sec. 4.7. In this section, let g denote the Cartan
prolong of 00%}(21{:0%1), and vg denote the Volichenko algebra in g determined by Jog 1.
From [13], we know that g is generated as a Lie superalgebra by the set

{0 Yick U {niti<oro U {Hrm}-

Note that if kg = 0, we have 00%}(0“4:1) = oogl)(O\krl) and this case has been studied in
Sec. 4.2.
If kg # 0 and k1 = 1, we get

og = bri(2ko; N) & K(7;|i < 2ko)  with 7, ¢ vg").
If kg # 0 and k1 > 1, we get
og = brr(2ko + k1 — 1; (n1, ..., naky, 1, ..., 1)) @ K(7;(i < 2ko).
In this case,
g™ = 50 (2ko + k1 — 15 (01, . nagg, 1, ..., 1)),

Both these algebras have been addressed in the previous section.

4.9. The Volichenko algebra in the Cartan prolong of c(oog}(2k0|k1))

In this section, let g denote the Cartan prolong of oog}(2k0|k‘1), and vg denote the
Volichenko algebra in g determined by Ogj,+1. From [13], we know that g is generated
as a Lie superalgebra by the set

{0i}i<k U {miti<ok, U {Hurp,n}, where n = Z u;0;.
i>2ko

Here, when kg = 0, we have c(oo%}(mk‘l)) = c(oogl) (0|k1)) and this case has been studied
in Sec. 4.3.

If kp # 0 and k; = 1, then c(oo(r}}(ko\l)) = oopy7(ko|l) which has been studied in
Sec. 4.7.

If kg # 0 and k1 > 1, then

vg = bHI(Qk() + k1 — 1;(n1,...,n2k0,1,...,1)) @K<ﬁz|2 < 2k0> @Kﬁ,

here 7 =1+ Ooky+1-
In this case, vg) = bg}(%‘o + k1 — 1;(ng,...,nok,, 1,..., 1)), this was studied in
Sec. 4.7.
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4.10. The Volichenko algebra in the Cartan prolong of oo (2ko|2k1)
Notation: In Secs. 4.10 and 4.11, we follow the notation used in [13]: Let

r+ ko if r < ko,
ko if ko <1 < 2k,

e(r) = fo e BRo s = SR (4.1)
r+ ki if 2kg <71 < 2ko + k1

r—k if2kg+ ki <r<k.

Let
k
Hrmg =y 0w (N)0 f € K[2ko; N2k
i=1

be the Hamiltonian vector field corresponding to the bilinear form IIII.
In this section, let g denote the Cartan prolong of oorr(2ko|2k;) for k1 # 0. Recall from
[13] that g is generated as a Lie superalgebra by the set
{81‘, ni}igk U {HHH,M}a Where i = uflac(z)

Note that

[Huu, 5 Hinit,g] = Hi, By, (9) = HIUL Hun o(5)5
[Hrmiy, mi] = Hrm,p)  for any f, g € K[2ko; N|2k1],1 < k.
Let vg denote the Volichenko algebra in g determined by Jogyt1. Let 7; = [ms, Ook,+1] for

1 < k.
In Theorems 4.7-4.9 we encounter the Lie algebra

hnn(t;&), where t = 2tg + 2t; and &: N1y .oy N2ty 1yeny 1

——

2t1 times
If all the indeterminates uq, ..., u; are even, define Hamiltonian vector fields

t
Hum, s = Z@C(i)(f)ai for any f € K[t;&] with ¢(r) defined by (4.1)
i=1

(replace ko, k1, k by to,t1,t, respectively). Thus we get a Lie algebra

b (2t + 2t1; N) = {Hnm, 5 | f € K[2tg + 2t1; N}
Recall from Sec. 4.7 that

bri(2to; (n1, ..., nay)) = {Hmf | f € K[2to; (1, ..., 2, )]}

which is a particular case of by (2tg + 2t1; V) for t; = 0.
Lastly, assume kgky # 0.
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Theorem 4.10. (1) vg # vg(V).
(2) The space

1= {Hnnv(f+82k0+l(f))'((u2k0+1+1)uc(2k0+1)+u2k0+2uc(2k0+2)+“‘+u2k0+k1uc(2k0+k1))
| f € K[2ko; N|2k1]p}

is an ideal of vg™") and

Ug(l)/I:bnn(2k0+2k1—2;&), where&: N1y .oy N2kys 1yeny 1

2k1—2 times.

If ko = k1 =n1 =ng =1, then ng(l)/I 1s a solvable Lie algebra of dimension 3.

In all the other cases, the first derived algebra of Ug(l)/I is simple of dimension
onit gy +2ki—2 _ o

Proof. First, note that 7; ¢ vg() for any i < k. Hence vg # vg()). The rest of the proof is
as in that of Theorem 4.4. O

4.11. The Volichenko algebra in the Cartan prolong of oogl)-[(Zk0|2k1)

In this section, let g denote the Cartan prolong of oogﬂ(2k0|2k1) and vg denote the
Volichenko algebra in g determined by Oag,+1. Recall from [13] that g is generated as a
Lie superalgebra by the set

{0 Vi< U {Hrrmuy oo, }-

Note that N = (1,...,1) is critical here.

Thus, we see that vg/Z = by (2ko + 2k — 2;(1,...,1)).

If kg = k1 = 1, then vg/Z is solvable of dimension 3. In all other cases, the first derived
algebra of vg/Z is simple of dimension 272 — 2.

Note that oo(rh)T (2ko|2k1) = c(oogl)q(2k0|2k1)). Therefore, this section completes our study
of the Volichenko algebras in the various Cartan prolongs of ortho-orthogonal Lie superal-

gebras.

5. The Lie Superalgebra le(n; N|n)
We follow the notation from [21]. For a homogeneous f € K[n; N|n], let

Leg = (0i(fmi + (—1)PDai(£)3y),

i<n

le(n; N|n) = Span{Le; | f € K[n; N|n]}.
Note that for any vector field ® =Y. (¢;0; + ¥in;) € le(n; N|n), we have
ni(ei) =0, milg;) =n;(wi),  0i(y) = 0;(¢s), and Oi(p;) =m;(¢s) for 1 <i,j<n.

Notation: Throughout this section g := le(n; N|n) and vg denotes the Volichenko
algebra vle(n; N|n).
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Theorem 5.1. (1) Letw = Leysiy..
as a Lie superalgebra by the set

. Theng = ®" _, g; is graded and generated

TR Y1Y2+YUn

n
{01,...,0n,m1,... .0, w}, where g, = K(w) and m:n—2+Zsi.
i=1

We have sdim g = (2"—1+2i5n’% | g i ki 1)

(2) For n = ki =1, the Lie superalgebra g is solvable of superdimension (2[1).
For anyn>2 orn =1,k > 1, the Lie superalgebra g is not simple but g(l) s simple
and

(2n—1+2i§n k; | 2“—1+Eign ki _ 2) for n even,
sdim g(l) =
<2n_1+2i§n ki _ 1 | gn—=14+> i<n ki _ 1) for n odd.

Proof. (1) Note that a basis of g is given by the set {Le; | f is a monomial in K[n; N|n],
f # 1}. Further, g, is spanned by the set

{Ley | f is a monomial of degree r, where 1 < r}.

For any monomial

=z ---:L‘%”yll’l---yzn € K[n; Nin], where 0 <a; <s; and 0<b; <1,

let the monomial f = it ahrylt -yl be such that ff= xit - xiyr - yp. Then

Les = w! = adgi e adg’;ad%i ~-adir(w),  where I = (p1,...,pulq1, .-+, qn)-

(2) For n =1 and k; = 1, g is solvable, it is spanned by the set {01, 1, 2101 + y1m1 }.

For any n > 2 or n =1 and k; > 2, we first show that w ¢ [g, g]. Let h; = Ley,,, =
x;0; +y;n; and h =), h;. Note that [h;, w] = 0. Moreover, [go, w] = 0. Further, we can see
for w! € g, and w’ € g, such that r + s = m, we see that [w!, w’] € [go, w] = 0. Therefore,
w ¢ g, 9]

Now we show that w is not the square of any odd vector field from g.

If n is even, then w is an odd vector field, and so cannot be the square of an odd vector
field.

If n =1 and k; > 1, then the even monomials are of the form 27 for 0 < r < s;. Note
that (Le,r)? = 0.

So, we consider the case where n > 1 is odd. Let ® = Zi(%@i +1;n;) € g be such that
®2 = w. Then

S (il i) (95) = 7wy Gy

)

and

1
Z(%@i i) () = @ity Y.

7
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As ® € g, we have

Z(‘Pza +¢z771 90] (Z @zd’z) .

i

Likewise,

Z(Sola + Pini) () = (Z (Pzwz> .

i

Thus, for every j such that 1 < j < n, we have

i—1
A
%

That is,

Z @ity = 7' - Y1+ Yn + & constant term.

Thus, for some 4,

Sn

iy = xil T YL Yn T other terms.

Now as ® = (Ley)7 for some f € K[n; N|n|g, we have ¢; = n;(f) and ¢; = 0;(f).
Write f = Zlc{l,...,n} fryr, where yy :=y;, - --y;, for subset I = {i1,...,i,}. Note that
as f is even, every I is of even cardinality. We then see 7;(f) = >_,; f[ I and 0;(f) =

> 0i(f1)y
If {i} & I N J, then %82 = 0.

If{}—]ﬁj then y”_“ = YJuJ-

Lastly, if I N J = 0, tﬁen YU = y“” . In other words, we obtain x3'--- 28y, -+ -y, as
a summand of ¢;1; when I N J= {i} and ITuJ={1,...,n}. The coefficient of y;; ) in
p;Y; is thus equal to

i > frfs

InJ={i}, TUJ={1,...n}

which cannot have the highest degree in x;. Thus w cannot be the square of an odd vector
field.

We now show that g(!) is simple. Note that it is generated, as a Lie superalgebra, by the
set {0;,m;, adp,w, ady, w}i<y. Let Z be any nontrivial ideal of gM and v # 0,v € Z. Taking
sufficiently many commutators of v with appropriate 9; or n;, we see that Z N g(_li = 0. This

implies that Z N g(_lz = g(_lz This further implies that 221121 g; C Z. Lastly,
[h,adp,w] = adg,w € T and [h,ad,,w| = ad,,w € L.
Hence 7 = g(l). ]



Simple Vectorial Lie Algebras in Characteristic 2 355

5.1. The Volichenko algebra vle(n; N|n)
The odd vector field 7; determines a Volichenko algebra in le(n; N|n):

U[e(n;ﬂhl) = {(I) + ["717(1)] | S [e(n;ﬂ‘n)ﬁ} = {Lef(m,...,xm(yl-i-l),yQ,...,yn) | f € K[n,ﬂhl]()}
Let
Wy = w + [N, w] = Lemilmgz,,

an (y1+1)y2-yn”

Note that (y; +1)? =1, and

[Leain1) Lepn oty 41y gl ] = O gt (1)1 2 gyt
for0<t; <1,t;=1,<1l<n,

[Le(yl-‘rl), Lele___xzn(y1+1)t1y;2...y;n] = Leleflu_x;n (y1+l)tly;2---yfl” for 0 < t; < 1,
[Leyj,Lele___xzn(y1+1)t1y;2...y;n] = Lele---x;jil---xzn (y1+1)t1y;2---y;" for 0 <t; <1,
[Ley,, Leg,(y+1)] = Legy, +1) for 1 <1 <n.

Thus, vle(n; N|n) is generated, as a Volichenko algebra, by {Le,,(y,41), Ley, b1<i<n U {wy}.

Theorem 5.2. (1) Let n be odd. Then dimvg = 27142,
If n =1 = kq, then vg is nilpotent.
Ifn>1orifn=1and k; > 1, then vg is not simple, but vg(Y) is simple of dimension
gn—l+s .

(2) Let n be even. Then vg is simple of dimension 21425,

Proof. (1) Let n = 1 = k;. Then vg is a nilpotent Lie algebra spanned by {0;,z101 +
(y1 +)m}.

Let ki > 1 or n > 1. Since the set {Les | f is a monomial in K[n; N|n]1} is a basis for
vg, it follows that dimbg = 1sdim K[n; N|n].

If w, = w + [w,m] € vg), then w € le(n; N|n)V), which we have already seen is not
the case (Sec. 5). Hence vg(!) # vg.

By the commutator relations given above, we see that

{Lexfl <2 Y2 Gl Yn h<t U {Lexil e (Y1 Dy G,gr-yn bz

U {Lexil---xfrl }1§l C Ug(l).

~xp (y14+1)y2-yn
As wy, ¢ vg(D, we see that vg(!) is generated, as a Lie algebra, by the set

{Lexil <2 Y2 G Yn h<t U {Lexil e (Y1 Dy2--G,gr-yn bz

U {Lezil,,,mflfl,,,mzn(y1+1)y2,,,yn}1§l U{Les,(y+1), Ley, b1<i<n-

In other words, dimvg®") = dim vg — 1.
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It remains to show that vg(") is simple. Let Z be an ideal of vg") and u # 0,u € Z. Then,
with sufficient number of commutators with Le(, 1y, Ley,, where 1 <[, we can assume that
u = Les, where f = f((y1+1),v2,...,yn) € K[n; N|n|;. This implies that 0; € Z for 1 <4,
which in turn implies that x;0;, (y1 + 1)n1,v;0; € Z for 1 < i. Using these elements, we see
that the rest of the generators of vg") are in Z. Hence, Z = vg().

(2) Let n be even. Let w, = L@inIZQH and w,; = L@inIZQ.

T Y2 Yn ! @ (y1+1)y2-- G yn”
The Volichenko algebra vg is generated by {Ley,(y,+1), Ley, }1<i<n U {wy; 1<

Note that [Ley,y;, wyj] = wy; € vg) for 1 < j and [Lew, (g 1), Woi] = w1 € g,
Similar to the arguments as in the case where n > 1 is odd, we see that for n even, vg is
simple and dim bg = 271+ i, O

5.2. The divergence free subalgebra of le(n; N|n), its traceless ideal,
and their Volichenko counterparts in vle(n; N|n)

By definition
sle(n; N|n) = {Ley | div(Les) = 0}.

Recall that le(n; N|n) is generated by the set {01,02,...,00, 11,12, ..., N, w}, where w =
Le_s1 . That is,

s2
x ..

S
T X Y1Y2°-Yn

s1—1_so—1

_ sp—1
w =T, T "

..:L‘n

n n
X (lefr:z'--fr:nywz---y?'--yn(?ﬂrmexz---:@---xny1yz---ynm> :
i=1 =1
Then by direct computation we see that div(w) = 0. Thus, sle(n; N|n) = le(n; N|n).
Over C, the Lie superalgebra sle(n) has a traceless ideal, denoted by sle’(n) of codimen-
sion 1 defined by the exact sequence

0 — sle’(n) — sle(n) — CLey, yyy,, — 0.

In our case (that is, over K), we have seen that sle(n; N|n) = le(n; N|n).

6. The Contact Lie Superalgebra ¥(2ko + 1; IN|m) for m Odd

We follow the definition and notation given in [21]. Let m = 2k; + 1 and k = ko + ki.
List the indeterminates be z,...,x9t11, where the even indeterminates are xg,xq,...,
Thoy Thtls - - - s Thtko and the odd indeterminates are Xy 41,..., Tk, Thtko+1,-- - Takt1- Let
0; be the distinguished derivative with respect to x;. The superalgebra O[z;,, ..., ;] rep-
resents the subalgebra of K[2kg + 1; N|m| generated by the elements x;,,...,z;,, and their
divided powers if N # (1,...,1).

For any f € O[zy,...,z9] and g € Olx, ..., x|, let

k

Kp=(1+E) () + ) (0u4i()0: + 0:(£)Or+i),
=1

T} = g(@2r1100 + Oogt1),

2
T, = 9Tok+102k+1,
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where B/ = Zle 2;0;. We have
€(2ko + 1; N|m) = Span{Ky | f € Olz1,..., x|} U {Tgl,Tg2 | g € Olxo,. ..,z }.

Denote: g := €(2ko + 1; N|m); let b = Span{Ky,4,,, = %;0; + i 410i+r | i < k}. Note that
the elements Ky, Tgl, Tg2 are eigenvectors of the ad [ for all + < k.

We also note that £(2kg 4+ 1; N|m) is closed under the squaring of its odd vector fields
(here, f € O[z1,...,x2%l1, g € Olzo,. .., x2x)):

(Kf)2 = Ko, (1) (Tgl)2 = T;Kl(g) + ¢*K, for g even , (TQZ)2 = T;Q =0 for g odd,

where &y = Zle Oi+i(f)0;. Recall the definition of Hry s from Sec. 4.10, which will be
used in the following theorem.

Theorem 6.1. (1) Let K = Span{Ky | 0o f = 0}, the Poisson superalgebra, with Ky in its

center. Let K' := K/(K1), then (K')Y) is a simple Lie superalgebra of superdimension
(2n1+~~'+n2k—2 —_92 | 2n1+"'+n2k_2)_

(2) Let £ := Span{T, T2 | g € Olxo,...,xo]} U{K1 = do}. Then L is an ideal of g of
superdimension (210 T2k 4 1 | 2not N2k,

(3) The Lie superalgebra L is not simple as Tq2 ¢ LD where q is the monic monomial in
Olzo, ..., wor] of highest degree. Further, the set {0y, T;(s]og, T250*19 | g€ Olxy,... 2]}

Zo
generates L) as a Lie superalgebra and L2 = £,
(4) Let (O[z1,...,xox])r denote the span of all monomials of Olz1,...,xk] of degree at
least r. For each r > 1, let

T =Span{T}, . To 4, | 91 € Olzo], 92 € (Olz1, ..., wox])r}-

Then each T, is an ideal of LD with JTADTD .
(5) Let

I= Span{Tgl,Tg2 | g € Olz1,...,x96]} U{Do}.
Then T is a Lie sub-superalgebra of L&Y and 8y is in the center of T. We have
M = Span{Tg1 | g € Olzy,... 291} U{00}
and T = Span{dy}.

Proof. (1) Indeed: Kf = (1—|—E/(f))60—|—HHH7f(f), and [Kf, Kg] = KHHH,f(g) = KHHH,g(f)'
The claim thus follows.
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(2) This can be seen from the following commutators and squares (use the facts that for
g even, g% is a scalar, while for g odd, g% = 0.):

1 1 2 1 2 1 1 1
[Tgl’ng] = Tao(glgz)’ [Tgl’ng] = T9192’ [Tg ) Kf] = TKf(g)’ [Kl’ Kf] = 0’
[Tng’TgQQ] =0, [T92>Kf] = T}‘;f(g), (Tgl)2 = T;Kl(g) + ¢°K, for g even,
(1) =T% =0 for g odd.

2 _
Further note that (Kf)” = KZ?:l B r (£

Lis {T,,T? | g € Olxo,...,xo]} U{do}.

(3) For any even h € Olxy, ..., x| we see that hdy(h) cannot have g as a summand. Also
recall [T}, T1] =1T2 . Thus T} ¢ LW, For any g = # + z°, we have (T,)? = Tf%'

N for f odd, and thus (K;)? ¢ £. A basis for

g1’ = g2 90(9192)
Next, (T1)? = 0y and T} = [T}, T?] for any h € Olx, ..., r9x]. Hence, 0y, T}, T% € LW
o

and £2) = £,
(4) and (5) The commutator and squarings from part (2) of this proof give these claims.
U

6.1. The Volichenko algebra in the contact Lie superalgebra
v€(2ko 4+ 1; N|m) for m odd

The contact Lie superalgebra contains a Volichenko algebra determined by the odd vector

field ka0+1 = Oxk0+l+k. That is,
ot := 08(2ky + L N|m) = {® + (D, B] | @ € 0(2K0 + 1 N|m)g}.
Note that
Ky, 3mk0+1+k] = Kazk0+1+k(f)’ [Tgl’ aﬂ?k0+1+k] - Tc‘%%“%(f)’
[TgQ’ aﬂ’k0+l+k] = Taik()“%(g)'

Thus, a basis for vt is given by the set

{Kf+8lk0+1+k(f) | f€O0[xy,..., x5t U {Tgl

+8®k0+1+k(9) |g € 0[1’0, e ,:Cgk]j}

2
U{T;

+8®k0+1+k(9) |g € 0[1’0, e ,:Cgk]()}.

Remark 6.2. For every ® € £(2kg + 1; N|m)g, we see that
[kao+1xko+1+k+---+xkx2k + T127 ®] = 0.
Hence

2
Kﬂ?k0+1 (Thg+14k+1)+FTho+2Tkg+2+ 6+ +TRTak + 17
k

= Y (@0 + wiprOign) + o102k 1 + Tpgr 14k
i=ko+1

is in the center of vé.
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Theorem 6.3. (1) Let oK = Span{Ky s, .\ . (s) | [ € Ola,... x5} Then the Lie
algebra oIC has K in its center. Further, o/KC/(K1) is a Lie subalgebra of the Volichenko
algebra in Y (2ko; N|2ky) determined by Oy+k+1, generated by the set

{Kp + Okorer1(P)} UKz, Fic(1,... ko kt1,.... k+ko
UA{E (2 411415 Y j€lko+ 1, e oo+ 2., 20}

(2) Let

vl = Span{ g+0 | g € Olxg, ..., )1}

Tko +1+k

ATEis, i | 9°€ Olaos s anloh UK.

Then vLq is an ideal of vk. Further, vLq contains an ideal, 0Lo, where

0Ly = Span{T"} G0y 1110 ) |9 € Olzo, ... w21}
U{ g+3zk ) ‘ g € O[l’o,...,xgk](‘)}.
(3) Let (Oz1,. ., Thothil,--->Tok))r denote the span of all monomials of degree > r.

For each r > 1, let

vJ, = Span{T, 010240k 111 (g192) | 91 € Olzols g2 € [(Olan, o Thgpras - wok])rl1 )

u{T,, 019240k 111 (g192) | 91 € Olzols g2 € (Ol 1, Tho kit - w2k])ro )

Then each v7, is an ideal of L1 with vLs D 01 D 0vJo D
(4) Let

vZ = Span{T"} 0+ Ohg 4 141(9) | g € Olz1,...,zol1}

U{T, oo nia(a) | 9 €Ol warlo} U {00}

Then vZ is a Lie subalgebra of vLq and Oy is in the center of bZ. We have
vZW) = Span{T! 040 141 (0) | g € Olxy,...,xox]1}

and T?) = {0}.

Proof. (1) Direct calculations give the claim. The said subalgebra is studied (upto an
isomorphism interchanging Ji,+1 and Jg,4x+1) in Sec. 4.10.
(2) This can be seen from the following commutators for any admissible f, g, g1, go:

[Tt 1l = Tgo(

1 2 1 1
91~ g2 9192)° [Tor: Too) = Tyrgyr [Ty, Kyl = TKf(g)

2 2 2 2
(K1, K] =0, [T2,T2]=0, [T2.K[]=T%,,).

(3) Note that (zgy+xr1 + 1)? = 1, and therefore we need to exclude the indeterminate
Zko+k+1. The claim of (3) and (4) can be seen from the bracket formulae given in part (2)
of this proof. O
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7. The Contact Lie Superalgebra £(2k¢ + 1; IN|m) for m Even

We follow the definition and notation given in [21]. Let m = 2k, and k = ko + k;. List the
indeterminates as x, . . ., To, where the even indeterminates are zo, ..., Try, Trt1, - - -, Thtke
and the odd indeterminates are xy 41, ..., Tk, Thtkot1, - - -, T2k Let O; represent the deriva-
tion with respect to x;. For any f € K[2kg + 1; N|m], let

k
Ky =(14+E)(f)9 +(/)E + > (Ori(£)0i + 0i(f)Dk14)

i=1
where B/ = Zle x;0;. We have, as spaces:
E(2ko + 1, N|m) = {Ky | f € K[2ko + 1; N|m]}.
Note that £(2ko + 1; N|m) is closed under the squaring of its odd vector fields. Indeed,
for any f € K[2ko + 1; N|m];, we have

k

(Kf)? = Kay(p) (1B () +0;(f), Where &y = Z(@:H(f)@ + 0i(f)Ok1i)-
=1

Remark 7.1. The maximal torus b of €(2kg + 1; N|m) is spanned by
k
Kxo = ijaj and Kxika = LUlal + xi—i—kai—i-k for 1 < 7 < k.
j=0

Theorem 7.2. (1) The contact Lie superalgebra €(2ky + 1; N|m) is generated by the set

{KM} U {wa kaﬂ'}?:l'
(2) For k even, t = £(2ky + 1; N|m) is not simple, but ¢ is simple of superdimension
(2n0+~~~+n2k—1 -1 ‘ 2n0+~~~+n2k—1)'

(3) For k odd, ¢ = £(2ky + 1;N|m) is a simple Lie superalgebra, of superdimension
(2no+~~~+n2k—1 | 2n0+---+nzk—1)_

(4) The set K = Span{K; | 0of = 0} is the Poisson Lie sub-superalgebra of &(2ko +
1;N|m). Let K' be the quotient K/(K1), then (K')V) is a simple Lie superalgebra of
superdimension (27T 2= _ 9 | grattnag=2),

Proof. (1) This can be seen with the following formulae (here 1 <i < k and f € K[2ko +
1; N|m]):

Ky =0y, Ky =0kti, Keypy =wipk00 + 0,

(K1, K] = [00, Kf] = Koy (),

(Ko, Kf] = [Ok4i: K] = Koy,

(K Kl = [2i3£00 + 0, Kf] = K4, 00+0,)(f)» and hence

Koy(r) = 1K1, Koy pop] + [ Koy, Kyl
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(2) Let k be even. Then

k
K= Mo+ Y (0i4r(M)Di + 0;(M)yy).-

i=1

Note that [h, Kyq] = 0. Therefore K ¢ [8, €].

We claim that K4 is not the square of any odd vector field in €. Let (Kg)2 = Kum
for some odd g € K[2ko + 1; N|m]. Since Ky = M3y + rest of the terms, we see that
(1+E')(g) # 0; that is, (1 + E")(g) = f for some odd f.

As (K,)? = Kum, we have foy(f) = M. Let f = Z;OZO z} fj, where every f; is odd. Then
A(f) =223 :L‘f)_lfj. Now the coefficient of z° in fOy(f) is fofso+f1fso—1+" -+ fsofo = 0.
(Note that the “middle summand” is fsg+1 fsg+1 = 0 as every f; is odd.) Thus, K, is not

2 2

the square of any odd vector field. In other words, K ¢ ),
We now claim that €1) is simple. Note that €(!) is generated as a Lie superalgebra by
the set

{K1, Koy} UK Koy s Koy (mys Koy (v Fi<i<ie

Let 7 be any nontrivial ideal in ¢!). Let > Ky el where each f; is a monomial. Let
Jo be such that f;; be of the highest degree monomial among the f;’s. Now, appropriate
number of commutators with appropriate K, K;,,, , and K1, reduces K fio tO K, € Z. That
is, we can assume that Ky = dy € Z. Then, [K,,,, K1] = K, and [Ky0,,,, Ki] = Ky,
are in 7 for 1 < i < k. Now, [Kz,, Kagya)] = Kagmy and [Kay, Ko, (a)] = Ko, (my are in T
for 1 <i < k. Lastly, [Ky,e,.,, Ka (M)] =Ky, m €T for 1 <i < k. Hence Z = £,

A basis for £€1) is the set

i+k

{Ky | f is a monomial in K[2ky + 1; N|m], f # M}.

Hence dim ¢(1) = 2not+nar _ 1,

(3) Let k be odd. In this case, [K,,, Kp] = Ky € €Y. Using arguments similar to
those in the case of k even, we see that €1) contains all the generators of £, and thus ¢ = DN
and that £ is simple of dimension 270+ 72k

(4) We encountered the algebra K in part (1) of Theorem 6.1. O

7.1. The Volichenko subalgebra in the contact Lie superalgebra
€(2ko 4+ 1; N|m) for m even

The contact Lie superalgebra contains a Volichenko algebra determined by the odd vector
field K =0 That is,

Thko+1 Tho+1+k"

ot = vt(2kp + L; N|m) = {® + [0

Tho+1+k?

B] | B € ¢(2ko + L; N|m)g ).

In this case again, K

k _is in the center of vt. In fact, let
xk0+1+Zi:k0+1 TiTi+k

1= {K<f+ak0+1(f))-(xk0+1+zf_k0+1ximk) | /e K[zkﬂ;mm]ﬁ}'
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Then 7 is an ideal of vf. As in the proof of part (1) of Theorem 4.4, we see Nthat
vt/7 is isomorphic to the underlying Lie algebra of ¢(2ky + m — 1;N), where N =
(no,...,n2k0+1, 1,...,1).

———

m—2 times
Notice that when we say, “the underlying Lie algebra,” we merely forget the squaring.

We do this because, we do not utilize the squaring in our Volichenko algebras, and therefore
not in the quotient as well.
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Appendix
A. Lie Superalgebras that Preserve Bilinear Forms Over C

A basis of a superspace is always a basis consisting of homogeneous vectors; let Par =
(p1,---,Pdimv) be an ordered collection of their parities. We call Par the format of (the
basis of) V. The matrix unit E;; is supposed to be of parity p; + p;. To the linear map
F:V — W of superspaces there corresponds the dual map F*: W* — V* between the dual
superspaces. In a basis consisting of the vectors v; of format Par, the formula

F@ﬁZZﬁﬁw

assigns to F the supermatrix A. In the dual bases, the supertransposed supermatrix A*t
corresponds to F™:

(A% = (_1)(pi+pj)(pi+p(A))Aji' (A1)
The supermatrices X € gl(Par) such that
X*'B+ (=1)PXPBIBX =0 for an homogeneous matrix B € gl(Par) (A.2)

constitute the Lie superalgebra aut(B) that preserves the bilinear form B/ on V whose
matrix B is given by the formula

Bij = (—1)PBOP@) Bf (g, v))

for the basis vectors v;.
The supersymmetry of the homogeneous bilinear form B means that its matrix B =
(R S

T U) satisfies the condition

R (—1)PB)Tt
B* =B, where B" = )

(—1)PB) gt ~U!
Similarly, anti-supersymmetry of B means that B* = —B. Thus, we see that the upsetting of

bilinear forms u: Bil(V, W) — Bil(W, V'), which for the spaces and the case where V =W
is expressed on matrices in terms of the transposition, is a new operation.
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Most popular canonical forms of the even non-degenerate supersymmetric form are the
ones whose supermatrices in the standard format are the following canonical ones, B.,

, 1, O 0o 1,
B.,(m|2n) = ,  Where Jy, = ,
0 Jon, -1, 0

1I 0 0 1
Bey(2k|2n) = 2" ,  where Ily, = ‘ )
0 Jon 1 0

0 1

’.
or B,,:

or

IMop1 O

Bey(2k 4 1|2n) = ( .
2n

), where Ilog11 =1 0
1, O

The usual notation for the ortho-symplectic Lie superalgebra aut(Be,(m|2n)) is
osp(m|2n); sometimes we will write more precisely, 0sps¥(m|2n). Observe that the passage
from V to II(V') sends the supersymmetric forms to superantisymmetric ones, preserved by
the “symplectico-orthogonal” Lie superalgebra, spo(2n|m) or, more prudently, osp®(m|2n),
which is isomorphic to osp®Y(m|2n) but has a different matrix realization.

In the standard format the matrix realizations of these algebras are:

F Y X! A B X
osp(m|2n) = X A B ;o osp?(m|2n) = cC At YU},
-yt o A Y Xt E

h A b €sp(2n), E €o(m)
where o At sp(2n), o(m).

A given non-degenerate supersymmetric odd bilinear form By,gq(n|n) can be reduced
to a canonical form whose matrix in the standard format is Js,. A canonical form of the
superantisymmetric odd non-degenerate form in the standard format is Ily,. The usual
notation for aut(Byqq(Par)) is pe(Par).

The passage from V to II(V') establishes an isomorphism pe¥(Par) = pe®(Par). These
isomorphic Lie superalgebras are called, as A. Weil suggested, periplectic. The matrix real-
izations in the standard format of these superalgebras is:

A B . .
pe® (n) = , whereB=-B".C=C"};
Cc A

a A B t t
pet(n) = c At , where B=B",C =—-C"}.

Observe that, despite the isomorphisms 0sp®¥(m|2n) =~ osp®(m|2n) and pe®Y(n) ~ pe*(n),
the difference between the different incarnations is sometimes crucial, e.g., their Cartan
prolongs are totally different.
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The special periplectic superalgebra is

spe(n) = {X € pe(n) | str X = 0}.

Of particular interest to us will be also the Lie superalgebras

spe(n)qp = spe(n) x C(az + bd), where z = 1y, d = diag(1,,—1,). (A.3)

B. Generating Functions Over C

A laconic way to describe £, m and their subalgebras is via generating functions. There are
several standard realizations of the Lie algebra of contact vector fields, all are usually given
in an “unnatural” basis of partial derivatives which suffices, however, for calculations. We
will also give a representation of the contact fields in “natural” bases: for further notation,
see [21, 27].
e Odd form «y. For any f € Clt, p, q, 0], set:
0 of
Ki=Q2-F ——H¢+ —FE, B.1

=@ B)()g —Hy+ 2 (B.1)
where E' =), yia%i (here the y; are all the coordinates except t) is the Euler operator, and
H is the Hamiltonian vector field with Hamiltonian f that preserves da;:

af o of 8) of o
H, — G99 Ly 97 9 | B.2
! zézn <3pi dqi  Oqi Op; =1 =, 90,90 B2

The choice of the form «; instead of &; only affects the shape of H; that we give for
m =2k + 1:

_N (9L 09T 0Ny <ﬁi or o 3_f£)
Hf_z(ﬁpiaql' 8%‘81%') S 8§j877j+877j3§j+8989 - (B3

i<n <k

The expression of the contact field corresponding to the form aq or &; is as follows:

0 of
Kr=2-FE)(f)=—H;+—F B.4
=@ E)(f)a~ Hy+ 2B, (B.4)
where £ =), pia%i +> y Q%, and Hy is the Hamiltonian vector field with Hamiltonian
f that preserves da;, see (B.2).
e Even form «p. For any f € Clg, &, 7], set:
0

My = (2 B)(f) 5~ Les — (-1 (B5)

where £ =), yia% (here the y; are all the coordinates except 7), and

= of 0 1w of i)
b _; <6qz~ e, TV 8E a0 ) (B.6)
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Since

Li, (1) = 2%@1 = K1(f)ou,

of

(B.7)
L, (o) = —(—1)p(f)2§040 = — (=P My (f)an,

it follows that K; € €(2n + 1|m) and My € m(n). Observe that

p(Les) = p(My) = p(f) + 1.

e To the (super) commutators [Ky, K4] or [My, M| there correspond contact brackets
of the generating functions:

(K, Ky = Ky,
[My, My] = My,

g}k.b.;

g}m4b4 :

The explicit expressions for the contact brackets are as follows. Let us first define the
brackets on functions that do not depend on ¢ (resp. 7).
The Poisson bracket {-, -} py. (in the realization with the form wy) is given by the equation

<3f dg 0f 39) — (—1)rth of @ for any f,g € C[p,q,0]

{f.9}ps. =) dp; dg;  Dq; Op;

= (B.8)

and in the realization with the form wqy for m = 2k + 1 it is given by the formula
_ of 99  0f g
thokps. = Z <8Pi dqi  9q; Op;

— (1P Ly (ﬁ 99, OF @) L9199 gy, f,9€Clp,q,&n,0].

= \0g; On aon; 0¢;) " 00 90
(B.9)
The Buttin bracket {-, -} g, is given by the formula
of 9y of g
= — L (1D ) g . B.1
oo =% (5o g2+ 5L 20) doray fgecing. @)

i<n

Remark B.1. What Leites christened the “Buttin bracket” was discovered in pre-super era
by Schouten; Buttin was the first to prove that this bracket establishes a Lie superalgebra
structure. The interpretations of the Buttin superalgebra similar to that of the Poisson
algebra and of the elements of [e as analogs of Hamiltonian vector fields was given in [20].
The Buttin bracket and “odd mechanics” introduced in [20] was rediscovered by Batalin
with Vilkovisky (and, even earlier, by Zinn-Justin, but his papers went mainly unnoticed);
it gained a great deal of currency under the name antibracket. The Schouten bracket was
originally defined on the superspace of polyvector fields on a manifold, i.e., on the superspace
of sections of the exterior algebra (over the algebra F of functions) of the tangent bundle,
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(A (T(M))) = Nx(Vect(M)). The explicit expression of the Schouten bracket (in which
the hatted slot should be ignored, as usual) is

[Xl/\"'/\"'/\Xk,YI/\"'/\Yl]

:E}—NﬂM@nanNnAXﬂv~AXwaw~AnAnwm. (B.11)
47j

With the help of the Sign Rule we easily superize Eq. (B.11), i.e., replace M by a super-
manifold M. Let x and £ be the even and odd coordinates on M. By setting

0 0 -
0; =11 =T =11 — ) =¢&; B.12
= (gn) =5 w=n(5g) -6 12
we get an identification of the Schouten bracket of polyvector fields on M with the Buttin

bracket of functions on the supermanifold M with coordinates z, £ and &, £, and the trans-
formation rule of the checked variables induced by that of unchecked ones via (B.12).

In terms of the Poisson and Buttin brackets, respectively, the contact brackets are

rgho = @ = BYNTL - 2~ B)o) ~ {F. 9} (B.13)
and
(o0 = @ = BNGE + (PO L@ - B) o)~ (frgdpn (B1Y

The Lie superalgebras of Hamiltonian vector fields (or Hamiltonian superalgebra) and
its special subalgebra (defined only if n = 0) are

h(2n|m) = {D € vect(2n|m) | Lpwy = 0},
(B.15)
b (m) = {Hf € h(0|m)‘ /fvolg _ 0}.

The “odd” analogues of the Lie superalgebra of Hamiltonian fields are the Lie superalgebra
of vector fields Le f introduced in [20] and its special subalgebra:
le(n) =1{D € vect(n|n) | Lpw; = 0},
(n) ={D € vect(nln) | Lpw = 0} 516,
sle(n) = {D € le(n) | div D = 0}.

It is not difficult to prove the following isomorphisms (as superspaces):

n(Ky | f€Clt,p,q,€]);
n(Ley | f € Clg,€]);

(Mg | f € Clr,q,8));
n(Hy | f € Clp,q,¢]).

(B.17)

pa
pa
pan
pa

Set

po'(m) = { 7 € po(0lm)| [ fvole o}
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then

b'(m) = po’(m)/C - K;.

B.1. Divergence-free subalgebras

Since, as is easy to calculate,
divKy = (2n+2—m)Ki(f), (B.18)

it follows that the divergence-free subalgebra of the contact Lie superalgebra either coincides
with it (for m = 2n + 2) or is the Poisson superalgebra. For the pericontact series, the
situation is more interesting: the divergence free subalgebra is simple and new (as compared
with the above list).

Since

div M; = (—1)P()2 , B.19
! aqzafl

it follows that the divergence-free subalgebra of the pericontact superalgebra is

sm(n) = Span | M € m(n B.20
(n) = Span | M € m(n) | (1 28%8& (5.20)
In particular,

div Ley = B.21
=2 aqla@ (B21)

The odd analog of the Laplacian, namely, the operator
= B.22
=% g (B:22)

i<n

on a periplectic supermanifold appeared in physics under the name of BRST operator, cf.
[11], or Batalin—Vilkovysky operator. Observe that A is just the Fourier transform (with
respect to the “ghost indeterminates” & (the odd ones, if considered on manifolds) of the
exterior differential d.

The divergence-free vector fields from sle(n) are generated by harmonic functions, i.e.,
such that A(f) =0.

Lie superalgebras sle(n), sb(n) and svect(1|n) have traceless ideals sle’(n), sb’(n) and
svect’(n) of codimension 1 defined from the exact sequences

0 — sle’(n) — sle(n) — C- Leg,..e,, — 0,
0 — sb’'(n) = sb(n) —» C- M, ..&, — 0, (B.23)

0 — svect'(n) — svect(ljn) > C- & - .gn%
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C. Passage from C to K

In this Appendix C, we have collected answers to several questions we have been stunned
with while writing this paper. We hope that even the simplest of these answers will help
the reader familiar with representations of Lie algebra over C but with no experience of
working with characteristic p. For p = 2, several of our definitions are new.

C.1.

If p > 0, we have to consider as coefficients of vectorial Lie (super)algebras not polynomials
but divided powers if we are interested in simple Lie (super)algebras because otherwise vect
(and its subalgebras) not only have ideals, but are not even transitive.

C.2. The Lie (super)algebras preserving symmetric bilinear forms

If p = 2, then the analogs of symplectic and periplectic Lie (super)algebras accrue additional
elements: If the matrix of the form B is Il, (resp. II,,), then aut(B) consists of the

(super)matrices of the form
A B
oAt (C.1)

where B and C are symmetric. Denote these general Lie (super)algebras autge,(B); in
particular cases: 0gen(2n) and pe,, (1), respectively.

The derived Lie (super)algebra aut)(B) consists of the (super)matrices of the form
(C.1) where B and C are symmetric with zeros on their main diagonals. In other words,
these Lie (super)algebras resemble the orthogonal Lie algebras. On these Lie (super)algebras
aut(M (B) a (super)trace is defined:

A B
tr: — trA. (C.2)
c A

The traceless Lie sub(super)algebra of aut™ (B) is isomorphic to aut® (B).

There is, however, an intermediate algebra aut)(B) C aut(B) C aut(B) consisting of
(super)matrices of the form (C.1), where only Bs (or only Cs) are zero-diagonal matrices.
We suggest to denote this cILvtt(B) by ope if B is even and pe if B is odd.

Consider now these cases separately and since both cases are closer to the case of the
odd form over C, we begin with it.

C.3. Generalized Cartan prolongations of the Lie (super)algebras
preserving symmetric bilinear forms

C.3.1. Letp# 2 and gg = peg(n)

If the form B is in canonical shape B = II,,,,, then go consists of the supermatrices of the

form
X = A B (C.3)
o —at)’ '
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where B is symmetric and C' antisymmetric (or the other way round), and str X = 2tr A.
We also have g) = spe(n), i.e., is of codimension 1 and singled out by the condition
str X = 0, which is equivalent to tr A = 0.

The Lie superalgebra le(n; N|n) is, by definition, the Cartan prolong (id, pe(n)). n.

Over C, there is no shearing parameter, and le(n) := le(n|n) is spanned by the elements
Ley, where f € Clq,&].

If p > 0, # 2, then if N; = oo for all i, the generating functions are f € Olq, £], whereas
if N; < oo for at least one 7, the generating functions are f € O(q; N|£) U Span(qfﬂi).

The prolong (id, spe(n)). v is singled out by the condition

82
0q;0&;

divLey =0« Af =0, where A = Z
i <n

The operator A is, therefore, the Cartan prolong of the supertrace expressed as an operator
acting on the space of generating functions.

What modifications should be performed in the above description if p = 27

The Lie superalgebra pe(n)gen is larger than pe(n): both B and C' are symmetric, see
(C.1). Observe that pe(n)gen C sl(n|n).

The Cartan prolong (id, pe(n)gen )« n if N; = 0o consists of the regular part Reg and an
additional part Irreg

Reg = Span(Ley | f € Olg,§]), Trreg = Span(&;0y, )i—;.

The part Irreg corresponds to the non-existing generating functions &2
If N; < oo for at least one i, the additional part Irreg does not change while the regular
part is of the form looking alike for any p > 2:

Reg = Span (Ley | f € O(q; NJ€) USpan(@?™) ), Trreg = Span(&id, )11

We denote this Cartan prolong le(n; N |n)gen := (id, pe(n)gen )« . Clearly, it is contained in
svect(n; N|n), and therefore coincides with sle(n; N|n)gen.

For g = pe(n)gen, Lebedev [21] considered their derived g*) and g® and the Cartan
prolongs of these derived. He showed that g!) consists of supermatrices of the form (C.1)
with zero-diagonal matrices B, C, and g is singled out of g") by the condition tr A = 0.
The Cartan prolongs of each of these Lie superalgebras only have the regular part:

(id, g)ey = Span (Ley | f € O(g; NV, [€)) 5

(C.4)
(id, g®). x = Span (Ley | f € O(g; N,[¢) and Af =0).

Consider now the direct analog of pe(n) over C, i.e., the Lie superalgebra consisting of the
supermatrices of the form (C.1) with zero-diagonal matrices B and symmetric C'. It is this
Lie superalgebra which is natural to designate by pe(n). Its commutant is of codimension 1
and singled out in pe(n) by the condition tr A = 0.

Thus, tr A plays the role of supertrace on g = pe(n).

The Cartan prolong (id, pe(n)). n consists of regular part only, and therefore looks the
same for any p > 0. The Cartan prolong (id, (pe(n))!)), x is singled out in le(n; N|n) by
the following condition in terms of generating functions: A(f) = 0.
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Thus, the correct direct analogs of the complex Lie superalgebras sle(n) and spe(n) are
(id, (pe(n)) M), x and pe(n))d), respectively.

Remark C.1. For N with N; < oo for at least one i for any p > 0, the Lie superalgebra
le(n; N|n)) is spanned by the elements f € O(q; N|€), whereas the “virtual” generating
functions belonging to U;Span(g” ﬂi) determine outer derivations of le(n; N|n)™M). (Indeed:
The brackets and squarings are given in terms of generating functions and there is no way
to obtain qf = from lesser powers.) In other words, to obtain a simple Lie superalgebra, we
have to take generating functions from the space O(q; N|§).

If p > 0, the element of the highest degree,

N1 _1 N, —1

does not belong to le(n; N|n)™M),

C.4. Onm and b

First of all, observe that legen, has no nontrivial central extension. Only le has it; this Lie
superalgebra is a correct direct analog of the complex Buttin superalgebra b.

To pass from b to m, we have to add to bg(n) = pe(n) the outer derivation of pe(n) —
the grading operator. We see that the generalized Cartan prolong of the negative part of b
and the zeroth component enlarged as stated is m.

The commutant of mg is the same as that of bg(n) = pe(n), so is of codimension 2.
Hence there are the two traces on mg, and therefore there should be two divergences on m.
One of them is

0,, more precisely D := 0, o sign, (C.5)
i.e., the operator such that
D(f) = (=1)"Vo.(f) for any f € O(g; N[€) (C.6)

since (see [32]) this should be the map commuting, not supercommuting with m_. Since
p = 2, we can ignore the signs hereafter). The condition D(f) = 0 singles out precisely
b(n).

The other trace on mg is tr A. On [e, its prolong was the operator A. But A does not
commute with the whole m_. To obtain the m_-invariant prolong of this trace on mg, we
have to express tr A in terms of the operators commuting with m_ (Y -type vectors in terms
of [32]). Taking m_ spanned by the elements

m_o=K-09;,, m_ :Span(aqurfi@T, 651., i=1,...,n),
we see that the operators commuting with m_ are spanned by
8T7 8qi7 8& + Q’LaT

In terms of these operators the vector field M takes the form:

My = f0- + > (94,()O + a:0;) + (9 + 4i0r) (1))
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and the invariant prolong of tr A takes the form:
A™(f) =D (0 +qi0r)q,(f) = A(f) + Eg0-(f),  where By =) qi0y,.
The condition A™(f) = 0 singles out the p = 2 analog of sm, whereas the condition

ad; (f) + bA™(f) = 0

singles out the p = 2 analog of b, .

Having applied to the above described constructions the functor F' of forgetting the
superstructure we obtain new subalgebras in the Lie algebras of Hamiltonian and contact
vector fields; some of them — b, — have no analogs for p # 2.

Theorem C.2 [21]. Let
(zo) = (z1) = - = () = 0, H(zng41) = - = () = 1.
The following are the canonical expressions for an odd contact form on a superspace:

dt—l—zk: J —I-zl:ﬁd for ng =2k and ny =21, (.7)
= 1045 ian; .
i1 b = ! +0df  for ng =2k and ny =20+ 1,

where t = xo, and p; = v, q; = Ty for 1 <i < k are the even indeterminates; § = Tngi,
M = Tngti+i for 1 <@ <1, and 0 = z,, for ny =2l + 1 are the odd indeterminates.

C.4.1. Generating functions

Recall that the contact Lie superalgebra consists of the vector fields D that preserve the
contact structure (non-integrable distribution given by a contact form «) on the supervariety
M = Km0t Such fields satisfy

Lp(a) = Fpa for some Fp € F, where F is the space of functions on M (C.8)

for a given by (C.7).

The vector fields D that satisfy (C.8) for some function Fp look differently for different
characteristics.

For p # 2, and also if p = 2 and n; = 2[, they have the following form (for any f € F):

o 0 of 0 of 0
Kf:(l—El)(f)&+—fEl+Z< s - )

ot Opi 0q;  0q; Op;
of o of 9 if ng = 2I
— (DY <—— + ——> 19f 9 . (C9)
— \ 0&; On;  On; 0, ——— ifn;=20+1
; fj 1 715 fj +26«909 If ny +
o o o if ng =21
where E/—ZiQia_%"i'Zjnja_nj"'{%e% if ny =20+ 1.
If p =2 and ny = 2l 4+ 1, we cannot use this formula for Ky anymore (at least,

not for arbitrary f) since it contains % In this case, the elements of the contact algebra
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have the following forms:

(a) for f such that %—{ = g—g =0, i.e., for f € O[q,p,&,n], we have

0 N~ (0f 0 OF D
Kyp=(1 E)(f)at+z<8pi8qi 3(11‘81%')

7

) of 9. ﬁi)
(—1) zj: (% o "o o5 ) | (C.10)

where £/ = 3, qia%i _1_2]. njainj' (Note, that if F consists of polynomials (or series), instead
of divided powers, then we can use f € K[tf ,q,p,&,m] if the ground field is of any charac-
teristic £ > 0.)

(b) In addition to the contact fields of the form Ky described in item (a), there are also
the contact fields (i.e., fields D satisfying (C.8)) of the following two forms:

o 0
(bl) g («95 + %> and

) (C.11)
(b2) 99% for any g € O[t7Q7p>§777]

C.4.2. Definition of the Lie algebra ’{;(2m +2n +1;N)

This Lie algebra is the result of the application of the parity forgetting functor to the
Lie superalgebra £(2m 4 1; N|2n + 1) realized on functions (i.e., divided powers) of even
indeterminates ¢ and x; for 1 <4 < m and the odd indeterminates y; for 1 < j <n, and 6.
Now, forget parities (let all indeterminates be even), and set x4 = y;.

Let ¢(¢) be the Lie algebra whose elements are functions in 2 indeterminates ¢ and 6
with the shearing parameter equal to N = (¢,1) and the bracket

[f, 9] = (80 + Dp)(f9g) (C.12)

(Observe that if we take N with N, # 1, then the bracket (C.12) does not satisfy the Jacobi
identity.) We set

B2m +2n+ 1;N) == po(z1,. .., Tongam; (N1, ..., Non,1,...,1))
X x(No) & O(l’l, ey T2n42m5 (Nl, vy Nop 1,000 1)), (013)

where the Poisson Lie algebra acts of the ideal by means of the contact bracket in 2m+2n+1
indeterminates t, z1, ..., Tonrom. We did not investigate what is the “maximal simple part”
of this Lie algebra.
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