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E} be the n-dimensional pseudo-Euclidean space of index p and M (n,p) the group of all

transformations of Ej generated by pseudo-orthogonal transformations and parallel translations.

We

describe the system of generators of the differential field of all M (n,p)-invariant differential

rational functions of a map x : J — E} of an open subset J C Ej. Using this result, we prove
analogues of the Bonnet theorem for immersions of an n-dimensional C*°-manifold J in Ej,. These
analogues are given in terms of the pseudo-Riemannian metric, the volume form, and the connection
on J induced by the immersion of J in Ej.
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1. Introduction

Invariants of immersions of a manifold in a pseudo-Euclidean space play an important role

in many areas of mathematics and mathematical physics. Isometric immersions of pseudo-

Riemannian space forms have been a subject of wide interest (see [4, 6, 7]).
Let R be the field of real numbers and p an integer such that 0 < p < n. Denote by E};
the space R™ with the inner product

(x,y) =—T1Y1 — - — TpYp + Tpt1Yp+1 + - T TpYn.

Let O(n,p) be the group of all linear transformations g of E} such that (gz, gy) = (v, y).

Set

M(n,p) ={F:Ey — E} | Ft =gz +b, g€ O(n,p), be £}

and SM(n,p) ={F € M(n,p) | detg = 1}.

*This work was supported by the Research Fund of TUBITAK. Project number:107T049.
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Let J be an n-dimensional C°*-manifold and z : J — Ej; be an immersion. This immer-
sion induces the unique pseudo-Riemannian metric, the volume form and the connection
on J which we denote by g{z}, Q(x), C(x), respectively.

The fundamental existence and uniqueness theorem of Bonnet for hypersurface immer-
sions (that is for immersions of a connected, simply connected and oriented n-dimensional
differentiable manifold J) in a Euclidean space Ef*! is known ([14, p. 19]). Two analogues
of the Bonnet theorem for immersions of an n-dimensional manifold J in a Euclidean space

o were obtained.

The first analogue of the Bonnet theorem is the following (see [8, 16, 17]): Let J be

a connected, simply connected open subset of a Euclidean space Ef. Then

(1) (rigidity property). Assume that x : J — Ef and y : J — Ef are immersions such that
g{z} = g{y}. Then there exists F' € M(n,0) such that y = Fx;

(2) (existence). Let h = ||h;;(u)|| be a Riemannian metric in J of class C* and assume that
its Riemannian curvature tensor vanishes. Then there exists an immersion of J in K

such that g{x} = h.

Another analogue of the Bonnet theorem is given in the book [1, pp. 69-71]. Note that
in this book and papers mentioned below in Introduction, the term “vector field” is used
for any map x : J — Ej of an open subset J C Ej. This other analogue of the Bonnet
theorem is as follows:

For any G C R3?, let the functions Ay, and By, of Cartesian coordinates be given such
that Ay = —Agi fori=1,2 and k = 1,2,3. Suppose these functions satisfy the following
system

A, 0Ay
617 B Oxk
0B, 0By
617 - ox k

+ ByBjr — By Bj; =0,

+ Aikle — AilBjk =0.

Then there exist orthonormal vector fields ay, ax, n € G such that

da; .

s Ajkaj + Bipn,i # j,
T

on

9p. — Do — Baray.
Lk

The vector fields a1, as, n are defined uniquely up to their choice at one point.?

We note that the part “The vector fields a1, az, n are defined uniquely up to their choice
at one point” of this theorem is not clear. Indeed, the functions

Oaj Oay on
A = o A = —_— _Bz = — —,Q;
1k <6xk’a2>’ 2k (81‘k’a1)’ k (0;1% a>

#The meaning of the words “their choice at one point” are hard to decipher, this is a Russian sentence
translated word-for-word and the meaning was lost; it should probably be understood as “up to their values
at one point”.
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are O(3)-invariant, but they are not invariant with respect to parallel translations in R3.
Hence this part of the theorem may be given as follows: “The vector fields a1, as, n are
defined uniquely up to an orthogonal transformation of R3.” This means that the system
of functions A, By is the complete system of joint O(3)-invariants of orthonormal vector
fields ay, as, n.

The aim of the present paper is a generalization of the Bonnet theorem for immersions
of an n-dimensional manifold J in a pseudo-Euclidean space E. First we describe the
system of generators of the differential field of all H-invariant differential rational functions
of a mapping = : J — EJ of an open subset J C EJ in E for groups H = M(n,p)
and H = SM(n,p). Using these results, we prove analogues of the Bonnet theorem for
immersions an n-dimensional manifold J in E. These analogues are given in terms of
the pseudo-Riemannian metric, the volume form and the connection of an immersion of
Jin Ey.

Let J be an open subset of Eff, G be a group and a(G) be an action of G on the set of
all smooth vector fields on J. Investigations of the problem of «(G)-equivalence of vector
fields, a(G)-invariant vector fields and a(G)-invariants of vector fields have important role
in many areas of mathematics.

Let p be a linear representation of a group G in Ej and x a smooth vector field in E.
Let J = Ej. Consider the action

p*(9)(x(a)) == p(g)z(p(g")a)

of G on the set of all smooth vector fields  in Ej. The problem of a description of the general
form of all p*(G)-invariant (that is equivariant) polynomial vector fields for a compact Lie
groups G is intensively studied in the bifurcation theory [2, 3, 10]. By using theorems of
Schwartz and Poe’naru ([10, Theorems XII4.3 and XII5.2]), this problem reduces to an
algebraic problem of invariant theory. The problems of p*(G)-equivalence of smooth vector
fields and complete systems of p*(G)-invariants of polynomial vector fields are investigated
in the theory of differential equations [9, 19]. Invariants of vector fields are also studied in
differential geometry [1].

This paper is organized as follows. In Sec. 2, we describe the system of generators of
the differential field of all G-invariant differential rational functions of a map = : J — EZ
of an open subset J C E} for groups G = M(n,p) and G = SM(n,p) (Theorems 2.1
and 2.2).

In Sec. 3, for an n-dimensional connected manifold J, using results of Sec. 2, we prove

(1) the rigidity theorem for the connection C'(x) on J induced by an immersion z : J — E};
(Theorem 3.1);

(2) the rigidity theorem for the pseudo-Riemannian metric g{x} on J induced by an immer-
sion z : J — E; (Theorem 3.2);

(3) the rigidity theorem for the set of all Christoffel symbols of the first and second kinds
on J induced by an immersion z : J — EJ; (Theorem 3.3);

(4) the rigidity theorem for the pseudo-Riemannian metric g{z} and the volume form Q(z)
on J induced by an immersion z : J — Ep; (Corollary 2).

Theorems 3.1-3.3 and Corollary 2 are analogues of the first part of the Bonnet theorem for
groups G = Af(n), M(n,p), SM(n,p).
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In Sec. 4, for an n-dimensional connected, simply connected manifold .J, we prove the
existence theorem for a pseudo-Riemannian metric on J: Let h = [|h;j(u)|| be a pseudo-
Riemannian metric in J of class C'*° and assume that its Riemannian curvature tensor
vanishes. Then there exists an immersion x of J in E} such that g{z} = h (Theorem 4.1).
This theorem is an analogue of the second part of the Bonnet theorem for immersions of
the manifold J in Ej.

We use methods of the invariant theory and the theory of differential equations. A similar
approach to the theory of curves was used in the book [12] and papers [13, 18].

In the sequel, n > 1. The case n = 1 is easily considered.

2. Generating Systems of Differential Fields of all G-Invariant Differential
Rational Functions of an n-Parametric Surface

Throughout this section we assume that J is an open subset of R".

Definition 1. A C*-mapping z : J — E will be called an n-parametric J-surface in E))
and denoted by x(u). For short, an n-parametric J-surface x(u) with the domain of the
definition J will be called a J-surface.

Let z(u) be a J-surface in Ej. Denote by No the set of all non-negative integers. For
m; € Ny, where 1 < i < n, we set

B 8m1+m2+"'+m”x(u)

0,0,...,0) m1,ma,...,mn)

( - ( =
v wlu), @ ouf™ uy? - Qup™

Below we cite some notation and definitions from the differential algebra (see [11-13])
in a form convenient for our considerations.

170707"'70) 1‘(071707"'70) m17m27m37"'7mn))
N o

., af of z and a

1,0,0,...,0 0,1,0,...,0 mi,ma,ms,...,m
( ), ! ), ..., glmamams n)

Definition 2. A polynomial ¢(z,z
finite number of partial derivatives x of = with
coefficients from R is called a differential polynomial of x.

It will be denoted by ¢{x}. The set of all differential polynomials of z will be denoted
by R{z}. It is a differential R-algebra with respect to the differentiations 8%17 8872, . %.
This differential R-algebra is also an integral domain. Its quotient field will be denoted
by R(zx). It is a differential field with respect to the differentiations 8%17 8%27 e %. An
element h of R(zx) will be called a differential rational function of = and denoted by h(x).

Let x(ui,ug, ... upn), y(ug,ug, ... up),...,2(us,usg,...,u,) be a finite number of J-
surfaces in R". A differential polynomial and a differential rational function of several
J-surfaces z,y,...,z are similarly defined. They will be denoted by ¢{z,y,...,z} and
q{x,y,...,z), respectively. The differential field of all differential rational functions of
x,y, ...,z will be denoted by R(x,y,...,z2).

Let GL(n) be the group of all non-degenerate real n x n-matrices. Set
Af(n) ={F:R"— R"|Fx =gz +b, g€ GL(n), be R"},

where gx is the multiplication of a matrix g and a column vector x € R". In sequel, we
consider the group O(n,p) as the group of all real matrices g such that gTng = I,, where
I,, = ||bi;|| is the diagonal n x n-matrix such that b; = —1 for all i = 1,...,p, bj; =1 for
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all j=p+1,...,n. Then
M(n,p) ={F:E; - E)| Fr=gx+b, g€ O(n,p), b€ L}}

and SM(n,p) ={F € M(n,p) | detg = 1}.
Let z(u) be a J-surface in 7. Then Fx(u) is also a J-surface in E)) for all F' € Af(n).
Let G be a subgroup of the group Af(n).

Definition 3. A differential rational function h{zx,y,...,z) is said to be G-invariant if
hgzx,gy,...,9z) = h{x,y,...,z) forall g € G.

The set of all G-invariant differential rational functions of z, v, ..., z will be denoted by
R(z,y,...,2)¢. It is a differential subfield of the differential field R(z,y,...,z).

Definition 4. A subset S of R(z,y,...2)" is called a generating system of the differential
field R{z,y,...,2)¢ if the smallest differential subfield of it containing S coincides with

R(z,y,...,2)°.
Let
(T,y) = =211 — -+ — TpYp + Tpr1Yp1 + - + TnYn
be the inner product of vectors x = (z1,...,2,) and y = (y1,...,yn) in EJ. So

(x(ml’mQ""’m”), x(pl’pQ"“’p”)) is the inner product of vectors x(m1:m2:-Mn)  3:(P1:P2,-Pn) ip Ey.

Theorem 2.1. The system

0 0

<G—uix’ 0—u]x>’ where 1 <1< j <n, (2.1)
is a generating system of the differential field R(z)M(P).
Proof. For it, first we prove Lemmas 2.1-2.9. Let R(aiul:c, 8%21‘, ce %x) be the
differential field of all differential rational functions of aiulx, 8‘9721‘, ceey %x and
R(a%x, %x, ce %:@G is the differential field of all G-invariant differential rational func-

) 1 542 9 Un, P
tions of 57—, 5=, ..., 5T
Lemma 2.1. We have
0 o o M (n,p) ) o P O(n,p)
Rlzx)Mmp) — R — g — g . — =R{—x,—x,..., — .
(@) aulx Gugx aunx Gulx auf aunx

Proof. Let

0 0 0
— —_— [ - (mlamQam37---7mn)
q<x> q(fc,aulx, au2x,...,aun1‘,...,x )

be an M (n,p)-invariant differential rational function of z. Then it is invariant with respect
to parallel translations in E)). This implies that

q<x>:q< o 0 ix’___’x(ml,m,mg,...,mn)> :q< o 0 ix>.

8U1 ’8U2 ’ ’8U 8U1 ’811,2 ’ ’8u

It is also O(n, p)-invariant. Hence it is an O(n, p)-invariant differential rational function of

8%1;10, 8%21‘, ceey %l‘. Conversely, assume that ¢ is a O(n, p)-invariant differential rational
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function of 8%13:, %x, e %x. Then it is invariant with respect to parallel translations
in £,. Hence it is M (n,p)-invariant. O
Lemma 2.2. Let [ € R(aiul:c, %x,...,%@o("’p). Then there exist O(n,p)-invariant
differential polynomials f1, fo such that f = f1/fa.

Proof. A proof is similar to the proof in ([12, p. 106]). O

Lemma 2.3. The system of all (:L‘(ml’mQ"“’m”),x(pl’pQ"“’p”)), where my+mao—+---+my > 1,
pL+Dp2+ -+ pu > 1, is a generating system of R{z)MP) as a field.

Proof. Let R[:c(ml’mQ"“’m”);ml + mo + -+ my, > 1]0(") be the R-algebra of all
O(n,p)-invariant polynomials of a(mime,mn) where my 4 mag 4 -+ 4+ my, > 1. Accord-
ing to the First Main Theorem for O(n,p) (see [21, pp. 53, 65-66]), the system of all
(:c(ml’mQ"“’m”),:c(pl’m"“’p")), where my +mo + -+ my > 1L and pr +p2+ -+ pn > 1,
is a generating system of the R-algebra R[ac(ml’mQ""’m");ml +mo+ -+ my > 1]0("”’).
Using Lemmas 2.1 and 2.2, we see that the system of all (:L‘(ml’mQ""’m"),x(pl’m""’p")), where
mi+mo+---+my>1and pp +po+ -+ py > 1, is a generating system of

o 9 g \om) Y
R{ "0, T ... = = R(z)Mp)
<8u1x’ Ougx’ ’ Ounx> (z)
as a field. 0
Denote by A = A, the determinant det [|(a;, b;)||; ;. 5 ,, where
0 0 0
=b = — =by=—2x,...,ap = b, = —=.
ai 1 aul x, a2 2 6u2 xz, ) @ aun x
Let V' be the system Eq. (2.1). Denote by R{V} the differential R-subalgebra of
R(a%l:c, 88723:, ce %x)o(”’p) generated by elements of the system V.
Lemma 2.4. A € R{V}.
Proof. By the definition of V', we have (a%i:c, 8%]_3:) € V for all 1 < 4,5 < n. Hence
A€ R{V}. O

Denote by R{V, A~!} the differential R-subalgebra of R(a%lx, %x, ce %:@O("’p) gen-
erated by elements of the system V and the function A~!. According to Lemmas 2.1 and
2.3, to prove our theorem, it suffices to prove that (fc(ml’mQ""’mn),x(pl’m"“’p")) € R{V,A Y}
for all m;,p; € Ny such that mi +mo+---4+m, >1land p1 +po+ - +pn > 1.

Let det Gr(y1,y2, - - - s Ym; 21, 22, - - - , Zm) be the determinant of the Gram matrix
Gr(y1,Y2s -+ Yms 215,22, - - - 2m) = |[(Yis 25)|lij=1,2,...m
of vectors y1,y2, ..., Ym; 21, 22, .- -, 2m € Ey.

A proof of the following is known ([21, p. 75]):
Lemma 2.5. The equality
det Gr(y1, Y2, - -+ Ynt151, 22, - - - 5 2nt1) = det |[(Yi, 25) i j=1,2,..n41 = 0

holds for all vectors y1,ya ..., Yn+1, 21,22+, Znt1 in R".
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Lemma 2.6. Assume that by,bs,...,by;c1,¢0,...,¢n € No are such that

L<bi+by+-4by, L<cidcat - +cn (at(bl’b?"“’b”), ai:c> € R{V,A™"}
Uj

and (;L»(sz,-..,cn), O%ix) € R{V, A_l} for all i such that 1 <1i <n.
Then (s(0b-n) glevessen)) € R{V, A1},

Proof. Applying Lemma 2.5 to vectors

0 T
21 = 57,
n 1 ouy
0
— 2y = ——u,
Y2 = 22 Dy
0
=zy=—=
yn n aun )
yn+1 — x(blbernybn),
g1 = x(cl,CQ,m,cn)’
we obtain det A = 0, where
A= 2)l; j=12,. ne1 = GT(W1, Y25 -+ Yn15 21, 225 -5 Znt1)-
Denote by D,,;1; the cofactor of the element (y,41,2;) in A, where j =1,2,...,n+1. From

the equality det A = 0, we obtain the equality

(Yn+1521)Dnt11 + Yns1, 22) D12 + - + (Yn+1, 2n) Dngin
+ (yn-i-la Zn-i—l)Dn-‘rln—l—l =0. (22)

Since A = Dy 11n+1, Eq. (2.2) implies that

(yn+1> Zn+1) _ (x(bl,bz,---,bn),x(Cl,CQ,---,cn))

— (Wnt1,21)Dognn + (Ynt1522) Digiz + -+ + WUnt1, 20) Dt an
_ = . (23)

In Eq. (2.3), by the assumption of the lemma, (yy,11,2;) = (2(b1:b200) %x) € R{V,A™1}
J

for every j such that 1 < j < n. We prove that D, 1, € R{V,A™!} for every s such that

1 < s <n. We have

1
Dpi1s = (=1)" T det Gr(yr, Yo, - - - s Yni 21, 22, « « + s Zs—1s Zst1s+ « + 5 Zns Zntl))-

By the definition of V', we obtain (y;,2;) € V- C R{V} for all 1 <4, j < n. By the assumption
of our lemma, we have (y;, zp4+1) = (%x,x(q“““’cn)) € R{V,A™!} for every 1 < i < n.
Hence D,i1s € R{V,A7!} for every 1 < s < n and Eq. (2.3) implies (yn11,2n11) €
R{V,A"1}. O
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Lemma 2.7. We have

Lo (o, 0 N o (0, 0 N 9 (o 0
auiﬁujx’ Gulx _2 8uj 6ulx’ auzx Guz Gulx’ aujx 8ul Guix’ a’Uij

and (ﬁx, [%l:c) € R{V,A™ '} for alli,j,l € {1,2,... ,n}.

Proof. We have

0 (0 0N (P 0N (o, P
8uj auz ’ Oul N Guzﬁu] ’ Oul Guz ’ Gujﬁul ’
0 0 0 0? 0 0 0?
— . —x) = — —, ——— 2.4
aui <8ujx’ Oul ZL‘) ; '.7}, .7}> + <8ujx’ 8u18u1x> ’ ( )

(o 0 N_ (& 0N (0, &
8ul Guix’ﬁujx N Guz@ulx’ aujx Guix’ Gujﬁulx '

Set

(9,9 .\ AN
8ul Guz ’Guj s Guzaul ’auj -

Then system Eq. (2.4) takes the form: wy +ws = by, w1 +w3 = be, wy+ws = bs. We consider
this system as the system of equations for wy, ws, ws. This system has the unique solution
(w1, wa, w3), where

1
wy; = 5(()1 + by — b3) c R{VV, A_l},
1
wy = 5(b1 + b3 —by) € R{V, A1},
1
w3 = 5(524-53—171) € R{V,A™1}. 0

Lemma 2.8. For all1 <i<n and by,bo,...,b, € Ny such that 1 < by +by+---+b,, we
have (2(b1:62:-bn) a%za:) € R{V,A71}.

Proof. We prove the assertion by induction on B = by + by + --- + b,. Let B = 1. Then,
by the definition of V', we have (%J}, a%jx) €V C R{V,A™!} for all 1 <i,j < n. Hence
the assertion holds for B = 1. Assume that the assertion holds for B > 1.

We prove that (%x(bl’b%'“’b”), 8%]_:6) € R{V,A '} forall 1 <j <mnandby,by,...,b, €
Ny such that by + by + - - - + b, = B. For arbitrary 1 < 4,5 <n and by, bs,...,b, € Ny such
that by + by + -+ + b, = B, we have

82

0 0 0 0
(b1,b2,..bn) _ (b1,b2,...bn) (b1,b2,...bn)
ou; <:c " Ou; a:) <8uix " Ou; a:) * <:c " Qu;0u; :c> - (29)
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By the induction hypothesis on B, we have (x(01:b2:-0n) a%lx)) € R{V,A71} for all 1 <
I < n and by € Ny such that by + b + --- + b, = B. Using Lemmas 2.7 and 2.6, we

see that (z(b1:02:0n), au?;uj:c)) € R{V,A™'} for all 1 < i,j < n and by € Ny such that

by + by +--- + b, = B. Hence Eq. (2.5) implies (%x(bl’b%“’b"), a%jx) € R{V,A71}. O

Lemma 2.9. For all by,bs,...,b,,c1,¢2,...,¢n € Ng such that 1 < by +by+---+ b, and
1<c¢i+co+ -+ cp, we have (x(bl’bQ""’b"),1‘(01762""’6")) € R{V,A1}.

Proof. Using Lemmas 2.8 and 2.6, we obtain (20102500 glenezwen)y ¢ RIV, A=Y O

We complete the proof of our theorem. By Lemma 2.4, A € R{V'}. Since R(V') is a field,
we obtain A™! € R(V). Hence R{V, A~} C R(V). By Lemma 2.9,

((brb2mabn) glenezmen)y e R{V, AT} € R(V) € R{z)M ™)

for all b1,ba, ..., by, c1,¢0, ...,¢yp € Ny such that 1 < by +bo+---+b,,1 <ci+eco+-+ey.
By Lemma 2.3, the system of all elements (a:(ml’mQ"“’m”),x(cl’%'“’cn)), where my + mo +
oo dmy > 1,c14co+ -+ > 1,m; € Ny, c; € Ny, is a generating system of R(m)M("’p)
as a field. Hence R(V) = R{(z)MP) The theorem is completed. O

For any a,, € E},

coordinates of a,,) will be denoted by [aqas - - ay]. So

where m = 1,...,n, the determinant det(a;;) (where the a,,; are

[x(mll 7m12a~'7mln)x(m21am227---am2n) . (mn1,mn2,m,mnn)]

X
is the determinant of the vectors z(mit:mi2min) for j = 1,2, ... n.
Theorem 2.2. The system
0 0 0 0 0

— r ... —r, — here 1 <1< j < L+ <2 2.6

8u1x 8u2x 8unx}<8uix’8ujx>’ where 1 <i<j<n, i+j n, (2.6)
is a generating system of the differential field R{z)SM ),
Proof. Let SO(n,p) ={g € O(n,p) | detg = 1}.

Lemma 2.10. R(z)SM®pr) — R(a%lx, %x, e %@SO("’?’).
Proof is similar to the proof of Lemma 2.1. O
Lemma 2.11. Let | € R(a%lx, %x, ce %@SO("’?’). Then SO(n, p)-invariant differen-

tial polynomials fi, fo exist such that f = f1/ fa.

Proof is similar to the proof in ([12, p. 106]). O

Lemma 2.12. The system of all elements

[x(mn,mm,m,mm)x(mzl,mzz,"',mzn) . mnlamn27---7mnn)]

2 ,

(l‘(bl,bg,m,bn)’x(Cl,CQamaCn)), (27)

where m;1 +myo+ -+ +myp > 1, b1 +bo+---+b, > 1, c1+co+---+c, > 1, is a generating
system of R{x)SMP) a5 o field.
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Proof. Let R[z(™1m2mn) ) mg+- - 4m,, > 1]590P) be the R-algebra of all SO(n, p)-
invariant polynomials of the system of all z("1:72:-mn) where my +mo + - - - +m, > 1. By
the First Main Theorem for SO(n,p) (see [21, pp. 53, 65-66]), the system Eq. (2.7) is a
generating system of R[a:(ml’mQ""’m”);ml +mo+--+my > 1]50("’7’). Lemma 2.11 implies
that the system Eq. (2.7) is a generating system of R(z)3?("P). Then, by Lemma 2.10, the
system Eq. (2.7) is a generating system of R(z)SM("P) as a field. O

Let Z be the system Eq. (2.6) and R{Z} be the differential R-subalgebra of R ()M ()
generated by elements of the system Z. Denote by § = §, the determinant of the matrix

Gr(ylay27 sy Yn—1521,225 - - - 7’271—1)7 where

0 0 0 .
%xa Y2 =22 = 7—"2,.--, Yn—1 = Zn—-1 = xZ.
1

Ous

Yy =21 =
OUp—1

Lemma 2.13. § € R{Z} and 67! € R(Z).
Proof. By the definition of Z, (y;,2;) = (aix, (%j:c) €ZCR{Z}forall 1 <i,j<n-—1

Hence § € R{Z} and §~! € R(Z).
In the sequel, we need the following lemma

Lemma 2.14. The equality
(=DPlyr - -ynllz1 - - 2] = det[|(yi, 2))l]ij=12,..n
holds for all vectors yi,...,Yn,21,...,2n in Ej.
Proof. A proof of the this lemma is similar to the proof in ([12, p. 72]). O
Let A be the function in the proof of Theorem 2.1.

Lemma 2.15. A € R{Z} and A™' € R(Z).

Proof. Using Lemma 2.14 to vectors y; = 21 = 8%1:0, Yo = 2o = 8%23:, Y = 2 = %x,
we obtain
0 0 o 1?
(=1)P 8—1”50 8—u2$ T 8—%50 = det || (yi, Zj)||i,j=1,2,...n =A. (2.8)
Since [8%1;10 88721"" %x] € Z, we have A € R{Z} and A~! € R(Z). O

Denote by R{Z,6~', A=!} the differential R-subalgebra of R(a%l:c, 8%23:, ce %x) gen-
erated by Z and functions 6 ', A=!. By Lemmas 2.11 and 2.12, for a proof of our theorem,
it is enough to prove that

[x(mn,m12,m,m1n)x(m21,mzz,"',mzn) . ,x(mnl,mn2,~~~,mnn)] c R{Z, 5—17 A_l}
and
(x(bl,bg,...,bn)7x(Cl,CQ,...,Cn)) c R{Z, (5_1,A_1}

for all m;;,b;,¢; € Ny such that m;; + mi + -~ +myy, > 1, by + by + -+ + b, > 1,
crte+-+ey > 1
Let V' be the system in the proof of Theorem 2.1.
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Lemma 2.16. (32, 52-2) € R{Z,67'} and R{V,A™'} C R{Z,67', A7}

Proof. For i =1,2,...,n, denote by D,,; the cofactor of the element (y,, z;) of the matrix
A= |(yi,2j)ll; j=1.5. . n Eq. (2.8). Then we obtain the equality

A= (ym Zl)Dnl + (ym ZZ)Dn2 + -+ (ym Zn—l)Dnn—l + (ym Zn)Dnn (2-9)

Since 6 = Dy, # 0, equalities Egs. (2.8) and (2.9) imply

) — (D D
ynazn - 8Unx’ 8Unx

= A5~ (Yn, 21)Dn16 " — (Yny 22)Dn2d ™t — -+ — (Yny Z0—1) Dpn—16 . (2.10)

In Eq. (2.10), (yn,2;) = (%x, 8%]_:6) € Z C R{Z} for every 1 < j < mn—1 by the definition
of Z. We prove that D,s € R{Z} for every 1 < s <n — 1. We have

Dns - (_1)71"1‘8 det Gr(yl;y?; R 7yn—1;2'1;2'27 R 728—1728+17 AR 7’271)'

The elements of D, have the following forms (y;, z;) and (y;, z,), where i < n, j < n. By the
definition of Z, we have(y;, z,) = (yn,2i) € Z C R{Z}. Hence Eq. (2.10) implies (yn, zn) €
R{Z,6'}. Using V. C ZU {(yn, zn)}, we obtain R{V,A"1} c R{Z, 671, A~} O

Lemma 2.17. We have (z(®1:b2-bn) glerc2nen)y ¢ REZ 6= A=} for all by, ¢; € Ny such
that 0 < by +bos+ - +b, and 0 <cy+co+---+cp.

Proof. By Lemma 2.16, we have R{V,A™'} ¢ R{Z,67', A~'}. Hence, by Lemma 2.9,
we obtain (z(01:b200) glercawen)y e R{Z §~1 A=1} for all b, ¢; € Ny such that 0 <
bi+bo+---+b,and 0<cy +co+ -+ cp. O

Lemma 2.18. We have

[x(mllaml%---amln)x(le7m22a'~7m2n) . x(mnl,m2,~~~,mnn)] e R{Z, 5—17 A_l}

for all m;; € No such that m; +mipa +---+mi, > 1 and i =1,2,...,n.

Proof. Applying Lemma 2.14 to vectors z; = (mitmizemin) =y — g(marmaz,man)
Zp = x(mnlymn27...7mnn) and y; = %x} Yo = %x’ B 8%'% we see that

(=1Plyr- - ynllz1 - - 2n] = det [[(4i; 2)) i j=12,...n- (2.11)

Since A = (—=1)P[y; - - -yn]2, Eq. (2.11) implies

(21 2n]) = A7 y1 - yal det || (i, 25) i j=1,2,...m-

By Lemma 2.17, (yi,2;) = (%x,x(mﬂ’mﬂ’”"mﬂ'")) € R{Z,67 1, A7} for all i,j
1,2,...,n. Since [y1---y] € Z <C R{Z 6 Al}, we obtain [z 2]
R{Z,671, A1},

O m
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We complete the proof of our theorem. By Lemmas 2.13 and 2.15, 1, A=t € R(Z).
Hence R{Z,67',A7'} C R(Z). By Lemma 2.17,

(:L,(bl,bQ,...,bn)’x(Cl,CQ,...,CTL)) e R{Z, 5_1,A_1} C R<Z>

for all b1,ba,...,by,c1,¢0,...,¢n € Ngsuch that 1 < by +bo+---+b,,1 <ci14+co+--+cp.
By Lemma 2.18,

[l’(mll M12,500 M)

x(m21,m22,...,m2n) . 'x(mnl,mg,...,mnn)] 6 R{Z, 5—1’ A—l} C R<Z>

for all m;; € Ny such that m;+mo+---+my, > 1,4 = 1,2,...,n. Hence Lemmas 2.10-2.12
imply that R(Z) = R(z)SMP) The proof of the theorem is completed. 0

3. Rigidity Theorems for Immersions of a Manifold

Throughout this section we assume that J is a connected C'*°-manifold of dimension n. Let
{(Vx,¢x), A € A} be the collection of all coordinate neighborhoods of .J.

Definition 5 ([5, p. 70]). A C*-mapping z : J — £, will be called a C*°-immersion of
J in By (J-immersion, for short) if the rank of = at each point of J is equal to n.

Let = be a J-immersion, (V),¢)) be a coordinate neighborhood of J and z(®)
be the expressing of x in the local coordinates in V). Using the determinant
[8%1;16(“) 8%256(“) e %x(“)], we define the alternating covariant tensor field of order n on J
(an n-form on J) by the following expression in local coordinates

0 0 0
7w (W) ...
8U1 v 8U2 v 8un

Definition 6. This n-form on J will be called the volume form induced by a J-immersion x.
We denote it by Q(x).

Proposition 3.1. Let x be a J-immersion in E}. Then the volume form Q(z) is nonzero
at any point of J.

Proof. Since z is a J-immersion in E}, we have [8%1:0(“)8%2:0(“) e %x(“)] # 0 at every

point of ¢y (Vy). O
Corollary 3.1. Let a C*°-manifold J of dimension n such that it has a J-immersion in
Ep. Then it is orientable.

Proof. Follows from Definition V.7.5, Theorem V.7.6 in ([5, pp.214-215]) and
Proposition 3.1. ]

Thus every non-orientable C'°*°-manifold of dimension n has not an immersion in E.
But there exists an orientable C'*°-manifold J of dimension n without J-immersions in E}.
For example, a compact orientable C°°-manifold of dimension n has not an immersion in
Ey (see [5, p. 80]).

Let « be a J-immersion in £, (V, ¢») a coordinate neighborhood of J and z® the
expressing of x in the local coordinates in V). Set Dz = %x(“). Let {Dlx(“), . ,D":c(“)}
be the system which is biorthonormal to {Dlx(“), ... ,Dna:(“)} with respect to the inner
product in E}} that is (D;x(a), DIz (a)) = 53 foralla € J and i,7 = 1,...,n. Consider
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the following derivation formulas (see [20, p. 116]) for the restriction of the J-immersion
x to the coordinate neighborhood Vj:

ai ai] ZF {z, Va}Dgal) forij=1,2,....n. (3.1)
8 8 Uu - s (u ..
ou; 8—%55 = ;sz,s{x, VAYD 2 fori,j=1,2,...,n. (3.2)

The functions T'js{z,Va} and T'§;{z, Vi} will be called, respectively, the Christoffel
symbols of the first and second kind of the J-immersion x on V).

Proposition 3.2. The family {I';{z,V\} | A € A, i,j,s = 1,2,...,n} is a connection
on J.

Proof. Follows from Eq. (1.20b) in ([20, p. 118]). O

The family {I'j;{z, Va} | A € A, 4,7, = 1,2,...,n} will be called the connection induced
by the J-immersion x. We denote it by C(z ) = {F {x}}.

Proposition 3.3. Let x be a J-immersion in E,. Then the torsion tensor and the
Riemannian curvature tensor of the connection C(x) are equal to zero.

Proof. Letz bea J-immersion in Ej and 2 be the expressing of z in the local coordinates
in V. By Eq. (3.1), we see that I'}; {x} [ {z} for all 4, j,s = 1,2,...,n. Hence the torsion
tensor is equal to zero.

Equation (3.1) imply the following equalities (here 7,7,k =1,2,...,n):

0 (0 0 w

-y <8iuk (3 {x}) Duz® + T3, {:c} )

s=1

o \ 5 aa ™) =50 : W

A <8Ui duy, ) du; (;sz{fC}sz )

— — (TS () s 9 pw)
Z(auj( zk{x})sz —l—sz{x}auj T >

Since

9 (0 0 wy_9 (9 90 w
Ooug \ Ou; auj _Guj ou; Ouy,
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for all i,j,k =1,2,...,n, we obtain

n

Zaﬁ ${z}) Doz +Zr {x}

"9 0
(u)
= ;:1 o (T3 {zx}) Ds PACNE g .z} o, D.x

(u)

Using the equality kaDs:L‘ = aaTk o ™ and Eq. (3.1), we have

Zaik i{a}) Do ZF {a} (ZF {x}sz@)
:Zai 0% {z}) Dga™ +ZP ) (ers{x}plx )

This equality implies

Zai 2i{z}) Dz —l—Z(ZF Az}l {x})D:c()

s=1 \r=1

n

:Zaij( ) Dy +Z(Zr {x}F]T{x}>D5L‘ u,

s=1

Then

n

Z ((—Fs {2} — fk{:c}) + z_; (ng{x}f‘ Ax} = Th{x}rs 7{:t:})) sz(u) =0.

s=1

Since z is a J-immersion in Ej, vectors Dyz™ ... D,z are linearly independent for all
u € ¢x(Vy). Hence

Iij{a} = {x}+z et {o} — Ti{a}rj,{z}) = 0. 0

Let x be a J-immersion in E}. Then Fz is also a J-immersion in £ for all F' € Af(n).
Let G be a subgroup of the group Af(n).

Definition 7. J-immersions z and y in E} will be called G-equivalent if there exists F' € G
such that y(a) = Fx(a) for all a € J. This being the case, we write x g Y.

Theorem 3.1. Let x and y be J-immersions in E, . Then the following two conditions are
equivalent:

(1) I{z} =T {y} for all X € A and i, j,s =1,2,..

A
(2) = fs)y.
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Proof. (2) = (1). Let x Al y. Assume that A, 4, j be fixed. We consider

0 0
aui Ouj

n
W = foj{x, Vit Dz
s=1
as a system of linear equations for Ffj{x, Vy}, where s = 1,2,...,n. Since

[Dm:(“), Doz, ... ,Dn:c(“)} = [aix(“)ai:c(“) e ai:c(“)]
(5] u9 Un

is the determinant of this system and x is a J-immersion, [Dlx(“),Dgx(“), e ,an(“)] #0
for all u € ¢»(Vy). Hence the system has the following solutions:

|:D11‘ e Ds_lxa%i(a%jx)DS“x e anc}
[DyzDsox -+ - Dyl ’

Ffj{l‘,v/\} = (3.3)

where s = 1,2,...,n. By Eq. (3.3), I'j;{z, VA } is Af(n)-invariant. Hence
Lidz(uw), i} =i {y(u), Va} foralli,j,s =1,2,...,n and u € ¢x(Vy).

(1) = (2). Assume that I';{z(u), VA} = I'{;{y(u), Vi } holds for all 4, j,s = 1,2, ..., n and
u € ¢x(Vy). Set A(z) = ||D1xDsx - - Dyx|| and %A(x) = H%DW%D2$”'%D”$H>
where we consider D;x as a column-vector. Equation (3.1) implies A(a:)_I%A(a:) =
IT5{x, Vatlsj=1,..n- Since I {z(u), A} = Ij{y(u), Va} for all i,j,s = 1,2,...,n, we
get

Alw(u)) ™ 5= Alw()) = Aly(u) ™ - Aly(w)
foralli =1,2,...,n and u € ¢)(V)).
The equality A(x)_la%iA(x) = A(y)~! 8iiA(y) implies
(AW ™) = (oA ) A+ A0) - (Al) )
~ (3240) 4@~ AW AR (poAW) Al
= 406) (AG) ™ -A) ~ Al - A)) Aw) ! =0

for all u € ¢y(Vy). Using this equality for all i = 1,2,...,n, we see that A(y(u))A(z(u))~?
is not depend on u for every connected component of ¢,(V)). Since J is connected, it is
easy to see that A(y(a))A(z(a))~! does not depend on a € J.

Let F' = A(y)A(z)~!. Since det A(z(u)) # 0 and det A(y(u)) # 0 for all u € J, we have
det F' # 0 and A(y(a)) = FA(z(a)) for all a € J. The equality A(y(u)) = FA(z(u)) implies
%y(u) = Fa%i:c(u) for all i = 1,2,...,n and u € ¢»(V)). Then there exists a constant
vector b € E such that y(u) = Fx(u) + b for all u € ¢ (V). Since J is connected, we see
that b does not depend on X\ € A. O
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Let  be a J-immersion in E} and and g;j{z(u), V)} = (8?Li:c(u), %x(u)) The form

Z gij{z(u), V) tdu;du;
3,j=1

is said to be the first fundamental form of a J-immersion x in the coordinate neighborhood
V). By Theorem V.2.3 and Corollary V.2.5 in ([5, p. 183]), g{z} = {I\(z),\ € A} is
a pseudo-Riemannian metric on J. This pseudo-Riemannian metric on J will be called
induced by the J-immersion x.

Theorem 3.2. Let x and y be J-immersions in E. Then the following two conditions are
equivalent:

(1) Pseudo-Riemannian metrics g{z} and g{y} on J coincide, that is
In(z) = I\(y) forall A € A; (3.4)

(2) o Y

Y
Proof. (2) = (1). Since functions I)(z) are M (n,p)-invariant, this implication is obvious.
Let A be fixed and Ay(u) = det||g;j(z(u), Vy)|. Equalities Eq. (3.4) imply

(1) = (2).
Ag(u) = Ay(u) for all w € J. Since Ay (u) # 0 and Ay(u) # 0 for J-immersions x and v,
we get

Ay(u)™h = Ay(u)™ (3.5)

for all u € J. Let V be the system {g;;(z(u),Vy) |1 <i<j <n}and f{z} € R{V,A1}).
Then Egs. (3.4) and (3.5) imply

fHz(u)} = fly(uw)}  for all u € ¢ (V). (3.6)
Lemma 3.1. I'/;{z,V)} € R{V, A~ Y for all1 <i,j,s <n.

Proof. Equation (3.3) implies

(=)P[Dqx - Ds_lxaiw(a%jfc)Dsﬂfc -+ Dpx|[D1zDox - - - Dy
(—1)P[D15L‘D2x cee Dn$]2 '

Ffj {.%', V)\} =
Using Lemmas 2.14 and 2.9, we see that

(=1)? |Dyx -+ Ds_ 1:666 <03 ) Dsiqx--- Dn:c] [D1xDoz - - - Dyyz] € R{V, A1},
j

By Lemma 2.14 and Eq. (2.8), Ay(u) = (=1)? [D1zDsz ... Dyz)®. Hence T, Ar, WA} €
R{V,A71} for all 1 <i,j,s <n. O

By Lemma 3.1, I'§;{z, Va} € R{V, A"} for all i,j,5 = 1,2,...,n. Then Eq. (3.6) implies
iz, oy =iy, V)\} forall A € Aand i,j,s =1,2,...,n. By Theorem 3.1, there exists
F € GL(n) and b € B such that y(a) = Fx(a)+0b for all a € J. We prove that F' € O(n, p).
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Let A(x)" be the transposed of the matrix A(x) in Theorem 3.1. Using the equality
A(e) "L A(z) = llgig{z. Vil jor0,

and Eq. (3.4), we obtain A(x)"I,A(z) = A(y)"I,A(y). Since x is a J-immersion, we have
det A(z(u)) # 0 for all u € ¢5(Vy). Then equalities A(x)"I,A(z) = A(y)'I,A(y) and
A(y) = FA(x) imply F'I,F = I,,. Hence F € O(n,p). m

Let z and y be J-immersions in E} such that z M(z2) y. Since M(n,p) C Af(n), by
Theorem 3.1, I'};{z, V\} = T'{;{y, A} for all A € A and i,7,s = 1,2,...,n. The equality
Eq. (3.2) 1mphes

A 0? 0
Pij,s{x, V)\} = auzau‘j x, _DSLU(’LL) = mﬂ?, a—usx . (38)

Using Lemma 2.7, we obtain

1/ 0 0 0
Pij,s{xav)\} = 5 (6 gsz{x V)\} + gSJ{x V)\} glj{x V)\})

for all i,7,s = 1,2,...,n, where g;j{z,V\} = (a%ix(u),%jx(u)). Since, by Eq. (3.8),
[ijs{z,Va} is M(n,p)-invariant, we have T'j; {x, Vi} = Tijs{y,Va} for all A € A and
1,7, = 1,2,...,n. The converse statement is true in the following form:

Theorem 3.3. Let x and y be J-immersions in E}. Assume that the following conditions
hold:

(1) Ti{z, Vot =T5{y, Va} for all A € A and i, j,s = 1,2,.

(2) 1373{50 W} = zLs{y,V,\} ie{1,2,...,n} for all X 6 A cmd i,j,s =1,2,....n

(3) there exist X € Aug € ¢r(Vy) such that det( -A(z(ug))) # 0 for some i €
{1,2,...,n}, where A(x) is the matriz in Theorem 3 1.

Then x M(np) Y.

Proof. Let A and ug be as in condition 3. As in Theorem 3.1, condition 1 imply existence

F € GL(n) and b € R™ such that y(a) = Fz(a)+b for all a € J. We prove that F' € O(n,p).

Using Eq. (3.8), we have

T, Va1 = AG(0) Iy - Ao (w)
By condition 2, we have
Alw(u) Iy Al (w) = Aly(w) hy - Aly(w)

for all u € ¢x(Vy) and i € {1,2,...,n}. Since A(y(u)) = FA(z(u)) and det AT (z(u)) =
detA( (u)) # 0 for all u € ¢r(VA), we get Iz-A(w(uo)) = FTI,Fz-A(z(up)). Since
det( -A(z(up))) # 0, this equality implies FTI,F = I,. Hence F € O(n,p). O
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Corollary 3.2. Let x and y be J-immersions in £, . Then the following two conditions are
equivalent:
(1) g{z} = g{y} and Q(z) = Q(y);

SM(n,p)
2z ~"y
Proof. (2) = (1). Since functions I)(x) and Q(x) are SM (n, p)-invariant, this implication
is obvious.

(1) = (2). Assume that g{z} = g{y} and Q(z) = Q(y). By g{z} = ¢g{y}, Theorem 3.2

implies Mizp) y. Hence there exist ' € O(n,p) and b € E}} such that y(a) = Fz(a) +b for

all a € J. Using this equality, (x) # 0, expressions Q(z) = Q(y) and Q(y) = (detF)Q(x)

SM(n,
in local coordinates, we obtain det /' = 1. This means that x A 1. O

4. Pseudo-Riemannian Metrics with the Zero Riemannian Curvature
Tensor on a Connected, Simply Connected Manifold

Let J be a connected C*°-manifold of dimension n, {(Vi,¢r),A € A} the collection
of all coordinate neighborhoods of J, z a J-immersion in Ej, and 2 (a) the express-
ing of z in the local coordinates u = (uy,us,...,u,) in V). Consider the function
gii{x} = (%x(“)(a),a%jx(“)(a)) and the matrix g{z} = |/g;j{z}lij=12..n on the
coordinate neighborhood V. Set gi{z} := (gu{z}, gu{z}, ..., gu{z})" and Ty;{g{x}} =
(Csjafe}, Tojafat, .. Tojnfa}) T

Proposition 4.1. Let Fés{x} be the function Eq. (3.3). Then
[g1{z}tgo{a} - gi-1(@)Ljs{g{a} b giva{a} - - gn{z}]

I {z} = .

poted emoRTNe)

Proof. A proof follows from Eq. (3.7) and Lemma 2.14. O
Let h be a pseudo-Riemannian metric on J and h(*)(a) = th? (@)|ls,j=1,2,..n be the

expressing of h in local coordinates in V). Then hl(-;f) (a) is a C*°-function on ¢, (V)),

det |0\ (@) lir=12..n # 0, B(a) = K(a) for all u € ¢x(V3) and i,r = 1,2,...,n.
The Christoffel symbol I';; for h is defined as follows:

1/ 0 0 0
Fojfhy == =—hy+ =—his— =hjs | .
siih} 2 <8u5 it Ou; ST )

Set
Fjs{h} = (Fjs,l{h}> FjS,Q{h}> ce ’FjS,n{h})T>

set also h; := (hij, hoi, ..., hyi) " and [hihsy - - - hy] =: det Hhir(u)Hi,r:1,2,...,n- The Christoffel
symbol Fé- ¢ for h is defined as follows:

[hihg - hi 1 Tjs{h}hipr - hy]
[iiho - ] :

I {h) =

Proposition 4.2. F;S{h} = ngj{h} foralli,j,s =1,2,...,n.
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Proof. By definition of the functions h( )( ), we have h(u)( ) = h(u)( ) for all i,r =
1,2,...,n. This equality implies I's;/{h} = I'jsi{h} and I'j;{h} = I'y;{h} for all js
1,2,...,n. Then, by definition of 1" <{h}, we obtain 1" bt =T {h}. O

Proposition 4.3. The system

Tyi{h} = Zr {hYh; where j,s =1,2,...,n, (4.1)

of equalities holds for any matriz h(u) = |[hij(u)l; ;=1 o , such that hi;(u) is a C>-
function on oA(V), det ||hir(u)l|; =15, # 0 and hi,(u) = hyi(u) for alli,r =1,2,....n
and u € ¢x(V3).

Proof. The definition of the functions {I';;{h} [ i =1,2,...,n} implies system Eq. (4.1).

O
Proposition  4.4. Let |lcjjll; ;5 be a real symmetric matriv  such that
det [|cirllir=1,2,..n # 0 and ||cir(u )Hw—l,l---, is congruent to the matriz I,,. Then there exists

a system of vectors dy,ds, ..., dp in By such that (d;,d;) = c;j for alli,j =1,2,...,n

Proof. For vectors e; = (1,0,0,...,0), e2 = (0,1,0,...,0),...,e, = (0,0,0,...,1) in E},
we have (e;,e;) = —1for i =1,2,...,p, (ej,¢;) =1 fori=p,p+1,...,n, and (e;,e;) =0
for i # j. Set C' = |lcijll; j—1 o, - Since det C' # 0 and the matrix C'is congruent to the
matrix I, there exists an n x n-matrix B such that det B # 0 and BTCB = I,. Then
C=(B1Y'1,B7L Set B~! = 1Yikll; g=12,. n- Hence, for vectors dy = >, virei, where

k=1,2,...,n, we have (d;,d;) = ¢;; for alli,j =1,2,...,n. O
We assume that in each chart of J with local coordinates (u1, ug, ..., u,) = u an (n xn)-
matrix C*®-function £ (a) = Hflu) (a)&éu) (a)--- ) (a)|| is given, where 51(“) (a) is a column

of € (a). The following definition is taken from ([20, p. 56]):

Definition 8. A collection of an (n X n)-matrix C®-function &®(a) = ||§§u)(a)

§§u) (a)... w (a)|] on J will be called a covariant tensor field of rank 1 if it is transformed
according to law

£ = Z Zféu

when passing from one chart to another; here vy, vo,...,v, and ui,us,...,u, are, respec-
tively, “old” and “new” coordinates in the intersection of the charts.

Theorem 4.1. Let J be a connected, simply connected C*°-manifold. Assume that h be a
pseudo-Riemannian metric of the index p on J such that its Riemannian curvature tensor
vanishes. Then there exists a J-immersion x in E such that the pseudo-Riemannian metric
g{z} on J induced by x is equal to h.

Proof. Let u € A be fixed and ag € V,. Consider the matrix h(ag) = ||hi;j(ao)|lij=12,...n
According to Proposition 4.4, there exists a system of vectors dy, do, .. ., d, in tangent space
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of the manifold J at the point ag such that (d;,d;) = hsj(ag) for all 4,5 = 1,2,...,n. Set
Qs{h}t = IT7;(P)ll1j=12,..n for s = 1,2,... ,n. Consider the following system of equations

;M =WQ{h(u)}, wheres=1,2,...,n, (4.2)
Us

for an (n x n)-matrix C-function £™ (a) = Hflu) (a)fQU) (a)... () (a)|| on J, where £®) is
a covariant tensor field of the 1st-rank on J. It is easy to see that the form of the system
Eq. (4.2) of equations is the same in “old” and “new” coordinates in the intersection of the
charts. Since the Riemannian curvature tensor of h is equal to zero, the following system of
equalities

(u)} — %Qs{h(u)} = [Qi{h(u)}, Qs{h(u)}], wherel,s=1,2,...,n, (4.3)

holds, where [Q;{h}, Qs{h}] denotes Qi{h}Qs{h}—Qi{h}Qs{h}. By Eq. (4.3) and according
to the theory of linear differential equations, there exist a neighborhood W C V), of the point
ap and an (n x n)-matrix C>°-function £ = ||§§u) (a)féu) (a)... 57(1“) (a)|] on W such that
€(ag) = d; for all i = 1,2,...,n, that det(£™(a)) # 0 for all @ € W, and €™ (a) is a
solution of the system Eq. (4.2) on W. Using connectedness and simply connectedness of
the manifold J, according to the theory of linear differential equations on manifolds (see
[15]), we see that the unique an (n x n)-matrix C*°-function {(a) = [|£1(a)é2(a) ... & (a)|
on J exists such that {(a) is a covariant tensor field of the lst-rank on J and , {(a) is a
solution of Eq. (4.2) on Vj for every A € A, det(£(a)) # 0 for all @ € J and &(a) = £ (a)
for all a € W. Below we consider this solution &(a).
By Qs{h(u)} = [IT};(h(w))|l1j=1,2,..n and Eq. (4.2), we obtain

ZP u) bl (a), Zrz{h )}l (a)

in each chart of J with local coordinates u = (ui,ug,...,u,). These equalities and the
equality I';;{h(u)} = I'};{h(u)} in Proposition 4.2 imply

(u) R —
8%5 (a) = 8uj§z (a) foralli,j=1,2,...,n (4.4)

in each chart of J with local coordinates u. Since the (n x n)-matrix-valued C*°-function
€(a) = ||&1(a)éa(a) ... &u(a)]| on J is a covariant tensor field of rank 1 on J and det( (a)) #0
for all a € J, Eq. (4.4) implies an existence of a J-immersion z(a) such that x(“)( ) =

§j(-u)(a) for all j = 1,2,...,n in each chart of J in local coordinates w, Where () (a)

is the expression of z(a) in coordinates w. Since (fi(u) (ao),fj(.u) (ap)) = hij(ap), we obtain
(a%ix(“) (ap), %l‘(u)(ag)) = hij(ap) for all i,j = 1,2,...,n in the chart V, of J with local

coordinates u. Below we consider this J-immersion x(a).

Let V; be an arbitrary chart of J with local coordinates v = (uq,us, ..., u,) and
0 0 0
AW — || )y L () 2 W)
()= | e @gea @) st

where a%jx(“) (a) as a column-vector of A™(z).
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0 0 0 0 0 0
Y (w) Y () Y ()
s ( D <a>) - < o <a>) - ( S (a))H-

For 51(“) (a) = %x(“) (a), the system Eq. (4.2) has the following form:

Consider

0
Oug

AW (z) = ’

0

o AW (z) = AW (2))Qs{h(u)} fors=1,2,... n. (4.5)

Let A®(2)T be the transpose matrix of A (z). Then Eq. (4.5) implies

-0

S AW () = A (@) AW (@)Q{h(w)} for s=1,2,...,m.

A()()

In terms of g{z}, gij{z} and T'y;;{z}, this system has the following form:

Pyufgy = Tifhtau for jl,s=1,2,... n. (4.6)
=1

According to Proposition 4.3, the following system of equations
Ty{h} = ZF AhYhy for j,l,s=1,2,...,n. (4.7)

holds for the pseudo-Riemannian metric A of the index p on J.
By Lemma 2.7 and the definition of I'y; ;{g{x}}, we obtain

Tyi{g{z}} = (61 Giujx’ %x) = ; <68 g;{x} +3 gzs{x} ggs{:c}>

o 0 0
le,s{g{l’}} = (8—%8—7”:6’ 8—%56)

These equalities and Eq. (4.6) imply

1/ 0 8 0
— 5 (msule) + gomasta) - 8—%%{@) .

8 ng{x} FS] l{g{x}} + P]l S{Q{l’}} = Z P {h}glz{x} + Z I l{h}gsz{x}
Hence we have the following system of differential equations for g;s{x}:
gls{fc} Zr {nYgi{x} + Zr {h}gsi{z} for jl,s=1,2,....n

Similarly, using the definition of I'j;{h} and Eq. (4.7), we obtain the following system of
differential equations for hjg:

ZF {h}hy; + Zrﬂl{h}hm, where j,1,5 = 1,2,. (4.8)
=1
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Hence the system {g;s{z}, where I,s =1,2,...,n} is a solution of Eq. (4.8). Since

gis{z(ao)} = <8%ll’(u)(ao), 8%81’(“)(@00 = hys(ao),

using the uniqueness theorem for linear differential equations on a connected, simply con-

nected manifold, we obtain g;s{z(a)} = his(a) for all a € J and I, s = 1,2,...,n. 0
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