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Let En
p be the n-dimensional pseudo-Euclidean space of index p and M(n, p) the group of all

transformations of En
p generated by pseudo-orthogonal transformations and parallel translations.

We describe the system of generators of the differential field of all M(n, p)-invariant differential
rational functions of a map x : J → En

p of an open subset J ⊆ En
p . Using this result, we prove

analogues of the Bonnet theorem for immersions of an n-dimensional C∞-manifold J in En
p . These

analogues are given in terms of the pseudo-Riemannian metric, the volume form, and the connection
on J induced by the immersion of J in En

p .
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1. Introduction

Invariants of immersions of a manifold in a pseudo-Euclidean space play an important role
in many areas of mathematics and mathematical physics. Isometric immersions of pseudo-
Riemannian space forms have been a subject of wide interest (see [4, 6, 7]).

Let R be the field of real numbers and p an integer such that 0 ≤ p < n. Denote by En
p

the space Rn with the inner product

(x, y) = −x1y1 − · · · − xpyp + xp+1yp+1 + · · · + xnyn.

Let O(n, p) be the group of all linear transformations g of En
p such that (gx, gy) = (x, y).

Set

M(n, p) = {F : En
p −→ En

p | Fx = gx + b, g ∈ O(n, p), b ∈ En
p }

and SM(n, p) = {F ∈ M(n, p) | det g = 1}.

∗This work was supported by the Research Fund of TUBITAK. Project number:107T049.
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Let J be an n-dimensional C∞-manifold and x : J → En
p be an immersion. This immer-

sion induces the unique pseudo-Riemannian metric, the volume form and the connection
on J which we denote by g{x}, Ω(x), C(x), respectively.

The fundamental existence and uniqueness theorem of Bonnet for hypersurface immer-
sions (that is for immersions of a connected, simply connected and oriented n-dimensional
differentiable manifold J) in a Euclidean space En+1

0 is known ([14, p. 19]). Two analogues
of the Bonnet theorem for immersions of an n-dimensional manifold J in a Euclidean space
En

0 were obtained.
The first analogue of the Bonnet theorem is the following (see [8, 16, 17]): Let J be

a connected, simply connected open subset of a Euclidean space En
0 . Then

(1) (rigidity property). Assume that x : J → En
0 and y : J → En

0 are immersions such that
g{x} = g{y}. Then there exists F ∈ M(n, 0) such that y = Fx;

(2) (existence). Let h = ‖hij(u)‖ be a Riemannian metric in J of class C3 and assume that
its Riemannian curvature tensor vanishes. Then there exists an immersion of J in En

0

such that g{x} = h.

Another analogue of the Bonnet theorem is given in the book [1, pp. 69–71]. Note that
in this book and papers mentioned below in Introduction, the term “vector field” is used
for any map x : J → En

0 of an open subset J ⊆ En
0 . This other analogue of the Bonnet

theorem is as follows:

For any G ⊆ R3, let the functions Aik and Bik of Cartesian coordinates be given such
that A1k = −A2k for i = 1, 2 and k = 1, 2, 3. Suppose these functions satisfy the following
system

∂Aik

∂xl
− ∂Ail

∂xk
+ BilBjk − BikBjl = 0,

∂Bik

∂xl
− ∂Bil

∂xk
+ AikBjl − AilBjk = 0.

Then there exist orthonormal vector fields a1,a2,n ∈ G such that

∂ai

∂xk
= Aikaj + Bikn, i �= j,

∂n

∂xk
= −B1ka1 − B2ka2.

The vector fields a1,a2,n are defined uniquely up to their choice at one point.a

We note that the part “The vector fields a1,a2,n are defined uniquely up to their choice
at one point ” of this theorem is not clear. Indeed, the functions

A1k =
(

∂a1

∂xk
,a2

)
, A2k =

(
∂a2

∂xk
,a1

)
, Bik = −

(
∂n
∂xk

,ai

)

aThe meaning of the words “their choice at one point” are hard to decipher, this is a Russian sentence
translated word-for-word and the meaning was lost; it should probably be understood as “up to their values
at one point”.
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are O(3)-invariant, but they are not invariant with respect to parallel translations in R3.
Hence this part of the theorem may be given as follows: “The vector fields a1,a2,n are
defined uniquely up to an orthogonal transformation of R3.” This means that the system
of functions Aik, Bik is the complete system of joint O(3)-invariants of orthonormal vector
fields a1,a2,n.

The aim of the present paper is a generalization of the Bonnet theorem for immersions
of an n-dimensional manifold J in a pseudo-Euclidean space En

p . First we describe the
system of generators of the differential field of all H-invariant differential rational functions
of a mapping x : J → En

p of an open subset J ⊆ En
p in En

p for groups H = M(n, p)
and H = SM(n, p). Using these results, we prove analogues of the Bonnet theorem for
immersions an n-dimensional manifold J in En

p . These analogues are given in terms of
the pseudo-Riemannian metric, the volume form and the connection of an immersion of
J in En

p .
Let J be an open subset of En

0 , G be a group and α(G) be an action of G on the set of
all smooth vector fields on J . Investigations of the problem of α(G)-equivalence of vector
fields, α(G)-invariant vector fields and α(G)-invariants of vector fields have important role
in many areas of mathematics.

Let ρ be a linear representation of a group G in En
0 and x a smooth vector field in En

0 .
Let J = En

0 . Consider the action

ρ∗(g)(x(a)) := ρ(g)x(ρ(g−1)a)

of G on the set of all smooth vector fields x in En
0 . The problem of a description of the general

form of all ρ∗(G)-invariant (that is equivariant) polynomial vector fields for a compact Lie
groups G is intensively studied in the bifurcation theory [2, 3, 10]. By using theorems of
Schwartz and Poe’naru ([10, Theorems XII4.3 and XII5.2]), this problem reduces to an
algebraic problem of invariant theory. The problems of ρ∗(G)-equivalence of smooth vector
fields and complete systems of ρ∗(G)-invariants of polynomial vector fields are investigated
in the theory of differential equations [9, 19]. Invariants of vector fields are also studied in
differential geometry [1].

This paper is organized as follows. In Sec. 2, we describe the system of generators of
the differential field of all G-invariant differential rational functions of a map x : J → En

p

of an open subset J ⊆ En
p for groups G = M(n, p) and G = SM(n, p) (Theorems 2.1

and 2.2).
In Sec. 3, for an n-dimensional connected manifold J , using results of Sec. 2, we prove

(1) the rigidity theorem for the connection C(x) on J induced by an immersion x : J → En
p ;

(Theorem 3.1);
(2) the rigidity theorem for the pseudo-Riemannian metric g{x} on J induced by an immer-

sion x : J → En
p ; (Theorem 3.2);

(3) the rigidity theorem for the set of all Christoffel symbols of the first and second kinds
on J induced by an immersion x : J → En

p ; (Theorem 3.3);
(4) the rigidity theorem for the pseudo-Riemannian metric g{x} and the volume form Ω(x)

on J induced by an immersion x : J → En
p ; (Corollary 2).

Theorems 3.1–3.3 and Corollary 2 are analogues of the first part of the Bonnet theorem for
groups G = Af(n), M(n, p), SM(n, p).
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In Sec. 4, for an n-dimensional connected, simply connected manifold J , we prove the
existence theorem for a pseudo-Riemannian metric on J : Let h = ‖hij(u)‖ be a pseudo-
Riemannian metric in J of class C∞ and assume that its Riemannian curvature tensor
vanishes. Then there exists an immersion x of J in En

p such that g{x} = h (Theorem 4.1).
This theorem is an analogue of the second part of the Bonnet theorem for immersions of
the manifold J in En

p .
We use methods of the invariant theory and the theory of differential equations. A similar

approach to the theory of curves was used in the book [12] and papers [13, 18].
In the sequel, n > 1. The case n = 1 is easily considered.

2. Generating Systems of Differential Fields of all G-Invariant Differential
Rational Functions of an n-Parametric Surface

Throughout this section we assume that J is an open subset of Rn.

Definition 1. A C∞-mapping x : J → En
p will be called an n-parametric J-surface in En

p

and denoted by x(u). For short, an n-parametric J-surface x(u) with the domain of the
definition J will be called a J-surface.

Let x(u) be a J-surface in En
p . Denote by N0 the set of all non-negative integers. For

mi ∈ N0, where 1 ≤ i ≤ n, we set

x(0,0,...,0) = x(u), x(m1,m2,...,mn) =
∂m1+m2+···+mnx(u)
∂um1

1 um2
2 · · · ∂umn

n
.

Below we cite some notation and definitions from the differential algebra (see [11–13])
in a form convenient for our considerations.

Definition 2. A polynomial q(x, x(1,0,0,...,0), x(0,1,0,...,0), . . . , x(m1,m2,m3,...,mn)) of x and a
finite number of partial derivatives x(1,0,0,...,0), x(0,1,0,...,0), . . . , x(m1,m2,m3,...,mn) of x with
coefficients from R is called a differential polynomial of x.

It will be denoted by q{x}. The set of all differential polynomials of x will be denoted
by R{x}. It is a differential R-algebra with respect to the differentiations ∂

∂u1
, ∂

∂u2
, . . . , ∂

∂un
.

This differential R-algebra is also an integral domain. Its quotient field will be denoted
by R〈x〉. It is a differential field with respect to the differentiations ∂

∂u1
, ∂

∂u2
, . . . , ∂

∂un
. An

element h of R〈x〉 will be called a differential rational function of x and denoted by h〈x〉.
Let x(u1, u2, . . . , un), y(u1, u2, . . . , un), . . . , z(u1, u2, . . . , un) be a finite number of J-

surfaces in Rn. A differential polynomial and a differential rational function of several
J-surfaces x, y, . . . , z are similarly defined. They will be denoted by q{x, y, . . . , z} and
q〈x, y, . . . , z〉, respectively. The differential field of all differential rational functions of
x, y, . . . , z will be denoted by R〈x, y, . . . , z〉.

Let GL(n) be the group of all non-degenerate real n × n-matrices. Set

Af(n) = {F : Rn → Rn | Fx = gx + b, g ∈ GL(n), b ∈ Rn},

where gx is the multiplication of a matrix g and a column vector x ∈ Rn. In sequel, we
consider the group O(n, p) as the group of all real matrices g such that g�Ipg = Ip, where
Ip = ‖bij‖ is the diagonal n × n-matrix such that bii = −1 for all i = 1, . . . , p, bjj = 1 for
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all j = p + 1, . . . , n. Then

M(n, p) = {F : En
p → En

p | Fx = gx + b, g ∈ O(n, p), b ∈ En
p }

and SM(n, p) = {F ∈ M(n, p) | det g = 1}.
Let x(u) be a J-surface in En

p . Then Fx(u) is also a J-surface in En
p for all F ∈ Af(n).

Let G be a subgroup of the group Af(n).

Definition 3. A differential rational function h〈x, y, . . . , z〉 is said to be G-invariant if

h〈gx, gy, . . . , gz〉 = h〈x, y, . . . , z〉 for all g ∈ G.

The set of all G-invariant differential rational functions of x, y, . . . , z will be denoted by
R〈x, y, . . . , z〉G. It is a differential subfield of the differential field R〈x, y, . . . , z〉.
Definition 4. A subset S of R〈x, y, . . . z〉G is called a generating system of the differential
field R〈x, y, . . . , z〉G if the smallest differential subfield of it containing S coincides with
R〈x, y, . . . , z〉G.

Let

(x, y) = −x1y1 − · · · − xpyp + xp+1yp+1 + · · · + xnyn

be the inner product of vectors x = (x1, . . . , xn) and y = (y1, . . . , yn) in En
p . So

(x(m1,m2,...,mn), x(p1,p2,...,pn)) is the inner product of vectors x(m1,m2,...,mn), x(p1,p2,...,pn) in En
p .

Theorem 2.1. The system(
∂

∂ui
x,

∂

∂uj
x

)
, where 1 ≤ i ≤ j ≤ n, (2.1)

is a generating system of the differential field R〈x〉M(n,p).

Proof. For it, first we prove Lemmas 2.1–2.9. Let R〈 ∂
∂u1

x, ∂
∂u2

x, . . . , ∂
∂un

x〉 be the
differential field of all differential rational functions of ∂

∂u1
x, ∂

∂u2
x, . . . , ∂

∂un
x and

R〈 ∂
∂u1

x, ∂
∂u2

x, . . . , ∂
∂un

x〉G is the differential field of all G-invariant differential rational func-
tions of ∂

∂u1
x, ∂

∂u2
x, . . . , ∂

∂un
x.

Lemma 2.1. We have

R〈x〉M(n,p) = R

〈
∂

∂u1
x,

∂

∂u2
x, . . . ,

∂

∂un
x

〉M(n,p)

= R

〈
∂

∂u1
x,

∂

∂u2
x, . . . ,

∂

∂un
x

〉O(n,p)

.

Proof. Let

q〈x〉 = q

(
x,

∂

∂u1
x,

∂

∂u2
x, . . . ,

∂

∂un
x, . . . , x(m1,m2,m3,...,mn)

)

be an M(n, p)-invariant differential rational function of x. Then it is invariant with respect
to parallel translations in En

p . This implies that

q〈x〉 = q

(
∂

∂u1
x,

∂

∂u2
x, . . . ,

∂

∂un
x, . . . , x(m1,m2,m3,...,mn)

)
= q

〈
∂

∂u1
x,

∂

∂u2
x, . . . ,

∂

∂un
x

〉
.

It is also O(n, p)-invariant. Hence it is an O(n, p)-invariant differential rational function of
∂

∂u1
x, ∂

∂u2
x, . . . , ∂

∂un
x. Conversely, assume that q is a O(n, p)-invariant differential rational
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function of ∂
∂u1

x, ∂
∂u2

x, . . . , ∂
∂un

x. Then it is invariant with respect to parallel translations
in En

p . Hence it is M(n, p)-invariant.

Lemma 2.2. Let f ∈ R〈 ∂
∂u1

x, ∂
∂u2

x, . . . , ∂
∂un

x〉O(n,p). Then there exist O(n, p)-invariant
differential polynomials f1, f2 such that f = f1/f2.

Proof. A proof is similar to the proof in ([12, p. 106]).

Lemma 2.3. The system of all (x(m1,m2,...,mn), x(p1,p2,...,pn)), where m1 +m2+ · · ·+mn ≥ 1,
p1 + p2 + · · · + pn ≥ 1, is a generating system of R〈x〉M(n,p) as a field.

Proof. Let R[x(m1,m2,...,mn);m1 + m2 + · · · + mn ≥ 1]O(n) be the R-algebra of all
O(n, p)-invariant polynomials of x(m1,m2,...,mn), where m1 + m2 + · · · + mn ≥ 1. Accord-
ing to the First Main Theorem for O(n, p) (see [21, pp. 53, 65–66]), the system of all
(x(m1,m2,...,mn), x(p1,p2,...,pn)), where m1 + m2 + · · · + mn ≥ 1 and p1 + p2 + · · · + pn ≥ 1,
is a generating system of the R-algebra R[x(m1,m2,...,mn);m1 + m2 + · · · + mn ≥ 1]O(n,p).
Using Lemmas 2.1 and 2.2, we see that the system of all (x(m1,m2,...,mn), x(p1,p2,...,pn)), where
m1 + m2 + · · · + mn ≥ 1 and p1 + p2 + · · · + pn ≥ 1, is a generating system of

R

〈
∂

∂u1
x,

∂

∂u2
x, . . . ,

∂

∂un
x

〉O(n,p)

= R〈x〉M(n,p)

as a field.

Denote by ∆ = ∆x the determinant det ‖(ai, bj)‖i,j=1,2,...,n, where

a1 = b1 =
∂

∂u1
x, a2 = b2 =

∂

∂u2
x, . . . , an = bn =

∂

∂un
x.

Let V be the system Eq. (2.1). Denote by R{V } the differential R-subalgebra of
R〈 ∂

∂u1
x, ∂

∂u2
x, . . . , ∂

∂un
x〉O(n,p) generated by elements of the system V .

Lemma 2.4. ∆ ∈ R{V }.
Proof. By the definition of V , we have ( ∂

∂ui
x, ∂

∂uj
x) ∈ V for all 1 ≤ i, j ≤ n. Hence

∆ ∈ R{V }.
Denote by R{V,∆−1} the differential R-subalgebra of R〈 ∂

∂u1
x, ∂

∂u2
x, . . . , ∂

∂un
x〉O(n,p) gen-

erated by elements of the system V and the function ∆−1. According to Lemmas 2.1 and
2.3, to prove our theorem, it suffices to prove that (x(m1,m2,...,mn), x(p1,p2,...,pn)) ∈ R{V,∆−1}
for all mi, pi ∈ N0 such that m1 + m2 + · · · + mn ≥ 1 and p1 + p2 + · · · + pn ≥ 1.

Let detGr(y1, y2, . . . , ym; z1, z2, . . . , zm) be the determinant of the Gram matrix

Gr(y1, y2, . . . , ym; z1, z2, . . . , zm) := ||(yi, zj)||i,j=1,2,...,m

of vectors y1, y2, . . . , ym; z1, z2, . . . , zm ∈ En
p .

A proof of the following is known ([21, p. 75]):

Lemma 2.5. The equality

detGr(y1, y2, . . . , yn+1;1, z2, . . . , zn+1) = det ||(yi, zj)||i,j=1,2,...,n+1 = 0

holds for all vectors y1, y2 . . . , yn+1, z1, z2 . . . , zn+1 in Rn.
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Lemma 2.6. Assume that b1, b2, . . . , bn; c1, c2, . . . , cn ∈ N0 are such that

1 ≤ b1 + b2 + · · · + bn, 1 ≤ c1 + c2 + · · · + cn,

(
x(b1,b2,...,bn),

∂

∂ui
x

)
∈ R{V,∆−1}

and (x(c1,c2,...,cn), ∂
∂ui

x) ∈ R{V,∆−1} for all i such that 1 ≤ i ≤ n.
Then (x(b1,b2,...,bn), x(c1,c2,...,cn)) ∈ R{V,∆−1}.

Proof. Applying Lemma 2.5 to vectors

y1 = z1 =
∂

∂u1
x,

y2 = z2 =
∂

∂u2
x,

· · ·
yn = zn =

∂

∂un
x,

yn+1 = x(b1,b2,...,bn),

zn+1 = x(c1,c2,...,cn),

we obtain det A = 0, where

A = ‖(yi, zj)‖i,j=1,2,...,n+1 = Gr(y1, y2, . . . , yn+1; z1, z2, . . . , zn+1).

Denote by Dn+1j the cofactor of the element (yn+1, zj) in A, where j = 1, 2, . . . , n+1. From
the equality detA = 0, we obtain the equality

(yn+1, z1)Dn+11 + (yn+1, z2)Dn+12 + · · · + (yn+1, zn)Dn+1n

+ (yn+1, zn+1)Dn+1n+1 = 0. (2.2)

Since ∆ = Dn+1n+1, Eq. (2.2) implies that

(yn+1, zn+1) = (x(b1,b2,...,bn), x(c1,c2,...,cn))

= −(yn+1, z1)Dn+11 + (yn+1, z2)Dn+12 + · · · + (yn+1, zn)Dn+1n

∆
. (2.3)

In Eq. (2.3), by the assumption of the lemma, (yn+1, zj) = (x(b1,b2,...,bn), ∂
∂uj

x) ∈ R{V,∆−1}
for every j such that 1 ≤ j ≤ n. We prove that Dn+1s ∈ R{V,∆−1} for every s such that
1 ≤ s ≤ n. We have

Dn+1s = (−1)n+1+s det Gr(y1, y2, . . . , yn; z1, z2, . . . , zs−1, zs+1, . . . , zn, zn+1)).

By the definition of V , we obtain (yi, zj) ∈ V ⊂ R{V } for all 1 ≤ i, j ≤ n. By the assumption
of our lemma, we have (yi, zn+1) = ( ∂

∂ui
x, x(c1,c2,...,cn)) ∈ R{V,∆−1} for every 1 ≤ i ≤ n.

Hence Dn+1s ∈ R{V,∆−1} for every 1 ≤ s ≤ n and Eq. (2.3) implies (yn+1, zn+1) ∈
R{V,∆−1}.
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Lemma 2.7. We have(
∂2

∂ui∂uj
x,

∂

∂ul
x

)
=

1
2

(
∂

∂uj

(
∂

∂ul
x,

∂

∂ui
x

)
+

∂

∂ui

(
∂

∂ul
x,

∂

∂uj
x

)
− ∂

∂ul

(
∂

∂ui
x,

∂

∂uj
x

))

and ( ∂2

∂ui∂uj
x, ∂

∂ul
x) ∈ R{V,∆−1} for all i, j, l ∈ {1, 2, . . . , n}.

Proof. We have

∂

∂uj

(
∂

∂ui
x,

∂

∂ul
x

)
=
(

∂2

∂ui∂uj
x,

∂

∂ul
x

)
+
(

∂

∂ui
x,

∂2

∂uj∂ul
x

)
,

∂

∂ui

(
∂

∂uj
x,

∂

∂ul
x

)
=
(

∂2

∂ui∂uj
x,

∂

∂ul
x

)
+
(

∂

∂uj
x,

∂2

∂ui∂ul
x

)
, (2.4)

∂

∂ul

(
∂

∂ui
x,

∂

∂uj
x

)
=
(

∂2

∂ui∂ul
x,

∂

∂uj
x

)
+
(

∂

∂ui
x,

∂2

∂uj∂ul
x

)
.

Set

∂

∂uj

(
∂

∂ui
x,

∂

∂ul
x

)
= b1,

(
∂2

∂ui∂uj
x,

∂

∂ul
x

)
= w1,

∂

∂ui

(
∂

∂uj
x,

∂

∂ul
x

)
= b2,

(
∂2

∂uj∂ul
x,

∂

∂ui
x

)
= w2,

∂

∂ul

(
∂

∂ui
x,

∂

∂uj
x

)
= b3,

(
∂2

∂ui∂ul
x,

∂

∂uj
x

)
= w3.

Then system Eq. (2.4) takes the form: w1+w2 = b1, w1+w3 = b2, w2+w3 = b3. We consider
this system as the system of equations for w1, w2, w3. This system has the unique solution
(w1, w2, w3), where

w1 =
1
2
(b1 + b2 − b3) ∈ R{V,∆−1},

w2 =
1
2
(b1 + b3 − b2) ∈ R{V,∆−1},

w3 =
1
2
(b2 + b3 − b1) ∈ R{V,∆−1}.

Lemma 2.8. For all 1 ≤ i ≤ n and b1, b2, . . . , bn ∈ N0 such that 1 ≤ b1 + b2 + · · · + bn, we
have (x(b1,b2,...,bn), ∂

∂ui
x) ∈ R{V,∆−1}.

Proof. We prove the assertion by induction on B = b1 + b2 + · · · + bn. Let B = 1. Then,
by the definition of V , we have ( ∂

∂ui
x, ∂

∂uj
x) ∈ V ⊂ R{V,∆−1} for all 1 ≤ i, j ≤ n. Hence

the assertion holds for B = 1. Assume that the assertion holds for B > 1.
We prove that ( ∂

∂ui
x(b1,b2,...,bn), ∂

∂uj
x) ∈ R{V,∆−1} for all 1 ≤ j ≤ n and b1, b2, . . . , bn ∈

N0 such that b1 + b2 + · · · + bn = B. For arbitrary 1 ≤ i, j ≤ n and b1, b2, . . . , bn ∈ N0 such
that b1 + b2 + · · · + bn = B, we have

∂

∂ui

(
x(b1,b2,...,bn),

∂

∂uj
x

)
=
(

∂

∂ui
x(b1,b2,...,bn),

∂

∂uj
x

)
+
(

x(b1,b2,...,bn),
∂2

∂ui∂uj
x

)
. (2.5)
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By the induction hypothesis on B, we have (x(b1,b2,...,bn), ∂
∂ul

x)) ∈ R{V,∆−1} for all 1 ≤
l ≤ n and bs ∈ N0 such that b1 + b2 + · · · + bn = B. Using Lemmas 2.7 and 2.6, we
see that (x(b1,b2,...,bn), ∂2

∂ui∂uj
x)) ∈ R{V,∆−1} for all 1 ≤ i, j ≤ n and bs ∈ N0 such that

b1 + b2 + · · · + bn = B. Hence Eq. (2.5) implies ( ∂
∂ui

x(b1,b2,...,bn), ∂
∂uj

x) ∈ R{V,∆−1}.
Lemma 2.9. For all b1, b2, . . . , bn, c1, c2, . . . , cn ∈ N0 such that 1 ≤ b1 + b2 + · · · + bn and
1 ≤ c1 + c2 + · · · + cn, we have (x(b1,b2,...,bn), x(c1,c2,...,cn)) ∈ R{V,∆−1}.
Proof. Using Lemmas 2.8 and 2.6, we obtain (x(b1,b2,...,bn), x(c1,c2,...,cn)) ∈ R{V,∆−1}.

We complete the proof of our theorem. By Lemma 2.4, ∆ ∈ R{V }. Since R〈V 〉 is a field,
we obtain ∆−1 ∈ R〈V 〉. Hence R{V,∆−1} ⊂ R〈V 〉. By Lemma 2.9,

(x(b1,b2,...,bn), x(c1,c2,...,cn)) ∈ R{V,∆−1} ⊂ R〈V 〉 ⊂ R〈x〉M(n,p)

for all b1, b2, . . . , bn, c1, c2, . . . , cn ∈ N0 such that 1 ≤ b1 + b2 + · · ·+ bn, 1 ≤ c1 + c2 + · · ·+ cn.
By Lemma 2.3, the system of all elements (x(m1,m2,...,mn), x(c1,c2,...,cn)), where m1 + m2 +
· · · + mn ≥ 1, c1 + c2 + · · · + cn ≥ 1,mi ∈ N0, ci ∈ N0, is a generating system of R〈x〉M(n,p)

as a field. Hence R〈V 〉 = R〈x〉M(n,p). The theorem is completed. �
For any am ∈ En

p , where m = 1, . . . , n, the determinant det(aij) (where the ami are
coordinates of am) will be denoted by [a1a2 · · · an]. So

[x(m11,m12,...,m1n)x(m21,m22,...,m2n) · · · x(mn1,mn2,...,mnn)]

is the determinant of the vectors x(mi1,mi2,...,min) for i = 1, 2, . . . , n.

Theorem 2.2. The system[
∂

∂u1
x

∂

∂u2
x · · · ∂

∂un
x

]
,

(
∂

∂ui
x,

∂

∂uj
x

)
, where 1 ≤ i ≤ j ≤ n, i + j < 2n, (2.6)

is a generating system of the differential field R〈x〉SM(n).

Proof. Let SO(n, p) = {g ∈ O(n, p) | det g = 1}.
Lemma 2.10. R〈x〉SM(n,p) = R〈 ∂

∂u1
x, ∂

∂u2
x, . . . , ∂

∂un
x〉SO(n,p).

Proof is similar to the proof of Lemma 2.1.

Lemma 2.11. Let f ∈ R〈 ∂
∂u1

x, ∂
∂u2

x, . . . , ∂
∂un

x〉SO(n,p). Then SO(n, p)-invariant differen-
tial polynomials f1, f2 exist such that f = f1/f2.

Proof is similar to the proof in ([12, p. 106]).

Lemma 2.12. The system of all elements

[x(m11,m12,...,m1n)x(m21,m22,...,m2n) · · · x(mn1,mn2,...,mnn)],

(x(b1,b2,...,bn), x(c1,c2,...,cn)), (2.7)

where mi1 +mi2 + · · ·+min ≥ 1, b1 + b2 + · · ·+ bn ≥ 1, c1 + c2 + · · ·+ cn ≥ 1, is a generating
system of R〈x〉SM(n,p) as a field.
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Proof. Let R[x(m1,m2,...,mn);m1+m2+· · ·+mn ≥ 1]SO(n,p) be the R-algebra of all SO(n, p)-
invariant polynomials of the system of all x(m1,m2,...,mn), where m1 +m2 + · · ·+mn ≥ 1. By
the First Main Theorem for SO(n, p) (see [21, pp. 53, 65–66]), the system Eq. (2.7) is a
generating system of R[x(m1,m2,...,mn);m1 + m2 + · · ·+ mn ≥ 1]SO(n,p). Lemma 2.11 implies
that the system Eq. (2.7) is a generating system of R〈x〉SO(n,p). Then, by Lemma 2.10, the
system Eq. (2.7) is a generating system of R〈x〉SM(n,p) as a field.

Let Z be the system Eq. (2.6) and R{Z} be the differential R-subalgebra of R〈x〉SM(n,p)

generated by elements of the system Z. Denote by δ = δx the determinant of the matrix
Gr(y1, y2, . . . , yn−1; z1, z2, . . . , zn−1), where

y1 = z1 =
∂

∂u1
x, y2 = z2 =

∂

∂u2
x, . . . , yn−1 = zn−1 =

∂

∂un−1
x. �

Lemma 2.13. δ ∈ R{Z} and δ−1 ∈ R〈Z〉.
Proof. By the definition of Z, (yi, zj) = ( ∂

∂ui
x, ∂

∂uj
x) ∈ Z ⊂ R{Z} for all 1 ≤ i, j ≤ n − 1.

Hence δ ∈ R{Z} and δ−1 ∈ R〈Z〉.
In the sequel, we need the following lemma

Lemma 2.14. The equality

(−1)p[y1 · · · yn][z1 · · · zn] = det ||(yi, zj)||i,j=1,2,...,n

holds for all vectors y1, . . . , yn, z1, . . . , zn in En
p .

Proof. A proof of the this lemma is similar to the proof in ([12, p. 72]).

Let ∆ be the function in the proof of Theorem 2.1.

Lemma 2.15. ∆ ∈ R{Z} and ∆−1 ∈ R〈Z〉.
Proof. Using Lemma 2.14 to vectors y1 = z1 = ∂

∂u1
x, y2 = z2 = ∂

∂u2
x, . . . , yn = zn = ∂

∂un
x,

we obtain

(−1)p
[

∂

∂u1
x

∂

∂u2
x · · · ∂

∂un
x

]2

= det ‖(yi, zj)‖i,j=1,2,...n = ∆. (2.8)

Since [ ∂
∂u1

x ∂
∂u2

x · · · ∂
∂un

x] ∈ Z, we have ∆ ∈ R{Z} and ∆−1 ∈ R〈Z〉.
Denote by R{Z, δ−1,∆−1} the differential R-subalgebra of R〈 ∂

∂u1
x, ∂

∂u2
x, . . . , ∂

∂un
x〉 gen-

erated by Z and functions δ−1,∆−1. By Lemmas 2.11 and 2.12, for a proof of our theorem,
it is enough to prove that

[x(m11,m12,...,m1n)x(m21,m22,...,m2n) · · · x(mn1,mn2,...,mnn)] ∈ R{Z, δ−1,∆−1}
and

(x(b1,b2,...,bn), x(c1,c2,...,cn)) ∈ R{Z, δ−1,∆−1}
for all mij, bi, ci ∈ N0 such that mi1 + mi2 + · · · + min ≥ 1, b1 + b2 + · · · + bn ≥ 1,
c1 + c2 + · · · + cn ≥ 1.

Let V be the system in the proof of Theorem 2.1.
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Lemma 2.16. ( ∂
∂un

x, ∂
∂un

x) ∈ R{Z, δ−1} and R{V,∆−1} ⊂ R{Z, δ−1,∆−1}.
Proof. For i = 1, 2, . . . , n, denote by Dni the cofactor of the element (yn, zj) of the matrix
A = ‖(yi, zj)‖i,j=1,2,...n in Eq. (2.8). Then we obtain the equality

∆ = (yn, z1)Dn1 + (yn, z2)Dn2 + · · · + (yn, zn−1)Dnn−1 + (yn, zn)Dnn. (2.9)

Since δ = Dnn �= 0, equalities Eqs. (2.8) and (2.9) imply

(yn, zn) =
(

∂

∂un
x,

∂

∂un
x

)

= ∆δ−1 − (yn, z1)Dn1δ
−1 − (yn, z2)Dn2δ

−1 − · · · − (yn, zn−1)Dnn−1δ
−1. (2.10)

In Eq. (2.10), (yn, zj) = ( ∂
∂un

x, ∂
∂uj

x) ∈ Z ⊂ R{Z} for every 1 ≤ j ≤ n− 1 by the definition
of Z. We prove that Dns ∈ R{Z} for every 1 ≤ s ≤ n − 1. We have

Dns = (−1)n+s detGr(y1, y2, . . . , yn−1; z1, z2, . . . , zs−1, zs+1, . . . , zn).

The elements of Dns have the following forms (yi, zj) and (yi, zn), where i < n, j < n. By the
definition of Z, we have(yi, zn) = (yn, zi) ∈ Z ⊂ R{Z}. Hence Eq. (2.10) implies (yn, zn) ∈
R{Z, δ−1}. Using V ⊂ Z ∪ {(yn, zn)}, we obtain R{V,∆−1} ⊂ R{Z, δ−1,∆−1}.

Lemma 2.17. We have (x(b1,b2,...,bn), x(c1,c2,...,cn)) ∈ R{Z, δ−1,∆−1} for all bi, ci ∈ N0 such
that 0 < b1 + b2 + · · · + bn and 0 < c1 + c2 + · · · + cn.

Proof. By Lemma 2.16, we have R{V,∆−1} ⊂ R{Z, δ−1,∆−1}. Hence, by Lemma 2.9,
we obtain (x(b1,b2,...,bn), x(c1,c2,...,cn)) ∈ R{Z, δ−1,∆−1} for all bi, ci ∈ N0 such that 0 <

b1 + b2 + · · · + bn and 0 < c1 + c2 + · · · + cn.

Lemma 2.18. We have

[x(m11,m12,...,m1n)x(m21,m22,...,m2n) · · · x(mn1,m2,...,mnn)] ∈ R{Z, δ−1,∆−1}

for all mij ∈ N0 such that mi1 + mi2 + · · · + min ≥ 1 and i = 1, 2, . . . , n.

Proof. Applying Lemma 2.14 to vectors z1 = x(m11,m12,...,m1n), z2 = x(m21,m22,...,m2n), . . . ,

zn = x(mn1,mn2,...,mnn) and y1 = ∂
∂u1

x, y2 = ∂
∂u2

x, . . . , yn = ∂
∂un

x we see that

(−1)p[y1 · · · yn][z1 · · · zn] = det ||(yi, zj)||i,j=1,2,...,n. (2.11)

Since ∆ = (−1)p[y1 · · · yn]2, Eq. (2.11) implies

[z1 · · · zn] = ∆−1[y1 · · · yn] det ||(yi, zj)||i,j=1,2,...,n.

By Lemma 2.17, (yi, zj) = ( ∂
∂ui

x, x(mj1,mj2,...,mjn)) ∈ R{Z, δ−1,∆−1} for all i, j =
1, 2, . . . , n. Since [y1 · · · yn] ∈ Z ⊂ R{Z, δ−1,∆−1}, we obtain [z1 · · · zn] ∈
R{Z, δ−1,∆−1}.
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We complete the proof of our theorem. By Lemmas 2.13 and 2.15, δ−1,∆−1 ∈ R〈Z〉.
Hence R{Z, δ−1,∆−1} ⊂ R〈Z〉. By Lemma 2.17,

(x(b1,b2,...,bn), x(c1,c2,...,cn)) ∈ R{Z, δ−1,∆−1} ⊂ R〈Z〉
for all b1, b2, . . . , bn, c1, c2, . . . , cn ∈ N0 such that 1 ≤ b1 + b2 + · · ·+ bn, 1 ≤ c1 + c2 + · · ·+ cn.
By Lemma 2.18,

[x(m11 ,m12,...,m1n)x(m21,m22,...,m2n) · · · x(mn1,m2,...,mnn)] ∈ R{Z, δ−1,∆−1} ⊂ R〈Z〉
for all mij ∈ N0 such that mi1+mi2+· · ·+min ≥ 1, i = 1, 2, . . . , n. Hence Lemmas 2.10–2.12
imply that R〈Z〉 = R〈x〉SM(n,p). The proof of the theorem is completed.

3. Rigidity Theorems for Immersions of a Manifold

Throughout this section we assume that J is a connected C∞-manifold of dimension n. Let
{(Vλ, φλ), λ ∈ Λ} be the collection of all coordinate neighborhoods of J .

Definition 5 ([5, p. 70]). A C∞-mapping x : J → En
p will be called a C∞-immersion of

J in En
p (J-immersion, for short) if the rank of x at each point of J is equal to n.

Let x be a J-immersion, (Vλ, φλ) be a coordinate neighborhood of J and x(u)

be the expressing of x in the local coordinates in Vλ. Using the determinant
[ ∂
∂u1

x(u) ∂
∂u2

x(u) · · · ∂
∂un

x(u)], we define the alternating covariant tensor field of order n on J

(an n-form on J) by the following expression in local coordinates[
∂

∂u1
x(u) ∂

∂u2
x(u) · · · ∂

∂un
x(u)

]
du1 ∧ · · · ∧ dun.

Definition 6. This n-form on J will be called the volume form induced by a J-immersion x.
We denote it by Ω(x).

Proposition 3.1. Let x be a J-immersion in En
p . Then the volume form Ω(x) is nonzero

at any point of J .

Proof. Since x is a J-immersion in En
p , we have [ ∂

∂u1
x(u) ∂

∂u2
x(u) · · · ∂

∂un
x(u)] �= 0 at every

point of φλ(Vλ).

Corollary 3.1. Let a C∞-manifold J of dimension n such that it has a J-immersion in
En

p . Then it is orientable.

Proof. Follows from Definition V.7.5, Theorem V.7.6 in ([5, pp. 214–215]) and
Proposition 3.1.

Thus every non-orientable C∞-manifold of dimension n has not an immersion in En
p .

But there exists an orientable C∞-manifold J of dimension n without J-immersions in En
p .

For example, a compact orientable C∞-manifold of dimension n has not an immersion in
En

p (see [5, p. 80]).
Let x be a J-immersion in En

p , (Vλ, φλ) a coordinate neighborhood of J and x(u) the
expressing of x in the local coordinates in Vλ. Set Dix

(u) = ∂
∂ui

x(u). Let {D1x(u), . . . ,Dnx(u)}
be the system which is biorthonormal to {D1x

(u), . . . ,Dnx(u)} with respect to the inner
product in En

p that is (Dix
(u)(a),Djx(u)(a)) = δj

i for all a ∈ J and i, j = 1, . . . , n. Consider
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the following derivation formulas (see [20, p. 116]) for the restriction of the J-immersion
x to the coordinate neighborhood Vλ:

∂

∂ui

∂

∂uj
x(u) =

n∑
s=1

Γs
ij{x, Vλ}Dsx

(u) for i, j = 1, 2, . . . , n. (3.1)

∂

∂ui

∂

∂uj
x(u) =

n∑
s=1

Γij,s{x, Vλ}Dsx(u) for i, j = 1, 2, . . . , n. (3.2)

The functions Γij,s{x, Vλ} and Γs
ij{x, Vλ} will be called, respectively, the Christoffel

symbols of the first and second kind of the J-immersion x on Vλ.

Proposition 3.2. The family {Γs
ij{x, Vλ} | λ ∈ Λ, i, j, s = 1, 2, . . . , n} is a connection

on J .

Proof. Follows from Eq. (1.20b) in ([20, p. 118]).

The family {Γs
ij{x, Vλ} | λ ∈ Λ, i, j, s = 1, 2, . . . , n} will be called the connection induced

by the J-immersion x. We denote it by C(x) = {Γs
ij{x}}.

Proposition 3.3. Let x be a J-immersion in En
p . Then the torsion tensor and the

Riemannian curvature tensor of the connection C(x) are equal to zero.

Proof. Let x be a J-immersion in En
p and x(u) be the expressing of x in the local coordinates

in Vλ. By Eq. (3.1), we see that Γs
ij{x} = Γs

ji{x} for all i, j, s = 1, 2, . . . , n. Hence the torsion
tensor is equal to zero.

Equation (3.1) imply the following equalities (here i, j, k = 1, 2, . . . , n):

∂

∂uk

(
∂

∂ui

∂

∂uj
x(u)

)
=

∂

∂uk

(
n∑

s=1

Γs
ij{x}Dsx

(u)

)

=
n∑

s=1

(
∂

∂uk

(
Γs

ij{x}
)
Dsx

(u) + Γs
ij{x}

∂

∂uk
Dsx

(u)

)
,

∂

∂uj

(
∂

∂ui

∂

∂uk
x(u)

)
=

∂

∂uj

(
n∑

s=1

Γs
ik{x}Dsx

(u)

)

=
n∑

s=1

(
∂

∂uj
(Γs

ik{x}) Dsx
(u) + Γs

ik{x}
∂

∂uj
Dsx

(u)

)
.

Since

∂

∂uk

(
∂

∂ui

∂

∂uj
x(u)

)
=

∂

∂uj

(
∂

∂ui

∂

∂uk
x(u)

)
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for all i, j, k = 1, 2, . . . , n, we obtain

n∑
s=1

∂

∂uk

(
Γs

ij{x}
)
Dsx

(u) +
n∑

s=1

Γs
ij{x}

∂

∂uk
Dsx

(u)

=
n∑

s=1

∂

∂uj
(Γs

ik{x}) Dsx
(u) +

n∑
s=1

Γs
ik{x}

∂

∂uj
Dsx

(u).

Using the equality ∂
∂uk

Dsx
(u) = ∂

∂uk

∂
∂us

x(u) and Eq. (3.1), we have

n∑
s=1

∂

∂uk

(
Γs

ij{x}
)
Dsx

(u) +
n∑

s=1

Γs
ij{x}

(
n∑

l=1

Γl
ks{x}Dlx

(u)

)

=
n∑

s=1

∂

∂uj
(Γs

ik{x}) Dsx
(u) +

n∑
s=1

Γs
ik{x}

(
n∑

l=1

Γl
js{x}Dlx

(u)

)
.

This equality implies

n∑
s=1

∂

∂uk

(
Γs

ij{x}
)
Dsx

(u) +
n∑

s=1

(
n∑

r=1

Γr
ij{x}Γs

kr{x}
)

Dsx
(u)

=
n∑

s=1

∂

∂uj
(Γs

ik{x}) Dsx
(u) +

n∑
s=1

(
n∑

r=1

Γr
ik{x}Γs

jr{x}
)

Dsx
(u).

Then

n∑
s=1

((
∂

∂uk
Γs

ij{x} −
∂

∂uj
Γs

ik{x}
)

+
n∑

r=1

(
Γr

ij{x}Γs
kr{x} − Γr

ik{x}Γs
jr{x}

))
Dsx

(u) = 0.

Since x is a J-immersion in En
p , vectors D1x

(u), . . . Dnx(u) are linearly independent for all
u ∈ φλ(Vλ). Hence

∂

∂uk
Γs

ij{x} −
∂

∂uj
Γs

ik{x} +
n∑

r=1

(
Γr

ij{x}Γs
kr{x} − Γr

ik{x}Γs
jr{x}

)
= 0.

Let x be a J-immersion in En
p . Then Fx is also a J-immersion in En

p for all F ∈ Af(n).
Let G be a subgroup of the group Af(n).

Definition 7. J-immersions x and y in En
p will be called G-equivalent if there exists F ∈ G

such that y(a) = Fx(a) for all a ∈ J . This being the case, we write x
G∼ y.

Theorem 3.1. Let x and y be J-immersions in En
p . Then the following two conditions are

equivalent:

(1) Γs
ij{x} = Γs

ij{y} for all λ ∈ Λ and i, j, s = 1, 2, . . . , n;

(2) x
Af(n)∼ y.
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Proof. (2) ⇒ (1). Let x
Af(n)∼ y. Assume that λ, i, j be fixed. We consider

∂

∂ui

∂

∂uj
x(u) =

n∑
s=1

Γs
ij{x, Vλ}Dsx

(u)

as a system of linear equations for Γs
ij{x, Vλ}, where s = 1, 2, . . . , n. Since

[
D1x

(u),D2x
(u), . . . ,Dnx(u)

]
=
[

∂

∂u1
x(u) ∂

∂u2
x(u) · · · ∂

∂un
x(u)

]

is the determinant of this system and x is a J-immersion,
[
D1x

(u),D2x
(u), . . . ,Dnx(u)

] �= 0
for all u ∈ φλ(Vλ). Hence the system has the following solutions:

Γs
ij{x, Vλ} =

[
D1x · · ·Ds−1x

∂
∂ui

( ∂
∂uj

x)Ds+1x · · ·Dnx
]

[D1xD2x · · ·Dnx]
, (3.3)

where s = 1, 2, . . . , n. By Eq. (3.3), Γs
ij{x, Vλ} is Af(n)-invariant. Hence

Γs
ij{x(u), Vλ} = Γs

ij{y(u), Vλ} for all i, j, s = 1, 2, . . . , n and u ∈ φλ(Vλ).

(1) ⇒ (2). Assume that Γs
ij{x(u), Vλ} = Γs

ij{y(u), Vλ} holds for all i, j, s = 1, 2, . . . , n and
u ∈ φλ(Vλ). Set A(x) = ‖D1xD2x · · ·Dnx‖ and ∂

∂ui
A(x) = ‖ ∂

∂ui
D1x

∂
∂ui

D2x · · · ∂
∂ui

Dnx‖,
where we consider Dix as a column-vector. Equation (3.1) implies A(x)−1 ∂

∂ui
A(x) =

‖Γs
ij{x, Vλ}‖s,j=1,...,n. Since Γs

ij{x(u), Vλ} = Γs
ij{y(u), Vλ} for all i, j, s = 1, 2, . . . , n, we

get

A(x(u))−1 ∂

∂ui
A(x(u)) = A(y(u))−1 ∂

∂ui
A(y(u))

for all i = 1, 2, . . . , n and u ∈ φλ(Vλ).
The equality A(x)−1 ∂

∂ui
A(x) = A(y)−1 ∂

∂ui
A(y) implies

∂

∂ui
(A(y)A(x)−1) =

(
∂

∂ui
A(y)

)
A(x)−1 + A(y)

∂

∂ui
(A(x)−1)

=
(

∂

∂ui
A(y)

)
A(x)−1 − A(y)A(x)−1

(
∂

∂ui
A(x)

)
A(x)−1

= A(y)
(

A(y)−1 ∂

∂ui
A(y) − A(x)−1 ∂

∂ui
A(x)

)
A(x)−1 = 0

for all u ∈ φλ(Vλ). Using this equality for all i = 1, 2, . . . , n, we see that A(y(u))A(x(u))−1

is not depend on u for every connected component of φλ(Vλ). Since J is connected, it is
easy to see that A(y(a))A(x(a))−1 does not depend on a ∈ J .

Let F = A(y)A(x)−1. Since det A(x(u)) �= 0 and det A(y(u)) �= 0 for all u ∈ J , we have
det F �= 0 and A(y(a)) = FA(x(a)) for all a ∈ J . The equality A(y(u)) = FA(x(u)) implies
∂

∂ui
y(u) = F ∂

∂ui
x(u) for all i = 1, 2, . . . , n and u ∈ φλ(Vλ). Then there exists a constant

vector b ∈ En
p such that y(u) = Fx(u) + b for all u ∈ φλ(Vλ). Since J is connected, we see

that b does not depend on λ ∈ Λ.
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Let x be a J-immersion in En
p and and gij{x(u), Vλ} = ( ∂

∂ui
x(u), ∂

∂uj
x(u)). The form

Iλ(x) =
n∑

i,j=1

gij{x(u), Vλ}duiduj

is said to be the first fundamental form of a J-immersion x in the coordinate neighborhood
Vλ. By Theorem V.2.3 and Corollary V.2.5 in ([5, p. 183]), g{x} = {Iλ(x), λ ∈ Λ} is
a pseudo-Riemannian metric on J . This pseudo-Riemannian metric on J will be called
induced by the J-immersion x.

Theorem 3.2. Let x and y be J-immersions in En
p . Then the following two conditions are

equivalent:

(1) Pseudo-Riemannian metrics g{x} and g{y} on J coincide, that is

Iλ(x) = Iλ(y) for all λ ∈ Λ; (3.4)

(2) x
M(n,p)∼ y.

Proof. (2) ⇒ (1). Since functions Iλ(x) are M(n, p)-invariant, this implication is obvious.
(1) ⇒ (2). Let λ be fixed and ∆x(u) = det ‖gij(x(u), Vλ)‖. Equalities Eq. (3.4) imply

∆x(u) = ∆y(u) for all u ∈ J . Since ∆x(u) �= 0 and ∆y(u) �= 0 for J-immersions x and y,
we get

∆x(u)−1 = ∆y(u)−1 (3.5)

for all u ∈ J . Let V be the system {gij(x(u), Vλ) | 1 ≤ i ≤ j ≤ n} and f{x} ∈ R{V,∆−1}).
Then Eqs. (3.4) and (3.5) imply

f{x(u)} = f{y(u)} for all u ∈ φλ(Vλ). (3.6)

Lemma 3.1. Γs
ij{x, Vλ} ∈ R{V,∆−1} for all 1 ≤ i, j, s ≤ n.

Proof. Equation (3.3) implies

Γs
ij{x, Vλ} =

(−1)p[D1x · · ·Ds−1x
∂

∂ui
( ∂

∂uj
x)Ds+1x · · ·Dnx][D1xD2x · · ·Dnx]

(−1)p[D1xD2x · · ·Dnx]2
. (3.7)

Using Lemmas 2.14 and 2.9, we see that

(−1)p
[
D1x · · ·Ds−1x

∂

∂ui

(
∂

∂uj
x

)
Ds+1x · · ·Dnx

]
[D1xD2x · · ·Dnx] ∈ R{V,∆−1}.

By Lemma 2.14 and Eq. (2.8), ∆x(u) = (−1)p [D1xD2x . . . Dnx]2. Hence Γs
ij{x, Vλ} ∈

R{V,∆−1} for all 1 ≤ i, j, s ≤ n.

By Lemma 3.1, Γs
ij{x, Vλ} ∈ R{V,∆−1} for all i, j, s = 1, 2, . . . , n. Then Eq. (3.6) implies

Γs
ij{x, Vλ} = Γs

ij{y, Vλ} for all λ ∈ Λ and i, j, s = 1, 2, . . . , n. By Theorem 3.1, there exists
F ∈ GL(n) and b ∈ En

p such that y(a) = Fx(a)+b for all a ∈ J . We prove that F ∈ O(n, p).
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Let A(x)� be the transposed of the matrix A(x) in Theorem 3.1. Using the equality

A(x)�IpA(x) = ‖gij{x, Vλ}‖i,j=1,2,...,n

and Eq. (3.4), we obtain A(x)�IpA(x) = A(y)�IpA(y). Since x is a J-immersion, we have
det A(x(u)) �= 0 for all u ∈ φλ(Vλ). Then equalities A(x)�IpA(x) = A(y)�IpA(y) and
A(y) = FA(x) imply F�IpF = Ip. Hence F ∈ O(n, p).

Let x and y be J-immersions in En
p such that x

M(n,p)∼ y. Since M(n, p) ⊂ Af(n), by
Theorem 3.1, Γs

ij{x, Vλ} = Γs
ij{y, Vλ} for all λ ∈ Λ and i, j, s = 1, 2, . . . , n. The equality

Eq. (3.2) implies

Γij,s{x, Vλ} =
(

∂2

∂ui∂uj
x,Dsx(u)

)
=
(

∂2

∂ui∂uj
x,

∂

∂us
x

)
. (3.8)

Using Lemma 2.7, we obtain

Γij,s{x, Vλ} =
1
2

(
∂

∂uj
gsi{x, Vλ} +

∂

∂ui
gsj{x, Vλ} − ∂

∂us
gij{x, Vλ}

)

for all i, j, s = 1, 2, . . . , n, where gij{x, Vλ} = ( ∂
∂ui

x(u), ∂
∂uj

x(u)). Since, by Eq. (3.8),
Γij,s{x, Vλ} is M(n, p)-invariant, we have Γij,s{x, Vλ} = Γij,s{y, Vλ} for all λ ∈ Λ and
i, j, s = 1, 2, . . . , n. The converse statement is true in the following form:

Theorem 3.3. Let x and y be J-immersions in En
p . Assume that the following conditions

hold:

(1) Γs
ij{x, Vλ} = Γs

ij{y, Vλ} for all λ ∈ Λ and i, j, s = 1, 2, . . . , n;
(2) Γij,s{x, Vλ} = Γij,s{y, Vλ} i ∈ {1, 2, . . . , n} for all λ ∈ Λ and i, j, s = 1, 2, . . . , n;
(3) there exist λ ∈ Λ, u0 ∈ φλ(Vλ) such that det( ∂

∂ui
A(x(u0))) �= 0 for some i ∈

{1, 2, . . . , n}, where A(x) is the matrix in Theorem 3.1.

Then x
M(n,p)∼ y.

Proof. Let λ and u0 be as in condition 3. As in Theorem 3.1, condition 1 imply existence
F ∈ GL(n) and b ∈ Rn such that y(a) = Fx(a)+b for all a ∈ J . We prove that F ∈ O(n, p).
Using Eq. (3.8), we have

‖Γij,s{x(u), Vλ}‖s,j=1,2,...,n = A(x(u))�Ip
∂

∂ui
A(x(u)).

By condition 2, we have

A(x(u))�Ip
∂

∂ui
A(x(u)) = A(y(u))�Ip

∂

∂ui
A(y(u))

for all u ∈ φλ(Vλ) and i ∈ {1, 2, . . . , n}. Since A(y(u)) = FA(x(u)) and detA�(x(u)) =
det A(x(u)) �= 0 for all u ∈ φλ(Vλ), we get Ip

∂
∂ui

A(x(u0)) = F�IpF
∂

∂ui
A(x(u0)). Since

det( ∂
∂ui

A(x(u0))) �= 0, this equality implies F�IpF = Ip. Hence F ∈ O(n, p).
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Corollary 3.2. Let x and y be J-immersions in En
p . Then the following two conditions are

equivalent:

(1) g{x} = g{y} and Ω(x) = Ω(y);

(2) x
SM(n,p)∼ y.

Proof. (2) ⇒ (1). Since functions Iλ(x) and Ω(x) are SM(n, p)-invariant, this implication
is obvious.

(1) ⇒ (2). Assume that g{x} = g{y} and Ω(x) = Ω(y). By g{x} = g{y}, Theorem 3.2

implies x
M(n,p)∼ y. Hence there exist F ∈ O(n, p) and b ∈ En

p such that y(a) = Fx(a)+ b for
all a ∈ J . Using this equality, Ω(x) �= 0, expressions Ω(x) = Ω(y) and Ω(y) = (detF )Ω(x)

in local coordinates, we obtain det F = 1. This means that x
SM(n,p)∼ y.

4. Pseudo-Riemannian Metrics with the Zero Riemannian Curvature
Tensor on a Connected, Simply Connected Manifold

Let J be a connected C∞-manifold of dimension n, {(Vλ, φλ), λ ∈ Λ} the collection
of all coordinate neighborhoods of J , x a J-immersion in En

p , and x(u)(a) the express-
ing of x in the local coordinates u = (u1, u2, . . . , un) in Vλ. Consider the function
gij{x} = ( ∂

∂ui
x(u)(a), ∂

∂uj
x(u)(a)) and the matrix g{x} = ‖gij{x}‖i,j=1,2,...,n on the

coordinate neighborhood Vλ. Set gl{x} := (g1l{x}, g2l{x}, . . . , gnl{x})� and Γsj{g{x}} :=
(Γsj,1{x},Γsj,2{x}, . . . ,Γsj,n{x})�.

Proposition 4.1. Let Γi
js{x} be the function Eq. (3.3). Then

Γi
js{x} =

[g1{x}g2{x} · · · gi−1(x)Γjs{g{x}}gi+1{x} · · · gn{x}]
[g1{x}g2{x} · · · gn{x}] .

Proof. A proof follows from Eq. (3.7) and Lemma 2.14.

Let h be a pseudo-Riemannian metric on J and h(u)(a) = ‖h(u)
ij (a)‖i,j=1,2,...,n be the

expressing of h in local coordinates in Vλ. Then h
(u)
ij (a) is a C∞-function on φλ(Vλ),

det ‖h(u)
ir (a)‖i,r=1,2,...,n �= 0, h

(u)
ir (a) = h

(u)
ri (a) for all u ∈ φλ(Vλ) and i, r = 1, 2, . . . , n.

The Christoffel symbol Γsj,l for h is defined as follows:

Γsj,l{h} =
1
2

(
∂

∂us
hlj +

∂

∂uj
hls − ∂

∂ul
hjs

)
.

Set

Γjs{h} = (Γjs,1{h},Γjs,2{h}, . . . ,Γjs,n{h})�,

set also hi := (h1i, h2i, . . . , hni)� and [h1h2 · · ·hn] =: det ‖hir(u)‖i,r=1,2,...,n. The Christoffel
symbol Γi

js for h is defined as follows:

Γi
js{h} =

[h1h2 · · · hi−1Γjs{h}hi+1 · · · hn]
[h1h2 · · ·hn]

.

Proposition 4.2. Γi
js{h} = Γi

sj{h} for all i, j, s = 1, 2, . . . , n.



November 22, 2010 8:40 WSPC/1402-9251 259-JNMP 00079

Invariants of Immersions 67

Proof. By definition of the functions h
(u)
ir (a), we have h

(u)
ir (a) = h

(u)
ri (a) for all i, r =

1, 2, . . . , n. This equality implies Γsj,l{h} = Γjs,l{h} and Γjs{h} = Γsj{h} for all j, s =
1, 2, . . . , n. Then, by definition of Γi

js{h}, we obtain Γi
js{h} = Γi

sj{h}.
Proposition 4.3. The system

Γsj{h} =
n∑

i=1

Γs
ij{h}hi where j, s = 1, 2, . . . , n, (4.1)

of equalities holds for any matrix h(u) = ‖hi,j(u)‖i,j=1,2,...,n such that hi,j(u) is a C∞-
function on φλ(Vλ), det ‖hir(u)‖i,r=1,2,...,n �= 0 and hi,r(u) = hr,i(u) for all i, r = 1, 2, . . . , n
and u ∈ φλ(Vλ).

Proof. The definition of the functions {Γs
ij{h} | i = 1, 2, . . . , n} implies system Eq. (4.1).

Proposition 4.4. Let ‖cij‖i,j=1,2,...,n be a real symmetric matrix such that
det ‖cir‖i,r=1,2,...,n �= 0 and ‖cir(u)‖i,r=1,2,...,n is congruent to the matrix Ip. Then there exists
a system of vectors d1, d2, . . . , dn in En

p such that (di, dj) = cij for all i, j = 1, 2, . . . , n.

Proof. For vectors e1 = (1, 0, 0, . . . , 0), e2 = (0, 1, 0, . . . , 0), . . . , en = (0, 0, 0, . . . , 1) in En
p ,

we have (ei, ei) = −1 for i = 1, 2, . . . , p, (ei, ei) = 1 for i = p, p + 1, . . . , n, and (ei, ej) = 0
for i �= j. Set C = ‖cij‖i,j=1,2,...,n. Since det C �= 0 and the matrix C is congruent to the
matrix Ip, there exists an n × n-matrix B such that det B �= 0 and B�CB = Ip. Then
C = (B−1)�IpB

−1. Set B−1 = ‖γik‖i,k=1,2,...,n. Hence, for vectors dk =
∑n

i=1 γikei, where
k = 1, 2, . . . , n, we have (di, dj) = cij for all i, j = 1, 2, . . . , n.

We assume that in each chart of J with local coordinates (u1, u2, . . . , un) = u an (n×n)-
matrix C∞-function ξ(u)(a) = ‖ξ(u)

1 (a)ξ(u)
2 (a) · · · ξ(u)

n (a)‖ is given, where ξ
(u)
i (a) is a column

of ξ(u)(a). The following definition is taken from ([20, p. 56]):

Definition 8. A collection of an (n × n)-matrix C∞-function ξ(u)(a) = ‖ξ(u)
1 (a)

ξ
(u)
2 (a) . . . ξ

(u)
n (a)‖ on J will be called a covariant tensor field of rank 1 if it is transformed

according to law

ξ
(v)
i =

n∑
s=1

∂us

∂vi
ξ(u)
s

when passing from one chart to another; here v1, v2, . . . , vn and u1, u2, . . . , un are, respec-
tively, “old” and “new” coordinates in the intersection of the charts.

Theorem 4.1. Let J be a connected, simply connected C∞-manifold. Assume that h be a
pseudo-Riemannian metric of the index p on J such that its Riemannian curvature tensor
vanishes. Then there exists a J-immersion x in En

p such that the pseudo-Riemannian metric
g{x} on J induced by x is equal to h.

Proof. Let µ ∈ Λ be fixed and a0 ∈ Vµ. Consider the matrix h(a0) = ‖hij(a0)‖i,j=1,2,...,n.
According to Proposition 4.4, there exists a system of vectors d1, d2, . . . , dn in tangent space
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of the manifold J at the point a0 such that (di, dj) = hij(a0) for all i, j = 1, 2, . . . , n. Set
Qs{h} = ‖Γs

lj(h)‖l,j=1,2,...,n for s = 1, 2, . . . , n. Consider the following system of equations

∂

∂us
ξ(u) = ξ(u)Qs{h(u)}, where s = 1, 2, . . . , n, (4.2)

for an (n × n)-matrix C∞-function ξ(u)(a) = ‖ξ(u)
1 (a)ξ(u)

2 (a) . . . ξ
(u)
n (a)‖ on J , where ξ(u) is

a covariant tensor field of the 1st-rank on J . It is easy to see that the form of the system
Eq. (4.2) of equations is the same in “old” and “new” coordinates in the intersection of the
charts. Since the Riemannian curvature tensor of h is equal to zero, the following system of
equalities

∂

∂us
Ql{h(u)} − ∂

∂ul
Qs{h(u)} = [Ql{h(u)}, Qs{h(u)}], where l, s = 1, 2, . . . , n, (4.3)

holds, where [Ql{h}, Qs{h}] denotes Ql{h}Qs{h}−Ql{h}Qs{h}. By Eq. (4.3) and according
to the theory of linear differential equations, there exist a neighborhood W ⊆ Vµ of the point
a0 and an (n × n)-matrix C∞-function ξ(u) = ‖ξ(u)

1 (a)ξ(u)
2 (a) . . . ξ

(u)
n (a)‖ on W such that

ξu
i (a0) = di for all i = 1, 2, . . . , n, that det(ξ(u)(a)) �= 0 for all a ∈ W , and ξ(u)(a) is a

solution of the system Eq. (4.2) on W . Using connectedness and simply connectedness of
the manifold J , according to the theory of linear differential equations on manifolds (see
[15]), we see that the unique an (n × n)-matrix C∞-function ξ(a) = ‖ξ1(a)ξ2(a) . . . ξn(a)‖
on J exists such that ξ(a) is a covariant tensor field of the 1st-rank on J and , ξ(a) is a
solution of Eq. (4.2) on Vλ for every λ ∈ Λ, det(ξ(a)) �= 0 for all a ∈ J and ξ(a) = ξ(u)(a)
for all a ∈ W . Below we consider this solution ξ(a).

By Qs{h(u)} = ‖Γs
lj(h(u))‖l,j=1,2,...,n and Eq. (4.2), we obtain

∂

∂ui
ξ
(u)
j (a) =

n∑
i=1

Γs
ij{h(u)}ξ(u)

s (a),
∂

∂uj
ξ
(u)
i (a) =

n∑
i=1

Γs
ji{h(u)}ξ(u)

s (a)

in each chart of J with local coordinates u = (u1, u2, . . . , un). These equalities and the
equality Γs

ij{h(u)} = Γs
ji{h(u)} in Proposition 4.2 imply

∂

∂ui
ξ
(u)
j (a) =

∂

∂uj
ξ
(u)
i (a) for all i, j = 1, 2, . . . , n (4.4)

in each chart of J with local coordinates u. Since the (n × n)-matrix-valued C∞-function
ξ(a) = ‖ξ1(a)ξ2(a) . . . ξn(a)‖ on J is a covariant tensor field of rank 1 on J and det(ξ(a)) �= 0
for all a ∈ J , Eq. (4.4) implies an existence of a J-immersion x(a) such that ∂

∂uj
x(u)(a) =

ξ
(u)
j (a) for all j = 1, 2, . . . , n in each chart of J in local coordinates u, where x(u)(a)

is the expression of x(a) in coordinates u. Since (ξ(u)
i (a0), ξ

(u)
j (a0)) = hij(a0), we obtain

( ∂
∂ui

x(u)(a0), ∂
∂uj

x(u)(a0)) = hij(a0) for all i, j = 1, 2, . . . , n in the chart Vµ of J with local
coordinates u. Below we consider this J-immersion x(a).

Let Vτ be an arbitrary chart of J with local coordinates u = (u1, u2, . . . , un) and

A(u)(x) =
∥∥∥∥ ∂

∂u1
x(u)(a)

∂

∂u2
x(u)(a) · · · ∂

∂un
x(u)(a)

∥∥∥∥ ,

where ∂
∂uj

x(u)(a) as a column-vector of A(u)(x).
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Consider

∂

∂us
A(u)(x) =

∥∥∥∥ ∂

∂us

(
∂

∂u1
x(u)(a)

)
∂

∂us

(
∂

∂u2
x(u)(a)

)
· · · ∂

∂us

(
∂

∂un
x(u)(a)

)∥∥∥∥ .

For ξ
(u)
i (a) = ∂

∂ui
x(u)(a), the system Eq. (4.2) has the following form:

∂

∂us
A(u)(x) = A(u)(x))Qs{h(u)} for s = 1, 2, . . . , n. (4.5)

Let A(u)(x)� be the transpose matrix of A(u)(x). Then Eq. (4.5) implies

A(u)(x)�
∂

∂us
A(u)(x) = A(u)(x)�A(u)(x)Qs{h(u)} for s = 1, 2, . . . , n.

In terms of g{x}, gij{x} and Γsj,l{x}, this system has the following form:

Γsj,l{g} =
n∑

i=1

Γs
ij{h}gli for j, l, s = 1, 2, . . . , n. (4.6)

According to Proposition 4.3, the following system of equations

Γsj,l{h} =
n∑

i=1

Γs
ij{h}hli for j, l, s = 1, 2, . . . , n. (4.7)

holds for the pseudo-Riemannian metric h of the index p on J .
By Lemma 2.7 and the definition of Γsj,l{g{x}}, we obtain

Γsj,l{g{x}} =
(

∂

∂us

∂

∂uj
x,

∂

∂ul
x

)
=

1
2

(
∂

∂us
glj{x} +

∂

∂uj
gls{x} − ∂

∂ul
gjs{x}

)
,

Γjl,s{g{x}} =
(

∂

∂uj

∂

∂ul
x,

∂

∂us
x

)
=

1
2

(
∂

∂uj
gsl{x} +

∂

∂ul
gsj{x} − ∂

∂us
glj{x}

)
.

These equalities and Eq. (4.6) imply

∂

∂uj
gls{x} = Γsj,l{g{x}} + Γjl,s{g{x}} =

n∑
i=1

Γs
ij{h}gli{x} +

n∑
i=1

Γj
il{h}gsi{x}.

Hence we have the following system of differential equations for gls{x}:

∂

∂uj
gls{x} =

n∑
i=1

Γs
ij{h}gli{x} +

n∑
i=1

Γj
il{h}gsi{x} for j, l, s = 1, 2, . . . , n.

Similarly, using the definition of Γs
lj{h} and Eq. (4.7), we obtain the following system of

differential equations for hls:

∂

∂uj
hls =

n∑
i=1

Γs
ij{h}hli +

n∑
i=1

Γj
il{h}hsi, where j, l, s = 1, 2, . . . , n. (4.8)
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Hence the system {gls{x}, where l, s = 1, 2, . . . , n} is a solution of Eq. (4.8). Since

gls{x(a0)} =
(

∂

∂ul
x(u)(a0),

∂

∂us
x(u)(a0)

)
= hls(a0),

using the uniqueness theorem for linear differential equations on a connected, simply con-
nected manifold, we obtain gls{x(a)} = hls(a) for all a ∈ J and l, s = 1, 2, . . . , n.
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