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A previously unknown bright N-soliton solution for an intermediate nonlinear Schréodinger equation of
focusing type is presented. This equation is constructed as a reduction of an integrable system related to a
Sato equation of a 2-component KP hierarchy for certain differential-difference dispersion relations. Bright
soliton solutions are obtained in the form of double Wronskian determinants.
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1. Introduction

This paper deals with the intermediate nonlinear Schrédinger equation of focusing type and its
bright soliton solutions. A general INLS equation can be written as follows:

ity = Uge + oui + T)([ul*)e. (1.1)

Here, u(x,t) is a complex function of two real variables z, ¢t and T' denotes the integral transformation
1 T

Tlu](z) = ){mfé coth [%(y - x)} u(y)dy. (1.2)

The integral sign with a backslash denotes the principal value. The constant o is taken to be £1.

For positive (negative) o, the equation is called the defocusing (focusing) INLS equation. Origi-
nally, the defocusing INLS equation was discovered by carrying out a reductive perturbation method
for the ILW equation [8]. It describes the long-term evolution of quasi-harmonic wave packets whose
wavelength is short compared to the fluid depth.

The inverse scattering transform for the defocusing equation and its Hirota bilinear form are
known [9,4,5]. The dark soliton solutions of this equation have been also investigated intensively.
But as for the focusing type, which is also an integrable system in its own right, as far as the author
knows, soliton solutions have never come up in the literature.

In this paper, it will be shown that bright solitons exist for the focusing INLS equation and that
they possess an interesting structure. An explicit formula for a bright N-soliton solution for this
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8 Y. Tutiya

INLS equation will be presented. Our framework is basically a Sato description of the 2-component
KP hierarchy [10], starting however from special differential-difference dispersion relations. Being
related to the 2-component KP hierarchy, the solutions of the resulting equations are automatically
written as double Wronskians. This is one of the merits of this approach because it is generally a
hard task to write N-soliton solutions in simple forms such as determinants.

Moreover, it is worth pointing out that the present situation runs parallel to the case of the NLS
equation, for which it is known that the focusing NLS equation possesses bright soliton solutions
of the double Wronskian type and, in contrast, the defocusing NLS equation possesses dark soliton
solutions. In fact, when the constant ¢ in (1.1) is regarded as a deformation parameter for the
equation, the NLS equation is recovered in the limit § — 0.

In particular, for small 4, the integral operator T" can be expanded as T' = 7(155"1 + g@ +0(6%),
and hence (1.1) can be written in the following form.

1 )

Thus, by setting U = u/ V26 and ¢ = —1, the focusing nonlinear Schrédinger equation
iU = Upy + 2U|U 2 (1.4)

appears in the limit 6 = 0. It will be shown later on that the bright soliton solutions for the INLS
equation carry over to those of the NLS equation in this limit. This, in the author’s point of view,
justifies the use of the name “INLS” for the general equation (1.1).

When discussing nonlocal soliton equations, one usually changes them first to differential-
difference forms and treats them at that level. When one obtains a solution for the differential-
difference system however, it is always problematic whether it is still a solution of the original
nonlocal system. This problem often requires imposing certain analyticity conditions on the solu-
tions, conditions which are highly nontrivial. As will be seen, the INLS equation is no exception.

The structure of this paper is as follows. In Sec. 2, the INLS equation is decoupled into a certain
differential-difference form. In Sec. 3, its linear problem is introduced. Next, it will be shown how to
adapt Sato theory to differential-difference dispersion relations and a system of nonlinear evolution
equations of Davey—Stewartson type is obtained. In Sec. 4, this system is reduced to the INLS
equation in decoupled form and its N-soliton solutions are presented. In Sec. 5, it will be shown that
these solutions are proper not only for the decoupled system but also the original nonlocal equation.

2. Decoupling the INLS Equation

The method that will be used to decouple the Eq. (1.1) into a differential-difference form owes largely
to the properties of the integral transform (1.2) presented below [11,2]. As these are well-known
facts, we shall skip the proofs.

Property 2.1. Let f(y) be a real function, define F(z) as the integral

F(z) = /OO 21—5coth {%(y—z)} F(y)dy. (2.1)

— 00
F(z) is a function defined in the entire complex z-plane, except for the horizontal lines Im z =
2md, where m runs over all the integers. Then, if f(y) satisfies the Hélder condition on the real axis,
the boundary values of F(z) on z = x (x real) satisfy

FE(z) = lim F(z+ic) = T[f)(x) £ if (). (2.2)
In other word, F™(z) (F~(z)) is the analytic continuation of F(z) towards the real axis from the

upper (lower) side. In terms of the integral transformation (1.2), F¥(x) and F~(z) also satisfy the
relation F¥(z + 2i0) = F~(x).
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Property 2.2. Suppose that a complex function G(z) is analytic everywhere in the strip 0 < Im z <
25 and is integrable on the real axis. (This condition will be referred to as “the analyticity condition”
throughout the rest of the paper). Then, the following equality holds for real x

iT[G(x + 2i9) — G(x)] = G(x + 2id) + G(x). (2.3)
Now, define v := u' (where the dagger denotes complex conjugation) and
w* = 1 lim 1 coth [l(y —TF sz)} lu(y)[>dy. (2.4)
2e—0% J_ 20 20
Then, (1.1) can be decoupled into the following system by means of Property 2.1.
U = Ugpy — 2uwj,
—iU = Vgy — 20w, , (2.5)
w —w =iouv.

Note that w™ and w™ satisfy w™ (z + 2i§) = w™(x). In the next section, this system will be shown
to be related to a 2-component hierarchy. However it should be remembered that a solution for (2.5)
will only be a solution to (1.1) if it satisfies the analyticity condition.

3. Dispersion Relations and Sato Equations
Let us introduce the pseudo-differential operator,
P=T+WWo 4 w®o24. ... whg™, (3.1)

where the coefficients W) (j = 1,2,...) are 2 x 2 matrices and I is the unit matrix. In general,
the k, l-elements of each W) are denoted as w,(cjl) However, the elements of the first three matrices
WO W W) will be denoted as:

W = (wu wu) W@ — (vu 012) Cowe = (Uu U12) _ (3.2)

w21 W22 V21 V22 U21 U2

Note that w,(jl'),wkl, Vg1, Ukl are, a priori, different from u,v,w in (2.5). &7 denotes (0/9€)7 for integer

j. Though the theory is developed for the case of n — oo in general, in this paper, we confine ourselves

to (3.1) for simplicity [6,7] as the essence of the general theory is still kept in this simplification.
Let us consider the ordinary differential equation,

por <£ > —0. (3.3)

The 2n linearly independent solutions of (3.3) we denote (51)’(52)”(5?) Now we

assume that W), fj,95, in addition to ¢, depend on infinitely many continuous variables

tgl),th),tél),tg),tél),téz), ... and on two discrete variables 21, 22, by requiring f; and g; to satisfy
the following dispersion relations
81 (fj) _ Elak (f]) , 82 (f]) _ Egak (f]) , (34)
ot \gj 9i) " ot? \gj 9i

A (M) (®)
gtn 9; 9i)’
J

(2)
7 fj — (fj) = F>»0 (fj)
g 9 9]’
J
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for Yk, j, where

o <(1) 8) o <8 ‘1)) , (3.6)

and 0 is a real and positive parameter. The symbol (u) (1 = 1,2) on top of a function means that
z,, is shifted forward by 2id. Note that the dispersion relation (3.4) is the same as for 2-component
KP hierarchy [10].

Differentiating (3.3) with respect to t;“ ), we have the Sato equation

oP )
= BWp_PE,. (3.7)

at _:U') J
J

The operator B](.“) is defined by,

() . i p—1

Bj“ = (PEHaJP )+, (3.8)

where (A); denotes the non-negative differential part of the pseudo differential operator A. The
calculations that lead from (3.7) to (3.14) are of course the same as those for the 2-component KP
hierarchy. (More detail is available in [1]). The first few Bj(-# )’s are explicitly written as,

B = B0+ (WO, B, BY = B0+ [WW, B
BY = 5, + W, B0 - W) — Bw (3.9)
1

BYY = E;0% + W, B0 — W) — WY
1

The lowest order equations for W1, W@ W) are written below. Following Kac and van de
Leur [1], we write W for W) to simplify the notation.

oW
PR EWe + W, E W — W, B,] (3.10)
1
oW (@) 2 3
) = EW + W, EJW® — [(W® E,] (3.11)
tl
ow 3) @) @)
PR —[W™ B+ E QW™ + Wee) + [W, ELJ(W' + W)
2

- (thm + E,We)W. (3.12)

In particular, some of the matrix elements of (3.10) can be written explicitly as follows:

Oway Ovay
) — W2rwin — Va1, 1) — W21t — U2,
ot ot
8w12 (9’012
PYe) = W12W22 — V12, Py = Wi2V22 — U12,
awl 5‘1}1 (3.13)
22 22
—F = W21Wi2, —y — W21V12,
otV otV
_811111 = W12W2 _5'1)11 = W12021
@ b () — Trerel
ot} ot}
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Using (3.13), the (1,2) and (2,1)-components of (3) can be written as

Owg 0?woy Owir  Owia  OPwiz own

PYOIEPYOR A oD’ oD T e w”at—gﬂ’

Oway _ 0wy B 2w213w22 Own2 _ 75'21012 2w 5'1022. (8:14)
ot o’ RV R ot

Extending this construction, let us consider a difference operator with respect to z,, acting on (3.3),
which yields the Sato equation

i(P" — P)=C,P—PW"WE,, (3.15)
C,=(PWE,0P Y, =FE,0+WWE, — E,W. (3.16)
The coefficient of 971 in (3.15) is
W —w)=EgwW® - (WWE, + B,W:+(WWE, — E,W)W. (3.17)
And in particular, when p = 1, the (2,2)-component of (3.17) is
i(wly — wa) = wiiwis (3.18)
and for p = 2, the (1,1)-component of (3.17) is
z(wﬁ> —wyy) = w@wgl. (3.19)

Thus, from (3.14), (3.18) and (3.19), one obtains two systems of time evolution equations

Oway 0wy 42w w1y

1y T 12 21

o) o’ ot

dwiy _ 0*wly) _opl® ow (3.20)
o) ol T

i(wi) —wir) = wis wa

and
Owia 3211112 Owan
= 12

oty ar” )

owly _ Pwl) g owly (3.21)
o @ T g
i(why — wa2) = wiiwi

Because (3.20) and (3.21) are essentially the same system, we shall only deal with (3.20) hereafter.
Note that (3.20) still has three independent variables though it looks very much like (2.5).

4. The Reduction to the INLS Equation and Its Solutions

Introducing the change of variables tél) = it, we impose the reduction condition,

9 9\, ®
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which restricts the tgl),ZQ dependence in P to the form ™) + z,. Hence, we introduce the new
variable x := t(1) 4 2, with which (3.20) can be written as

W14 = W2l zz — 2W21 W11 ¢

—iW12,t = W12 2z — 2W12W11 ¢ (4.2)

i(1D11 — wll) = W12W21
where, ~ denotes a 2id-shift with respect to z. If, now, we; and wis are complex conjugate for real
x and t and if we; is analytic everywhere in the strip 0 < Im a < 24, then (4.2) can be represented
as a single equation by means of Property 2.2

w1, = wa1,ze — wor (T + 1) (|war[*)e- (4.3)

Equation (4.3) is the same as (1.1) for 0 = —1. Concerning the last term of (4.3), it also should
be noticed that for the class of functions we are dealing with, the integral operator commutes with
the z-derivative. Thus, the notations (T + i){(Jw21]?)x} and {(T + i)(|wa1|?)}+ represent the same
function, which is denoted by (T + i)(Jwa1 |?)-

Now we go on to consider actual solutions. Expressing Eq. (3.3) on the solutions (sfg )(] =

1,2,...,2n), one can write
o) ufy
oo 0 A g e e : : n n
n—1 n—1 (1) (1) " f1 "
T A D T . . (4.4)
: ; : : : ; m | : : : '
fon o 0" o lgen - 0" gon 12 22 0" fon  0"gon
1 1
w%z) wéz)

Then, by means of Cramer’s rule, w1, w12, w11 are expressible as (in other words, a solution of
(3.20) can be expressed as)

foo i - ETPH g Oegn - OPge
f2 35f2 . 32721"2 go 3592 . 3?92
f2n 7 f2n s an_2f2n 92on 7 gon 3”92n
wyy = ()" : e : = (4.5a)
fi Oefr o 0T o Ogr o O
f2 35f2 - agl—1f2 g2 8592 C agL—lg2
f2n aEon e a?_lan 92n 859211 co agL_IQQn
fl a£f1 . agfl g1 3591 . 327292
foo Oefo o Opfo g2 Oegr - R TPge
f2n a f2n T aann 92n a 92on T an7292n
wiz = ()" : = : S (4.5)
fo%h o TV g deq o g
fo Ocfa - T2 g2 Oegr - O T'go

f2n a&an agilfén 9on a§g2n agilg2n
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fi RHPh ofh g g ' ga
f2 0% 0ifr g2 Oego 07 g2
w f2n a?_Qan a?an 92n 8592n a?_ngn (4 50)
11 = — — — .
fi 0 o 1o O o¢ ‘g1
f2 aEfQ agilfg g2 8592 657192
f2n aEan a?_lan 92n aEQZn agL_IQQn
To describe the n-soliton solution we set f;, g;
1 1
fi = ¢ explki€ + kit + k25D + aj] w6
gj = expl—kjz +i(e ¥ —1)¢]

where we have omitted independent variables which do not appear in (4.2). We choose not to absorb
the constant c; in the phase a; as it will take a specific value in relation to the analiticity condition

(cf. Proposition 4.1), whereas a; will essentially remain as a free parameter.

Now, we divide the jth row of both the numerator and denominator of (4.5a) by ¢; (and similarly
by f; for (4.5b)). Then, we see that w1, w2 and wy; contain f; and g; only in the form f;/g, (or
its inverse). Obviously f;/g; contains tgl) and zo only in the form = = tgl) + z9. Thus, by setting

filg; = cje)‘i =cjexp{(k; — L;)§ + kjz + ikf—t +a;},

L= i(e—2k; _ 1 (4'7)
= Z(e 7= )7
wo1 and wio are expressible as follows:
creM kpcieM k{“zcle/\l 1 L T
coe? kocoe) ki %coe 1 Ly o
A2n A2n n—2 A2n
B nt1 |C2ne 2 ko Cop 2 ka, “cone? 1 Lo, o L8
w21<$) - (_ N N n—1 N n—1 ( . a)
ce kicie k1 Tcie 1 Iy LY
coe? kocoe™? k;b_lchAz 1 Lo ;L_l
A A n—1 A n—1
Cone™? ko cone 2™ ky, “cone™®™ 1 Loy L,
1 Kk Er o cite™™ Licite™ L 2c e ™
1 ks kY cyte ™ Lacyle ™ Ly 2cytee
—1_—x —1_—x n—2 —1__x
o n 1 k2n gLn Con € 2 L2n62ne 2 L2n Copn € 2" 4.8b
wiz(z) = (=) n—1 —1_—x —1_—x n—1 _—1__x (4.8b)
1 k k1 c; e Licfg e™ LY ¢ e ™
1 ke Rl cgle™ Locyle™ Ly e te >
1 kap kRl cglem?en Loncplte=en Ly teyte=en
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creM k?_che)‘l kcpet 1 Ly --- L;L_l
coe? k37262€)‘2 k:gch/\2 1 Ly - qu
ane/\% k-gn—202ne/\2n kgn02ne/\2n 1 Loy --- ngl
wir(x) = (—) 5 S — — (4.8¢)
cre™ kicie™ ki cie™ 1 Ly --- L
coe™? kocoe™? e kg*lchh 1 Lo - L;“l
A2n A2n n—1 Aan n—1
Con€™?"  kopcope’™ .- kg cope’®™ 1 Loy -+ Ly,

Thus, (4.8) is a solution to the differential-difference Eq. (4.2) . Furthermore, (4.8a) will become a
solution for (4.3) if we impose certain conditions on k; and ¢;. The following proposition constitutes
the main result of this paper.

Proposition 4.1. Suppose k;, a; and c; satisfy the following conditions.
1) kI = —kjin, af

(C ! ;= —any; and & is real.
(C2) 55 > Reky > Reky > -+ > Rek, > 0.
(C3) ¢;, (1 =1,2,...,n) are given by
n n
Lj - Ln+r Ln—i—j - Ln—i—'r‘
cj = - = — —
r#j

Then, woy(x —id) as in (4.8a) satisfies the analyticity condition and becomes a solution of (4.3).

After imposing the above conditions, there still remain 4n real parameters in the determinants
that appear in (4.8). The real and imaginary parts of the k; (j = 1,2, ..., n) will define the amplitude
and the velocity of each soliton. The dependence on the parameter & can be absorbed in the real
and imaginary parts of the a; (j = 1,2,...,n) which correspond to phase shifts. We show some
examples of solitons before proving Proposition 4.1.

Example 4.1. The 1-soliton solution is presented below. The parameters are set as k1 = p + qi,
ko = —k{ = —p+¢i and 0 < p < g5 in order to satisfy the conditions C1 and C2. ¢ is taken to be
zero and ay; = a + Fi.

—+/psin Qgpei{*qxf(prQQ)t*ﬁ}

cosh[p(z — id — 2qt) + dg + 1 log % +a :

w1 (7 — i6) = (4.9)

Example 4.2. A 2-soliton solution with k1 = 0.2+ 0.02i, ko =0.114+0.14, § =4, £ =a1 =a2 =0
is presented below. |way(z — i6)|? is plotted in the range —1200 < ¢ < 600 and —130 < = < 130.

A peculiar feature of this solution is that the slower soliton becomes smaller during the intersec-
tion period and afterwards, has its height restored. Actually, it can be seen that the smaller soliton
is oscillating before and after overtaking the taller one.

As for the 2-soliton solution, the phase shift of the interaction can be explicitly calculated. Setting
k; = pj+1ig; and switching from the laboratory reference frame to the moving frame having the same
velocity as the faster soliton whose velocity is equal to —2¢; (for convenience we choose ¢; < g2 < 0),
(4.8a) is expressed approximately as

cosh(pix) (t = —00)

cosh(pyz +6) (t— o00) ’ (4.10)

um (o]~ {
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Fig. 1. An example of the 2-soliton solution in the intersection region.

where the phase shift 0 is given as follows:

20 _ (P pe)’ 4 (a1 —g2)°  cosh26(qr — g2) — cos20(p1 + p2) (4.11)
(p1—p2)? + (@1 — q2)*  cosh25(q1 — g2) — cos 20(p1 — p2)
The phase shift for the slower soliton can be calculated in a similar manner, and one finds it to be

exactly equal to —6.

5. Proof of Proposition 4.1

Proposition 4.1 will be proven in three steps. The first step is to show that we; (x—d) and w2 (z+140)
are complex conjugate. The second is to show that we;(x —id) and wia(x + 4d) vanish when x goes
to £oo. The third and final step is to show that wo (z — ¢d) is analytic everywhere in the strip
0 < Im z < 26. Taken together the latter two statements constitute “the analyticity condition” of
Sec. 2. The proof will be carried out by reducing fractions and products made of differences. For
simplicity some new notations are introduced.

For an arbitrary set of subscripts o = {01, 02, ...,0,} with the ordering o1 < 09 < --+ < 74, We
denote the Vandermonde determinant as

ko= [ (ko,—ko,) Lo:= [[ (Lo, —Lo,) (5.1)
1<j<j’ <a 1<j<j’'<a

We also define a notation for products of differences between two disjoint sets of variables. Let
w={p1,p2,...,up} be a set of subscripts with the ordering pq < po < -+ < up, o as above, then
we define,

a b a b
koo =[] ] e, = #u,)» Lo—u:=]] I (Zo, = Lu,)- (5.2)
j=1j'=1 j=1j'=1

The following statements will be used extensively.

Remark 5.1. According to the condition C1, k; = —kntj, L;r- = —L,; and )\j- = — A4, for real

x,t. In these equalities, the subscripts should be read modulo 2n.
Remark 5.2. The real parts of the L;’s are positive for j = 1,2,...,n due to condition C2.

Remark 5.3. Let 0 := {01, 09,...,0,} be aset of subscripts and consider products of differences k,
and L,. If we split o into two arbitrary disjoint subsets u := {1, 2, ..., o} , & := {K1, K2, ..., Ke}
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(b+ ¢ = a), we have the decompositions:

L, L,L.L, .

E = m, Lo-ko- = LHLKLN_’K]CN]CK]CN_’K' (53)
Note that the equalities do not hold for L, or k, independently, i.e.,

Lo #L,LiLyw, ko #kukiku—s, (5.4)
as the signs can differ on both sides of the relations due to the ordering of the subscripts. Obviously
these signs are cancelled when we think of a fraction or product like (5.3).

Now we proceed to the proof of Proposition 4.1. A first result we need is the following theorem,
which shall be proven in the Appendix.
Theorem 5.1. wo; and wi2 are complex conjugate.

Secondly we have

Property 5.1. wai(x — id) and wiz(z + i) go to 0 when x goes to too.

Proof.
Because of condition C2 in Proposition 4.1, we see that the first n — 1 (n) rows become dominant
in the numerator (denominator) of (4.8a) when x goes to co. Thus, we have

- k L nleAr Lt
Wo1 (SL') T—00 (7)n+1 {1,....n—=1}{n,....2n} H:L:1 6/\ _ (7)n+1 {n}—{n+1,....2n} e~ 0. (55)
k{1,...,7L}L{n+1,...,2n} H7-:1 enr k{l,...,nfl}ﬂ{n}

On the contrary, the rows from the n + 1th to the 2n — 1th (the 2nth) become dominant when z
goes to —oo, which implies,

r— —00 k n n— L n,2n 22_1 e)\r —L nt—{2n
wn (1) R LACES I TE\ ETCRRRY }l:lLr—nj{l _ (=20} e, g
k{n+1 ..... 2n}L{1 ..... n} H7-:1 enr k{n—i—l,...,2n—1}—>{2n}
(5.6)
This procedure also applies to way (z — i0) and wya(z + 0). O

To accomplish the third step of the proof, we first change the denominator of w21 to a determinant
of the sum of two matrices of half the size.

Theorem 5.2.

1 )\n J /\i
Fintr,.om} 1 7= ()”(”z’)det< v ¢ ) :
Lins1,.2ny  Ltny— (o1, 20} Li=Lngj ki =hnt ) 1<ijen

(5.7)
where T denotes the denominator of (4.8a).
Proof. First we express the right-hand side of (5.7) as a sum, each term of which is the product

e n+i
Li—Lny;

of a minor determinant of the matrix (k_eT)” and a minor of the matrix (
7 n-+j
have

)ij- Thus, we

n(n—1) e nti eti
_ ) det
&) ° (LiLn+j +kikn+j)

n(n—1) 1 1
=(=) 2 E (—)[U]Jr[u]det (7) det | ——— | . (5.8)
{o,0"} ko, — k”*“j LU; o Ln+#;

{p,m}
More precisely, when expanding the left-hand side we first choose rows, from which we then choose

: g ..
the elements of matrix (ﬁ)” We label these rows o := {01,09,...,0,}. The remaining rows

ernti )ij .

are labeled o’ := {0,0%,...,0.}, which yield the the elements of (ﬁ
i n+j
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We also have to decide on a partition of the columns. We label the columns belonging to
(ﬁ)” as p = {u1, 2, ..., pr} (the number of elements in o and p must of course be the
same). The remaining columns are denoted as p' := {uf, ..., u.}.

It should be noted that we keep the internal ordering of these subsets to be ascending. The
summation that appears in (5.8) runs over all possible partitions {o, o’} and {u, 1'}. More detail
regarding the decomposition of the determinant of a sum of two matrices into minor determinants
can be found in [3].

Since we will use the subscripts {n+ p1,...,n+ p,} and {n+ i, ..., n+ p,} more often than y
and p’ themselves, we denote them as n + p and n + p'. Now, each term in (5.8) can be recognized
to be a Cauchy determinant. So we can express (5.8) as

An+j i
n(n—1) e/ \nti e
_ 2 det
=) ¢ (LiLnﬂ-—’—kian)

_ (_)n(n,?—l) Z (_)[U]+[H]+r(r2—1)+s(52_1)

{o,0"}
{mn'}

« kakn+pLa’Ln+H/ ez;'.:1 A"j +Z;:1 An+u;
ka—m—i—uLa’—»n—&-;t’

= Z (_)[0]+[N]+("+1)7‘ kokntyLot Lty 625 120205 ”””‘J. (5.9)
{o,0"} ko—ntulior—nyp
{m,p'}

[ Y A ro.
Next we expand the left-hand side of (5.7) and verify that the coefficient in ez’:1 3+ 2=t A is
the same as that of (5.9). The expansion involves a rather cumbersome parity which we temporarily

denote as (—)°. Due to Remark 5.3 we have the following:

The coefficient of e=7=" " T23=1 445 i1 tho left-hand side of (5.7)

. k{n+1,...,2n} 1 % ﬁc % ﬁc
= o At
Jj=1 Jj=1

L{n+1,...,2n} L{l,...,n}—>{n+1,...,2n}

e n—1 —1

1 ke, kg I Ly - LZ1
| IR .
X 1 ? 1 X A=

1 kn+;t/1 k:—i-ul 1 L"H‘Hl L:i"l‘ﬂl

o |

k k L
S {n+1,....2n} NMon+p' } “{c’ n+u}
— (— X I | Co; X I | Cn
( ) L{n+1,...,2n} L{l nt—{n+1,.. 2n} M

k{n+1,..‘,2n} kakn—i-u’ ko—»n-‘ru’Lo’Ln-‘ruLa’—»n-‘ru

L{n—i—l,...,Qn} L{l,...,7L}—>{n+1,...,2n}

S
H o;j—{n+1,...,.2n} % _ Ln+u;-—>{n+1,...,2n}\{n+u3}

i=1 oj—{n+1,...,2n} i=1 kn+p.;~>{n+1,...,2n}\{n+p.;}

k{n+1,..‘,2n} kakn+;ﬂ kaﬁn+/f La’Ln+,uLa’~>n+,u
Linya,... 20} Ly, .ny—fn+1,...2n)
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2
% La—>{n+1,...,2n} <Ln+;ﬂ> Ln+#’*>n+ﬂ

k'a*»{n+1,...,2n} k‘n—&-u’ kn+;¢’—>7L+u

koknt Lot Lngw

= () x (=)° x

Thus, the remaining task is to show that the signs of (5.9) and (5.10) are the same. In (5.10),
(—)® denotes the parity of the permutation needed to rearrange {1,2,...,2n} in the order {o,n +
w',o’,n+ p}. In this rearrangement, we first change {1,2,...,2n} to {o,0’,n 4+ p,n + p'}, which
has the parity (—)?*#. Then we change {o,0",n + u,n + u'} to {o,n + /', 0’,n + u}, which has
the parity (—)™*. Thus, we have

. 5.10
ko—>n+;ALa’—>7L+u’ ( )

(_)S x (=) = (_)[0]+[u]+(n+1)s - (_)[0]+[#]+(n+1)r. (5.11)
From (5.9), (5.10), (5.11), We see that Theorem 5.2 holds. m|

Using Theorem 5.2, we can now accomplish the last step in the proof of Proposition 4.1.

Corollary 5.1. If the absolute values of k; are small enough, wa1(z—id) becomes analytic everywhere
in the strip 0 < Im x < 24.

Proof.
We shall prove that wa () is analytic everywhere in 6 > |Im x|. We first rewrite Theorem 5.2 as
follows:

ntn=1)  Lgpyy oon N )
T=() % % XLy, ny—{nt,.20) X 2-=1 Antd
{n+1,...,2n}
1 i Antj >
X det i : 5.12
(Li - Ln+j kz - kn—i—j ( )

So, whether ws1 () is analytic or not depends on the last determinant in (5.12). Due to Remark 5.1,

the determinant becomes
1 XAl
det . (5.13)
L; + Lj ki + kj

It is easily seen that (5.13) is positive for real & because, for any nonzero vector (y1,y2,- -, Yn),
i A T Lt 1 W
Li+L] " kitk] Li+L " kitk] Y1
(yla s ,yn) : :
1 CAHMII o L exnﬂll ylh
Lo+L] " kptk] Lo+Ll " kitk]
Li+L)u Li+Li)u T
o e( 1 1) e e( 1 n) Y1
:/ du(yr, ..., yn) : ) : :
L .
entLhu o o(LntLi)u | \yb
A+A] A+
x Mty o My yif
+ / du(y1, - Yn) :
L .
AnAAT At
€ + 1|z:u € TAn r=u y'JrrL

0 n x n
:/ duy |yeta ) +/ duy " |(y;€ [a=u)[* > 0. (5.14)
o] j=1 o] j=1



Bright N-Solitons for the Intermediate Nonlinear Schrédinger Equation 19

Regarding the integrals aboves, note that k; 4 k; and L; + L;r- are positive due to condition C1 and
Remark 5.2. Thus, we see (5.13) is nonzero on the real axis. As for the whole strip § < [Im x|, by
inspection of (5.5) and (5.6), we see that wo; is analytic in the strip if the real part of |z| is
large enough. More precisely, there exists a real constant R such that ws; is analytic in the region
{z]6 <|Im z| N|Re | > R}, which leaves open the possibility that ws; might still have singular
points in the rectangle {z |6 < |Im x| N |Rex| < R}. However, since wo; is real analytic, we have a
certain analytic neighborhood including the line {z| — R < < R}. Furthermore, since wy; contains
the variable z only in the form k;x, choosing the absolute values of k; small enough, one can make
sure the analytic neighborhood gets broad enough until it contains the whole rectangle. O

6. Concluding Remarks

We presented a double Wronskian solution for the focusing intermediate nonlinear Schrodinger
equation. Its construction was based on Sato theory, which also clarified the relation between the
2-component KP hierarchy and this particular INLS equation.

The solitons exhibit peculiar interactions, i.e. the 2-soliton solution exhibits oscillations for the
slower soliton in the interaction region. It is an interesting problem to investigate the properties of
these soliton solutions in comparison to those of e.g. the NLS equation, which should shed more
light on the characteristic interaction properties of the INLS solitons. This will be investigated in
the future.

As pointed out in the Introduction, the § — 0 limit of the INLS equation with ¢ = —1 yields the
focusing NLS equation. It is important to remark that the solution (4.8a) satisfying C1 ~ C3 endures
this limit, i.e. U = wa/ V26 corresponds to the n-soliton solution of the focusing NLS in double
Wronskian form. Let us explain the fact briefly. Since ¢; — (28)", cpqj — —(26)" 71, (1 =1,2,...,n)

and L; — 20k;, (j=1,2,...,2n) as § — 0, wa1 can be approximated as follows:
V2set KpTAV20eM 1 ky e KT
V20er2 kD =2/20e* 1 ky - kI
U}Ql(x)/\/Q_ _ (7)71“ _(@)—1(3)\% .. _kg;2(\/%)—1exzn 1 koy --- gn (6 1)
VB o Wmen 1 ko m
V26er2 e kp1/20er 1 ke - kT
—(V20)Treren o kR (V20) e 1 ke oo K

By defining the phase constants a; = a;- — %ln(%), the v/28’s in the determinants disappear and
(6.1) becomes nothing else but the bright n-soliton solution of the focusing NLS equation.

The other limit 6 — oo should be also mentioned. In this case, T is deformed into the Hilbert
transform and (1.1) becomes as follows:

: . < _uy)
Uy = Uy — u(t + H u2m, Hux:)( ——dy. 6.2
t i+ H) (), i) = s (62)
It is only confirmed that the 1-soliton solution (4.9) allows this limit. More precisely, taking p =
35 — 37, = —20— %log(gf1 sin 26p), B =0 and 6 — oo, u(x,t) becomes
—2i\/mve—iaw=a"t)

m(x — 2qt) + 2iv

u(z,t) = (6.3)
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and satisfies the Eq. (6.2). Note that v must be positive to satisfy the condition C2. As for general
multi-soliton solutions, proper parameters for the limit remains unknown.
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Appendix A. Proof of Theorem 5.1

Proof. By virtue of Remark 5.1, the complex conjugate of (4.8a) is

Cl{e_kn-*—l - (_kn+1)7L—26’{€—)\n+1 1 ... (_Ln+1)"

CILef/\Zn . (—kzn)n*ZCILef)Qn 1 ... (*LQn)n

Cjwlef,\l (*lﬁ)”*QCILHe*’\l 1 oo (=Ly)"

U}T _ (_)n+1 C;nef)‘n . (7kn)n72c£ne*)\n 1 --. (7Ln)n (A 1)
21 — .

c]ie—/\nﬂ ... (_k;n_,,_l)n—lc]ie—/\nﬂ 1 ... <_Ln+1)"_1

CiLe_)\Qn et (_k27L)n_1CIL6_A2” 1 e (_LQn)n_l
01LL+1€7/\1 (*lﬁ)"*lCiH_le*/\l 1 - (=Lt

c;ne*An o (—kn)”*lcgne*% 1 ... (=L

We arrange the rows in ascending order for the subscripts of A and gather the negative signs in each
row. Then we have,

i Y n—2 1 -2 n
Cpy1€” ™ o KT 1 LY
CT e—)\n . k.n—QCT e—)\n 1 --- Ln
(_)n 2n n 2n n
c’{e_)‘n-f—l [ k:‘;;%c’{e_)‘nﬁ—l 1 . L2+1
T o—A2n e n—2 —A2n e n
U)T _ Cn € ’ k2n CILe : 1 2n (A 2)
2 el e o gl eMop L et . .
n+1 1 n+1 1
T = . fn—1 T =n =1
Cont n  Cant - n
cJ{e_AWrl e kg;%cie_)‘”ﬂ 1 LZ;}
Cize_)\% - k-gn_che—/\m 1 ... L;L;1

Now we carry out the Laplace expansions of both the numerator and the denominator in (A.2).
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n—
The numerator of (A.2) Z [} H CL+0T€7)\U"
1 kal . k;Ll—Q 1 Loi . L;L,l
U ke e R L Loy o Ly
1 ko'n—l T k:fln 21 1 L :L+1 e L’ﬂn+1
n—1
= ()" x> (ko Lo [] el e (A:3)
r=1
The summation runs over all possible ascending partitions o,0’ of {1,2,...,2n}, where o =
{o1,09,...,04_1} and 0’ := {0%,0%,..., 001 }. (—)[] denotes the parity of the permutation needed

to move the rows of type o to the beginning and of type ¢’ to the end. We apply the same proce-
dure to the denominator of (A.2) (for which the partition is denoted by p := {1, p2y ..., pin}, 1/ 1=
{py, ..., }) and have

v O ey () ke Lot [T iy e
Wy = Wi L Y . (A4)
Zuyu( ) | - n+,u,e Hr

Next we consider wi2. Rearranging the columns in (4.8b), we have,

1 n—2, 1 o) n
ci e M .. LY L
“le=X2 L n—=2.-1,-X2 n
(cynt cy e L “cye 1 ks
—1_,—=X2n e n—2 _1 —A2n e n
w _ Con € L Con € 1 k2n
12 — 1 _ 1 _ —
cte™ o LY lclle S N
c;le_AQ e Ln 1 1 _)‘2 1 e k-g_l
—1_—Xop ... n—1 —1 —Aon L n—1
Con€ L2n Con€ 1 an

— (7)7120_0( )[U]L ko” Hn ! 716 )‘07-'

A5
5 (O Ly Ty il o
To prove w$1 = wy2 all we have to do is to show that
the coefficient of e~ 231 %) of the numerator of (A4)
the coefficient of e~ 231 ) of the numerator of (A.5)
__ the coefficient of e~ 2j=1 25 of the denominator of (A.4) (A6)

~ the coefficient of e~ 1=t s of the denominator of (A.5)

for arbitrary ¢ and p. To accomplish this, we will make repeated use of Remark 5.3:

k L H:’L 11 jz+a, _ kaLa/ e

the Lh.s. of (A. - e A.
¢ Lhs ol (A6) === N Loy L1 CntoCor (A7)
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Note that c; can be rewritten as,

Lijy—tnt1ony Ly int1, 200\ ()
kijy—inatony By —{nt1,..2n\ (5}
L=t 2n\ )

(i} —{n+1...2n )\ (4}

=1,2,...,n)
(A.B)

Cj:

(j=n+1,n+2,...,2n).

Thus, we have

= = Lintoy—{ntt2ni\inte) || Do) o (nil 20)\ (o)

n+o,}—{n+1,....2n}\{n+o, ort—{n+1,....2n\{o,
II Chio Co, = I1 { < ) }
r=1

re1 k'{n+a,,.}~>{n+1,..‘,Zn}\{n+a,,.} k'{a,,.}ﬁ{n+1,..‘,Zn}\{a,,.}

n—1

-1 H Lo y—(1,.n\{or} Liod—{nt1,...2n)\ (0.}
E{o,y =1, for} Flo,}—{nt1,..2n\ (o}

n—1 2

L L L ,

e o {1, 20)\ {or} no1 Lo\ Lomo

= (="t | I =(-) < ) : (A.9)
ko, —1,...2n 3\ {0} ko

ko’—>o”

Substituting (A.9) into the r.h.s. of (A.7), we have,

the r.h.s. of (A.7) = _(_)"—1

Lako/ ka koﬁa/
nL 1,....2n
= (-) # (A.10)
{1,....2n}
We also have
k. L. T1Z el
the r.h.s. of (A.6 wLu T AN Tis L Chc
( ) L ]{Z H7_11 1 Luk H + o T Hr
kL L\’ Ly L. on)
e (R) oy
L;Lk ku ku—»;t’ k{l,...,Qn}
Hence, from (A.10), (A.11) we see that w; = wi2. m|
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