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Lie group analysis is applied to a mathematical model for thin liquid films, namely a nonlinear fourth order
partial differential equation in two independent variables. A three-dimensional Lie symmetry algebra is found
and reductions to fourth order ordinary differential equations are obtained by using its one-dimensional
subalgebras. Two of these ordinary differential equations are studied by the reduction method and by the
Jacobi last multiplier method, and found to be linearizable. Furthermore, the G-equation and n-equation,
namely two of the heir-equations obtained by iterating the nonclassical symmetries method, are constructed
and reductions to different ordinary differential equations are acquired by using two-dimensional and three-
dimensional subalgebras, respectively.
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1. Introduction

In a letter dated London, November 7, 1773, and addressed to William Brownrigg, Benjamin Franklin

wrote [8]:

At length being at CLAPHAM where there is, on the common, a large pond, which
I observed to be one day very rough with the wind, I fetched out a cruet of oil,
and dropt a little of it on the water. I saw it spread itself with surprising swiftness
upon the surface; but the effect of smoothing the waves was not produced; for I had
applied it first on the leeward side of the pond, where the waves were the largest,
and the wind drove my oil back upon the shore. I then went to the windward side,
where they began to form; and there the oil, though not more than a teaspoonful,
produced an instant calm over a space several yards square, which spread amazingly,
and extending itself gradually till it reached the lee side, making all that quarter of
the pond, perhaps half an acre, as smooth as a looking-glass.

This experiment was repeated by Lord Rayleigh 120 years later, who, using trioleum, cautiously
concluded that there might be molecules with a length of 2 nm [11]. At about the same time Agnes
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78 S. Martini, N. Ciccoli & M. C. Nucci

Pockels® [28] found that some contaminants form a thin layer as thick as the molecules are long and
therefore called monomoleculars or monolayers. She observed the behaviour of contaminated water
surfaces and measured their tension with “very homely appliances” as Rayleigh himself stated in
the preface to [28]. In 1917, Irving Langmuir studied films on water and used a trough similar to
that designed by Agnes Pockels, and nowadays it is referred to as the “Langmuir trough”.? Surface
tension is the driving mechanism of thin fluid films and, when introduced into standard lubrication
theory, leads to a fourth order nonlinear parabolic equation [15]. Coating, film condensation, tear
film, paint film, surfactants, etc. are some physical processes modelled by such an equation.

In this paper we have considered a mathematical model [31] for thin liquid films driven by surface
tension and long range intermolecular force, namely the London-van der Waals force [2]. This model
is a nonlinear fourth order partial differential equation in two independent variables, i.e.:

%+ﬁ<ch—3@ Ah”) =0 (1.1)
ot Ox \ 3 013 h
where h(z,t) is the film height, ¢ is the inverse capillary number which measures the resistance of
surface tension to viscous forces, and A is the van der Waals term. Of course, ¢ and A are different
from zero.

Using ad hoc REDUCE interactive programs [19] we have determined the three-dimensional Lie
symmetries algebra L admitted by Eq. (1.1). Then we have reduced Eq. (1.1), its G-equation, and
its n-equation, as defined in [16,17], to ordinary differential equations by means of the subalgebras
of L. We have used the classification of conjugacy classes of subalgebras of three-dimensional Lie
algebras as given in [29]. We recall that the G-equation and n-equation are two of the so-called
heir-equations of (1.1) which inherit the same Lie symmetry algebra of (1.1) [17].

In Sec. 2, after determining the Lie symmetry algebra admitted by Eq. (1.1), namely A§ 5, with

a = 2/5, as in Patera—Winternitz [29] or Type VI as in Bianchi [3], we have used its four one-
dimensional subalgebras [29] to reduce Eq. (1.1) to fourth order ordinary differential equations. The
reduction method, as presented in [20] and used in several instances [7,12,14, 22-26, 32], has been
applied to two of these equations yielding some integrable properties, namely first integrals and/or
general solutions. In Sec. 3, after briefly recalling the concept of heir-equations [17], we have used
the three two-dimensional subalgebras of Ag/ 2 [29] to reduce the G-equation of Eq. (1.1) to fourth
order ordinary differential equations. Also in Sec. 3, we have used the three-dimensional algebra L
itself to reduce the n-equation to a further fourth order ordinary differential equation. Some final
remarks can be found in the last section.

2. Group Analysis of Eq. (1.1)

Using ad hoc REDUCE interactive programs [19] is easy to show that Eq. (1.1) admits a three-
dimensional Lie symmetry algebra L spanned by the following operators:

2 h
Xy =0, (2.2)
X3 = 0,. (2.3)

a“These were landmark observations, and were all the more remarkable for the fact that Agnes Pockels had no formal
training or advanced degree in science, and worked alone in her kitchen with an apparatus fashioned out of household
items” [5].

b“One of the film-forming fatty acids Agnes Pockels used on the water surface was stearic acid. This particular
substance is one that was used later by Irving Langmuir and Katharine B. Blodgett in their work. For his work in
surface science, Langmuir was presented with the Nobel Prize in Chemistry in 1932; in one of his articles he gave
recognition to Agnes Pockels and her work” [6].
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The commutators are:
2
[(Xo, X1] = Xo, [X3,X1] = gX:s, [X3,X2] =0 (2.4)

and therefore L is solvable. If we take into consideration the notation used in [29] then the following
correspondence can be made:

X2*>€1
X3*>€2
X1*>€3

and the algebra A§ 5 with a = 2/5 in [29], viz. Type VI in [3], is recovered. Nontrivial conjugacy
classes of its subalgebras are the following:

e two-dimensional
Lio = (e, e3)
Lo = (eq, €3)
L3,2 = <€1, €2>

e one-dimensional

= (es)

L21 = (e2)
L31(e) = (e1 +€e2) with e = £1.
Lyq = {e1).

We now transform (1.1) into ordinary differential equations by using the invariants of each class of
one-dimensional subalgebras.

2.1. Subalgebra L ;
This subalgebra is spanned by the operator:
2 h
X, =t0 + —x0; + —Oh.
5 5
Its corresponding invariant surface condition is:

2 h

which is equivalent to the characteristic system:
dt  5dr  5dh

=—=—. 2.6
t 2z h (26)
The first equality in (2.6) yields a first integral which does not depend on h, i.e.:
x
= —— = const., 2.7
CE 2.7)
while the second equality yields:
~ h
& = —= = const. (2.8)

Jt
Therefore invariant functions for L, ; have the following form:



80 S. Martini, N. Ciccoli & M. C. Nucci

ViZ.

h=Vtw(e)

(2.10)

with ¥ an arbitrary function of £. Substituting (2.10) into (1.1) yields an ordinary differential

equation (ODE) for U, i.e.

3
Veeee = W(ﬁcqf&qf@p‘* — BAUVee + 5AVE + 200U, — UP),

which does not admit any Lie point symmetry.

2.2. Subalgebra L3
This subalgebra is spanned by the operator:

X3 =0;.
The corresponding invariant surface condition is:

hey =0

which means that ¢, h form a base of invariants of L ;. Hence:

h=9(t),
with U arbitrary function of ¢. Substituting into (1.1) yields
VU, =0 = h = const.,

and h = const. is a trivial solution of (1.1).

2.3. Subalgebra L3 1(e)

These two subalgebras are spanned by the operators:

Xo+eX3=0; +e0, withe==l.

Let us consider them separately:

o g =1
The operator

O + 0y
admits the invariants h,t + z, and thus:

h=3()
with £ =t 4 z and ¥ an arbitrary function of .

e g ——

The operator

O — Oy
admits the invariants h,t — x, and thus

h=¥(¢)

with £ =t — x and ¥ an arbitrary function of &.

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)
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In both cases Eq. (1.1) is transformed into the following ODE:

3(*14\1/\1/55 + A\Ifg — C\I/4\I/§\I/EEE + \I/2\I/E)
Pegee = T ~ (2.19)

which is autonomous and therefore admits the Lie symmetry operator d¢. Group analysis does not

give any other symmetry.
Now we apply the reduction method, as proposed in [20], to Eq. (2.19). The following change of
dependent variables:

U}1<€) = \Ija w2<€) - \Ilg, U)3(§) = \Ifff, w4(€) = \11555

transform (2.19) into an autonomous system of four equations of first order, i.e.:

11}1 = W2
’LDQ = W3
W3 = Wy (2.20)

3(—Awyws + Awd — cwiwawy + wiws)

5
cwy

Wy =

in which the overdot denotes differentiation with respect to £&. Now we can choose any of the four
dependent variables as the new independent variable in order to reduce the order of system (2.20).
Let us choose wy as the new independent variable. Then (2.20) yields:

dw2 o ws
dw1 o wo
dw3 wa
d—w1 = w—2 (2.21)

dwy  3(—Awiws + Aw3 — cwiwaws + wiws)

dw; cwaw?

namely a system of three equations of first order. If we derive ws from the first equation in
(2.21), i.e.:

dw2
= ——Ws
dw1 ’

then we obtain the following system of two equations, one of the first order and one of the second
order:

w3

d’u}g 4 2
Awyg — A—wy —
% 3( Wo Ty Wy — cwaw; + wi
dw; cw?
) (2.22)

wa — w402
d2ws B 4 2 dw,
dw? w3

Lie group analysis of (2.22) yields a linear parabolic equation with characteristic curve

cwiwg + 3Aws
cwi
This suggests the following change of dependent variable:

—3Awsy + cwswi

1
cwi

Wy =
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where ws = ws(wy) is the new dependent variable, and then system (2.22) becomes:

dws  3(cwswi —1)
dw; cw}
dws \” (2.23)
d2w, B —3Aw;, + C’wswi1 — cw2 <—dw1> U’Al1
dw? cwiw}
We can easily integrate the first equation in (2.23), i.e.:
cD + 3wn
Wy = 3
cw;
with D a constant, which corresponds to the following first integral of Eq. (2.19):
3(AV, — U2
\ngg\:[fg + % = const. (224)
c

Of course, (2.24) could have been derived from Eq. (2.19) itself by using the admitted Lie symmetry
operator O¢. Finally, we are left with one second order equation, i.e.:

d 2
Pw —3Aws + cDwy — cws (ﬁ) w‘l1 + 3w%
2 — ! (2.25)

2 2
dwj cwsw

which does not admit any Lie point symmetry even for D = 0.

We notice that wz = Wee does not appear in the first integral (2.24) as expected from the
reduction method. Details on the reduction method and first integrals can be found in [14].

If we apply the Jacobi last multiplier method [27] to (2.25), namely if we use the Jacobi last multi-
plier of Eq. (2.25) to raise its order, then we obtain a second-order differential equation which admits
an eight-dimensional Lie symmetry algebra if D = 0, and therefore is linearizable. Equation (2.25)
can be written as the following system of two first-order equations:

dR
d—’u)l = R2 (E Al)
' 2,4 2 (2.26)
dR; _ —3AR: + cDwy — cRiRjwy + 3wy (= Ay)
dwy cR2wi -2

where R; = ws, and Ry = ng”f. The Jacobi last multiplier M for system (2.26) has to satisfy the
following equation [27]:

dlog(M) 0Ay = 0OAs

— +—==0 2.27
dw1 6R1 ORQ ’ ( )
ie.
dlog(M) Ry
— —2—=0. 2.28
dw1 R1 ( )
Therefore if we introduce the new dependent variable® J = f%, and solve (2.28) with respect to
RQ, ie.
dlog(J
Ry =~ Le) p -
dw1
then the first equation of system (2.26) becomes:
dJ dR; Co
—Ri+—J=0=Ry=—
dw1 1+ dw1 ! J ’

The choice f% for the multiplicative constant is unessential and comes from the following calculations.
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with Cp an arbitrary constant different from zero, and finally a second-order differential equation
satisfied by J is obtained, i.e.:

dJ \?
3ACHJ* + 3cCwi (—) —eDJ5w,

d2J dw1
— = . 2.29
dw? cC3 Jwi (229)
If we apply Lie group analysis to this equation then if D = 0 Eq. (2.29) becomes
a7\’
AJA 2 a4 [ 9
d2J_3 J* + cCiwi (dw1> (2.30)
dw? cCg Jwi ' '
which admits an eight-dimensional Lie symmetry algebra spanned by the following operators:
Fl = J3w1a]
Iy = J%0,
—2cCRw? 3J3A + JcC2w?
Ty = 01 ) 0*1
3 3A w + 3A’LU1 J
AJ? 2.2
r, = J(AJ +ZCOw1)aJ
Aws
—602 J3 (2.31)
s = —29,, + —=0
AJ? + cC2uw?
Ig = W(—zcogwi’awl + J(BAJ? + cC2w?)dy)
AJ? + cCiuwi 2.3 3
F7 = W(*CCowlawl + AJ 8])

I's = wlawl + JOy.

This means that Eq. (2.29) is linearizable by means of a point transformation [13]. In order to find the
linearizing transformation we have to look for a two-dimensional abelian intransitive subalgebra [13],
and, following Lie’s classification of two-dimensional algebras in the real plane [13], we have to
transform it into the canonical form

Ou, YOy

with y and u the new independent and dependent variables, respectively. We found that one such
subalgebra is that spanned by I'; and Ty, i.e.

Iy = Jw 8y, Ty=J%;. (2.32)
Then, it is easy to derive that
1 AJ? + cCEw?
e I
and Eq. (2.30) becomes:
3271; =0=u=—ay’ —a (2.33)

with a1, as arbitrary constants. In the original variables this yields:

=

T = +Cyuwy <2alcC§wig + 2a9cC3w? — A) a

> (2.34)



84 S. Martini, N. Ciccoli & M. C. Nucci

and therefore:

1
2a1cC3V3 + 2a2cC2W2% — A\ ?
Ue=+ 2.
== ( 2 (2.35)
namely an implicit general solution of (2.19) in terms of elliptic functions.
2.4. Subalgebra L4,
This subalgebra is spanned by the operator:
X2 = ata
then we have:
h=9(x) (2.36)
with ¥ an arbitrary function of = (steady state). Substituting (2.36) into (1.1) yields:
— AV, 4+ AVZ — W, Uy,

cWd

Equation (2.37) admits a two-dimensional Lie symmetry algebra spanned by the following operators:
Z1 =0y, Zo=2x0,+ VYoy.
A base of differential invariants of order < 2 of this algebra is:
v=UV, w=T,,.
Therefore we can reduce Eq. (2.37) to the following second order ODE:

d2w

od
— = | —3Aw*v? 4+ 34 — 15cw*® — 120w3—wv7
dv? dv

dw? d
— 24cwdv® — cw? & & — 270w2—wv6
dv dv

dw 2 dw dw 2
2.4 7 5 6
- —2cw [ — —18cw—1® — ¢ | —
9cw v C’U)( U> v 8cw ’UU C< ’U) v

- 3cd—v4> / (ev® (w3v® + 3wv? 4 3w + 1)). (2.38)
v

which does not admit any Lie point symmetry.
Now we apply the reduction method to the autonomous equation (2.37). The following change
of dependent variables:

wi(z) =T, we(z) =V, w3(r)=Tup, walr)=TYypa, (2.39)

transforms Eq. (2.37) into the following system of four first order ODEs:

’Ll}l = W2
U)g = W3
U)3 = W4 (240)

3(—Awjws + Aw? — cwiwawy)

= .
cwy

Wy =
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If we take wy as new independent variable, then system (2.40) becomes:

dw2 N ws
dw;  wo
dw3 wa
Juy = o (2.41)
dwy  3(—Awyws + Aw? — cwiwowy)
dw; cwaw? '
Deriving w3 from the first equation, i.e.:
dw2
w3 = —w
37 qu, 2
yields the following system of two ODEs, one of the first order and one of the second order:
d’u}2
duw 3 (Awg — Ad—wlwl — cw4w‘11)
dw; cw?
) (2.42)
d’u}2
wy — wy | —
d2w2 o 4 2 dw1
dw? w3 '

Applying Lie group analysis to (2.42) yields a linear parabolic equation with the following charac-
teristic curve:

cwiwy + 3Aws

1
cwy

which suggests the following change of dependent variable:

—3Awsy + cwswi

1
cw]

Wy =

with ws = ws(w1) the new dependent variable. Then system (2.42) becomes:

dw5 o 3’11)5
dw1 w1 5
d’u}g 2.43
2w, - —3Awsy + cwsw} — cws <d—wl) wi ( )
dw? cwiwt
We can easily integrate the first equation in (2.43), i.e.:
Cs
Ws = w—;l;,
with Cy a constant, which yields the following first integral of Eq. (2.37):
5 SAY,
U,we U3 + Z—2 = const. (2.44)
c
Finally, we are left with one second order equation, i.e.:
d 2
9 —3Aws + cCowy — cwo <ﬂ> wi
d wWo _ dw1 (2 45)
dw? cwiwt ' '

d0Of course, (2.44) could have been derived from Eq. (2.37) itself by using the admitted operator 9.



86 S. Martini, N. Ciccoli & M. C. Nucci

If C5 # 0, then Eq. (2.45) does not admit any Lie point symmetry, but if Co = 0 then Eq. (2.45)
becomes

dws \ 2
—3Awy — cws (—2> wi

d2w2 dw1
= 2.46
dw? cwiw} (2.46)
and admits an eight-dimensional Lie symmetry algebra spanned by the following operators:
3A + cwiw?
T = 28 291
1= Wi0uw, + Qewqwy 2
w
Ty = — 0y,
w2
A+ cwiw? 3A?% + 4Acwiw? + wiwt
'3 = ———=—0,, 5 1 O,
Ccw1 2¢ U)le
A
ry=20 ——0,
1= Ow cwaw; ?
Lo Aveudud,  AA+cudul) (2.47)
5= 5 Ouyt — 5 —5—Ou,
cwy waw?
5A + cwiw?
2 Wi
Ie = wiOw, + W hws
I — A+ cwiw?
! cwywi "7
1
g = —O0uw,.
w2

This means that Eq. (2.45) is linearizable by means of a point transformation [13]. In order to find the
linearizing transformation we have to look for a two-dimensional abelian intransitive subalgebra [13],
and, following Lie’s classification of two-dimensional algebras in the real plane [13], we have to
transform it into the canonical form

Ou, YOy

with y and u the new independent and dependent variables, respectively. We found that one such
subalgebra is that spanned by I's and I's, i.e.

1 w1
Fg = w—zan, FQ = w—28w2 (248)
Then, it is easy to derive that
2
w
Yy = wi, U = 72
and Eq. (2.46) becomes:
d?u 3A
- 2.49
de? ct* (2.49)
which can be easily integrated, i.e.:
2D1ct® +2Doct? — A
= 2.50
" 2t (2:50)
with DieDs arbitrary constants. In the original variables this yields:
1
2D1cw} + 2Dycw? — A\ 2
wy = + < LOW3 + 2 M50 ) (2.51)
cwy
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and therefore:

1
2D1c¥3 4+ 2D5cT2 — A\ 2
\le:i( 1V +20Dsc¢ )

0 (2.52)

namely an implicit general solution of (2.37) in terms of elliptic functions. We note that similarity
between Eq. (2.52) and Eq. (2.35), although the first yields a stationary solution while the latter
does not.

3. Lie Symmetry Reduction of the Heir-Equations

The nonclassical symmetries method was introduced in 1969 by Bluman and Cole [4] to obtain new
exact solutions of the linear heat equation, i.e. solutions not deducible from Lie group analysis. It
consists in adding the invariant surface condition to the given equation, and then apply the Lie
group analysis. The main difficulty of this approach is that the determining equations are no longer
linear. In [17], we have found that iterations of the nonclassical symmetries method give rise to new
nonlinear equations, which inherit the Lie point symmetry algebra of the given equation. Similarity
solutions of those equations yields new solutions of the original equations, e.g. blow-up solutions as
given in [9].

Next we recall how to construct the heir-equations. Let us consider a generic evolution equation
in two independent variables and one dependent variable:

up = H(t, T, Uy Uz, Uy, Uggzs - - -)- (3.1)
Then its invariant surface condition is given by:
Vilt, z,w)ug + Va(t, x, u)uy = G(t, z,u). (3.2)
Let us take the case with V3 = 0 and V, = 1, so that (3.2) becomes:
Uy = G(t, z,u). (3.3)

Then, an equation for G is easily obtained. We call this equation the G-equation [16]. Its invariant
surface condition is given by:

&t z,u, G)Gy + &t x,u, G)Gy + &3t z,u, G)Gy = n(t, z,u, G). (3.4)
Let us consider the case & =0, &, = 1, and &3 = G, so that (3.4) becomes:
G, + GG, =n(t,z,u,G). (3.5)
Then, an equation for 7 is derived. We call this equation the n-equation. Clearly:
Ge + GGy = Uze =7 (3.6)
We could keep iterating to obtain the 2-equation, which corresponds to:
Ne + Gy + 1M = Upee = Qt, x,u, G, 1) (3.7)
the p-equation, which corresponds to:
Qe + Gy + 100 + Q) = Usgee = p(t,z,u, G, 1, Q) (3.8)

and so on. Each of these equations inherits the Lie symmetry algebra of the original equation, with
the right prolongation: first prolongation for the G-equation, second prolongation for the n-equation,
and so on. Therefore, these equations were named heir-equations. More details, applications and
further properties can be found in [1,10,17,18,21].
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Now we derive the G-equation of Eq. (1.1), i.e

—%c ?:—G—H%AG g—f—z 4G2g—ig—G+%—f 3—3(2—3)2u5ch—§
Au2%20u4G3<g—§> 2(23) u® cG27§cu (6828x)2G
— S <z—§> — 6 ;f;; 355
- 25(23) <—>
-5 Gg—g%’ ?TG“G aiau _< ) e 82 GQ*Q Gaf;;iﬁQ

4G22—G —cu gQ—fZ—G — 2 5G4ZTC: — 60u5G38?;§x =0. (3.9)

This equation inherits the (once prolonged) Lie symmetry algebra L admitted by (1.1), i.e. the Lie
symmetry algebra spanned by the following operators.

X1 = t@t + %x@x + %ah — gag (63) (310)
Xo =0, (e1) (3.11)

Then we can use each class of two-dimensional subalgebras of L as given in Sec. 2 in order to reduce
(3.9) to an ordinary differential equation.

3.1. Subalgebra L1

This subalgebra is spanned by the operators:

2
X1 =10 + gl‘ax + %ah — gag, Xo = 0;

and a base of its invariants is given by

€= % and € = hG. (3.13)

Thus

10

— (3.14)
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with ¥ arbitrary function of £. Substituting (3.14) into the G-equation yields an ODE for U, i.e.:
Weeee = —(—384cU3 W3 W — T8 Wi W + 105¢£7We + 36 A5

— 128V WEE? + T2AVWL? + 967V We — 18c€3 V7 + 88 W W}
— 1768 W7 + 88E°cW W — 64cU Weee® — 12067 UF — 48¢7cWeec VP
—180c£™WWe — 12¢" W Weee + 28¢%cWee WF 4 7263V W e
— 112605V Wee 4+ 112007 VFE W e — 100087 U Weee + 7207 Ve U W
+168¢7cU? Weee — 300063 W Ve + 288¢W° — 96c£°WE U2 + 64cT>VF L
—4BAL Wee W + 18c6M Weee + 48cLPWE W + A8AV Wee£? — 80 WP W,
+87cE 0 Wee + 27200 Wl + 224€0cW Ve — 192AV° V£ — 8 OVZ,
+288AW? — 126%cWWZ + 544V WZE? — T04cU W€ + 1240,
— 144c€00 W Weee + 96T WM Weee + 21667 U W W) /(€ (€8
— 860w + 24£40? + 16W* — 32620%)) (3.15)

which does not admit any Lie point symmetry.

3.2. Subalgebra L3 >
This subalgebra is spanned by the operators:
2 h G
X1 = tat —+ —l'az + —ah — —aG, X3 = az
5 5 5
and a base of its invariants is given by

€= b ond £=hG

7

so that

_ ¥

is an invariant function, with ¥ an arbitrary function of £. Substituting (3.16) into (3.9) yields the
following ODE:

Ueeee = —(90c0® — 120c0° W3 Wee + 170V WFE? + 30U W Weee + 3WeL® + 90AT?
—60AV V£ + 85cW Weel? — 22000 Wl + 15 AV W& + 35cW WL W
— 40cWPWEE? + 200V WE Y — 2000 e )/ (5eWHE?) (3.17)

which does not possess any Lie point symmetry.

3.3. Subalgebra L3 >
This subalgebra is spanned by the operators:

Xo =0, X3=0,.
which yields
G=9() with £{=h, (3.18)
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U an arbitrary function of £. Substituting (3.18) into (3.9) yields the following ODE:
Weeee = —(6AW + 4cCWZ W + 3BAW el + 6c6" W2 Wee + 68U W
FTUREO W — 6AVE + 6WEE e + 6eE WWE 4 24W L5V

+6UeE cWeee V) /(c€O0?) (3.19)
which admits an one-dimensional Lie symmetry algebra spanned by the following operator:
I'=¢£0: — ¥Oy.

Its differential invariants
s=¢&U and wv= %
transform (3.19) into the following third order ODE:
Vsss = —((8°030 4 4550504507 + 03 + 32570202 + 85t v550 + 205t 0,03
+ 5153’03’0 + 483'05’055 + 12983’05’03 + 4633’0551)2 + 19821)? + 20152125122
+ 325211331} + 90s%0* + 78500 + 6Svss + 90sv> + 6vs + 181}2)034
+ 3(s%v5v 4 52, + 25207 — 250 4+ 2)A) /(c(sv + 1)35°%) (3.20)

which does not possess any Lie point symmetry.

3.4. Reduction of the n-equation to ODE

The n-equation® of (1.1) inherits the (twice prolonged) Lie symmetry algebra L admitted by (1.1),
i.e. the Lie symmetry algebra spanned by the following operators:

2 h G 3
X1 = tat + gl‘@m + gah — gag — 57’]877 (321)
Xy =0, (3.22)
X3 = 0y (3.23)
Then we can use the entire algebra to reduce the n-equation to an ODE. In fact, the invariants are
v
n= h(§) and & = hG, (3.24)

with ¥ an arbitrary function of £. Substituting (3.24) into the n-equation yields the following ODE:
Ueeee = (5UEcE® + 18c€7We — 9 WE 4 99c°W? — 18c£* W — 99 AVE? + 3c€™ Weee
+9cUP Wee — 4cWF WP — BAV W2 — 4cOUZ, — 9c0Wee — BAL W
+ 33U AL — 6WecWeee UP + 11WZCW? + 3cf Weee U2 + 9P WP Weee
+ 220U Wee — TeW e WE — 600 Weee We — TUZW e U? 4 9AV?
—18cW P Weee W — 14WZcE? WWee + 5UELW + 15U AVE + 2WZce>
—9cEM W Wee — 12¢87WE W2 — 60cE W Ve — 60 VW
— 18Ut WWeee + 22WecfWee U2 + 44W el — AL U W
+9cE7WWeee + 9 Wee WP — 12c6 W VZ, + 18AL
—9cT®) /(c(€8 + Tt + 4€0T + 662 T? + 4€%T3)) (3.25)

which does not possess any Lie point symmetry.

“Here we do not present the n-equation due to its long expression.
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4. Final Remarks

In this paper we have applied Lie group analysis and the method of iteration of nonclassical symme-
tries (heir-equations) [10,17,18] to Eq. (1.1). We have shown that the same Lie symmetry algebra
can be used to reduce a partial differential equation, i.e. (1.1), to several different ordinary differ-
ential equations. In fact none of the fourth-order ordinary differential equations of Sec. 3, namely
Egs. (3.15), (3.17), (3.19), (3.25) could have been obtained by the classical Lie symmetry reduction.
Of course, it is essential to know the nontrivial conjugacy classes of the subalgebras of the admitted
Lie symmetry algebra.

Finally, in Sec. 2 one can find the application of the reduction method [14,20] and the applica-
tion of the Jacobi last multiplier method [27] in order to find Lie symmetries of certain ordinary
differential equations without Lie point symmetries. It is an open problem to be able to solve all
the given fourth-order ordinary differential equations without recurring to a numerical approximate
procedure.
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