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Starting from any representation of the Lie algebra g on the finite dimensional vector space V we can
construct the representation on the space Aut(V'). These representations are of the type of ad. That is one
of the reasons, why it is important to study the adjoint representation of the Lie algebra g on the universal
enveloping algebra U(g). A similar situation is for the quantum groups Ug(g). In this paper, we study the
adjoint representation for the simplest quantum algebra Uq(sl(2)) in the case that ¢ is not a root of unity.
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1. Introduction

It is a well-known fact that the adjoint representation of the algebra sl(2) on its enveloping algebra
U(sl(2)) is fully reducible and can be decomposed into a direct sum of finite dimensional represen-
tations, [1]. Specifically, let the generators e, f and h fulfil the commutation relations

[hve]:267 [h7f]:72f7 [eaf]:h'

Then the center U(sl(2)) is generated by an element

1
C:ef+fe+§h2,

and for any n,k € Ng, Ng =0,1,2,..., the vector spaces

Vink) = adysi(2)) (€"CF)

are invariant with respect to the adjoint representation and (2n + 1)-dimensional. Moreover, we can

write

U(SI(Q)) = @ V(n,k)- (11)

n,k=0

A similar situation is for complex semisimple Lie algebras, see e.g. [1-4].
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On the other hand, in the case of the quantum group U, (sl(2)) there exists an element a for which
the space ady, (s1(2))a is infinite dimensional. The aim of this paper is to find the decomposition of the
quantum group U, (sl(2)), where g is not a root of unity, which is similar to the decomposition (1.1).

2. The Quantum Group U,(sl(2))

Let us have the quantum group U, (sl(2)), [5], which is generated by the elements F, F, K and K !
fulfilling the relations

KE =¢’FEK, KF=q’FK,

K—-K-! 2.1
EF-FE=—— KK !'=K'!'K=1. @1)

—1

The coproduct A, the antipod S and the counit € are defined by

AE=E®K+1®E, S(E)=-EK™', €¢FE)=0
AF=F@l+K'®F S(F)=-KF, F)=0,
AK=K®K, SK)=K! €K)=1,
AK1=K 19Kl S(KY)=K, eK1)=1.
It is a well-known fact that the basis in U,(sl(2)) consists of the elements E™ F™2 K™3  where

n1, ne € Ny and ng € Z.
The adjoint action of the Drinfeld-Jimbo algebras is given by the formula (see e.g. [6])

adab = Z a(l)bS(a(g)).

In particular, in the case of the algebra U,(sl(2)) we have

adga = FaK~ ! —aEK™', adpa= Fa— K 'aKF,
adga = KaK™1', adgx-1a = K 1aK.

This shows that adg E = adp (K F') = 0 holds. We denote

X=E, Y=KF,

K-—K! (2.3)

Z =adgY =q ?EF — FE = —q Y¢—q "EF,

q—q7!
and take the element
¢=pry T EHaKT (24)
(@—q 1)~ '

which generates the center of U,(sl(2)).

From Egs. (2.3) and (2.4) we obtain
k=10 (71 (g-q0). (2.5)

g+q7!

Notice that the element K ! cannot be to expressed by these equations.
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3. The New Basis in U,(sl(2))
The next step is to express U,(sl(2)) using the elements X, Y, Z, C and W = K~!. From relations
(2.3), (2.4), (2.5) and the commutation relations (2.1) we obtain
CX=CX, CY=YC, CZ=2C, CW =WC,
WX =q2XW, WY =@YW, WZ=2ZW,
ZX =¢*XZ+(q—q YH2XC, YZ=q¢ZY + (q—q 1)?YC,
a—q!
q+q!
@Z+(q¢—q HOOW

YX-XY +

(¢Z +(¢—q1)C)Z =0, (3.1)
q+q!
q—q "

(@Z+(g—q)O)Na'Z —(g—q )C) +alg+q )XY + <q+q1> = 0.

:O’

The original elements E, F, K and K ! in U,(s1(2)) can be written in the following way:

1
E=X, F=WY, K='"—'5(Z+(-q"0), K'=W

If we denote by 7 a free algebra generated by X, Y, Z, C and W, and take the two-sided ideal J
in 7 generated by relations (3.1), the algebra U,(sl(2)) is equal to 7 /J.
It is easy to show the following analogy of the Poincaré-Birkhoff-Witt theorem:

Lemma. The elements X™ Y™ Z™C™ W™ where ni > 0, nine = 0 and ngns = 0, form the basis
in Uy(sl(2)).

4. The Adjoint Representation in the New Basis

The adjoint representation (2.2) can be rewritten in the form

adga = XaW —aXW, adpa=WYa—Way,
1

_q9—q -1
adxa= (¢Z + (¢ —q1)C)aW, (4.1)
adg-1a = 4-aq" Wa(qZ + (g —q)C).
qg+q7t

4.1. The finite dimensional representations

From relations (3.1) and (4.1) it is possible by direct calculations, to show that the vector space Vn
with the basis X™Y "2 Z"3(C™ where nine = 0 and nq +ne +ns+nyq < N, is invariant with respect
to the adjoint representation for any N. The dimension of this space is

dim Vy = % (N + 1)(N +2)(2N +3).

In the space Vy there are the highest weight elements X™ C"* ny +ny < N. It is well known,
see e.g. [, p. 61], that the invariant subspace

Vin,na) = ady, (s1(2)) (X1 C™)

has the dimension 2n; + 1 and is irreducible. Since

1
do@em+1)= 5 WAV +2)2N +3) = dim Vy,
n1+ns<N
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the subspace Vg, with the basis X"1Y"™"2Z"3C" nin, = 0, can be decomposed into a direct sum
of invariant subspaces

Vﬁn = @ V(nl,m;)-
n1,nq
The eigenvalue of adc on the space V(,, ,) is determined by the relation

q2n1 +1 + q72n171

ado(X™C™) = (g—q 1)

Xmon,

4.2. The infinite dimensional representations

By direct calculations we obtain the action of the adjoint representation on the elements of the basis
XM CmaWns and Y"2CO"4W™s for ns > 1 of the following form (in the formulas where X1 resp.
Ym2~1 occurs we suppose that ny; > 0 resp. ng > 0):

adE(Xn10n4Wn5) _ (1 o q—QnS)Xn1+ICn4Wn5+1,

q’2”1+”5+1[n5]

adF(anC”4W”5) = Xn1710n4Wn5+1

q—q!
+ (1 _ q72n1+2n5)Xn1710n4+1wn5
_ qn571[2n1 B n5] Xn1710n4Wn571
q—q! ’
adK(ancn4W7'L5) — anIXnICn4Wn5,
adg 1 (XM C™MW™) = ¢ M XM CMWTe,
—ng—1
adE(Y"QCTMW"S) _ _q " [77‘5]
q—q!
+ (q72n2 _ q72n5)Y’I’L2710TL4+1W7‘L5
q—2n2—n5+1[2n2 _ n5]
q—q!
adF(Yn20n4WT'L5) — q2n2+2(1 _ q2n5)YTL2+1CTL4WTL5+1,

yn2— 1 C«n4 Wn5+1

+ Yn2_10"4W"5_1,

adg (Y2 C™MW™) = ¢ 22y 2Cmwms,
adg -1 (Y"2C™MW"s) = ¢2r2ym2Cma s,
By using these relations we obtain

q2n172n5+1 +q72n1+2n571
ade (X™ M) = = Xmomayyns
q—q

+q2m [ns][ns + 1] X" C™ Wwnet2

+q " [ns][ng — ns)(q — g7 P XTCM IS
q2n2—2n5+1 +q—2n2+2n5—1
ado (Y™ CmWns) = CErE)E yragnrapyns
qa—9q

+ g2 [ns][ns + 1]Y ™2 C™ Wwnst2

_,’_an [n5] [TLQ _ n5]<q _ q_1)2yn20n4+1Wn5+1.
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4.2.1. The eigenvalues and the eigenfunctions of adc

Since Vg, is invariant subspace, we can define factor-representation of ad on the space
W = U,(sl(2))/Vsn.-

We denote this representation by the same symbol ad, no confusion arises from this abuse of notation.
In the space W we introduce the notation T,, = [n — 1]! W" for n > 1 and the basis consisting of
elements

X™MT,,C™, T, Y™C™ = [ns — 1| WY"2C™ = [ng — 1]! ¢*™2"sY"2C" WS,
In this basis the representation has the form

adp(X™T,,C™) = ¢ " (¢ — ¢ X" T, 11 C™,

q*2n1 +ns5+1

adp(X™T,,C™) = xm=tr, o Cm

q—q!
+q " g —nsl(qg — ¢ XM, O
g™ 200 —ns)ns — 1]

q—q!
adg (X™T, C™) = > X™T, C",

ni—1 n
XML, O

adg -1 (X™MT,,C™) = ¢ 2™ X™T, C™,
—2na+ns+1
1

q

adp(T,, Y2 C™) = — Tpe Y27 1Cm

q—q
—q "t g —ns)(q — ¢ )T, Y2 IO
g 2ns — ns)[ns — 1]
q—q "
adp (T, Y™2C™) = —¢" ™ (q — ¢ )Ty 1 Y2 T1C™,
adp (Tn, Y2 C™) = ¢~ T, Y "2 C™,

+ Tn5—1yn2_lcn4a

adg 1 (T, Y™ C™) = ¢*"*T,,, Y™ C™,

q2n1 —2ns5+1 + q72n1+2n571

adC(an Tn50n4) _ (q — q_1)2 Xn1Tn50n4 + q72n1Xn1Tn5+2cn4
+q M —ns)(g — ¢ )X M T, 1 O
q2n2—2n5+1 +q—2n2+2n5—1

adg(T,,Y"2C™) = Tp,Y20™ 4 g~ 22T, Y20

(g—q71)?
+q "2 —ns)(q — ¢ ) Thgs Y2 O™
To find the eigenfunctions of ad¢, we add certain vectors of the form
oo

Ny ) 0o No 0o
E g E Ay nsma X T Tp,C™  and g g E by ns,naLns CTY ™2

’I’L1:0TL5:1 ’I’L4:0 TL2:0TL5:1 ’I’L4:0
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to the space W and denote this new space by W. In the space W we find the elements

co k

N N1,Ny,S Na+2
|N1,0,N4,5>:ZZX 1(0277«1 T sk OV
k=0 r=0
N1,N4,S Ny+2r+1
b;l STy, 4 s a1 ONF2HL),
co k
Na,Ns,S Na+2
|0, N2, Ny, S) ZZ NS gy NI
k=0 r=0

(N2,N4,S
+d »o )TN2+S+2I§+1CN4+2T+1)YN2>

Nl,N4 S)

where N1 +5>1, No+ 5 > 1 and q; =1, for which the relations

q2S 1+q—2S+1

(q—q1)?

25— 1+q725+1

adC|N1,0,N4,S>: |N170 N47‘S>7

q

(q—q71)?

N1,N4,S N1,Ng4,S
(17 47) ndb}ngv 47)

adc|0, N2, Ny, S) = |0, N2, Ny, S)

are valid.

For the constants a, we obtain the system of equations

a,gﬁ;fgm [2k + 2][28 + 2k + 1] + ¢~ Maf M =0,

ag VNP 2k + 2)[28 + 2k + 1) = ¢ Mo NI S 4 2k +1](g — g1,

k+1,k+1
a0 2k + 2)[28 + 2k + 1] + ¢~ 21NN

= ¢ VNS 4 2k +1)(g - ¢7Y)? for 1< r <k,

b NI 2k 4 128 + 2k) = ¢ MaN NS 2k (g - 712,

b N 2k + 3][28 + 2k + 2] + g 2Nrp{y )

= q_Nla,(ffl’]TV“‘S) [S+2k+2](g—q 1) for0<r<k.

(N2$N4 S) and d(NQ’N4

The constants c;, %) fulfil a similar system of equations.

The system of equations for ay , and by, (for simplicity we omit the upper indices) can be solved

in the following way:

Let ap,0 = 1. If we know any a,, for 0 <t <s <k and by, for 0 <t <s <k —1, we find by, from

the equations
2k +1][25 + 2k]brx = ¢ N (¢ — ¢ )?[S + 2K]ag,
2k +1][28 + 2k]brr = ¢ N1 (g — ¢71)?[S + 2k]ak,r — ¢ PN b,y
for0<r<k-1.
If we know any a,; and b, for 0 <t < s <k, we find ag41,, from the equations
[2k + 2][2S + 2k + Vag1,0 = —¢ 2N1ay 0,
2k + 2][2S + 2k + Va1, = ¢ V(g — ¢ H)2[S + 2k + 1bgr—1 — ¢ Nag,

for 1 <r <k,

[2]{5 + 2] [25 + 2k + 1]ak+17k+1 = q_Nl (q — q_1)2[S + 2k + l]bk7k.

(4.2)

(4.3)
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As far as S > 0, S+ k # 0 for any k and from Egs. (4.2) and (4.3) we can evaluate ay , and by ,
with the help of ago = 1.

For S = —L < 0 we obtain zero in (4.2) for k = L and we are not able to find by, ,. For L =0
and k = 0 Eq. (4.2) is trivially valid and gives no other condition for by . For L > 1 the systems
(4.2) and (4.3) look like

2k + 1)[2L — 2k]brr = =™ (¢ — ¢~ 1)*[L — 2k]ap,k,
2k +1][2L — 2k)br,r = ¢V (q — 7' )?[L — 2K]ar,s + ¢ N b1,
for0<r<k-—1,
[2k + 2][2L — 2k — 1]akt1,0 = ¢ Mag,p, (4.4)
2k +2][2L — 2k — Yagsr,r = ¢ (g — ¢ 1)?[L — 2k — 1bey—1 + ¢ Mg,
for 1 <r <k,
2k + 2)[2L — 2k — Yagpr,h41 = ¢~ V(g — ¢ )?[L — 2k — 1by .
For 0 <k <L —1and k = L the system (4.2) is reduced to
ar,p =0, br_1,= gV (q— q_l)Q[L]aLﬂ« for0<r<L-—1. (4.5)

In the appendix we show that the system (4.4) has a solution for which ago = 1 and the relations
(4.5) are a consequence of it.

We make the following choice. The constants by, ., 0 < r < L which are not determined by the
system are set to zero. The constants ay , and by, for £ > L are uniquely determined by equations
(4.3) for k > L and by equations (4.2) for k > L + 1. Just this element is denoted by |N1,0, Ny, S)
for S <0.

Analogously, we define the elements |0, Na, Ny, S).

4.2.2. The decomposition of the adjoint representation in W

Next we introduce the space W C W which is generated by the elements |Ny,0, Ny, S) and
|0, Na, Ny, S). Now we find the action of the adjoint representation on these vectors. We obtain

adp|N1,0, Ny, ) = ¢ M7 9 (g — g Hx M H?

oo k
—2k (N1,N4,S Ny+2
X3S (a7 I Ty, g o O

k=0r=0

—2k—17(N1,N4,S) Ny+2r+1
+q by Tyt st2rt2CM 12T,

If we denote

—2k,_(N1,N4,S)

—2k—13(N1,N4,S)
Qpr =( akﬂn ’ bk),T =q bkm ’

we can easily show that if a,(ﬁl’N“’S) and bg\f’N“’S) fulfil Egs. (4.2) and (4.3) for Ny and S, then

ak,r, by, fulfil these systems for Ny + 1 and S. In addition for S = —L < 0 we have by, = 0. Since

(N1,Nq,S) _
a070 = a070 = 1,

a“dEUVla 07N47 S> = (q - qil)qiNlis|N1 + ]-7 07N47 S> (46)
Similarly, we show

adp|0, Na, Ny, S) = —(q — ¢~ g~ N279)0, Ny + 1, Ny, S). (4.7)
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If we apply adp on |Ny,0, Ny, S) where Ny > 1, similar but the more cumbersome calculations
gives
gV SNy — S][S + Ny — 1]

adF|N1,O,N4,S> = — q—q_l |N1 71,0,N4,S> (48)
and for action adg on |0, Na, N4, S) we can show that for Ny > 1
Ne+S-11N, — §1[S + Ny — 1
adp|0, Na, Ny, S) = 2 [No = SIS + N ]|O,N2 — 1,0, Ny, S). (4.9)

q—q!
Moreover, we have
adK|N1707N47‘S> = q2N1|N1707N47S>7
adk|0, Na, Ny, ) = q~*"2(0, Na, N4, S).

The representation preserves the value of Ny and S but changes Nj, and Ns. Nevertheless, we
see that the lowest and highest weight vectors are

adp|N1,0,Ny,S) =0 when S=N; >1lorS=1-N; <0,
adg|0, N2, Ny, S) =0 when S=Ny>1orS=1- Ny <0.

From the computations above it follows that for Ny > 0 the subspaces W defined as

—

Wis,o0,8,5) = adu, (si2)) 595 0, Na, S) = {|N1,0, Ny, S); Ny > S > 1}
for § > 1,

—

Woo,s,84,5) = adu, (si(2))[0, S, Nu, S) = {]0, N2, Ny, S); No > S > 1}

for § > 1,
= (4.10)
Wii—s,0.N.,5) = ady, 12 |1 — 5,0, Ny, S) = {|N1,0, Ny, S); N; > 1S}

for S <0,
W(O,I—S,N4,S) = ady, (s12))0, 1 = 5, Ny, S) = {[0, N2, Ny, S); N2 > 15}
for S <0

are invariant.

Except the elements from the subspaces (4.10) in the space W there are the elements of the form
|N1,0, Ny, S) with 0 < Ny < S and |0, N2, Ny, S), where 0 < Np < S. For the vectors |0,0, Ny, S),
where Ny > 0 and S > 1 we have from relations (4.6) and (4.7)
1

adEk |Oa 07 N47 S> = (q - q_ )kq_s_k(k_l)/2|ka Oa N4a S>7
adpx]0,0, Ny, S) = (¢4 — ¢)Fq™ 5 FE=1/2)0, k., Ny, S).
For Ny, > 0 and S > 1 we consider the invariant subspace
Wi0,0,n4,5) = ady, (s1(2))]0, 0, Ny, S).

This subspace contains all vectors |N1,0, Ny, S) and |0, Na, Ny, S) and is reducible. It is clear that
its irreducible components are W 0, n,,5) and Wio s, n,,5)-
If we bring together the previous results, we obtain:

Proposition. The space W can be expressed as a direct sum of the invariant subspaces in the form
o0 o0 oo
W=D ( D Wi omvu1-n1) @ Wi, var-n) @ D W(O,O,N4,S)> :
Ni=0 \N;=1 S=1

The subspaces W(070,N47S) are reducible, their irreducible components are W(&O,M,S) and 17\/\(0,571\7475),

and the dimension of the factor-space W(O,O,N4,S)/(W(S,O,N4,S) + 17\/\(0,571\;475)) is 25 — 1.
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4.2.3. The infinite dimensional representation for the adjoint representation of Uy (sl(2))

In Subsec. 4.2.1, we introduced the factor-space W, its modification W and factor representation
on the space W. In this section we return to the adjoint representation on the U,(s1(2)). This
representation acts on the vectors X"7,, C™ and T,,,Y"™>C"™* for ns > 1, as was described in 4.2.1,
but for n5 = 1 we obtain

q—2n1+2
adF(X”1T10”4) = — X"1_1T20n4
q—4q
+q—n1+1[n1 _ 1]((] _ q—l)an—lTlcn4+1 _ [277/1 — 1] Xn1—10n4
q—q! ’
q72n2+2
adE(T1Yn2Cn4) =—— TQY”2710n4
q—q
gy — 1](g — g HyTyretenett ¢ 22—y,

To get the eigenvectors and eigenvalues of the operator of adc back in the game, we modify
U,(s1(2)) as we did in the case of the space W. This space will be denoted by Uy (sl(2)).

It is easy to show that for Ny +S > 1 the representation is defined by relations (4.6)—(4.10), but
for N1 + .5 = 1 we have relations (4.7), (4.9) and

[2N; — 1]

q—q!
2N — 1]
q—q!

adF|N1,0,N4,1—N1) = — XN1_10N4,

(4.11)
adp[0, No, Nuy 1 — Np) = yNa=1Ns,
Consequently, the spaces
V(N1,0,Ns,1-Ny) = ady, sic2)) [ N1, 0, Ny, 1 — Ny,
V(0,Ns,Ni,1-No) = ady, (s1(2))|0, N2, Ng, 1 — Na)
are no longer irreducible but contain the finite dimensional invariant subspaces
aqu(sl(g))(XNl_lC'N“) and aqu(Sl(Q))<YN2_1CN4).
If we now define for any N; > 1, S > 1 and N4 > 0 the invariant subspaces of ﬁq (s1(2))
Vini—1,51) = ady, sig2)) (X 1ON),
V(N1,0,Ns,1-Ny) = ady, (si(2)) | N1, 0, Ny, 1 — Ny,
V0,81 Na,1-Ny) = ady, (si(2))|0, N1, Na, 1 — Ny,
V(s,0,N.,5) = ady, si2)) 15, 0, N4, S),
V0,5,N.,5) = ady, s1(2))|0, S, N4, S),
V0,0,N.,5) = ady, (s1(2))[0, 0, N4, S),
we can formulate the following theorem.
Theorem. The space ﬁq(sl(2)) can be decomposed to

o0 o0 o0
U,(s12) = ( D Vv ovi1-m) +Vom na-n) @D V(o,o,M,S)) :

N4=0 \N;=1 S=1
Moreover, Vin,—1,8,) = V(N1,0,N0,1=N1) N V(0,N1 Ny, 1—Ny) @8 the irreducible subspace of dimension
2Ny — 1, and the subspace V(o,0,n,,5) has the invariant infinite subspaces V(5,0,n,,5) and V(o,s,N4,9)
and the factor-space Vo ,0,n,,9)/(V(s,0,N1,5) + V(0,3,N4,5)) has the dimension 25 — 1.
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5. Conclusion

In the presented paper, we have studied the decomposition of the adjoint representation of the
quantum group Uy (sl(2)). By construction, we modified this quantum group U, (s1(2)) by adding some
formal series. Let us mention that this deformation can be obtained from Uy (sl(2)) that contains the

formal series. The quantum group U, (sl(2)) is a subgroup in Up(sl(2)) where we restrict ourselves
K-K!
N q—q~1

We showed that the decomposition of the quantum algebra U, (sl(2)) is more complicated than the
non-deformed case. The modified space Ugy(sl(2)) contains finite and infinite dimensional invariant

to the special formal series, especially to the formal series for K, K~! and [E, F] =

subspaces and, in addition, this space is not fully reducible, i.e., we cannot write it as a direct sum
of invariant irreducible subspaces.

Of much interest is a duality between the subspaces ﬁq(sl(Z)) with § > 0 and S < 0. It would
be useful to study whether this duality is a property of U,(sl(2)) only or it is a general property for
all quantum groups U,(g).

Appendix A.
In this appendix we show that the system (4.4) has a solution for which ago = 1 and that the

solution fulfils relation (4.5). First, we define the new variables oy, and 0y, by the relations

apr =q (g — gV ag ., b, =g BN (g g2 26,

With respect to these new variables the system (4.4) has the form

(2% + 1)[2L — 2K]Bsx = (L — 2K s,
2k + 1][2L — 2k]Brr = [L — 2k]oe,r + Be-1,,, 01 <k—1,
2k + 2)[2L — 2k — 1ags1.0 = aro, (A1)
2k + 2][2L — 2k — Nag1,, = [L — 2k — 1) Brro1 + e, 1 <71 <k,
[2k + 2][2L — 2k — 1]Ozk+17k+1 =[L—2k— l]ﬁk7k,

which is valid for 0 < k < L — 1, and the conditions (4.5) are of the form
oarr =0, Br-i,= [L]OéL,T for0<r<L-—1. (A.Q)

For k < L — 1 we obtain from the first and last equations of (A.1)

Bop = [L — 2k] N
PR Rkt 1] L2k OHP
7 [L — 2k — 1][L — 2k]
WL S ok 1 2] - 2L — 2k — 1L — 28] *HF
which results in
1 L2k (L)
(A.3)

! 2L — 2k — 1]! (]!

Bk = 2k + 1]! ’ [2L)! . [L —2k—1]"

In particular, from (A.3) we obtain oy x = 0 for k > $L and Sy = 0 for k > $(L — 1), and thus
ar. L = 0.
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Next for £ > r we put

[2r]t 2L —2k— 1]t C[2r4 1]t [2L — 2k — 2
2K 2L —2r — 1] R Prr = [2k 4+ 1]l [2L — 2r — 2]!

(and we define [0]!l = [—1]!!

Qf.r =

1), we obtain from (A.1) the system

Rit1,0 — Rro =0,
KN [2r— 1)1 20— 2k — 2!

Restr = Ber = Rk+ 111 270 2L —2k— 1)
2L —2r — 1!
P - 2 US, 21
St — Sy = 2k + 1)1 . [2r]! . [2L — 2k — 3]!!
e TPk T ol 2r + 11 2L — 2k — 2]
2L —2r — 2]!!
X m[lj — 2k — 2]Rk;+177-, r>0.
This systems results in
Rk},O = 17
r— 1! —2r — — s
R r—1t 2L —2r 1)) ’“Zl 24]1!
A YT 2L -2 £~ [2s+1]!
M [L—2s—1]Ss, 1, 72>1,
[2L—28—1] (A.4)
(2]t [2L —2r —2JU!
Sk r =
T R2r 41 [20 —2r — 1]
k
[2s — 1] [2L — 25— 1]!!
. -|L —2s|Rs >0
. ; 25]11 oL —2an LT 2 2
and the following relations:
Riyr =0 and Sp,_1=0 forallk’ >ky= Ry, =0 forallk> ko,
Sker =0 and Ry, =0 for all ¥’ > ko = Sk, =0 for all k > k.
To prove (A.2) it suffices to show the relation
(L] (L]
Sp-10=-——=Rro=— A5
s L (45)
and that for any r, 1 <r < %L we have
RL—7‘+1,7‘ = SL—r,r = 0. (A6)

First, we prove (A.5). In accordance with (A.4) we have

(L]  [2L—2) V[2s — 1 [2L — 25— 1)1

Sr_10= -2 :
L0 = oy 2L 1)1l &= [24]! [2L — 241!

- [L — 2s].

If we in substitute s — L — s in the sum, we will discover that Eq. (A.5) holds.
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The conditions Ry 41, = Sp—1,=0for 1 <r < %L are equivalent to the equations

L—r
[2s]!! [2L — 2s — 2]
L_2 _1 Q _ =
Z Bs 11l 2L_2s 1 [L 72 Sk =0,
s=r— (A7)

2s — 1) 20 —2s — 1!l
Z ) [23]!1] : 2L - 23]!!] (L~ 25]Rs;r = 0.

s=r

To prove these equations, we use (A.4). After an appropriate arrangement of the terms in the
sums we can deduce that (A.7) is valid if the following statement holds:

Let1<r< %L. Then for L = 2J we have

SJ+S,7’71 - Sstfl,rfl =0 for 0 <s< J - T,

Rytsr—Rj_sr =0 forl1<s<J-r,
and for L =2J+11is

SJ+s,7‘—1 - SJ—s,r—l =0 for1<s<J—r+1,

(A.9)
Ritsyipr —Rj—sr =0 for0<s<J—r.

We will study the first case (A.8). Let 1 < r < J. The relation Ryys, — Rj_s, = 0 for
1 < s < J—r with the use of (A.4) is equivalent to the equation

J+s—1

[2¢ [4] — 2t — 2!
t§5[2t+1] [4 — 2t — 1! (20 =2t = 1](S¢,r—1 — S27—t—1,,—1) = 0,

which is the consequence of the relation Sj4s,-1 —Sj—s-1,-1 =0 for 0 < s < J—r. On the other
hand, for 2 < r the equality Syysr—1 — Sj—s—1,,—1 = 0 for 0 < s < J — r is equivalent to the
equation

J+s

2t — 1)1 [4J — 2t — 1] B
ZJ: 4T 241 (27 = 28)(Bur-1 = Bog-tr-1) = 0
t=J—s

and this is the consequence of the relation Rj4s,-1 — Rj_sr—1 =0for 1 <s<J—7r+1.

It follows from this consideration that for L = 2.J all relations (A.8) are result of the relations
Srts0—Sj—s—10=0for 0 <s < J—1.

Similarly, we can see, that for L = 2J 4 1 the validity (A.8) follows from Sj4s0— Sy—s0 = 0 for
1<s<J.

For L = 2J with the use of (A.4) the condition Sjyys0 — Ss—s—1,0 = 0 is equivalent to the
equation

J+s
2r — 1)1 [4J —2r — 1)U
> 2]t 4 — 271

-2 —2r] =0,

r=J—s
which we can easily prove by substitution » — 2J — r, and for L = 2J + 1 the condition Sjis0 —
Sj—s,0 = 0 is equivalent to the equation

“’i [2r — 11 [4] — 27 + 1)1

[2r]l [4J —2r + 2)1!

2J—-2r+1]=0,
r=J—s+1

which is easily seen to hold after substitution r — 2J — r + 1.
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