NONLINEAR ATLANTIS
MATHEMATICAL PRESS

PHYSICS

Journal of Nonlinear Mathematical
Physics

ISSN (Online): 1776-0852 ISSN (Print): 1402-9251
Journal Home Page: https://www.atlantis-press.com/journals/inmp

Commutativity of Pfaffianization and Backlund Transformations:
The Leznov Lattice

Chun-Xia Li, Jun-Xiao Zhao, Xing-Biao Hu

To cite this article: Chun-Xia Li, Jun-Xiao Zhao, Xing-Biao Hu (2009) Commutativity of
Pfaffianization and Backlund Transformations: The Leznov Lattice, Journal of Nonlinear
Mathematical Physics 16:2, 169-178, DOI:
https://doi.org/10.1142/51402925109000169

To link to this article: https://doi.org/10.1142/5S1402925109000169

Published online: 04 January 2021



. ATLANTIS
\\.e World Scientific PRESS

www.worldscientific.com

Journal of Nonlinear Mathematical Physics, Vol. 16, No. 2 (2009) 169-178
© C.-X. Li, J.-X. Zhao and X.-B. Hu

COMMUTATIVITY OF PFAFFIANIZATION AND BACKLUND
TRANSFORMATIONS: THE LEZNOV LATTICE

CHUN-XIA LI

School of Mathematical Sciences
Capital Normal University
Beijing 100048, P. R. China
trisha-1i2001@yahoo.com

JUN-XIAO ZHAO

School of Mathematical Sciences
Graduate University of the Chinese Academy of Sciences
Beijing 100049, P. R. China

Institute of Applied Physics and Computational Mathematics
P. O. Boz 8009/28, Beijing 100088, P. R. China
jxzhao@gucas.ac.cn

XING-BIAO HU

Institute of Computational Mathematics
and Scientific Engineering Computing
AMSS, Academia Sinica, P. O. Box 2719
Beijing 100029, P. R. China
hzb@Isec.cc.ac.cn

Received 20 March 2008
Accepted 14 November 2008

In this paper, we first obtain Wronskian solutions to the Backlund transformation of the Leznov lattice
and then derive the coupled system for the Backlund transformation through Pfaffianization. It is shown
the coupled system is nothing but the Backlund transformation for the coupled Leznov lattice introduced
by J. Zhao etc. [1]. This implies that Pfaffianization and Backlund transformation is commutative for the
Leznov lattice. Moreover, since the two-dimensional Toda lattice constitutes the Leznov lattice, it is obvious
that the commutativity is also valid for it.
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1. Introduction

Béacklund transformations play a very important role and have made great contributions in the
development of soliton theory [2, 3]. As the transformation between a solution of a given linear or
nonlinear differential equation and another solution to another same or different differential equation,
a Backlund transformation provides us a powerful tool to construct solutions. Moreover, its bilinear
form not only generate Lax pairs used in the inverse scattering method in a standard way, but also
new soliton equations and Miura transformations. A typical example is the Backlund transformation
for the KdV equation which can be used to derive Lax pair for the KdV equation, generate the
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modified KAV equation (mKdV) and the Miura transformation between the KdV equation and the
mKdV equation [4, 5].

Pfaffians are more general than determinants and have richer structures. Many interesting fea-
tures of pfaffians have been discovered through research into soliton equations. The pfaffianization
procedure, introduced by Hirota and Ohta in 1991 [6], is a fairly effective technique to general-
ize soliton equations with determinant solutions into their coupled systems with pfaffian solutions.
Recently, this procedure has been successfully applied to several important equations [7—-13]. Besides,
Gilson has also generalized all the equations in bilinear KP hierarchy to their pfaffian forms [14].

So far, the solutions to bilinear equations are expressed by determinants or pfaffians. Determi-
nants are for the KP hierarchy. The pfaffian representations are for the B-type KP hierarchy and
for the coupled KP hierarchy. As the Bécklund transformation for the KP equation, the modified
KP equation also has determinant solutions and thus can be pfaffianized. Based on these facts, Hu
etc. proposed the idea of commutativity of pfaffianization and Bécklund transformation for the KP
equation in [15]. They successfully derived the Backlund transformation for the coupled KP equation
[6], which to a certain point, solved the open problem posed by Hirota in his book [4]: What kind of
soliton equations are generated from Bécklund transformation formulae of the coupled KP equation?
The main idea of commutativity of pfaffianization and BT (CPBT) may be explained as follows.
Given a general soliton equation, say X, suppose that the coupled ¥ system is generated through
pfaffianization of ¥ and the modified ¥ (mX) system also serves as a BT for ¥, then the system
derived by pfaffianizing mY. should provide us with a Bécklund transformation for the coupled ¥ if
the CPBT is valid for ¥ (see Fig. 1).

In the present paper, we show that the commutativity of pfaffianization and BT, is also valid for
the two-dimensional Leznov lattice. It is worth to point out that the commutativity is also valid for
the two-dimensional Toda lattice equation as proved in [23], noting that the bilinear system of the
Leznov lattice is nothing but the bilinear form of the two-dimensional Toda lattice plus one more
equation.

The paper is organized as follows. In Sec. 2, we present Wronskian solutions to the modified
Leznov lattice. In Sec. 3, we derive the pfaffianized system to the modified Leznov lattice. In Sec. 4,
we show that the pfaffianized system constitutes a Bécklund transformation for the coupled Leznov
lattice. Further discussions are given in Sec. 5.

2. Wronskian Solutions to the Modified Leznov Lattice

The Leznov lattice under consideration is given by [16]
2

1 en - e'n Pn - 207LPIL en— P’n— 3 2.1
D20y n +1 41 + 1 1 (2.1)
apn
=0p41 — Op_1, 2.2
S = b = O 22
m Pfaffianization Pfaffianized m>
BT BT
> Pfaffianization coupled ¥

Fig. 1.
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which occurs as a special case of the so-called U-Toda system UT (m1, ms) with m; = 1 and ms = 2.
By introducing an additional variable z and the following dependent variable transformations:

o fn+1fn—1 o 1 Dnyfn fn
O = T, Py = S
fi 2 fatrfnaa

we obtain the bilinear form of the Leznov lattice (2.1)—(2.2) [17]

[DZ/DZ - 2(6Dn - 1)]fn : fn = 07 (23)
(DyDOC - 2D26Dn)fn : fn =0. (24)

where the bilinear operators D, D and exp(D,,) are defined by [4, 18]
e 0 0 0 .,
DyDsa - b= <ax - 3%') <35 - 88’) a(z, $)b(a", 8") |/ =z,5=s
and

eXp(Dn)an “bn = app1bp-1.

It has the following Bécklund Transformation [17]

(D= A"teP — ) fu - fr =0, (2.5)
(Dye% Fhe T —qe Vo fl =0, (2.6)
(Dy = A7 D ePm — X" pePr + k) fo - fL = 0. (2.7)
Considering the special case A =~y =k =1 and p = —1, we have the modified Leznov lattice
(szeDn+1)fn'f7lL:0: (2'8)
(Dye% fe Tt — P Vfn - [l =0, (2.9)
(Dy — D.ePr —ePr L 1)f, - f = 0. (2.10)

Similar to the 2D modified Toda equation [4], we can easily show that the soliton solutions to
(2.8)—(2.10) can be expressed as determinants

fo=det(gs(n+j = Dh<igen, fi=det(ds(n+j - Di<ij<n, (2.11)
where ¢;(m) and ¢;(m) satisfy the following relations:

Film) = 9u(m +1) — i(m),  <-6u(m) = ~6i(m ~2), (212)

0 0
g, Pi(m) = ¢ilm+ 1), Fodi(m) = —¢i(m —1), (2.13)

fori=1,2,...,N.
In fact, we can express f, and f/ in a compact form [19, 20]

fo=10,....N=1|, fi=11....N], (2.14)
fo=10,0,....,N—2/=|-1,0,....N—2|+|—1,0,...,N — 2|, (2.15)

where 7 — 1 and _ﬁ denotes the column vector (¢1(n+j —1),¢a(n+35—1),...,¢n(n+7— 1))
and (¢1(n+j —1),¢2(n+j—1),...,¢n(n+ 7 —1))T respectively. By using the dispersion relation



172 C.-X. Li, J.-X. Zhao & X.-B. Hu

(2.12) and (2.13), we obtain the differential and difference formulae

_ S 9 N SN
fT/L—1:|_17"'7N_2‘? a_yT/L:‘O??N 7N|7
0 .,
aefn = 7102 N1 - |21 N —1],
0 —~ — 0 —~ ~ —
££:—|—1,1,...,N—1| &f,/kl:—|—2,0,. JN —2|,
fop1=I1,1,...,N—1|=10,....,N—1|+10,1,...,N — 1],
0 ~ —
aifn:_|_270a aN_2|_‘07_2313 'aN_2|+‘07_130327 aN_2|a
xr
0 ~ —
a—fn+1:|0, ,N—2,N|+11,1,...,N —1|+|0,1,...,N =2, N|,
0
—fo=—|-10,...,N=2|—1]0,-1,1,...,N — 2|
0z
=—/-10,....N=2|—|—-1,-1,1,...,N = 2|,
0

Lt =—101,... . N—=1|-11,0,2,...,N — 1|
0z

=—10,1,...,N—1|—10,0,2,...,N —1].

Substitution of the above expressions into the modified Leznov lattice will lead to the following
Pliicker relation respectively

(Dz+ e =1)f5 fo = fg f ffna Fut foafoss = ffa

:|—A1,...,JV—\2|><\0,1,...,N—1|—|—1,1,...,N—1|><|0,6,...,N/—\2

+00,...,N—1|x[0,-1,1,...,N—2| =0, (2.16)
_Dn Dn _Dn a a
(Dye™ 2 —e2 +e 2 )fyll'fn:fn+1a—yffl*ffla—yfn+1*f£+1fn+féfn+1
~=10,...,N—2,N|x0,1,....N—1|—[0,....,N—1| x [0,1,...,N — 2, N|
—[1,...,N|x0,0,....N —2| =0, (2.17)
(Dze_D" —e P D, + 1)f' “fn
0
:fn+1£f7,171 fn 18 fnJrl fn f +fn f f7/171fn+1+fnf7/1
=10,0,...,N -2 x |-2,1 —1\—|—2,0,...,N—2|><|0,A LN
—[0,...,N—1|x0,= T N—2[+[0,...,N—1| x0,51,0,2,...,N — 2|
—10,0,...,N —2| x |=1 65 N—1i|—|=1,...,N—=2/x10,0,2,....,N—1|=0. (2.18)

Therefore, the modified Leznov lattice has Wronskian solutions f,, and f] given by (2.11).

3. Pfaffianization of the Modified Leznov Lattice

Generally speaking, for high-dimensional soliton equations with Wronskian solutions, we can always
obtain their coupled systems through pfaffianization. In this section, we will consider the coupled
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system for the modified Leznov lattice (2.8)—(2.10) in the same way. In order to do this, we replace
frn and f! expressed as determinants with those expressed as pfaffians

fa=pf(1,2,....N)n, fl=pf(1,2,...,N,N+1,¢),, N is even, (3.1)

whose entries satisfy

0 o . ) . 0 L . . .
E%ﬁ@ﬁn:—ﬁ@—lﬁn—ﬁud—Qh,zﬁﬁ@ﬁn:ﬁ@+Lﬁn+ﬁ@J+Um

S pE(isf)n = ~PE(i — 1, ) — (i~ 1),
pf(ivj)n+1 = pf(Z + 17.7 + 1)”) pf(i,C)n = 1

Then we can calculate that

frna =p(0,1,3,...,N), —pf(—=1,2,...,N)p, fn.=—0(0,2,...,N),, (3.2)
for1 =0f(2,3,...,N,N+ 1), fat1,y=pf2,...,N,N+2),, (3.3)
o1 =pf2,...,N+2,¢)n, fr_1=0pf0,...,N,0)n, (3.4)

frlwc =pf(1,...,N+1,¢), —pf(-1,2,...,N+1,¢), +pf(0,1,3,...,N +1,¢),, (3.5)

féy =pf(1,...,N,N+2,¢), —pf(1,...,.N+1,¢)p, (3.6)

fr/l,z =pf(l,...,N+1,¢)n —pf(0,2,...,N + 1,¢),. (3.7)

Following Hirota and Ohta’s procedure, we now introduce four new functions defined by

on =pf(0,1,..., NN+ 1), g, =pf(0,1,...,N+1,N+2,¢)p, (3.8)
gn =pf(2,3,...,N —1)p, o, =pf(2,3,....,N—1,N,¢)p, (3.9)

Then we can show that fo, !, gn, gl,, 0n, and o}, so defined satisfy the following bilinear equations

(D= +e P =) fy - fo—ouo, =0, (
(Dye_% s +e—%)f7’l~fn+e%ana;:07 (
(D,ePr —e P — D, +1)f - fo —onol, — D.oy, - o), =0, (
Dofo-0n_1+ fa10n + faon_1 = fr_19n = 0, (
D.0ni1 - fr+ Onfpir + Onirfr = fas19, =0, (3.14)
Dyfn 03 = fn+100 1 = fnon + gnfy =0, (
Dy - [, = Ons1fno1 — onfp + frgn =0, (
D.fpi10n = Dafp - 0ng1 = fri10n + foons1 + Dagp - fasr — g frir = 0, (
D.oy - fo—1 = Doy _q - fo—0pfa1 + 051 fa— Dagn - fro1— Gnfp_1 = 0. (

In fact, substitution of (3.1)—(3.9) into (3.10) will lead to the following pfaffian algebraic identity
[5, 6]

pf(ai,az,...,an-1,,B,7)npf(a1,a2,...,aN-1,0)n
—pf(ai,as,...,an—1,0,0,0)npf(a1,a2,...,aN-1,7)n
+pf(ar,as,...,an—1,a,7,0)npl(a1,a2,...,an—1,0)n
—pf(ai,aa,...,an—1,0,7,0)npf(a1,a2,...,an-1,,a), = 0. (3.19)
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where the list {a1,a2,...,an—_1} represents {2,3,..., N} and the list {a, 3,7,0} is chosen to be
{0,1, N + 1,¢}. Thus, (3.10) holds. Similarly, we can prove that (3.11) and (3.12) also hold. More-
over, with the help of another pfaffian identity

pf(ai,az,...,an—2,0,0,7,0)npf(a1,a2,...,an—-2)n
—pf(ar,as,...,an_2,a, B)npf(ar,as,...,an—2,7,0)n
+pf(ar,as,...,an—2,a,7)npf(ar,as,...,an—2,3,0)n
—pf(ar,ag,...,an—2,a,0)p,pf(a1,az,...,an—2,5,7)n =0, (3.20)

we can prove that (3.13)—(3.18) hold. Therefore Eqgs. (3.10)—(3.18) constitute a pfaffianized version
of the modified Leznov lattice (2.8)—(2.10).

4. Backlund Transformation for the Pfaffianized Leznov Lattice

Recall that f,,, o), and gy, given by (3.1), (3.8) and (3.9) are solutions to the following coupled Leznov
lattice [1]

[DI/DZ - 2(6Dn - 1)]fn : fn + 20'ngn = O,
(DlDy - QDZeDn)fn . f’n = 2DZUTL *n,
Dye_%Dngn . fn - _Dze%Dngn : fna

Dye*%ann “On = _Dze%D"f'rL “Gn;s
which is generated through pfaffianization of the Leznov lattice (2.3) and (2.4). Then we have

Proposition 4.1. The pfaffianized version (3.10)—(3.18) of the modified Leznov lattice (2.8)—(2.10)
serves as a BT for the coupled Leznov lattice (4.1)—(4.3).

Proof. For the sake of convenience, we introduce an additional discrete variable m and set

fn = fu(m), Un:fn<m+1)7 gn:fn(m71)7 (4'5)
fn=TIam), g =fom+1), o, =f,(m-1).

Then Egs. (4.1)—(4.3) are reduced to

[DyDZ - 2(6Dn - 1)]fn : fn + 2fm+1fm71 =0, (47)
(DyDy —2D,ePr —2D,ePm)f, - f, =0,
DyeiéD'ﬁ»DTmfn : fn = _Dze%D"Jr%fn : fn' (49)

In this case, (3.10)—(3.18) are transformed into

(Dye™2Pr —e3Pr g e3P0 e D=3 Dn) fl () - £ (m) =0, (4.10)

(D, —ePr 4+ ePm 1 1) fu(m) - f.(m) = 0, (4.11)

(Dye™ 20m - emDrmD g e730m — 2P (i) - fu(m) =0, (412)

(D e2Dnt3Dm 4 o=3Dnt3Dm 4 o3Dnt3Dm _ 3D ED"‘)fn(m) - fh(m) =0, (4.13)
(DzefD” e Pr D, +1—ePm 4 DzefDm)f,'l(m) < fn(m) =0, (4.14)

+6_%_D7m —}—DZeDTm_DT71 — GDTW_%)f;l(m) : fn(m) =0. (415)
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Therefore what we need to do is to prove that (4.10)—(4.15) are a bilinear BT for (4.7)—(4.9), i.e.
the following equations hold,

P1=[DyD. —2(e”" — 1) +2¢P7]f,(m) - f,,(m) =0,
P2 = (DyezPm=3Pn 4 D,e3PmtsDnyf! (). f! (m) =
P3 = (D,D, —2D.eP —2D.eP™) f/ (m) - f(m) = 0.
In fact, by using (4.10)-(4.15) and the bilinear identities in Appendix, we can precisely show that
—fa(m)?P1 = [DyD. fu(m) - fn(m) = 2fni1(m)fr_1(m) + 2 fn(m)®
+2fn(m + 1) fr(m — D) f,(m)* = [DyD. f},(m) - fr.(m) = 2fy1(m) fr,_1 (m)
+2f5,(m)* + 2, (m + 1) f.(m = 1)] fu(m)?
=2Dy[D; fu(m) - f1,(m) = frs1(m) fr,_y(m) + fu(m + 1) f;,(m — 1)
+ fu(m) fr(m)] - (fa(m) fr.(m)) + 2[(Dy frr1(m) - fr(m) + fa(m) fr1(m)
= fas1(m) fr,(m) = faga(m + 1) f(m — 1)) fu(m) f,_1 (m) — 2[(Dy fu(
+ frm1(m) fr(m) = fa(m) fr,_1(m) — fu(m + 1) f_1(m = 1) fuia(m) fy, (m)
—2[(Dyfu(m+1) - fr(m) = fapr(m+ 1) f_1(m) — fu(m + 1) f;,(m)
+ fu(m) fr(m + 1)) fu(m) fr,(m — 1) = 2[(Dy fu(m) - fr.(m — 1)
= fasr(m) fr_y(m = 1) = fa(m) fr(m — 1) + fu(m — 1) f,(m))] fu(m + 1) f,(m)
=0,

m) - f_i(m)

—[e2Pmt3Dn £ (m) - fo(m)]P2
= [(DyesPm=3Pn 4 D e3Pmt3Dn) [ (m) - f(m)][e2Dmt 2P f1 (m) - 1 (m)]
— [(DyePm=3Dn - D e3Pmt 3Pyl () . f! (m)][e2Pm+2Pn £, (m) - fo(m)]

- zsthDm) (Dye2Pn f(m) - fi(m)) - (e~ 2P fo(m) - f1(m))
- QSinhGDn) (Dyez P fo(m) - f2(m)) - (e~ 2Pm f(m) - £, (m))

+251nh< Do+ 1D, ) (D fu(m) - £(m)) - fulm) fi(m)

_ 2sinh<§Dm) (3D e3P tD . (m) - f1(m)] - (720 fo(m) - £l (m))
- QSinh(;Dn> (e3P + P ADm () - f1(m)] - (=207 fu(m) - £1(m))

+ 251nh<%Dm + %Dn> (P —ePm) fu(m) - £l (m)] - (fu(m) f,(m))
=0,

fr(m)P3 = f2(m)(DyD, — 2D.e"" —2D.eP™) f(m) - fr,(m)
- fr?(m)(DmDy - 2DzeDn - 2D26Dm)fn(m) < fu(m)
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= 2D,(Defim) - fuli) - i) fuom)
— 4D cosh D [ 0m) - falm) - (e ¥ fim) - (o)

S fL(m) - fa(m)

Do (28 i m) - Fum) - (e
—2D,(D.f! (m) - fa(m)) - F(m) fu(m)
P e Pnm T (m) - fu(m)] - (e

—4D, cosh [(D e

é”[(Dye—DTm e DI L m) - fu(m)] (e fm) - fa(m)

= 2Dy(Dy fr(m) - fu(m)) - f, m)fn(m)
—2Dy[(szé(m)-f( ) - (€77 fr(m) - fn(m))
— fa(m) fu(m) - (Dze™ P fr(m) - fu(m))]
—2Dy[(szé(m)-fn(m)) (e P fr(m) - fu(m))
= fa(m) fu(m) - (Dze™ P fr(m) - fu(m))]

—4D, cosh%[e‘Dm_DT"f,’L(m) < fa(m)] - (e_D_;frlL(m) - fn(m))

(&

m D m

2 fam) - fa(m)] - (€772 fr(m) - fn(m))

= 2D, f1,(m) fu(m) - [(—Dy + Doe™Pr + D e Pm — 7P —e=Pm) 1 (m) - f,(m)]
FADL £ () - For(m— 1)+ Dyfy () - fam = Dlfalm + 1) faga (m)
+4[szn(m) : fn+1(m + 1) + Dyfn+1(m) : fn(m + 1)]f;,1(m)f;(m - 1)

=0.

D,
— 4D, cosh T[

In this way, we have completed the proof of Proposition 1. a

To sum up, we have proved that the CPBT is valid for the Leznov lattice.

5. Conclusion

In this paper, we present Wronskian solutions (2.11) to the modified Leznov lattice (2.8)—(2.10)
and derive its coupled system (3.10)—(3.18) by pfaffianization. We further show that the coupled
system for the modified Leznov lattice (3.10)—(3.18) is nothing but the Béacklund transformation for
the coupled system of the Leznov lattice (4.1)—(4.3). This means that the CPBT is also valid for
the Leznov lattice besides the KP equation. Moreover, we proved that the CPBT is applicable to a
special lattice proposed by Blaszk and Szum [21, 22].
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Appendix

The following bilinear identities hold for arbitrary functions a, b, ¢ and d:

(DyDga - a)b® — a*(DyDsb - b) = 2D, (Dsa - b) - (ab) (A1)

1 1 1 1 1
= 2sinh 5Dm) (DyezPrg - b)- (em2Prq - b) — 251nh<§Dn> (Dye2Pma - b)- (e~ 2Pma - b)
(A.2)
D 2 D 2 Dn Dn _Dn
(DgePra-a)b® — (Dye”mb-b)a* = 2D, cosh - (eza-b)-(e"2a-b) (A.3)
Dy, —(1/2)D —(1/2)D
2D, cosh - (Dye= (/2 Png . b) . (e=(1/2)Dng . b)
= Dy[(D.a-b)-(e"Pra-b) —ab- (De Pra-b)). (A4)
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