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In this paper, we introduce a g-analogue of the Tricomi expansion for the incomplete g-gamma function. A
general method is described for converting a power series into an expansion in incomplete g-gamma function.
Also, we use the g-Tricomi expansion for giving a formal proof of the relation between the incomplete gamma
function and the exponential integral. Finally, we formally deduce the g-Tricomi expansion via the g-Taylor
expansion.
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1. Introduction

The incomplete gamma function is given by [3, 12]:

xr
a—1_-—t —1,.« &
= = F — . 1.1
(e, x) /Ot e 'dt = o 1<a+1‘ x) (1.1)
In 1950, Francessco G. Tricomi [11] stated without proof the following expansion:
oo
« ’y(a + n’ :E) n

V(o we) = w E%T(l*w) ; (1.2)

n=

which is a special case of the multiplication theorem [3, 6.14(1)]

A (flor) =0 W gy (1)) EOE (13)

!
n=0 n'
for the confluent hypergeometric functions. In a search for better methods of evaluating the expo-

nential integral

Ei(z) = /00 t~ e tdt (1.4)
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(which occurs widely in applications, most notably in quantum-mechanical electronic structure cal-
culations), Gautschi et al. [6] discovered the following equation

y(n, z)
n!

(o)
Eq(z) = f’yflnx+z (1.5)
n=1
from the Tricomi expansion as a limiting case, where v denotes the Euler constant. Also, Shy-Der
Lin et al. [10] presented a rather elementary demonstration of Eq. (1.5) without using the Tricomi
expansion.
Gupta [7] defined a g-analogue of the incomplete gamma function by

1 xr
Lyfan) = o [ g )t (16)
! (1=q)* Jo =
and studied its important analytical properties and gave an application of it in statistical distribution

theory.

The organization of this paper is as follows. In Sec. 2, we give some ¢-notations. In Sec. 3, we
introduce a g-analogue of the incomplete gamma function, essentially the same as (1.6), and some
of its identities. Some of the properties obtained in this section were already obtained in [7] with
different proofs. Section 4 is devoted to proving a g-analogue of the Tricomi expansion. In Sec. 5,
we give a general method to express any power series in a specific form as a series in the incomplete
g-gamma function. In Sec. 6, we present a g-analogue of an important relation of the incomplete
gamma function. Finally, Sec. 7 presents another proof of the g-Tricomi expansion by the g-Taylor
expansion.

2. Preliminaries
In this paper we will always assume that 0 < ¢ < 1. The basic hypergeometric function is defined
by [9]
Aly ...y Ay - (a1, ar5q)k k EB(k—1)\14s—r 2
' 8<b17--~7bs > ;)(b17---7bs;Q)k(( ) ) (4 O @1)

where the ¢-shifted factorials are defined by [9]

(CL; q)O = la

k-1
(G;Q)k:H(lfaqj); E=1,2,...,
j=o
i,
(a1, ar @)k = [ J (@i @),
=1
. K3

(a: ) = [](1 = ad).

i=0
The classical exponential function e® has two different natural g-extensions denoted by eq(x) and
E,(x) and defined by [9]

0 = a2k 1
eq(2) = 10 ( ‘q;x) = : = |zl <1 (2.2)

and

where x € C.
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The g-difference operator Dy is defined by [9]

f@) - 1),
(1-qz ’
D,f(z) = (2.4)
4 (0) -
dzr ’ N
where
df (z)
1 D
um of(z) = dr
The g¢-integral on (0, z) is defined by [9]
[ 7t = = a3 s (25)
0 k=0
3. A g-Analogue of the Incomplete Gamma Function
Definition 1. The incomplete g-gamma function is defined by
wa) = [ B (- - ast, Re(a) > 0. (3.1)
0
As a special case of (3.1), we have
4 o
Vg (04 1——q> =q¢°Ty(a),
where
= (¢:9)
1= - q:4) —a
Lyfa) = [ B (- - eyt = (2D (1 - g,
0 (q 7q)oo
The relation between the two formulas (1.6) and (3.1) is that
Tyla,z) = q % <a, 1ﬂ> , 0<zx<1.
—q
Lemma 1.
xa q(X )
wlen) = 2 von i a—(a= 1) (52)
where the quantum number (o], = lff;

Proof.

ulans) = | O B (— (1 — q)t)dyt

=(1—q) E: (2¢")* T By (= (1 - g)aq")

ak:

:U—Q)Wl—qxquZ
k=0

1—qxq
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Then
(o3 q70 (e}
a,x)=(1—q)z“((1 —q)x;q)co ; . 3.3
wlana) = (1= 2 (1 - s 201 () Jaia) (33
By using the relation [9]
a,0 A (a2;q) oo 2.
21 ¢ 4q; - (C,Z,q>oo 141 az 4q; )
we get
(1 - q)z*(¢* " q)x q*
7‘1(0‘71“) = (qaq) 1¥1 qa+1 q; (q_ 1)
l.a qa
= @ 1901<qa+1 Q7_(q - 1).’13') . O

If we take the limit as ¢ — 1, then we get the second equality in (1.1).

Lemma 2.

Dyg(e,z) = 27 Eq(—(1 — q)x). (3.4)

Proof. We get the proof immediately from the observation that (D F)(z) = f(x) if F(z) =

) dt -
If we take the limit as ¢ — 1, then we obtain [3, 9.2(8)]
Lo o,a) = a0 ee,
Lemma 3.
Dy(a (0, )) = —(gw)~ra + 1,q). (3.5)
Proof.
Dy(z™ %4, 2)) = o Z (= 1)kq(2 (qa)—fl(;(:;); q)z)* (1—g"
_ 1 i (*1)k_1q(k51)(qa+1; Di—1((1 — q)gz) " 1—g*
[y = (¢ Dr—1(4°"2 @)k 1— o+l
=ty gos1 191 fva| =0 1)
—(qz) "ty (a+ 1, qx). 0

Also, we can prove the following lemma by induction:

Lemma 4.

DMz yg(e, @) = (—1)"¢%) (¢"2) " "yq(a + 1, ¢"). (3.6)
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If we take the limit as ¢ — 1, then we have [3, 9.2(9)]

n

@ (a@) = (1) (a0, ).

Lemma 5.
ala+1,q2) = =" [=algyg(a, ) — e Ey(~(1 - g)a). (3.7)
Proof. By using Eq. (3.5), we have
Ya(a +1,q2) = —(qa)** Dy (2™ vy (e, 2)).
By using the g-Leibniz’ rule [9]

(Dq(f9))(x) = (Dgf)(x)g(x) + f(qz)(Dgg)(x) (3.8)
and Eq. (3.4), we obtain

Yalo+ 1, q2) = —(q2) " ([algz ™ (0, 2) + (q2) "2 By (—(1 — )))

=~ ol (0.2) — " By(~(1 = ga). .
If we take the limit as ¢ — 1, we get [2]
(@ +1,2) = ar(a,z) — e,
Lemma 6.
Dy (eql(1 = 92(0.2) = (1~ ) (0,2) + 2o~ ~ 1+ (59)
Proof.
Dyfeal(1 = e)afar ) = —r—{ea((1 — () = 1 = (1~ alea(1 — e)lra(e )
(= By~ - )
and by using the relation [9]
eq(2)Eq(—2) =1, (3.10)
then
Dfe(1 = D) (.2)) = e4((1 — )y (0,a) +a°fa~ — 1+ 4] -
Also, we can prove the following lemma by induction:
Lemma 7.
D eq{(1 = )y 0. 2)) = ey((1 — gl 2) + ijD;(wa[x-l Sirg) (Y
= (1~ )y (na) + 27— (1= g)a + gj [ ]l
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If we take the limit as ¢ — 1, then we obtain

L (e (@a) = (o) + Z 27 o= 1),

dxm

where (a)—m =ala—1)(a—2)---(a—m+1).
By using Eq. (3.4), we can prove the following lemma:

Lemma 8. The g-difference equation of the function v,(c, x) is given by:
[(1 = @)z][1 + (1 = @)a] Ding(e,2) — [1 = (1 = @)z — ¢ Dgg(er, z) = 0. (3.13)
If we take the limit as ¢ — 1, then we have
v (o, ) + (x — a+ 1)y (o, ) = 0,

which is the differential equation of the function v(a, ).

4. g-Tricomi Expansion

In this section, we will give a g-analogue of the Tricomi expansion.

Theorem 1. (q-Tricomi expansion)

0 = Vgl +n,z) 1
Q,wr) = w E ————(W;@)n; <2< —; 0<w<1l; a>0, 4.1

— (@&9n
where [n],! = =

Proof. Consider the following double series

o\ o (W @)n
g = (1= q)(zw)*((1 — ¢)z; ¢) o [(1- q):chk]”7 a > 0.
2.2 33 T
(4.2)
This double series will have positive terms ifz >0, (1-qaz¢ <1Vi=0,1,2,..., w >0 and
wgt <1Vi=0,1,2,.... But ffq < m and 1 < 1 Vi =0,1,2,.... Then, the double series
(4.2) is of positive terms if 0 < z < Tq and 0 <w < 1
The sum by rows of the double series (4.2) is given by
oo oo o0 ak o0
a q (w7 q)”l kin
agn) = (1= q)(zw)*((1 - 9)z; 9)so (1 =q)zqg"]") . (4.3)
;(; ) ,; (1= q)z;q)x nz:‘;) (¢ Dn
By using the ¢g-binomial theorem [9]
- (a2; @)oo
Z =" |z| < 1, (4.4)
= ( (23 @)oo
then we get
- (@*(1 - w23 9) oo 1
[(1—q)zq Z| < —.
; S (@*(1 - 9)z10)os <14

Then

o /e o ak (1= @)wz; oo
> (Z o n) Um0l (= i) Z (1 —qq)w;q)k (E]q’“((l —qg)x; qz)oo '
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By using the relation [9]

(45 9) o0
(a5 Q)m

=(aq™;¢)o0, meC,

then we get

o0
Z (Z ax n) (1= q)(aw)™ > ((1 = @)1wq"; 0)ocq™ = v4(a, wi). (4.5)
k=0 \n=0 k=0
Then, the series > 2 o (307, ak,n) converges.

Now, the double series (4.2) is of positive terms and one of its repeated series is convergent, so
also is the other and also the double series; and the three sums are the same. Also, the interchanging
of summation order is always true [1]. Then

o s (w%CI)n a+n - q(a+n)k
Yolo,wx) = w — 1quqC>o
— (@ @)n
az( CI)' Yola +n,2). m
o [n]q!

Now, in Theorem 1 if we take the limit as ¢ — 1 we can easily prove in a formal way that

Y(a, wx) = w® Z W(l —w)", (4.6)

n=0
which is the Tricomi expansion in the case of the incomplete gamma function.
By using (4.1) and (3.2) with  replaced by *_, we obtain

Lemma 9.
1@1( Zil q;wx> z[a]qz LGS 901< Ziﬁl q;x) L; 0<z<l1l, 0<w<l1l (4.7
q —la+nl, q (¢, @)n
Replace x by (¢ — 1)z and take the limit when ¢ — 1, then we have formally
a = () a+n [—(1 —w)z]™
F = ——— 1 F — 4.
1 1(a+1wx> nzzo(a+1)nl 1<a+n+1‘x> ] ; (4.8)

which is a special case of Eq. (1.3) (Erdélyi multiplication formula).

5. Some Expansions in v4(a, x)

We can write the g-Tricomi expansion in the form

vqla, wz) (o) = Z Wq(a—i-n,x)(

W, Qn
w el [n]q!
and by using Eq. (3.2), we get
oo ak o0
a q Yqla+n, x)
1=z (1 - Qi @)oo ) 7~ —YWla,2) = ) ———7—(w, Dn.
D (e AR Dl i )
When w — 0, we have
2 = (0 +n,2)
L) =Y e T 5.1
aly ) = 2 T o)
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or
x“ = gl +n, )
= , 0<z< —
[aq ,;0 [n]q! —q
Then
otk Yela+mn, )
Lk >0.
[a + K Z [n — Klg! 7 B

We can choose arbitrary dj, subject to convergence, to form the following series

0 a+tk
o),
[oHrk ZZ n — K]g! 0
k=0 k=0 n= Ic
y a+n x)
= Z . Z[ ]qdk7
' k=0
where [}], = [k]q[[ii, (¢g-binomial). Then
S xotk = Yl +n, )
—  dy= Cn, RUASSELERAS ALl
kzzo [a + Klq[K]o! ,;) ! [n]q!

(5.4)

where ¢, g = > 1 _[#]qdk- So, the power series which take the form given in the left side of Eq. (5.4)

can therefore be written as a series in incomplete g-gamma functions.
. k(k—1)
For example, if we take dj, = (—1)*¢~ 2z~ w®**, then

n
(h—1)
Cng =Y [Ha(—1)Fq" T Wk,
k=0

By using (4.4) if we replace a by ¢~ and z by _a_gi’ we get

n

k(k—1)
z"(—a/x;q)n = Z[Z]qq = adfa"

k=0
which is called Gauss’s ¢-binomial formula. Replace z by 1/w and put a = —1, then
n " k(k 1)
@ n =Y _[tlgg 7 (—1)Fwh.
k=0
Hence,
Cn,q = wa(w; Q)na

and

o0 Yeq k(R—1) atk

2 (wx a+n,x W
Z (wa) Z% ' ) (W Q).
T ot KA [n]q.

In view of (3.2), (4.1) is the special case of di, = (—1)*q wetF of (5.4).

6. A Formal Proof of the Expansion Formula in Eq. (1.5)
It is well known that [3, 9.7(5)]

> (_l)nflxn
Ei(z)=—y—Inz+ Z R ——
—~ n-n!

(D"t o (),

n.n! n!

so it would suffice to prove that > -,

(5.5)

(6.1)



Incomplete q-Gamma Function and Tricomi Expansion 149

Now, in (5.4) with a > 0 if we take

1 E lc(k;l)
g, — (71 ’
[k + 1]

then

Cn,q = Z[E]qW

k=0
—1 ntl k(k—1)
=y D e
9 k=1

By using Eq. (5.5) at x = ¢ and a = —1, we get

—4q n+1 n+1
= 1/0: _
Cn,q [Tl n l]q {q ( /Q7 Q)n+1 q }
q
= , n>0
[n+1],
and coq =1
By using Eq. (5.4), we have
i (—1) I i Yol +n, ) ()
=q — T V¢, T).
=0 [a + Elq[k + 1]g! el [n +1]g! !

Put a = 1 and take the limit when ¢ — 1, then formally

L (—1)k gk > v(n,z
: 1]2.k! *ZW( = (6.2)

k=1

which proves the expansion formula in Eq. (1.5).

7. g-Tricomi Expansion and g-Taylor Expansion

In this section, we will formally deduce the ¢-Tricomi expansion via the g-Taylor expansion. Let f(z)
be a continuous function on some interval (a,b) and ¢ € [a,b]. Then the g-Taylor expansion ([4, 8]
and [5]) is given by the formal series

f2 =3 %wsﬂ@, 2 € (ab). (7.1)

By using the substitution ¢ — ¢~*

fo) =3 CEUE 2 Dn gy oy,

n=0 q =2 [n]q'

, we get the formal series

Then

= (_1)nxn(qu)” n —-n
flwz) = Z W'(Dq Mg "x).
n=0 q 2 [n]q
Now, let f(z) = 2~ *y4(e, z) and by using the relation (3.6), we obtain

—« - (_1)nxn(w? q) n =D n
(wz) ™ yq(a,wz) = Z Wn(fl) q ? =z ‘vla, )
n=0 q 2 [n]q'

thereby recovering Eq. (4.1).
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