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We consider Lotka—Volterra systems in three dimensions depending on three real parameters. By using
elementary algebraic methods we classify the Darboux polynomials (also known as second integrals) for
such systems for various values of the parameters, and give the explicit form of the corresponding cofactors.
More precisely, we show that a Darboux polynomial of degree greater than one is reducible. In fact, it is a
product of linear Darboux polynomials and first integrals.
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1. Introduction

The Lotka—Volterra model is a basic model of predator-prey interactions. The model was developed

independently by Alfred Lotka (1925), and Vito Volterra (1926). It forms the basis for many models

used today in the analysis of population dynamics. It has other applications in Physics, e.g. laser

Physics, plasma Physics (as an approximation to the Vlasov—Poisson equation), and neural networks.

In three dimensions it describes the dynamics of a biological system where three species interact.
The most general form of Lotka—Volterra equations is

n
i’i:f‘:ixi""zaijxixja 1=1,2,...,n.
j=1
We consider Lotka—Volterra equations without linear terms (g; = 0), and where the matrix of
interaction coefficients A = (a;;) is skew-symmetric. This is a natural assumption related to the
principle that crowding inhibits growth.
The most famous special case of Lotka—Volterra system is the KM system (also known as the
Volterra system) defined by

.Tz in(ﬂfi_;,_l _-Ti—l) = 1,2,...,71, (11)

where 29 = zp41 = 0. It was first solved by Kac and van-Moerbeke in [13], using a discrete version of
inverse scattering due to Flaschka [10]. In [16] Moser gave a solution of the system using the method
of continued fractions, and in the process he constructed action-angle coordinates. Equations (1.1)
can be considered as a finite-dimensional approximation of the Korteweg-de Vries (KdV) equation.
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The variables z; are an intermediate step in the construction of the action-angle variables for the
Liouville model on the lattice. This system has a close connection with the Toda lattice,
éli :ai(bH_l—bi) i:l,...,n—l

bi=2(a2-d?,)) i=1,...,n.

In fact, a transformation of Hénon connects the two systems:

1
ai:—§\/x2¢x2¢_1 i:l,...,n—l
1 .
b; = 5(5621'—1 +w2) i=1,...,n.

The systems which we consider are all integrable in the sense of Liouville. In other words, there
are enough integrals in involution to ensure the complete integrability of the system.

Any constant value of a first integral defines a submanifold which is invariant under the flow of
the Hamiltonian vector field. A second integral is a function which is constant on a specific level set.
While a first integral satisfies f = 0, a second integral is characterized by the property f = Af, for
some function A which is called the cofactor of f. Second integrals are also called special functions,
stationary solutions, and in the case of polynomials, eigenpolynomials, or, more frequently, Darboux
polynomials. In systems which have a Lie theoretic origin (e.g. the full Kostant Toda lattice), they
arise from semi-invariants of group actions. The importance of Darboux polynomials lies in the
following simple fact. If f and ¢ are relatively prime Darboux polynomials, with the same cofactor,
then their quotient is a first integral. We propose to understand the behavior of a system based on
the algebraic properties of its Darboux polynomials.

As a starting point we consider the system

1 = x1(reg + sws3)
To = $2(—T$1 + tl‘g) (12)
i‘g = (Eg(—S(El - t$2)

where r, s, t € R.
Our main result is the following:

Theorem 1. An arbitrary Darbouz polynomial of the system (1.2) is reducible. In fact, it is a
product of linear Darboux polynomials.

The method of proof that we use follows the approach of Labrunie in [14] for the so called ABC
system.

The system (1.2) is Hamiltonian. We define the following quadratic Poisson bracket in R?® by the
formula

™= T‘l’ll'gi N —+ Sl’ll'gi A i —|—t962963i A i
8.731 8.732 6331 8.733 6562 8.733

Generically, the rank of this Poisson bracket is 2 and it possesses a Casimir given by F' = xﬁx; Sk
The function H = 1 4+ x5 + x3 is always a constant of motion. In fact, taking H as the Hamiltonian
and using the Poisson bracket (1.3) we obtain Eq. (1.2).

Lotka—Volterra systems have been studied extensively, see e.g. [4, 12, 19]. The Darboux method of
finding integrals of finite dimensional vector fields and especially for various types of Lotka—Volterra
systems has been used by several authors, e.g. [2, 3, 5-7, 14, 15, 17, 18].

The paper is organized as follows. In Sec. 2, we recall a few basic facts about Darboux polynomi-
als. In Sec. 3 we prove Theorem 1 under general conditions for r, s, t, and we also give the explicit

(1.3)
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form of the cofactors. Section 4 deals with the case s = t. We did not examine other such cases since
the method of proof is identical with these two cases. Finally in Sec. 5 we present in detail three
examples which include the open and periodic KM-system in three dimensions.

2. Darboux Polynomial Preliminaries

Consider a system of ordinary differential equations
dl‘i

i =vi(z1(t),...,za(t)), i=1,...,n, (2.1)
where the functions v; are smooth on a domain U C K”. Here K = R or K = C, and we denote by
K[x], x = (z1,...,2,), the ring of polynomials in n variables over K. Let ¢ : I — U be a solution

of (2.1) defined on an open non-empty interval I of the real axis. A continuous function F': U — R
is called a first integral of system (2.1) if it is constant along its solution, i.e. if the function F o ¢ is
constant on its domain of definition for arbitrary solution ¢ of (2.1). When F' is differentiable, it is
a first integral of system (2.1) if

sz 83:1 =0, (2.2)

where Ly is the Lie derivative along the vector field v = (v1,...,v,). If A is any function of x, then
the Lie derivative of A is the time derivative of A, i.e. A = ‘f{? = LV(A). The vector field generates
a flow ¢; that maps a subset U of K" to K™ in such a way that a point in U follows the solution
of the differential equation. That is, ¢(x)(t) = v(¢(x)) ¥V x € U. The time derivative is also called
the derivative along the flow since it describes the variation of a function of x with respect to ¢ as
x evolves according to the differential system.

Many first integral search techniques, such as the Prelle-Singer procedure, are based on the

Darboux polynomials. A polynomial f € K[x] is called a Darbouz polynomial of system (2.1) if

Ly(f) = A\, (2.3)

for some polynomial A € K[x], which is called the cofactor of f. When A = 0, the Darboux polynomial
is a first integral; f is said to be a proper Darboux polynomial if A # 0. Let f;, fo be Darboux
polynomials with cofactors A1, Ao, respectively. It is easy to verify that:

(i) The product f; fs is also a Darboux polynomial, with cofactor A\; + \a, and
(ii) If Ay = Ay = X then the sum f; + f5 is also a Darboux polynomial, with cofactor .

The following propositions ([11]) give some more elementary but important properties of Darboux
polynomials.

Proposition 1. Let f, g € K[x| be nonzero and coprime (i.e. they do not have common divisors
different from constants). Then, f\g is a rational first integral if and only if f and g are Darboux
polynomials with the same cofactor X € K[x].

Proposition 2. (i) All irreducible factors of a Darboux polynomial are Darbouz polynomials,

(ii) Suppose that the system (2.1) is homogeneous of degree m, i.e. all v; are homogeneous of degree
m, and let f be an arbitrary Darboux polynomial of (2.1) with cofactor A. Then X is homogeneous
of degree m — 1, and all homogeneous components of f are Darboux polynomials of (2.1) with
cofactor \.

Thus, the search for Darboux polynomials can be restricted to irreducible polynomials, and,
if the system is homogeneous, to homogeneous polynomials. Since the dynamical system (1.2) is
homogeneous of degree 2, the cofactor of any Darboux polynomial of the system will be a linear
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combination of the variables x1, 22, 3. It follows that any Darboux polynomial f of system (1.2)
will satisfy

0 0 0
L(f) = x1(ras + sxg)a—gl + xo(—rx; + tmg)a—;; + x3(—sx1 — tz2)8xfg

= (ax1 + Bag + yu3)f, (2.4)

where «, 3, v are constants. If it is not clear from the context, we shall denote these constants by

a(f), B(f), v(f) respectively.

3. Darboux Polynomials of the Lotka—Volterra System

We carry out our analysis aiming at maximum generality, that is, imposing as few conditions on the
parameters 7, s, t as possible. In this section we make such assumptions in Propositions 9, 10 and
Theorem 2, however, as we note in Remark 3, one can obtain the results by making assumptions
about the cofactor of the Darboux polynomial instead of the parameters. An important role in this
work plays the homogeneity property, as can be seen in the following two propositions.

Proposition 3. Let f be a homogeneous Darboux polynomial of system (1.2) of degree m. If v(f) #
0, then [ has no a§* term so that f(x1,x2,x3) = x1P(x1, T2, x3) + T2 (21, T2, T3).

Proof. Since the polynomial f is homogeneous, we use Euler’s identity

Using Eq. (3.1) we substitute for z1 52 a in Eq. (2.4) to obtain
of

xo(—rxy + twg — reg — sx3)=—— + w3(—sw1 — txe — roe — ST3) ——
6562 6563

= (ax1 + (8 — mr)za + (y — ms)xs) f.
Setting x1 = 0, 2 = 0, and letting F'(z3) = (0,0, z3) we have
—s23F" (23) = (7 — ms)z3F (x3). (3.2)

If s =0, v # 0, Eq. (3.2) implies that F' = 0. Otherwise, if s # 0 we have F(z3) = mc;nfws, for some
constant k. Since f is homogeneous of degree m, the only term containing only x5 is necessarily z%".
Thus, if v # 0 we must have F' = 0 also in this case, and the proposition is proved. 0

We shall use the following notation: for a polynomial f = f(x1,22,x3) we denote f = f|u o,
f = flesa=o, f = flzs=0. We denote N,, = {1,2,...,m}, Ny, = N,, U {0}, and for any number 7,
Npr ={nr:n € Np}.

Proposition 4. Let f be a homogeneous Darboux polynomial of degree m. If v(f) # 0, then s =
0= 23|f, t=0=21|f, s#0 and v ¢ Nppns = za|f, t #0 and v ¢ Nyt = 1] f.

We also have the following statements for a and (3:

If B(f) # 0, then r = 0 = x3|f, t = 0 = x|f, r # 0 and B ¢ Nyr = axs|f, t # 0 and
ﬁ ¢ —N,t = (Ellf

If a(f) # 0, then v = 0 = a3|f, s =0 = za|f, 7 # 0 and o« ¢ —Nyr = x3|f, s # 0 and
a # —Npys = xalf.

Proof. We prove the statements for . The proof of the statements for « and 3 is similar. Assume
that v # 0. Then, it follows from Proposition 3 that f = x1¢1 + x2v1, where ¢1 = ¢1 (21, 22, x3),
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1 = Y1(x1, 29, x3) are either homogeneous polynomials of degree m — 1, or zero (but they are not
both zero). Setting this in Eq. (2.4) yields

21 L(¢1) + 22 L(1) = (awy + B +y23 — o — s23)T101
+ (ax1 + PBxo + yxs + rey — tas)xah. (3.3)

Setting z2 = 0 in Eq. (3.3) we have
21 L(¢1) = (axy + (v — s)az) 2161
The operator ¢; — ¢; commutes with the derivations with respect to x; and 3, and therefore we
obtain
¢ 09
ST1T3 ((;:éi - 82) = (ax1 + (v — 8)x3) 1. (3.4)

If s = 0 then ¢, = 0, which implies that ¢, is divisible by x5 and that f = z1¢1 + 29t is divisible
by x2. Suppose now that s # 0, deg¢; = deg1 = m — 1, and that v # ns, n € N,,. The r.h.s.
of (3.4) is divisible by 1, and since v — s # 0, it follows that x1|¢;. Let ¢ = 21¢9, where ¢ is a
homogeneous polynomial of degree m — 2. Then, we have

991 _ 0 0d1 _ , 02

=T1— + ¢2, —— ==z ,
81'1 ! axl ¢2 axg ! 8x3

and from (3.4) we obtain

ST1T3 (% — %) = (ax1 + (7 — 28)x3) 2.

Since v — 2s # 0, ¢4 is divisible by x;. Continuing in the same way we obtain

where deg ¢,,—1 = 1, and x1|¢s,—1. Thus, ¢,,,—1 = const. a1, and from the above equation we have
sxg = axi + (v — (m — 1)s)zs. By equating coefficients we obtain v = ms, which is a contradiction.
Therefore, we must have ¢; = 0, which implies that f is divisible by z.
Setting x1 = 0 in (3.3) and using (2.4) we obtain
b1 Oy ~
¢ L) = —t .
273 <8m2 s (Bra + (v — t)as)n

If t = 0 then 1?1 = 0, hence 1) is divisible by z1 and so f is divisible by x1. Suppose that t # 0,
degy = degyy = m—1, and v # nt, n € Np,. Then it can be shown in a similar way as above that

11 is divisible by 21, which implies that f is divisible by 1, and the proposition is proved. O

This leads to the characterization of the cofactors of Darboux polynomials of system (1.2), as
follows.

Proposition 5. Let f be a homogeneous Darbouz polynomial of degree m. We have either (f) = 0,
or /Y(f) = 7S N S Nma or ’Y(f) = 72t7 Y2 S Nma or ’Y(f) = 718—"_’7215’ Y2 S {172a"'7m_ 1}a
M€ N’H’L7’YQ .

Proof. Since f is a Darboux polynomial it satisfies L(f) = (az1 + Sz2 + vyas3)f. Suppose that
v # 0 and v # ns, n € N,,. Then by Proposition 4 f is divisible by s, that is f = x5 f; for some
homogeneous polynomial f; of degree m — 1 and we have

L(f1) = ((a+7)z1 + Bra + (v — t)x3) f1-
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Suppose that y(f1) # 0, i.e. v # t, and that v(f1) # ns, n € Ny,_1, that is v #ns+ ¢, n € Np,_1.
Then, again by Proposition 4 it follows that fi is divisible by zs, and writing f; = 2 fo we obtain

L(f2) = ((a +2r)xy + Bao + (v — 2t)x3) fo.

If v #£ 2t, and v # ns + 2t, n € N,,_o, then f5 is divisible by x5. Continuing in the same way, after
m — 1 steps we obtain

L(fin-1) = (a4 (m = 1)r)as + Bas + (y — (m — 1)t)s) fruos, (3.5)

where deg f,—1 = 1. If v # (m—1)t and v # s+ (m — 1)¢, then xs|f,,—1, and thus f,,_1 = const xs.
From Eq. (3.5) we then have —rzy + tos = (o + (m — 1)r)z1 + Bxe + (v — (m — 1)t)z3, and by
equating coefficients we obtain v = mt. We therefore conclude that we have either v = 0, or v = ns,
ory=mnt,n € Ny, orv=y8+t v =12..m-1 v € Ny_,,, and the proposition is

proved. O

Remark 1. We note that in the proof of Proposition 5 we can make the successive assumptions
Y(f) # nt (n € Np), v(f1) # nt, (n € Npp—1)y ..., Y(fm—1) # nt, (n € Nyi), which imply that the
respective functions are divisible by x7. We obtain the same result also in this case, in particular
the relation «y s+ v2t with the conditions vy = 1,2,...,m —1, 72 € Ny,_,, which are the same with
the conditions stated in the proposition.

Proposition 6. Let f be a homogeneous Darbouz polynomial of degree m. We have:

(a) a(f) =0, or a(f) = —aqr, a1 € Ny, or a(f) = —ass, ag € Ny, or af) = —aqr — ags,
ar=1,2,....m—1, 01 € Npp—q,-

(b) B(f) =0, or B(f) = Bir, B1 € N, or B(f) = —Bat, B2 € Nm, or B(f) = pir — Pat, B2 =
1,2,....m—1, ﬁleNm_gz.

Proof. The proof is similar to the proof of Proposition 5. O

The following propositions give further analysis on the cofactors, and their relation with the
parameters and the form of the Darboux polynomials.

Proposition 7. Let r, s, t be nonzero, r\s = q1, r\t = g2, and s\t = q3. Let f be a homogeneous
Darbouzx polynomial of degree m, and oy, s, B1, B2, 71, Y2 the integers which appear in Propositions 5
and 6.

(a) ffOél‘F(OQ—j)qi1 ¢ Np—j and (3 —(52—3')(1% ¢ Nin—j, for j =0,1,2,...,m—1, then ap = a.
(b) If (o1 — j)a1 + a2 & Nop— and%‘#(%—j)q% ¢ Nin—j, for j =0,1,2,...,m—1, then a; = .
(C) If_(ﬁl_J)Q2+52 ¢Nm7j and (’71—3)QS+72 ¢N’mfj7 fO’I"j = 03172a' "7m_]-7 then ﬁl ="7-

Proof. We prove statement (a). The proof of statements (b) and (c¢) is similar. If ag or [y is
nonzero, then by hypothesis we have a(f) = — (a1 + Oézq%)r # 0 and a(f) # —nr, n € Ny, or
6(f) = (81 — ﬂQq%)T # 0 and B(f) # nr, n € N,,, respectively. In either case, it follows from
Proposition 4 that f is divisible by x3. We can write f = x3f;, for some homogeneous polynomial
f1 of degree m — 1, and we have

L(f1) = ((a+ s)x1 + (B +t)xe + y3) f1
= ((—aur — (a2 — D)s)ay + (Bir — (B2 — )t)xe + ya3) f1.

By the same argument as above, if we do not have as(f1) = (2(f1) = 0, i.e. if we do not have
ag = (B2 = 1, then we have either o(f1) = — (a1 + (a2 — l)qil)r # 0 and a(f1) # —nr, n € Npy_1, or
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B(f1) = (01 — (B2 — l)qiz)r # 0 and B(f1) #nr, n € N1, and fi is divisible by z3. Continuing in
the same way, after m — 1 steps we obtain

L(fm-1) = ((—a1r — (a2 — (m — 1))s)x1 + (Bir — (B2 — (m — 1))t)x2 + v23) frn—1, (3.6)

where deg f,,,—1 = 1. If we do not have as = B3 = m — 1, then it follows by our assumptions that
23| fm—1, which implies that f,,,—1 = const x3 and f = const z4". However, as(z3) = fa2(z3) = 1,
and by simple properties of Darboux polynomials it follows that as(f) = B2(f) = m. Therefore, we
must have ag = B3 = n, for some integer n € {0,1,2,...,m}, and the proposition is proved. 0

Proposition 8. Letr, s, t be nonzero, r\s = q1, and r\t = q2. Let f be a proper Darbouz polynomial,
homogeneous of degree m, with v(f) = 0, and let a1, ag, (1, P2 be the integers which appear in
Proposition 6.

(a) If a1 # 0 and a1q1 + as & N, or 31 # 0 and —(B1q2 — B2) & Nu, then s = —pt, for some
positive rational number p.

(b) If an = 31 =0, (a2 —j)qi1 ¢ Ny—j and — (052 —j)qi2 ¢ Ny—j, for j=0,1,2,...,m—1, then we
have f = x52I where I is a first integral.

Proof. (a) Suppose a1 # 0 and a1 + ag ¢ N,y,. The other case is similar. Then we have a(f) =
—(a1q1 + a2)s # 0 and a(f) # —ns, n € N,,. From Proposition 4 it follows that f is divisible by
T2, so that f = xo f1 for some homogeneous polynomial f; of degree m — 1, and we have

L(f1) = (e + )z + Bae — tws) f1. (3.7)

Equation (3.7) shows that f; is a Darboux polynomial with «(f;) = —t. However, from Proposition 5
we have v(f1) = y1s+72t for non-negative integers 1,72 € {0,1,2,...,m — 1}. Therefore,
75+ Y2t = —t, which is possible only if v; # 0, in which case s = —%t, and the statement is
proved with p = H%

(b) Suppose that a3 = ;1 = 0. Since f is a proper Darboux polynomial with «(f) = 0 we must
have as # 0 or B2 # 0, and our assumptions imply that in fact s = f2 (see Proposition 7). We
have a(f) = —ae qilr # 0 and a(f) # —nr, n € N,,. It follows from Proposition 4 that f is divisible

by x3. So f = x3f] for some polynomial f] of degree m — 1, and we have
L(f1) = (=(az2 = L)sz1 — (B2 — L)ta2) f1.

By the same argument, if ag — 1 = 2 — 1 # 0, then f{ is divisible by x3. Continuing in the same
way, we find that f = 2521 for some first integral I (I =1 if ap = §2 = m), and the proposition is
proved. 0

These results allow us to characterize the Darboux polynomials of system (1.2).

Proposition 9. Let f be a Darboux polynomial of system (1.2), homogeneous of degree m. If s =0
then

f=x3"f1, (3.8)

where f1 is a Darbouz polynomial with v(f1) = 0. If s, t are nonzero and Ny,s N Nyt = 0, then we
have

f=z"z3" fo, (3.9)

where fo is a Darboux polynomial with v(fo) = 0. Here, the non-negative integers v, vy2 are such
that y(f) = 715 + 2t
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Proof. If v(f) = 0, then the result in each case follows by setting 1 = v = 0, f1 = fo = f.
Suppose that y(f) # 0 and s = 0. Then, by Proposition 4 f is divisible by x5, and writing f = z2 f]
we have

L(f]) = ((a+ 7)1 + Bra + (v — t)a3) fi.

Let this procedure be repeated as many times as it can, and let 79 be the number of times that
it can. We have f = xJ* f1, where f; is a Darboux polynomial with v(f1) = v — vat = 0 since we
had to stop the division procedure by x5, and Eq. (3.8) is proved. Suppose now that v(f) #0, s, t
are nonzero and N,,s N Nyt = (. Thus v ¢ N,,s or v € Np,t. Let us consider the case v ¢ Nyy,s.
The case v ¢ N,,t is similar. Then f is divisible by x5 and as before we have f = z)* f}, where
1% is a Darboux polynomial with v(f) = v — 72t. Since we had to stop the division procedure by
x2, we must have either v(f) = 0, in which case Eq. (3.9) is satisfied with 3 = 0 and f2 = f3, or
Y(f%) = 71, for some 41 € Ny,. In the latter case y(f4) ¢ Nyt and f4 is divisible v, times by 21,
that is, f5 = z]" fa, 7(f2) = 0, and Eq. (3.9) follows. O

Remark 2. The condition N,,s N N,,t = () implies that there do not exist integers ni, no € N,,
such that s = Z—ft. This condition is satisfied in each of the following cases:

(a) one of s, t is positive and the other is negative,

(b) s, t have the same sign but one is rational and the other irrational,

(c) s, t have the same sign, they are both irrational, and their ratio is irrational,

(d) s, t have the same sign, they are both rational, and s/t < 1/m or s/t > m,

(e) s, t have the same sign, they are both irrational, their ratio is rational, and s/t < 1/m or
s/t > m.

Remark 3. In Proposition 9, instead of the condition N,,s N N,,t = (), we can make an alternative
assumption as follows. First let s\t = g3, and let fx, k =0,1,2,..., f = fo, be a sequence of Darboux

polynomials as we describe below. We denote v(fx) = v1(fx)s + v (fx)t, 11 = n(f), 72 = 7=(f)-
For £k =0,1,2,...,v1 + 72 — 1, we suppose that

(1) 7 (fr) +72(fk)qi3 ¢ N or (i) 7(fr)as +72(fx) & Nt (3.10)
In particular, if v1(fx) = 0 then we require condition (i) to hold, whereas if v2(f;) = 0 then we
require condition (ii) to hold (if 1 (fx) # 0 and v2(fx) # 0 then we can have either condition (i)
or (ii)). If condition (i) holds, then v(fx) # 0 and v(fx) # ns, n € Ny_k, which implies that fi
is divisible by xo. Thus fr = zafr+1, and Y1 (fer1) = M (fx), 2(fre+1) = Y2(fx) — 1. If condition
(ii) holds, then ~(fx) # 0 and ~v(fx) # nt, n € Ny,—_p, which implies that 1] fx. In this case we have
fe =21 fer1, 1 (frer1) =11 (fx) — 1, v2(fr+1) = v2(fx). Following this procedure, after v + 2 steps
we obtain f = z]*z3? f', where y(f’) = 0.

The following proposition states similar results in terms of the constants o and (. The proof is
similar to the proof of Proposition 9.

Proposition 10. Let f be a homogeneous Darbouzx polynomial of degree m, and let oy, aso, (1, B2
be the integers which appear in Proposition 6.

(i) If s =0 then f = x3* f1, where f1 is a Darboux polynomial with a(f1) = 0.
(i) If r, s are nonzero and —Ny,r N (=Ny,s) = 0 then f = x5'a5? fo, where fy is a Darbouz
polynomial with a(fs) = 0.
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iii) Ifr, t are nonzero and N,,rN(—=N,,t) = 0 then f = P2 f3, where f3 is a Darboux polynomial
1 T3
with B(f3) = 0.

We are now ready to prove the main result of this section.

Theorem 2. Let f be a Darbouz polynomial of system (1.2), homogeneous of degree m. Suppose that
either: (i) s = 0 and NyyrN(—=Nppt) = 0, or (ii) 7, s, t are nonzero, NpyyrN(—=Npt) = 0, NpsNN,, t =
0, and (—=Npr) N (=Nps) = 0. (In particular, condition (ii) is satisfied, for example, when r > 0,
t>0ands<0,orr<0,t<0ands>0). Then, there exist three non-negative integers i, j, k and
a polynomial first integral I — which may be trivial — such that

f=alalalkl (3.11)
and

alf)=—rj—sk, p(f)=ri—tk, ~(f)=si+1j. (3.12)

Proof. Consider the case s = 0 and N,,,7 N (—N,,t) = (. The other case is similar. We use Eq. (3.8)
of Proposition 9 and the equations in statements (i) and (iii) of Proposition 10 in the following
algorithm.

(1) Set n=0and f, = f.
(2) Applying Proposition 10 for « (statement (i)) yields

fn=25" fuy1,  a(fny1) =0.

If fn41 is a first integral, go to the final step, else increment n by one.
(3) Applying Proposition 10 for 3 (statement (iii)) yields

fo=2"2 fuii, B(fus1) =0.

If fn4+1 is a first integral, go to the final step, else increment n by one.
(4) Applying Proposition 9 for v (Eq. (3.8)) yields

fn :xngn+17 7(fn+1) =0.

If f,41 is a first integral, go to the final step, else increment n by one and return to step 2.
(5) (Final step) Set I = f,,4+1 and using the sequence of equations linking f; to fi11,1=1,...,n
given by the algorithm determine the exponents i, j, k in Eq. (3.11).

At every step one has deg fi+1 < deg f;; when three consecutive terms of the sequence are of
the same degree, they are equal and «(f;) = B(fi) = v(f1) = 0, so f; is a first integral. Thus the
algorithm converges in a finite number of steps. Equation (3.12) follows from simple properties of
Darboux polynomials.

If condition (ii) holds, then the proof is the same but now in steps 2 and 4 of the algorithm we use
the equation in statement (ii) of Proposition 10, and Eq. (3.9) of Proposition 9, respectively. O

4. The Case s =t

In this section we study the case s = t, which is not covered by Theorem 2 in the previous section.
It can be seen that in this case x1 + x2 is an additional linear Darboux polynomial of system (1.2),
with cofactor sxz. Therefore, polynomials of the form f = mzlx%m’?f(ml + 29)!, where 4, j, k, | are
non-negative integers, are Darboux polynomials. We show that a Darboux polynomial will have this
form with [ > 0, provided its cofactor satisfies some conditions which depend on the ratio r\s.
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Proposition 11. Suppose that r, s, t are nonzero, s =t, and let r\s = q1. Let f be a homogeneous
Darbouzx polynomial of degree m which does not have the form (3.11), and let an, ag, (1, P2, 71,
Yo be the integers which appear in Propositions 5 and 6. For j = 0,1,2,...,m — 1, suppose that
ar+ (a2 =) g € Nn—j, 1= (B2 = )5 & Nin—j (1 = )1 +az € Nin—j, and —((B1 — 5)q1 — P2) ¢
Ni—j. Then, we have (i) as = B2 and (ii) a1 + B1 < v1 + 72.

Proof. Relation (i) is statement (a) of Proposition 7. We prove the inequality (ii). Suppose on
the contrary that oy + 81 > v1 + 72. By arguments that we have used repeatedly in this paper
(for example see Proposition 8), f is divisible o times by o and (1 times by z7. Thus we have
f= x’flxglf'7 where f’ is a Darboux polynomial of degree m — (o + 1) such that

L(f") = (—agsz1 — Pasza + (v — (1 + B1)s)w3) f.

By Proposition 5 there exist non-negative integers 71, ¥4 € {0,1,...,m — (@1 + f1)} such that
Y(f") =448+ v5t = (71 + +4)s. This implies that vf + 5 = v1 + 72 — a1 — B1 < 0, a contradiction.

If @y + 1 = v1 + 72, then from the equation above we have L(f’) = (—agsz1 — fasza)f’, and
our assumptions imply that f’ is divisible ae times by z3 (Proposition 8). So we have f' = x521,
and therefore f = #7257 2$2 1, where I is a first integral. Since we assume that f does not have the
form (3.11) we may exclude this possibility, and the proof is completed. 0

Proposition 12. Suppose that r, s, t are nonzero, s =t, and let r\s = q1. Let f be a homogeneous
Darbouzx polynomial of degree m which does not have the form (3.11). With the same assumptions
as in Proposition 11 we have f = (x1 + x2) f1, for some polynomial f;.

Proof. From Proposition 8 it follows that we may assume ~y(f) # 0. By Proposition 3 f does not
have an 23" term and we can write f = x1¢; + 291, for some polynomials ¢, 1. For a polynomial
f = f(x1,z2,23) we denote by f the polynomial obtained from f by setting zo = —z1, that is
f: f(ml, 23) = flag=—u,- SO, f: xl(&i — {bvl), and letting hy = ¢1 — 1)1 we have f: xlﬁl. Setting
s =t and xo = —x1 in Eq. (3.3) we obtain

z1L(¢1) — 21 L(P1) = ((a = B+ )21 + (v — 8)$3)$1(¢~51 - Jl)

or

—~

L(hy) = ((a = B+ 1)1 + (7 — 8)23)h1. (4.1)

Setting s =t and z2 = —z7 in Eq. (2.4) we obtain

— Ohy Ol
L(hl) = —xl(T$1 - SCE?,) (a—xi - 67:;) . (42)

Combining Eqs. (4.1) and (4.2), and noting that as = (2 (Proposition 11), we obtain

Ohy O ~
—z1(rz — sz3) <8xi - 8952) = (—(a1+ f1— Dray + (1 + 72 — 1)sx3)hy. (4.3)

From Proposition 11 we also have oy + 81 < 1 + 72, which implies that the term —(a; + 31 —
Drzy + (1 + 72 — 1)sxs is not a constant multiple of (rzq — sx3). Since (rzq — sz3) divides the
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right-hand side of Eq. (4.3), it divides hy. Therefore we have
h1 = (ro1 — sx3)p1 + (—rze — sx3)x1,

for some polynomials p1, x1. Let ho = p1 + x1. Then, 711 = (rax; — sxg)ﬁg and f: x1(ra; — S$3)7L2.
We have

Ol op1 ox1

- = — p - _ —_—

0z, (roy — sx3) oz, +rp1 + (rer — sx3) 90, (4.4)

o o .

Oy (ray — sa:?,)am2 + (re — sx3)8X2 —rX1- (4.5)
Oy

L 5
Substituting for F*

1 )

p1  Ox1 dp1  Ox1 o
—x1(rey — sx3) ((ml — 513) (8—51 + 6—2> — (razy — sx3) (8—5:; + 6—2> +7r(p1 + Xl))

= (_(al + 61 - 1)T-T1 + ('}/1 + v2 — I)Sﬁﬂg)hl

52> from Eqgs. (4.4) and (4.5) respectively in Eq. (4.3) we obtain

and simplifying further we have

Ohy  Ohy ~
—x1(rey — sx3) ((3; — 8962) = (—(a1 + 01— 2)rz1 + (71 + 72 — 1)sx3)ha. (4.6)

The term —(ay + 01 — 2)rz1 + (71 + 72 — 1)szs is not a constant multiple of (rzq — sxs), and so
(ray — sxg)mz. Continuing in the same way we find that fis divisible by an infinity of powers of
(ra;—sz3), which is a contradiction. Therefore we must have f: 0. This implies that f = (x1+x2) f1,
for some polynomial f1, and the proof of the proposition is completed. |

Corollary 1. Suppose that r, s, t are nonzero, s = t, and let r\s = q1. Let f be a homogeneous
Darboux polynomial of degree m. With the same assumptions as in Proposition 11 we have

f= xﬁxéxé(ml + (E2)ll7 (4.7)

where I is a first integral and i, j, k, | are non-negative integers.

Proof. Note first that if v(f) = 0 then by Proposition 8 it follows that we must have a3 = 1 =0
and f = x52I. If v(f) # 0 and f does not have the form (3.11) (which is (4.7) with [ = 0), then by
Proposition 12 we have f = (x1 + x2) f1 for some polynomial f;, and

L(f1) = (a1 + B2 + (v — s)x3) f1.

Repeating this procedure a finite number of steps, we find that f has the form (4.7). O

Remark 4. Similar results hold when r = s and » = —t. It can be seen that if r = s then x9 + 23 is
a linear Darboux polynomial with cofactor —rz;. Under conditions analogous to the ones we have
used in this section, we have f = xﬁxéxé(mz + xg)lI. Similarly, if » = —t then x1 + x3 is a linear
Darboux polynomial with cofactor rxs, and we have f = lexéx’?f (w1 + 3)F1.
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5. Examples
5.1. The KM-system

We give a complete description of Darboux polynomials for the case of the KM system (r = 1, s = 0,
t=1):

1 = 2122
To = —T1To + T2x3 (51)
.5.63 = —I2X3.

The Hamiltonian description of system (1.1) can be found in [9] and [8]. We will follow [8] and
use the Lax pair of that reference. The Lax pair in the case n = 3 is given by

L =[B, 1],
where
1 0 \/T1T3 0
I — 0 xr1 + X 0 \/T2I3
N \/T1T2 0 To + I3 0
0 V@m0 3
and

1
0 0 5\/1‘11‘2 0

o
o
o
N =
=]
)
8
w

1
0 —5\/.732.733 0 0

This is an example of an isospectral deformation; the entries of L vary over time but the eigenvalues
remain constant. It follows that the functions H; = %Tr L* are constants of motion. We note that

H, = 2(1‘1 —+ 2o + 333)

corresponds to the total momentum and

3 2
2
Hy = E z; +2 E TiXiq1-
1=1 =1

Using (1.3) we define the following quadratic Poisson bracket, {z;, z;+1} = x;2;11,7 = 1,2, and
{x1,23} = 0. For this bracket det L = 232% is a Casimir and the eigenvalues of L are in involution.
Taking the function H; = x1 + z2 + 3 as the Hamiltonian we obtain Egs. (5.1). Therefore the
system has a Casimir given by F' = z1z3 and a constant of motion x; + x5 + x3 corresponding to
the Hamiltonian. Note that Hy = H? — 2F.

In the following Tables 1-3, we present all Darboux polynomials of degree < 3 and the corre-
sponding cofactors.
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Table 1. Linear Darboux polynomials
and corresponding cofactors.

Darboux polynomial  Cofactor

1 €1 )

2 T2 —x1 +x3
3 T3 —T2

4 r1 + x2 + 23 0

Table 2. Quadratic Darboux polynomials and corresponding cofactors. Note that (10) is a sum of
two first integrals, and thus a first integral; c1, co are constants.

Darboux polynomial Cofactor Darboux polynomial Cofactor
1 :L‘% 2o 6 Tox3 —x1 — X2 + 3
2 CC% —2x1 + 223 7 z1(x1 + 2 + x3) To
3 Cbg —x9 8 z2(x1 + 2 + x3) —x1 + 23
4 T2 —x1 + w2 + 3 9 z3(z1 + 2 + 23) —x2
5 T1T3 0 10 ¢ (x% + CC% + Cbg + 2z 20 0

+2z21w3) + caw173

Table 3. Cubic Darboux polynomials and corresponding cofactors; ci,...,cg are constants.
Darboux polynomial Cofactor Darboux polynomial Cofactor
1 x‘;’ 3xo 9 :L‘%(gn + z2 + x3) —2x1 + 273
2 x% —3x1 + 3x3 10 :L‘%(x1 + z2 + x3) —2xo
3 xg —3xo 11 z1x2(x1 + 22 + 23) —x1 +x2 + 73
4 2229 —x1 + 272 + T3 12 zox3(x1 + 2 + x3) —x1 — 2 + a3
5 z%zl —2x1 + 12 + 213 13 clzl(:ﬂ% + z% + xg To
+ 2z122) + coxlas
6 Z%Zg —2x1 — x2 + 2x3 14 0312(27% + mg + z% + 2x122 —x1 + x3
+2x2x3) + cawi 223
7 z%zg —x1] — 229 + 3 15 C5m3(z§ + mg + m% + 2x122 —x9
+2w2w3) + ceTiT1
8 :L‘f(gn + a2 + 3) 2xo

5.2. Periodic KM-system
The periodic KM-system (r = 1, s = —1, t = 1) is given with the same equations (1.1) plus a
periodicity condition x; = x;4,. In the case n = 3 we obtain:

&1 = 2122 — X123

&g = —x1X2 + Tal3

i‘g = 13 — T2X3.

We give a different type of Lax pair for this system from [1].
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0 0 X129
B = ToX3 0 0
0 T3X1 0

It follows that the functions H; = %Tr L’ are constants of motion. We note that H; = 0,
Hy; =x1+xo+x3 and H3 = 1+ x12223. As expected the function Hy = x1 + 2 + 3 plays the role
of the Hamiltonian with respect to the Poisson bracket (1.3) while F' = zyzox3 is a Casimir.

In the following Tables 4-6, we present all Darboux polynomials of degree < 3 and the corre-
sponding cofactors.

Table 4. Linear Darboux polynomials
and corresponding cofactors.

Darboux polynomial  Cofactor

1 T xro — I3
2 T2 —x1 +x3
3 3 1 — T2
4 r1+ 22 + 3 0

Table 5. Quadratic Darboux polynomials and corresponding cofactors.

Darboux polynomial Cofactor Darboux polynomial  Cofactor
1 :L‘% 2xo — 2x3 6 xox3 —x2 + x3
2 z% —2x1 + 223 7 z1(z1 + 22 + x3) To — I3
3 z% 2x1 — 2x2 8 z2(z1 + z2 + x3) —x1 + 3
4 T2 —x1 + T2 9 x3(x1 + x2 + x3) Tl — T2
5 x1T3 xr1 — X3 10 (x1 + 22 + x3)? 0

Table 6. Cubic Darboux polynomials and corresponding cofactors; c1, ca are constants.

Darboux polynomial Cofactor Darboux polynomial Cofactor

1 x‘;’ 3x2 — 313 11 zo(x1 + @2 + x3)2 —x1 + 73
2 xg —3x1 + 3x3 12 z3(x1 + 2 + x3)2 1 — T2
3 xg 3x1 — 3x2 13 :L‘%(gn + a2 + 3) 2x0 — 213
4 x%:r:z —x1 + 272 — T3 14 :L‘%(gn + 22 + 3) —2x1 + 223
5 x%zg r1 + 12 — 213 15 Ig(:ﬂl + x2 + x3) 2x1 — 2xo
6 w214 —2x1 + w2 + x3 16 z1zo(z1 + 22 + 23) —x1 + T2
7 :E%Zg —x1 — x2 + 213 17 z123(x1 + 22 + 23) r1 — 3
8 m%zl 2r1 — 19 — T3 18 zox3(x1 + x2 + x3) —xo + 23
9 x%:r:z xr1 — 2x2 + X3 19 xr1T2T3 0

10 z1(x1 + z2 +x3)2 To — T3 20 c1(:r::1" +x§ +:L‘§ +3x%x2 +3x%x3 0

+ 390%:(:1 + 390%:(33 + 390%:(:1

+322x2) 4+ coz1m273

5.3. The case s=t (r=5,s=t=1)
T1 = dx1X9 + 173
Ty = —dT1T2 + TaT3

i‘g = —X1T3 — T2X3.
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Table 7. Linear Darboux polynomials
and corresponding cofactors.

Darboux polynomial  Cofactor

1 1+ a2 3

Table 8. Quadratic Darboux polynomials and corresponding cofactors.

Darboux polynomial Cofactor Darboux polynomial Cofactor

1 271(271 +:EQ) bxo + 2x3 4 (271 +:E2)2 2x3

2 z2(z1 + 22) —5z1 + 2x3 5 (1 +z2)(71 + w2 + x3) x3

3 x3(z1 + 22) —x1 —x2+x3  — — —

Table 9. Cubic Darboux polynomials and corresponding cofactors.
Darboux polynomial Cofactor Darboux polynomial Cofactor

1 (z1 + :L‘z)3 3x3 9 z123(x1 + 22) —x1 + 4o + 273
2 :El(:l?l =+ :E2)2 5xo + 3x3 10 :ngg(:ﬂl =+ 272) —6x1 — x2 + 213
3 z2(x1 +x2)2 —5x1 + 3x3 11 zi(x1 + z2)(z1 + 22 + 23) 5xo + 2x3
4 z3(z1 + 22)? —x1 — w2 + 2x3 12 za(x1 + x2)(z1 + 22 + x3) —bx1 + 223
5 z%(ml + x2) 10z2 + 33 13 z3(x1 + z2)(z1 + 22 + 23) —x1 — a2 + 23
6 z%(ml + x2) —10x1 + 3z3 14 (z1 + z2)(x1 + @2 + 23)? T3
7 z3(z1 + z2) —2x1 — 2x2 + T3 15 (21 4+ x2)%(x1 + @2 + 23) 213
8 r122(21 + T2) —bx1 + S5x2 + 3x3

We list in Tables 7-9 all linear, quadratic, and cubic Darboux polynomials of the above system
which do not have the form (3.11), and their corresponding cofactors.
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