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The article deals with local symmetries of the infinite-order jet space of C'*-smooth curves in R™*1 (m > 1).
Transformations under consideration are the most general possible: they need not preserve the distinction
between dependent and independent variables and the order of derivatives may be arbitrarily changed.
Unlike the common prolonged point and Lie’s contact transformations, they destroy the finite-order jet
spaces.
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Automorphisms of various structures belong to the most important subjects of mathematical theo-
ries. In the theory of (partial) differential equations, this area rests on the famous Lie’s and Cartan’s
methods of infinitesimal transformations or moving frames. Such methods are as a rule applied in
a certain finite-order jet space of a given order and it follows that all automorphisms which change
the order of derivatives are omitted. In other words, the most general automorphisms of differential
equations cannot be included if the common classical methods are mechanically applied.

We restrict ourselves to the extremely modest task, to the most general automorphisms of trivial
(empty) systems of ordinary differential equations, that is, to the general automorphisms of the
family of all C*°-smooth curves in a finite-dimensional space. Our task is precisely formulated in
Introduction below. For better clarity, it may be also described as follows. The common (prolonged)
point or Lie’s contact transformations preserve the finite-order jet spaces, see the left-hand figure.
On the contrary, the right-hand scheme elucidates the new transformations. It should be noted that
in comparison with rather narrow and well-aranged (pseudo-)group of classical point and Lie’s con-
tact transformations, there exists an immense amount of generalized automorphisms with peculiar
properties and the overall group composition structure looks rather mysterious.
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260 V. Tryhuk € V. Chrastinovd

In a certain sense, our article can be related to moving frame method by Cartan. We intend
to deal with the method of generalized (or: Lie-Bécklund) infinitesimal symmetries in subsequent
paper.

The article is self-contained. We restrict ourselves to the local theory on certain open subsets of
generic points, i.e., some closed and nowhere dense subsets of exceptional points are omitted.

1. Introduction

1.1. Transformations of smooth curves

Our reasonings start in the space R™*! (m = 1,2,...) with coordinates z,w’ (i = 1,...,m) and we
are interested in the family of C'*°-smooth curves
w'=w'(z) (i=1,...,m) (1.1)

where the definition domains (open intervals of R) are not specified. (More precisely: we deal with
germs of curves.) Our transformations will be locally defined by equations

T=F(z,...,wl,...), @'=F(z,. .. w, .) (i=1,...,m) (1.2)

where w] = d*w’/dz*® should be substituted. Here F, F are C°°-smooth functions, each depending
on a finite number of arguments

zowl (j=1,...,m;s=0,1,...). (1.3)
By virtue of formulae (1.2), a given curve (1.1) in R™*! is transformed into a curve
o' =w'(z) (i=1,...,m) (1.4)

again lying in R™*! and this is achieved as follows.
A given curve (1.1) is inserted into (1.2;) with the result

F—F (m el o ) — Fla). (1.5)

PICECICEY W
Then, assuming
dsw’ 0 i 0
1 _ J
Eq. (1.5) can be inverted as z = F(Z) by using the implicit function theorem and we obtain the
desired functions

- d*w?
7 dxs

(]—"(m)),...) (i=1,...,m) (1.7)

by using (1.29).
The obvious identities

_ _ _ dSwy
F(F(x) ==z, F(2)F(z)=1, ]:/(x)DF<x7...,d—;i($),...> =1 (1.8)
appearing on this occasion will be soon referred to.

1.2. The prolongation procedure

Formulae
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for the transformed higher order derivatives w? = d"w'/dz" can be obtained as well. Assume that
they are known for a certain 7. (In particular ¥ = F* if r = 0 and we denote w} = w'.) Then

P d ;. _ d (= _ dsw? | -
whale) = i@ = A (F@). G F @) )
_ DFi(z,...,wl,...)

DF(x,...,w§7...)

= DF(x,...,w!,..)F'(Z)
by using (1.8).
Altogether taken, we have the infinite system
T=F(x,...,wl,..), @ =F(x,...,w,.) (i=1,...,m;r=0,1,...) (1.9)

subjected to the recurrence

F’r+1 = ﬁ (D = % + Zwr_,'_lawz) (110)

where DF # 0 is supposed. At this place, functions F' # const. and F' = F{ can be quite arbitrarily
chosen and then the total system (1.9) satisfying (1.10) is uniquely determined.

1.3. Invertible transformations

We will be interested in such equations (1.9) that can be locally inverted by appropriate C'*°-smooth
formulae

x=F(,...,0,...), w. =F(z,.. . o,..) (1.11)

(i=1,...,m;r=0,1,...) analogous to formulae (1.9). If this is possible, we shall see later that the
recurrence

. DF} 0 ;0
Fig = DE (D o + wa’“a—m&) (1.12)

and the inequality DF # 0 are automatically satisfied. It follows that curves (1.4) are conversely
transformed into curves (1.1).

1.4. Definition

We speak of morphism (1.9) if the recurrence (1.10) holds true and of automorphism (1.9) if moreover
the inverse (1.11) exists.

Our task is to investigate the automorphisms, in particular an algorithm for explicit calculation
of all automorphisms will be proposed as the concluding achievement of this article.

1.5. Example

We omit the common point transformations
= F(z,w',...,w™), @' =F(z,w',...,w™) (i=1,...,m)

(abbreviations w' = w{, w! = w}) which are (locally) invertible if and only if the Jacobi determinant
is nonvanishing. Instead, we mention automorphisms of quite other kind.



262 V. Tryhuk € V. Chrastinovd

Theorem 1. Let f(Z,w},..., w5, x,w), ..., wi") be a function of 2m + 2 independent variables
mentioned. Suppose that the system
m 0 ;0
f=0, Df=0,....,D"f=0 (D:aﬁZwsHawg) (1.13)
admits a certain solution
T=F(z,w,...,w"), wh=Fi(x,wp,...,w™) (i=1,...,m) (1.14)
and moreover the system
_ _ _ 0 ;0
f=0, Df=0,....,D"f=0 (D:%+Zws+1a—wg) (1.15)
admits a certain solution
x = F(z,0,...,0m), wh=Fi(z,w8,...,0") (i=1,...,m) (1.16)

by applying the implicit function theorem. If Eqs. (1.14) and (1.16) are regarded as transformations
of curves, they are inverse one to the other. (Alternatively: prolongations of Eqs. (1.14) and (1.16)
provide mutually inverse automorphisms.)

For the particular case m = 1, this is the classical Lie’s contact transformation. We state a tricky
proof only for the case m = 2, however, it may be easily carried over the case of general m.

Proof. Let us consider a curve (1.1) where m = 2. The transformed curve (1.4) is defined by
Eq. (1.14) which are equivalent to identities (1.13), by definition. We shall see that identities
(1.13) imply (1.15) and therefore imply (1.16). Altogether (1.14) implies (1.16). Quite analogously,
Egs. (1.16) clearly imply (1.14), so we indeed have an automorphism.
Passing to the proper proof, we begin with Eq. (1.131) which reads
(@, w9(2), w5 (2), v, wh (2), wi(2)) =0 (T = F(x))

by using (1.5). Consequently

d _
()= DI )F (@) + D) =0
identically. Then (1.133) implies Df(---) = 0 identically. Analogously

D) = DD )F (@) + DAf(+) =0

therefore DD f(---) = DDf(---) = 0 by using (1.133). In the same manner

L Df() = D*f(--)F (@) + DD(-) =0

and therefore D?f(---) = 0 identically. The proof is done. O
Continuing with m = 2 and more explicit formulae in order to transparently illustrate the
Theorem 1, then the function
f:wg—w3+wé§:+wéx
represents the simplest possible choice. The system
f=0, Df=-w?+wiz+w)=0 D>f=—wi+wsz=0
admits the solution
—2 w3 2

w3 w3
T=—=2, wy=wltw =, 0 =w—(w+wr)=—wiz
1 0 1 11> 0 0 0 1 1 1
Wy Wy Wy
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and the system
f=0, Df=w?+w)+wiz=0, D*f=ws+wyx=0

provides the inversion

- - -

0 R B N, o
r=——2 wt=-—w+ w2 w2:u}2—(u/ —wlx) 2 _ @2z

i 0 1 110 0 0 0 1 1 1

wa wa wa

where w3 # 0, w5 # 0 is supposed. More interesting is the choice
f=(@—2)*+ () —w)* + (0§ —w2)? —r*>  (r = const. > 0).

Then the result can be expressed in nice geometrical terms. For this aim, let P : {z, w}(x), w3 (x)} C
R3 denote the original curve. The transformed curve P is determined by the equations with scalar
products

(P —P)% =72, (P—P)£_7 (P - )@ o) =0

Employing the Frenet formulae, two transformed curves

_ B 1 T
]P)i : {j7w(1)(f),w8(f)} CRS, ]P)j: :P+—N:|:\/7:B
K K

can be obtained if rx > 1. Here k, N, B are the curvature, unit normal and unit binormal of curve P.
In a certain sense, we have obtained two notable curves “parallel at the distance r” to the original
curve P. The transformation is involutive if the 4+ branches are appropriately composed since the
function f behaves symmetrically with respect to variables z, w(, w2 and z, w}, w3.

2 2
, s m P 5op L (d]P’)_

2. The Technical Background
2.1. General invertible mappings

Passing to the general theory, let us introduce the infinite-dimensional space M(m) equipped with
coordinates z,w? (j =1,...,m;s=0,1,...), see also (1.3). We will study C'*°-smooth mappings m
of open subsets of the space M(m) into M(m) given by formulae

m*z = F(z,...,w,...), m*w =F(z,...,w,...) (2.1)

(i=1,...,m;r =0,1,...) in terms of coordinates. We are interested in such mappings (2.1) that
admit the inverse m (= m~1!) given by analogous formulae

m*r = F(z,...,w,...), mw. =F(z,...,wl,...) (2.2)

as above. In the invertible case, both mappings m* and m* provide a local automorphism of the
algebra of differential forms on M(m), of course.

2.2. On the jet structure
We introduce the contact module Q of all differential 1-forms
w= Z alw! (wl = dw} —w!, dx, finite sum)

with arbitrary C*°-smooth coefficients locally defined on M(m) and recall the vector field

o 0
D= o + ngﬂa—wg (infinite sum).
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The obvious identities

w(D)=D|w=0, Lfpw=fLpw, Lpw:=wl ,, LpQCQ,

dw! =dz Awl,,, df= Dfdx+z(;i;wg
with w € €, f an arbitrary function and Lp = D]d + dD| the Lie derivative will be frequently
employed. So we obtain the congruence
m*w!. = dF! — F' \dF 2 (DF} — F},;DF)dz (mod ()
for every mapping (2.1). It follows that the requirements

, DF? ,
F = D—FT'” m*w, € Q (fixed i and r) (2.3)

are equivalent. Denoting by m*( the module of all forms Y alm*w! (finite sum), it follows that the
total recurrence (1.10) is equivalent to the inclusion

m*Q C Q (2.4)
of modules. Continuing in this direction, assume
m*w! = Za?swg (finite sum) (2.5)
in accordance with the inclusion (2.4). Then

m*dw! = m*(dz Awl, ;) =dF Am*w., | 2 DFdz A m*w!, |,

dm*w! = Z Da¥.dx A w! + Z a.dz A wsH (mod QA Q)
and so we have obtained the important recurrence
DFm*w,, = Z Da¥.wl + Z aid ws+1 =Lp Z adwl = Lpm*w! (2.6)

for the contact forms.

2.3. On the tnvertible case

In accordance with Sec. 1.4, we speak of a morphism m if the inclusion (2.4) holds true and of
an automorphism m if moreover the (both left- and right-) inverse m exists.

Lemma 1. The inverse m of a morphism m again is a morphism.

Proof. We wish to prove m*Q C Q. So let w € Q and assume the congruence m*w = fdx
(mod ). Then

w=m"m'w2m*(fdzr) (mod m*Q) hence (mod )
by using (2.4). So we have
wm*(fdz) =m*f - dF 2m"f - DFdz (mod Q).

O

It follows that m*f = 0 hence f = 0 identically and we are done.
Consequence 1. If m is automorphism then m*Q = Q.

Proof. Clearly m*Q2 C Q,m*Q) C Q but the latter inclusion reads {2 C m*(. |
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2.4. Dzigression

For every mapping (2.1) with the inverse (2.2), the images m.Z and m.Z of any vector field Z
defined by

(m.2)f =m*(Zm’f), (m.Z)f =m"(Zm"f)

make a good sense. In particular, if m is an automorphism, then both vector fields m, D, m,D are
multiples of D. (Hint: they satisfy w(m,D) = w(m,D) = 0 for all w € Q.) Then the identities

(M, D)m*z =m*Dz =1, (m.D)x =m"Dm*x

with m*2z = F,m*z = F imply

m,D = %D, m.,D =m*DF-D, DF -m*DF =1.

This provides a simple alternative proof of recurrence (2.6) on one line

1

ﬁ/jp(m*wi) =L, p(M*w!) = m*Lpw!. = m*w! |,

alas, only for the invertible case.

2.5. The main result

Theorem 2 (Invertibility Theorem). Let m be a morphism such that wi € m*Q for all i =
1,...,m. Then m is an automorphism.

Alternatively saying, by virtue of recurrence (2.6), m is automorphism if all forms w} (j
,...,m) can be expressed as finite linear combinations of forms

or, equivalently, of more appropriate forms
0= Cymtu =Y (k> D' Faid . (i=1eeoms r=0,1,...)
not depending on the factor 1/DF.
Note 1. A very close interrelation between forms m*w? and ¢% is expressed by the formulae
fh =m*w), (i =DFm*wi, (. =D"Fm*w+- - -+ (DF)m*w. (r>2)

which follow from the trivial recurrence ¢.,; = Lpl% (r > 0). Consequently both families of forms
m*w! and /% can be taken for generators of module m*(2. The invertibility theorem can be expressed
by saying that a morphism m is invertible if and only if the forms m*w (hence the forms () generate
module Q, see the point () below. In this case, they provide even a basis of €2, see (1t) below.

The proof is lengthy and consists of five steps which are of independent interests and will be also
referred to later.
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2.6. Towards the proof

We shall see in (¢) that the assumption in the Main Theorem implies the equality 2 = m*(), morever
it follows from (cc) that the inverse m~! does exist (as a mere abstract mapping) and finally (1v/)
implies that the inverse is in fact a true morphism. This concludes the proof.

(¢) A simple reasoning. Assume
Wi = Z a/m*w! € m*Q  (fixed i and r, finite sum).
Then
wiyy = Lpw! = ZDagm*wg + Z aéDFm*wﬁH € m Q) (2.7)

by using recurrence (2.6). It follows that the primary assumption w) € m*() implies even the
inclusion w! € m*Q for all r, therefore  C m*Q and the equality m*Q2 =  is obvious. Let us
reformulate this simple reasoning in terms of filtrations for future needs.

(e) Some filtrations and gradations. We introduce the submodules ©; C  of all differential forms
w=> alw! (sum over all i and r <) of order [ at most. Then

Qu: - CO1=0CQCQC---CQ=U (2.8)

is a filtration. Analogously, let ; C € be the submodule of all differential forms w = 3 alm*w?!
(sum over all ¢ and r <1). Then

Q:-CQ1=0CQCHC---CQ=U (2.9)

again is a filtration (which follows from the equality = m*Q). In particular, we have (locally)
Qo C Qg if S is large enough and then

O C Ql+5 (l =0,1,.. ) (2.10)

as follows from Eq. (2.7).

We also introduce the gradation N; = €;/€Q;_1. Then the mapping Lp : Q; — Q11 defined by
Eq. (2.7) naturally induces the morphism Lp : A — ANj;1 of modules denoted by the same letter.
Recurrence (2.6) implies that the morphism is surjective if [ > 0 whence

dimNoZdileZ-"ZdimNKZdimNK+1=-" (2.11)
is stationary if K is large enough.

(eer) On the bijectivity of m. Bijectivity of m is clearly equivalent to the bijectivity of m*, even to
the bijectivity of the restriction m* : Q — Q. (Hint: Q together with dx generate the module of all
differential forms on M(m), use moreover m*dx = DFdz (mod Q) where DF # 0 is supposed.) We
have proved in (¢) that m* : Q — Q is surjective. We shall prove that it is even bijective, therefore
the (abstract) inverse m~—! exists. As a by-product, the linear independence of differential forms is
preserved after applying m*.

Passing to the proof, let us employ inclusion (2.10) which provides the inequality

(I + 1)m = dim ; < dim QL+1 =dim Ny + - -- + dim NL+1.

If [ is taken large enough, the inequality together with (2.11) imply m = dimNg =dim Nk =--- .
On the other hand, clearly m > dim Ny > dim Nk whence dim N; = m for all .
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Now we recall the surjection m* : €; — €; and therefore the naturally induced surjection
m* 0/ — /U =N (1>0) (2.12)
of gradations. However,
dim Q;/_1 =m=dim N; (1 >0), (2.13)

therefore (2.12) is even a bijective mapping between gradations. We recall two filtrations (2.8, 2.9) of
module €. By virtue of well-known principle of algebra, we conclude that m* : Q@ — Q is a bijective
mapping (even between filtrations €2, and Q).

(tv) On the inverse morphism. In order to determine the inverse morphism m (= m~1!) in explicit
terms, we may start with inclusion (2.10) which is expressed by certain identities

dw) —whyde =Y bm w! = b (dF] — F!, dF) (2.14)
and with the congruence dF = DFdx (mod m*Q2) which gives
dz = %dFJerg(ng — FJ_,dF). (2.15)
Identities (2.14, 2.15) together imply that we (locally) deal with certain composed functions
v=F(F,...,Fl,..), wi=F(F... F!..) (2.16)
which are uniquely determined since differentials dF,...,dF?, ... are linearly independent. Com-

paring (2.16) with Eqgs. (2.1) and (2.2), it follows that we have just obtained explicit formulae for
the inverse morphism m.

(v) Note. In fact only the existence of functions F, F¢ (i = 1,...,m) cause the main difficulties since
the remaining functions £ with r > 0 follow from the recurrence (1.10). In particular there exists
a common definition domain for all functions F, F! (i =1,...,m;r=0,1,...).

Consequence 2. A morphism m is automorphism if and only if m*Q = Q.

3. Examples
3.1. Three-dimensional space

We shall more systematically deal with curves in R?, hence m = 2. The notation in the space M(2)
will be simplified as follows. Coordinates and contact forms:

— ol a2 _ 1 _ 2
1’7 yr_wrﬂ Zr_wr7 nT_wrﬂ CT_wr7

equations of morphisms:

m*r = F(x,...,Ys,2sy---),
' ( Ysy Zs ) ) (3.1)
m-yr :Gr(x7"'7y87zsa"')7 m-zp :H’r(xu"'aySaZS7"')7
and the inverse morphisms:
m*z = F(z,...,ys 2, ...),
- 7( Yss Zsy - -) N ) (3.2)
m*y, = Gr(z,...,Ysy 25, ..)y, M 2z = Ho(T,...,Ys, 25, . .).
Formulae (2.5) will be needed only for the particular case r = 0 and we denote
m*no = ao7o + boCo + -+ - + asns + bs(s, (3.3)

m*(p = Agno + BoCo + -+ + Asns + Bs(s
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with appropriate S > 0, where either ag # 0 or bg # 0 may be supposed without any loss of
generality. Then
1

m*n, = -+ W(CLSUSJW + bsCstr), (3.4
1 .
* = A r B r
m*¢ P — (DF) (Asns+r + BsCs+r)

by using recurrence (2.6) with the vector field

D_7+Zyr+l +Z r+1

We state only the top order terms in (3.4), more precise formulae w1ll be necessary case by case.

We wish to determine such morphisms (3.1) that the inverse (3.2) exists. The algorithm consists
of two parts. In the easier algebraic part, requirements on the coefficients a;, b;, A;, B; (i =1,...,m)
in (3.3) ensuring the inclusion 7y, {; € m*Q and therefore ensuring the invertibility are determined.
In the subsequent analytic part, the method (tv) of Sec. 2.6 is applied in order to determine functions
F,Go, Hp in transformation formulae (3.1).

We shall thoroughly discuss the cases S = 0 and S = 1, but only particular results will be stated
if §>2.

3.2. The zeroth-order case

Assume S = 0 in Egs. (3.3) and (3.4). This will provide the simplest invitation into the substance
of our method.

(¢) The algebra. We have

1 1
m*nr =t = (DF) (aoﬁr + bOCr) m*CT =t = (DF) (AOUT + BOC’I‘)

for all r, see formulae (3.4). In invertible case, 7y and (o should be expressed in terms of all forms
m*n,., m*(,.. This is obviously possible if and only if

_ @o
A—det(Ao B0> #0

which is supposed from now on.

() The analysis. We have
m*ng = dGo — G1dF = agno + bolo, (3.5)
m*(y = dHy — HidF = Agno + Bo(o.

In principle two subcases are (locally, on open subsets) possible. Either differentials dF, dz, dyo, dzg
are linearly independent (subcase C) or not (subcase P). In the first subcase C, we may suppose

Go = G(F,z,y0,20), Ho=H(F, x,yo,%20)-
In the second subcase P, clearly
F = F(z,y0,20), Go=G(x,y0,20), Ho=H(zyo,2)
and we deal with the common point transformation which need not any comments.
(ver) On the subcase C. Inserting
dGo = GrpdF + DGdx + Gyano + G2, Co

into (3.51), then identities Gp = Fi, DG = 0, G,, = ao, G, = by easily follow. Analogously
Hp = Hi, DH =0, Hy, = Ao, H., = By follows from (3.52). In particular we have two linear
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equations
Dg = gz + ylgyo + Zlgzo = 0, DH = Hm + ylHyO + ZlHZo =0

with nonvanishing determinant A whence
1 1
y1 = Z(ngyo - ngyo)a Z1 = Z(Hzg% - ngzo)-

This is a contradictory system for the function F. Subcase C cannot be realized.

3.3. The first-order case

Assume S = 1 in Egs. (3.3) and (3.4). The general method will apply with only little additional
effort.

(¢) The algebra. We suppose

m*ng = agno + boGo + a1m + b1¢,
m*(y = Aono + BoCo + A1 + B1(1

where a; # 0 or by # 0 may be assumed for certainty. Then

1

m*n, = -+ W(amrﬂ + blCr+1)7
1

m*Cr =+ W(Aln“_l + Bl<r+1)

as the top order terms are concerned. In contrast with the zeroth-order case, necessarily

ay bl
det =
e ( A, B1> 0
in the invertible case. (Hint: otherwise both 79 and ¢y cannot be calculated in terms of all forms
m*n,., m*(,..) So we assume Ay = cay, By = ¢b; from now on. Then
po =m"(p —c-m” g = cono + doo € M*Q  (co = Ao — cag,do = Bo — cbo)

and (roughly saying) one of the forms 79, (p is lying in m*Q (modulo the other). Continuing, we
introduce the form

w1 = Lppo = Deono + DdoCo + com + do¢i € m*™Q

and analogous arguments as above imply that necessarily ¢y = uai,dy = uby in the invertible case.
Assuming this, we introduce the form

vy = 41 — um*no = (DC() — Uao)ﬁ() + (Dd() — ’ubo)CO € m*Q.

If po, v are linearly independent, both forms 7y and {y can be expressed in terms of these forms
and we have the invertible case.
The independence is equivalent to the inequality

co Dco—wuag) o a1 Day —ag
det (do Dy — ubo) = u”det (bl Db, — bo) # 0. (3.7)

Summarizing the achievements, we have the final formulae

m*ng = agno + boGo + a1m + b1¢,

. (3.8)
m*(y —c-m*ng = u(aino + b1(o)

with inequality (3.7) in the invertible case.
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(e) The analysis. Inserting
1’1’1*770 :dGo —GldF, m*(o :dHo—HldF

into identity (3.8), we conclude that two subcases are possible. Either differentials dF,dz,dyo,
dzg, dy1,dz; are linearly independent (subcase C) and then

GO :g(FuxuyOaZO7ylazl)7 HO:H(FuGOa‘rayO7ZU)ﬂ (39)
or, they are dependent (subcase P) and then we may assume

F= F(x7yOaZO7ylazl)a

3.10
Go=G0($7yo7ZO,y1721)7Ho :H(FaGvavy()?ZO) ( )

without loss of generality.

(eer) On the subcase C. Inserting (3.9) into (3.8) we obtain the identities

Gr=G1, DG=0, Gy, =ay, G, =by, Gy =ai, G, =b,
Hr + HoGr = Hy, DH =0,
(Ha — ¢)Gyy + Hy, =uas,...,(Heg —¢)G., =0

with abbreviation G = Gy and some symmetrical formulae omitted. Since either G,, # 0 or G., # 0,
we have Hg = ¢ and the identities simplify to

Gr=Gi1, DG=0, Hp+HeGr=H, DH=0 (3.11)
with the compatibility requirement

Hyogzl = HZO gy1
which is satisfied as a consequence of (3.114). (Hint: direct verification.)

Summary C. “A not too special” function H can be arbitrarily chosen and then the automorphism
m is determined. In more detail, let H(F, Gy, x,yo,20) be such a function that the equation

oH . OH  OH

—_— — — =0
oz +y18yo+21

(DH)(F7GOvIay07Zan1721): 0 =
20

determines a function Go = G(F, x, yo, 20, Y1, 21) by using the implicit function theorem. Analogously
assume that the equation

(Dg)(Famay07az2)_8£+y18£++Z ag =

T Ox 0o 28721_0

determines a function F = F(x,yo,...,22). The inequality (3.7) is “in general” satisfied. The
remaining equations (3.111 3) may be regarded as a prolongation formulae.

One can check that inequality (3.7) is satisfied if

Hyo Hyoyo Hyo Z0 )
rank =92
HZO Hzoyo HZO Z0

by a routine verification.
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(tv) A notice. This result was already obtained in Sec. 1.5. Indeed, let us choose
F(@, w5, w5, x,wp, wy) = H(%, g, &, we, w5) — W
in terms of the original notation. The automorphism was defined by equations
f=H—-wi=0, Df=DH=0, D’f=D*H=0
in Sec. 1.5. Our automorphism m is defined by
(m*z =) m*wi =Hy=H, DH=0, DG=0.

The first and the second of the equations are clearly identical. The last equations D?>H = 0 and
DG = 0 are equivalent. (Hint. We have the identity

K(F,G(F,z,w,wi, wi, w?), z,ws, wi, wi,w?) =0 (K= DH)
for the function G. Here F' is a mere parameter whence the equation
DK(--)+Kg(--)DG =0

is identically satisfied. Since K¢ = (DH)g # 0 is assumed, we are done.) Altogether taken, our
morphism m in the subcase C is identical with the automorphism of Sec. 1.5.

(v) On the subcase P. Inserting (3.10) into (3.8) we obtain the identities

DG =GDF, Gy, —GiFy, =ag,..., Gy —GiF, =a,... (3.12)
HpDF + HeDG + DH = H,DF, (3.13)

Hrly, +HaGy, + Hy, = Hi1Fy, + cag +uai, ... (3.14)
HrFy, + HaGy, = H1Fy, +caq, ... (3.15)

with abbreviation G = Gy. Indications to the system (3.12)—(3.15) are as follows.
1. Identities (3.15) and (3.12) provide the linear equations
(Hp — Hi +cGh)Fy, + (Hg —¢)Gy, =0, (Hp — Hi+cG1)F., + (Hg —¢)G;, =0

and it follows that either of the requirements

det(?yl gy1> =0, Hp—Hi+cGi=Hg—c=0 (3.16)

must be satisfied.

2. Requirement (3.162) implies (3.161) and this may be proved as follows. Assuming (3.162) then
(3.13, 3.14) simplify as

DH =0, Hyo - u(Gyl - Gle1)7 Hzy = u(GZ1 - Gle1)
(direct verification) whence

det Hyo Gyl - Gle1 1 det Hyo GleF—FleG
e = ——de
M., G. —G.F., )] DF  \M., G.DF-F, DG

by employing (3.121). The top order terms in DF, DG provide the identity

Hyo Z2 ) Fy1 Gy1 _
det (Hzo —y2> det (Fz1 G., =0

and this implies (3.161).
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3. Assuming (3.161), then either of the possibilities
F = F(z,y0,20), (Go=)G=G(F, x,yo,z0) (3.17)

must be taken into account.
4. Suppose (3.171). Then the composed functions (3.10) can be replaced with the more convenient

F=F(z,y0,20), (Go=)G=G(z,y0,20,91,21), Ho=H(G,z,yo,20). (3.18)
Assuming (3.18), identities (3.124,5) and (3.1512) give

HaGy, = cGy,, HaG, =G,
whence ¢ = H¢. Employing moreover (3.125 3) and (3.14; 2), we obtain
Hyo = (Hi — HeG1 — Hp)Fy, +uGy,, H., = (Hi —HeG1 —Hr)F., +uG;,

where Hy — HgG1 — Hr = DH/DF may be inserted by using (3.121, 3.13). Altogether we obtain
the system

Hy, = %Fyo +uGy,, M. = %FZO + uG,,
which provides the differential equation
(Hy,DF — FyyDH)G., = (H.,DF — F,,DH)G,, (G = Gy) (3.19)
for the function Gg. In more detail, Eq. (3.19) reads
(A+ Bz1)G;, + (C+ By1)Gy, =0 (G = Gy) (3.20)

where

A=H,Fy — FyHa, B=MHyFo — FyHeyy C=FoHy—MHeyFly.

5. Suppose (3.172). Then the simple composed functions
F:F(may07203y1721)7 GO :g(FaxayOaZ0)7 H:H(Fal‘ayanO) (321)

can be introduced instead of (3.10). Identities (3.12)—(3.15) cannot be mechanically applied since
Gy is a composed function here, however, the equations

Gr —G1)DF+DG =0, (Hp—H\)DF+ DH =0,
Fyo +Gyo = a0, Hy, — Gy, = u(Gr — G1)Fy,,
on + QZO = bg, Hzo — CgZO = u(gp — Gl)le, (3.22)
Fy, =a, Hr — Hi = c(Gr — Gh),
Gr —G1)F,, = b

~~ Y~ o~~~
Q
b
|
Q
~— ~— ~—

can be obtained with a little effort. It follows that DG = ¢DH and then the differential equation
(Hy,DG — Gy, DH)F., = (H.,DG — G,,DH)F,, (3.23)
quite analogous to (3.19) appears.

Summary P. Assuming (3.18), functions F,H can be in principle arbitrarily chosen and we have
differential equation (3.19) for the remaining function Go. Assuming (3.20), we may choose functions
G, H and then F satisfies differential equation (3.23).
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(ve) A few notices. We will not discuss inequality (3.7) since this is a mere routine task. Differential
equations (3.19) and (3.22) can be explicitly resolved. For instance, general solution G of Eq. (3.19)
written in the alternative transcription (3.20) is given by either of the implicit equations

(A+le)U:(C+By1)V (lf..B?éO)7 Cz1— Ay =W (lfBZO)

where U, V,W may be arbitrary functions of variables G, x, o, 29. Recall that A, B,C are given
functions of the same variables. Even very simple solutions are rather instructive, for instance the
solution

m'r =z, m'yo=yo+Az1, mzp=2 (AER)
depending on parameter A with the obvious inverse
m'z=xz, m'y=yo— Az, mz=2 (AER)
is a one-parameter group. On the other hand, analogous solution
m'z =z, m'ys=1yo+ Ny + Az, mzy = \yo + 20 (A eR)
with the inverse
m'z=x, m'yo=1yo— Az, Mz =20 — Mo+ N2,

does not provide a group and it seems that this automorphism with a fixed parameter A cannot be
included into any one-parameter group except the trivial case A = 0.

Equation (3.23) can be explicitly resolved, as well. The resulting automorphisms (especially the
prolongations) are more involved. We state the simplest example

Y1 _ _
m'r=xz+ >, myo=yy, mMmzg=2 AIAER
21
with the inverse
ok Y1 _ x o _ x o
m'x=x— A=, m'y,=1yo, m-zy=2p.
Z1

This is a one-parameter group.

3.4. The second-order case

Assuming S = 2, our approach applies but a thorough discussion is rather lengthy. So we will
indicate only few particular results in order to point out some new aspects currently appearing if
S > 2.

(¢) The algebra. We recall formulae (3.3) which read
m*ny = agno + boCo + + -+ + aznz +b2G2, M (o = Agno + BoCo + - + Aamz + Bala

where either as # 0 or by # 0 is supposed. Using (3.4), it follows easily that As = cag, Bs = cby in
the invertible case. So we may introduce the first-order form

p1=m"(p —em*ny = cono + doo + c1m + di1(G € m*Q

where ¢; = A; — ca;, d; = B; — ¢b; (i = 0,1). Let us omit the “residual” subcase where ¢c; =dy =0
identically. Clearly

pry1 = Lppr =+ cnpy1 +diGrp1 €M™ Q. (r=0,1,...).

In the invertible case, both forms 7,y can be expressed in terms of forms m*n, and m*¢,. (r =
0,1,...). Using (3.41) with S = 2, it follows that necessarily

C1 = uay, dl = ub1 (324)
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hence
e —um*ng = (Dcy — uag)no + (Ddoy — ubg)Co + (Dey + ¢o — uar)m + (Ddy + do — ub1)Gy
again is a first-order form in m*(2. Since either ¢; # 0 or d; # 0, we conclude that
Dcy +cg —uay =wvey, Ddy + dg — uby = vdy (3.25)
in the invertible case. We introduce the zeroth-order form
vy = po —umny — vy = (Deg — uag — veg)no + (Ddy — ubg — vdy)Co € m*Q
and let us consider form
vy = Lpyy =+ (Dcog —uag — veg)m + (Ddy — ubg — vdp)(1 € m* Q.

It easily follows that

Dcy —uag — veg = wey,  Ddg — ubg — vdy = wdy (3.26)

in the invertible case. We obtain the zeroth-order form 7y = vy — wp; € m*). Linear independence
of forms vy, my is expressed by

Dcy —uag —veg  D(Dcy — uag — veg) — we
det< 0 0 0 (Dco 0 0) 0)#0

(3.27)
Ddo — ubo — Ud() D(Ddo — ’U,bo — ’Udo) - 'lUdO

and this ensures the invertibility of the morphism m. Summarizing the achievements, we have the
final formulae

m*ng = agno + boCo + - - - + azn2 + b2z,

m*(p — cm*no = cono + doCo + c1m + diGa
with coefficients satisfying (3.24,...,3.27) in the invertible case.

(et) The analysis. In this article, we mention only the subcase C where differentials dF,dzx,
dyo, . . .,dze are linearly independent. Then

G = g(F7 T,Y0,20,Y1521,Y2, 22)7 H = H(F, Ga Z, Yo, 20,Y1, Zl)
(abbreviation G = Gy) may be assumed and identities

gF = Gl, Dg = 0, gyo = agp, - - -, ng = b2 (328)

Hr = Hy +HgG1, DH =0, Hyo 2007...,HZ1 =d (329)

immediately follow. Identities (3.281, 3.29;) are a mere prolongation formulae. Assuming function H
for known, identity (3.292) reads

Hw() +y1Hyo(') +"'+Z2HZ1(') =0, () = (F, G,x,yo,...,zl) (330)

and determines the composed function G = G. (We suppose DH¢ # 0 here.) With this function G,
identity (3.282) reads

Go() +41Gyo () -+ + 238G, () =0, () = (F, 2,90, 22) (3.31)
and determines the remaining function
m*z = F(z, Y0, 20, - - -, Y3, 23)

by using the implicit function theorem. (We suppose DGr # 0.) So, altogether taken, our task
is to determine such function H that requirements (3.24)—~(3.27) are satisfied if functions G, F are
determined from equations (3.30) and (3.31).
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(wee) Auziliary calculations. We will express derivatives of functions G, F' in terms of function H. Let
us begin with the identity (3.30) that is,

(DH)(F,G(F,x,y0,---,22),Z,Y0;---,22) = 0.
It follows that derivatives of function G satisfy

Kr+KqGr =0, KegDG+ DK =0,

’CGgyO + ’Cyo - 07 e ,’Cng2 + ]CZ2 = 0
where

Kr =D(Hr), K¢=D(Hc), DG =0,

Kyo = D(My,), Ky, =D(Hy,) +Hyy, Ky, =Hy,s- o Kzy = Hzy
may be substituted. Analogously (3.31) reads
(DG)(F(z,Y0y---,23),Z,Y0,.-..,23) =0
and this implies the identities
DGpDF + D*G =0, DGrF,, + D(Gy,)=0,...,DGpF,, +G., =0
determining derivatives of F.

(tv) Fundamental requirements. Employing identities (3.28), (3.29) and (cut), requirements (3.24)—
(3.27) on coefficients ay, . .., by and co, . .., d; can be expressed only in terms of function H. We state
the final result.

Requirement (3.24) reads

Hy, + uh =0, H. + uHZl

=0
He Ha
whence u = —Kg = —DH. Analogously (3.25) turns into the system
K K
(HylF - HylGé> DF = vH,,, (Hle — Hzﬁé) DF = vH,,

for the unknown v with the compatibility condition

My 1K — HycKr M
det< G TG y1>:0 (3.32)

Hle’CG - HzlG]CF Hzl

and requirement (3.26) consists of two linear equations (not written here) for the function w with
the compatibility condition

(HyoFHZ1 - HZ1FHZ!O)ICG - (HyoGHz1 - HZ1GHZ!0)]CF 1
det =0. (3.33)
(HZOFHyl - Hy1FHZ0)ICG - (HZOGHyl - Hy1GHzo)’CF 1

We shall not discuss inequality (3.27) here. Altogether taken, we have derived two equations (3.32)
and (3.33) for the function H and both are of the special kind

AKp = BKg (K = DH) (3.34)

where coefficients A, B are expressed in terms of derivatives of function H.



276 V. Tryhuk € V. Chrastinovd

(v) A particular final result. First of all, Eq. (3.34) is satisfied if A = B = 0 identically. Assume this
for both requirements (3.32) and (3.33). Then (3.32) provides the condition

Hy, Hyr Hyc
rank =1
HZl Hle HZ1G

which is satisfied if H is a composed function
H:h(FﬂGa‘rayOaZ07k) Wherek:k(‘rﬂy03207yl7zl)’
With this result, (3.33) provides the system
hyo hz h hz
— | k., = 0 k B L = L k 3.35
(hk)p ' (hk>F " (hk>c ' (hk)c " (339)

for the functions h and k. The system is compatible if

Py, h,
Dyo L. 70
hk (x7y0u207 3 hk)

is a composed function. However, Egs. (3.35) with given A should have a solution k independent of
parameters F,G. This is satisfied if

20

hyo

l:a’(xﬂyOuZOak) +b($,y0720,k)

is a linear function of argument A /hy,.
Summary, particular case of C. Let h = h(F, G, x, yo, 20, k) be a solution of the equation
hy, = a(z, Yo, 20, k)hzy + b(x, Yo, 20, k) hi.
Let moreover k = k(x,yo, 20, y1,21) be a solution of the equation
a(z, Yo, 20, k)kz, = ky,
equivalent to the system (3.35). Then the composed function
H = h(F,G,z,yo, 20, k(x, Yo, 20, Y1, 71))

together with implicit equations (3.30) and (3.31) determine an automorphism. Here a,b may be in
principle quite arbitrary functions and we suppose the “general case” where Hg # 0,Gr # 0 and
inequality (3.27) are satisfied.

Quite explicit illustrative examples can be easily found, however, they do not look very instruc-
tive. For instance, if a and b are supposed constant, then

h = (ayo + 20)G + (byo + k)(F +z), k=ay1+ =
may be chosen here but we omit the resulting clumsy transformation formulae.

(ve) Concluding note. Equation (3.34) is of independent interests. We have already discussed the
case A = B = 0 identically. One can easily check that the cases A =0,B #0or A # 0, B =0 do not
give any automorphism. (Hint: K¢ = DHg = 0 implies Hg = a(F), H = a(F)G + b(z, yo, ..., 21)
and then the Eq. (3.292) expressed by DH = Db = 0 does not determine the desired composed
function G = G.) The remaining case AB # 0 is rather interesting, however, we can state only brief
indications here.
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First of all, (3.34) is satisfied if
Hr = h(F,G, 2,40, 20,9) where g =Hg (3.36)
and moreover the identities
Ahy =B, Dh=hy+yihy, +21h,, =0 (3.37)

hold true (direct verification). Employing this result, (3.373) should determine a certain function
g = Hg, then f = Hp is determined by (3.36). Assuming the compatibility f¢ = Hre = Hor = gr,
the desired function

H = /de+gdG = /HFdF + HadG
follows by integration.
However, the compatibility causes the main difficulties. It is expressed by
hgDhg — hgDhg = Dhrp. (3.38)
(Hint. Use the identities
fad =he +hgga, Dhp+ Dhggr =0

following from (3.36), (3.372).) The equation (3.38) must be a consequence of (3.373). Together with
(3.371), this provides the final system of equations (not written here) for the function h.

4. The Main Algorithm
4.1. Preliminaries

Let us return to the Invertibility Theorem of Sec. 2.5. We propose a universal algorithm for the
verification of the assumption of this theorem, namely of the inclusion wi € m*Q. This is a purely
algebraical problem.

For this aim, we recall the submodules ; € Q (I = 0,1,...) with generators w? (i = 1,...,m;
r =0,...,0) introduced in (1) of Sec. 2.6. Then m is invertible if and only if Qy C m*(Q2. This
inclusion will be investigated by using the alternative generators

0L = Lhm*w) :Z (k>Dr kaos Wi, (G=1...,mr=0,1,...)
of module m*(2, see Note 1 in Sec. 2.5. The algorithm consists of four arrangements A, B, C, D which
are successively and Tepeatedly applied. Assuming the inclusions
= m*w) = Zaoswj €Qg (i=1,...,m, sum over s <.S), (4.1)

the algorithm will be “of the length mS” at most.
The idea of the algorithm can be elucidated as follows. Let the left-hand figure schematically
describe the initial localization of forms ¢) € m*Q in filtration Q..

© O ®
@ @
o O
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We repeatedly apply £p. Then the forms £%¢§ should cover all the module {2 including also the
lower order elements. This implies that the top order summands of forms 1, 2, 3 cannot be linearly
independent and permits to replace, e.g., the form 3 with a certain linear combination ¢ € m*Q
of lower order, see the right-hand figure. The procedure is repeated again and again. After a finite
number of steps, we obtain even some forms of module m*Q lying in Qq. If the final forms are
linearly independent, we have the invertible case, otherwise the invertibility fails.

4.2. The formal procedure
Let us turn to thorough exposition. Assume (4.1).

A. The sequence 0§, . .., (5" is permuted to ensure the nondecreasing order of terms (A mere technical
measure which can be omitted in particular examples.) In more detail, we introduce the permutation
240),...,0™(0) of sequence £}, ..., 7" such that the order of £/(0) is K if the inequality I(K —1) <
i < I(K) is satisfied where

1= I(-1) S I0) < - <I(S) = m
is a certain sequence of integers. We shall occasionally denote
C0)x = €1(0) = Y A+ + D Ajewic (42)

for better clarity of the order. (Coefficients Agg differ from agg by a mere permutation with respect
to 7).

B. Module m*Q(m) is generated by all forms ¢% = L}, hence by all forms £,¢(0). In particular,
we mention generators

Lo K o > AGwh, (4.3)

which are exactly of the order S + r. Assuming S > 0 (the case S = 0 is trivial), it follows that in
the invertible case, the determinant of the top-order coefficients necessarily vanishes:

Al giom 0 <ip < 1(0),
det A6111 . ABNI’L —0 I(O) <11 < 1(1)7
Ags o AT 1(S — 1) < is < I(S).

(Hint. Otherwise forms (4.3) with » = 0,1, ... are linearly independent and of large order S + r.)
It follows that all forms w? of lower order s, in particular forms wg, cannot be expressed as linear
combination of forms £7,¢*(0) hence of forms L7,¢) = i, see the left-hand figure. On the contrary,
assuming the top order dependences, some lower order forms can be included, see the right-hand
schema with the form ¢ defined by (4.5).) Therefore there exists a nontrivial linear dependences,

> i AP Y e AgL+ ) i AFL =0 (j=1,...,m) (4.4)
among the rows.

C. We choose a fized identity (4 4). Assuming ¢;,., = -+ = ¢;g = 0 but the summand }_ ¢; Aé"%
nonvanishing, let moreover cIAO % # 0 for a certain indice I (where I(K — 1) < I < I(K)) and
appropriate j (j =1,...,m). Clearly K > 0 in the invertible case. We introduce the form

0= i LXE°(0)0 + D e LXTH(0 S+ i (0 (4.5)
which is of the order less than K by virtue of (4.4).
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D. The form ¢1(0)x = ¢1(0) of the order K is replaced by the lower order form {. We obtain the
forms

40), ..., 01750), £, 0110), ..., 0m(0) € m*Q (4.6)

which overtake the role of the primary family 3, ..., ¢5" in the step A above.
The procedure is repeated.

A. Forms (4.6) are permuted to obtain sequence ¢*(1),...,™(1) of nondecreasing order (only the
localization of ¢ is changed). Analogously to (4.2) we denote

(g =0(1) = Adwl + -+ Awl
for better clarity, where the order of Ei(l) K 1s exactly K.

B. Module m*2 is generated by the forms _/.;},Ei(l) and we determine linear dependence analogous
to (4.4) among the top-order coefficients A}%

C. A fixed dependence leads to a lower-order form in m*Q) analogous to the form (4.5).

D. Some of the forms ¢/(1) can be replaced with the relevant form ¢ and we obtain sequence
01(2),...,0™(2) of nondecreasing order (the following step A), and so on.

One should remember: in every particular step, the forms ¢1(k),... 0™ (k) are linearly indepen-
dent in the invertible case. The algorithm does finish. Fither the desired dependences in B do not
exist for a certain step and we deal with the noninvertible case, or the orders of forms £'(k) cannot
be already reduced (being of the order zero). In the latter case, the final forms

k), .. 0™ (k) € m QN Q

either are linearly independent therefore generate Qg and we have the invertible case or, they are
linearly dependent which implies the noninvertibility. The number of reductions is clearly mS at
most which is the “length of the algorithm?”.

4.3. Concluding example

The algorithm can be employed for explicit construction of invertible systems. For instance, let us
deal with the particular case S =1 and general m > 1, hence

m*wi =l = Z aé%wo + Z amwl (4.7)
Assuming the dependences
dafl 4+ 4clay =0 (G=1,...,m; ct #£0)
among top-order coefficients, we introduce the form
= Z el = Z AVl (AY = Z crall). (4.8)
Then £} is replaced by this ¢! of the zeroth-order. Assuming the dependences
EAY 4 Ead 4+ cEag, =0 (G=1,...,m; & #0)
we introduce the form

=ciLpl' + Z 2l = Z A% ) <A2J =ciDAY + Z c2a630>

i>1 1>1

Then /3 is replaced by 2, and so on until we arrive to the resulting forms £1,. .., ¢™ of zeroth order.
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Let us summarize. Assuming the invertible case, we have the zeroth-order forms (', ... (™ defined
by (4.8) and the finite recurrence

gk — ZcécﬁDgi n Z ckel = ZAk+1ng (4.9)

i<k i>k

(where c’,j # 0 is supposed for k =1, ..., m) which are linearly independent.
The coefficients A7, c¥ satisfy the identities

AN = Zci—“Aij + Z Fal ZcfAij + Zcfaéjl =0 (4.10)
i<k i>k i<k i>k
where 7 =1,...,m and cZ #0 (k=1,...,m) is supposed. In the opposite direction, if we wish to
write down an invertible system, then coefficients cf (with cZ # 0) and aé% may be arbitrarily chosen.
Functions A* and the remaining coefficients aéjl can be determined and invertibility is ensured if
det(A*7) #£ 0.

This is the algebraic part of the invertibility problem and we shall not deal with the analytic part
since the general mechanisms of calculations were already illustrated in Secs. 3.2—4.1 above. In gen-
eral, it is interesting to note that the subcase C with independent differentials dF, dz, dwg, . .., dw]
cannot be realized if S =1 and m > 2 but we omit the proof here.

5. Comments

The true setting of our task rests upon the forgotten Cartan’s idea to develop the theory of differ-
ential equations in the absolute sense, without any preferred hierarchy of variables and additional
structures. Alas, the actual investigations are as a rule carried out in the rigid finite-order jet spaces,
see [6, 10] and extensive literature therein. Then, due to the Lie-Bécklund theorem [1, 5], only the
prolonged point symmetries and Lie’s contact transformations (for the case of one dependent vari-
able) are admitted.

Some more general transformations adapted to special differential equations occasionally appear
even in the classical literature. We recall the Laplace substitutions @ = u, + au in the theory of
equations ugzy + auy + buy + cu = M [4] and differential substitutions @ = g(x,u, Uz, ..., Ug. )
applied to evolutional equations [7-9, 11]. However, these are unsufficient and particular exceptions.

Our approach employs a somewhat unusual calculus in R* treated in [2] and it can be applied
even to the case of several independent variables [3]. We believe that it will be useful in the revised
theory of symmetries and equivalences of differential equations and variational integrals.
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