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We provide the complete classification of all global analytic first integrals of the simplified
multistrain/two-stream model for tuberculosis and dengue fever that can be written as

t=x(f1—b—v1— Pz — (61 —v)y), ¥=y(B2—b—y2—(B2+v)z— Pay),
with 31, 82,b,7v1,72,v € R.

Keywords: Analytic first integral; multistrain/two-stream model; tuberculosis; dengue fever.

1. Introduction

The nonlinear ordinary differential equations or simply the differential systems appear in
many branches of applied mathematics, physics, and in general in applied sciences. Since
generically the differential systems cannot be solved explicitly, the qualitative information
provided by the theory of dynamical systems is, in general, the best that one can expect to
obtain.

For a two-dimensional differential system the existence of a first integral determines
completely its phase portrait, i.e. the description of the domain of definition of the differ-
ential system as union of all the orbits or trajectories of the system. To provide the phase
portrait of a differential system is the main objective of the qualitative theory of the differ-
ential systems. Thus for two-dimensional differential systems one of the main questions is:
How to recognize if a given planar differential system has a first integral?

In this paper we characterize for a planar differential system depending on six parameters
what are the values of these parameters for which there exists a global analytic first integral.
For those systems having such a first integral it is possible to describe their phase portraits,
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and to understand all their qualitative dynamics. Moreover these integrable systems also
provide some information about the dynamics of the nearest systems. Now we shall present
the planar differential system whose integrability we shall study in this paper.

Incomplete treatment of patients with infectious tuberculosis may not only lead to
relapse but also to the development of antibiotic resistant, which is one of the most serious
health problems in our society. In this direction there are some different models. The dif-
ferential system studied here is the simplified multistrain model of [2] for the transmition
of tuberculosis and to the coupled two-stream vector-based model in [3]. This model has
been poorly studied up to now, in the sense that only the behavior of the dynamics near the
equilibrium points has been well understood, see [3]. Better contributions for understanding
the global dynamics of this model has been done in [7] from the viewpoint of symmetry
analysis and in [8] using the singularity analysis theory, where the authors identify some
combinations of parameters for which the system has a first integral. Our goal is to provide
a complete description of all global analytic first integrals that this system exhibits for
different sets of values of the parameters.

More precisely, the model which we want to discuss in detail was presented in [9] (see
Eq. (14)). This model is

t=z(~b—m+vy+ fiz2),
y=y(=b—v2 — v+ B2), (1)
=—b(z — 1) + Mz + 2y — (Brz + Ba2y)z,

where (31 and 5 represent the infection rates for the two strains in the case of the tuber-
culosis model and for the two vectors in the Dengue fever model, v is the common contact
rate of infection, b is the common birth and death rate and ~; and 7o are the recovery
rates. This model is a caricature of the system in [2] and has two infections compartments
corresponding to the two infectious agents. The variables represent proportions of a con-
stant population which has been scaled to unity, that is, z + y + z = 1. Then imposing the
constraint z = 1 — z — y to our model (1) we get that the three-dimensional system (1)
becomes the two-dimensional system

fb:x(ﬁl—5—71—5133—(51—’/)1/)7 (2)
y=y(B2 —b—2 — (B2 +v)z — Bay),

in R2.

Our objective is to characterize the existence of global analytic first integrals of system
(2). Here a global analytic first integral or simply an analytic first integral is a non-constant
analytic function H: R? — R whose domain of definition is the whole R?, and it is constant
on the solutions of system (2). This last assertion means that for any solution (z(t),y(t))
of (2) we have that

dH oH . O0H.
E(a:(t),y(t)) = 5 L + U=

We shall provide a full classification of the existence of global analytic first integrals for
system (2).
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Our main theorem is the following. The explicit expressions for the global analytic first
integrals can be found in the proof of the theorem. Along this paper N denotes the set
of positive integers, Z* denotes the set of non-negative integers, QT denotes the set of
non-negative rational numbers and Q= denotes the set of negative rational numbers.

Theorem 1. The unique systems (2) having a global analytic first integral are the following
ones.

(a) B1 =0, B2 —b—2 # 0 with

(a.1) v =0 and b = —;

(a2) v=0and o =0 and (b+y)/(b+ 1) € Q~;
(a3) v#0, B2=0, (b+7)/(~b—12) € Q" \ {0};
(ad) v(v+02) #0,b+71 =0, 52 € QF.

(b) 1 =0, B2 —b—r2 =0 with

(b.1) v =0 and b = —y;

(b.2) v =0 and B2 = 0;

(b.3) v#0, b4+ =0, B2/ € QT;
(b.4) v(b+m) #0, B2 =0.

(c.1) v=0 and B2 = 0;
((32) 1/750 By =0, and 1 € Q™ U{O}
(c.3) [a(B2 +v) # 0, ﬂl—b—fyl_o (ﬂfiwﬁlﬁ:j)#(l 1) a dﬂlﬁ%yy (1—v+

ﬁl)ﬁléfg;jﬂgl) nd 5162” 3 +U have all the same signs.

(d) B1(B2 = B1 +v)(Ba —b—12) # 0, 1 = —(b(p + q) +12q)/p, B2 = —Pip/q, v =
Bi(qqr — pp1)/(qq1), with p,q,p1,q1 € N and ppy — qq1 > 0.

The proof of Theorem 1 is given in Sec. 2.

2. Proof of Theorem 1

Note that system (2) is a special case of the quadratic Lotka—Volterra systems

t=z(ax + by + ¢), (3)
=y(Az + By + C),

where a,b,c, A, B,C € R. The existence of global analytic first integrals for system (3)
was been studied in [5]. The authors in [5] reduce the study of the 6 parameter family of
the quadratic Lotka—Volterra system (3) to the study of 12 subfamilies having 1, 2, 3 or
4 parameters. More precisely, for completeness of the paper, we provide the main results
concerning the global analytic integrability of system (3) in the appendix of the paper. The
strategy of the proof of Theorem 1 will be as follows: we will put system (2) in one of the
subfamilies of system (3) in Theorem 4 and then we will apply the results of Theorem 5.
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2.1. Preliminary results

In this section we introduce two auxiliary results that will be used through the paper. We
write Eq. (2) as the system

:U=f1($,y), y:f2(33,y) (4)

Let f(z,y) = (fi(z,y), f2(z,y)). We will denote by Df(0) the Jacobian matrix of system
(14) at (x,y) = (0,0) and by Df the Jacobian matrix of system (14) at an arbitrary point
(x,y) that will be explicitly specified.

The following result is due to Poincaré (see [1]) and its proof can be found in [4].

Theorem 2. Assume that the eigenvalues A1 and Ao of Df at some singular point (Z,7)
do not satisfy any resonance condition of the form

Atk1 + Xoko =0 for ki, ko € Z* with k1 + ko > 0.

Then system (14) has no global analytic first integrals.

The following result was proved in [6].

Theorem 3. Assume that the eigenvalues N1 and Ao of Df at some singular point (x,y) =
(Z,9) satisfy that A\; = 0 and Ay # 0. Then system (14) has no global analytic first integrals
if the singular point (x,y) = (Z,y) is isolated.

2.2. Proof of Theorem 1

We separate the proof into different cases.
Case 1: If B1(B2 — 1 + v)(B2 — b — 72) = 0. We consider different subcases.
Subcase 1.1: If 1 =0, B3 —b— 2 # 0 and —f3 + 1 — v arbitrary. Then doing the rescaling

t
(,y,1) — <a$aﬁya M)

in system (2) we obtain the system

:1':—1‘< v Y- b+m >
B2 —b— fo—b—"2)’

o (Betv)a  [B2f >
y_y< B—b-m' Bm-b-u' )

We consider three subcases.

Subcase 1.1.1: v = 0. Then system (2) becomes

bt
fo—b—"’

Y " BB
y—y< 52—13—’7233 52—5—’72y+1>

T =
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which is system (lv2) (see Theorem 4). We can take o = = 1. In view of Theorem 5, we
have a global analytic first integral if and only if:

(1) b= —v and in this case a global analytic first integral is H = x.

(2) B2 =0 and ZIYY; = —g with p,q € N. Then a global analytic first integral is H = x%yP.

Subcase 1.1.2: v # 0 and (3 + v = 0. Note that Gy # 0. Taking 8 = (82 — b — 72) /v, system
(5) becomes

. b+ )
A
PBo—b—"

which is system (1v3), after a redefinition of the parameters (see Theorem 4). In view of
Theorem 5, and since the coefficient of 42 in 4 is 1, in this subcase there is no analytic first
integral.

Subcase 1.1.3: v(fP2 + v) # 0. Taking

 Pe—b— _ Be—b—1
= Gyt 1 and = > ,

system (5) becomes

b
Jb:aj<y—&_—2’fw), g)zy(az—%y—l—l). (6)

We consider two subcases.

Subcase 1.1.3.1: b+~ # 0.
We first assume -1 ¢ QF. The eigenvalues of Df(0) are —=22— and 1. By the

B2—b—y2 B2—b—y2
hypotheses for any ki,ke € Z with k1 + k2 > 0 we have k1 — ko bim # 0. Thus, by

B2—b—2
Theorem 2 system (6) has no global analytic first integrals.

We assume that ﬁ;’jﬁw € QT \ 0. We write it as ﬁ;’jﬁw = p/q with p,q € N. We

consider different subcases.

Subcase 1.1.3.1.1: B = 0. In this case system (6) becomes & = z(y —p/q) and §y = y(x +1).
For this system it is easy to check that e?(~¥) z9yP is a first integral which is global analytic.
Subcase 1.1.3.1.2: 6—; ¢ QT. The eigenvalues of Df(0,v/32) are é — g and —1. By the
hypotheses for any ki, ks € Z* with ki + ko > 0 we have —k; — ko(—5 + %) # 0. Thus, by
Theorem 2 system (6) has no global analytic first integrals.

Subcase 1.1.3.1.3: fo/v = p1/q1 with p1,¢1 € N. Assume now pp; —qq1 < 0. The eigenvalues
of Df((pp1 — qq1)/(qq1),p/q) are

_ 1 2
A2 = P _\/(pp1)2 + 4%(131?1 —qq1).

2qq1 2\ (qq1) a?q

If pp1 — qq1 = 0, then the eigenvalues of Df ((pp1 —qq1)/(qq1),p/q) are Ay = —1 and Ay = 0.
Therefore, since (x,y) = ((pp1 — 991)/(qq1),p/q) is isolated, by Theorem 3 we get that
system (6) has no analytic first integrals.
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If pp1 — qq1 < 0, then the eigenvalues of Df((pp1 — qq1)/(qq1),p/q) satisfy Ao =
PaB=ppL) (. Therefore, for any ki, ky € Z* with ky+ky > 0, we have that Ayky +Aoky # 0.
Thus by Theorem 2 we get that system (6) has no analytic first integrals.

It remains to study the case pp; — qq1 > 0. System (6) becomes

:bza:(y—Z), y':y<$—ziy—|—1). (7)

We will proceed by contradiction. Assume that F'(x,y) is an analytic first integral of system
(7). Without loss of generality we can always assume that it has no constant term. Then
F(x,y) must satisfy

OF p> < P1 > OF
S r|\ly——|+tylz——y+1) =0 8
Oz <y a) "’ o’ dy ®)
We write
F(z,y) =) Frl(y)a". (9)
k>0
We will prove by induction that
Fi(y) =0 for k>0. (10)

Clearly, Fy(y) satisfies (8) restricted to x = 0, that is,

and since F' has no constant term Fy(y) = 0 and (10) is proved for k = 0. Now we assume
that (10) is true for k = N — 1 (with N > 1) and we will prove it for k¥ = N. In view of (9)
we have

F(z,y) = 2VG(a,y) = 2 3 Fysaly)a®,
k>0

where G(xz,y) satisfies, after simplifying by 2,

oG oG
N(y—p>G—|—x<y—p>+y<a:—ply+1>:0. (11)
q q) Ox 0 dy

Restricting (11) to = 0 (since G(0,y) = Fn(y)) we get

that is

Fy y(—2y+1)

which yields

Np L(

Fy(y) = Kny @ (q1 — p1y)?1e qql_ppl), Ky e R.
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Since gq1 — pp1 < 0 and Fx(y) must be global analytic it follows that Ky = 0 and then
Fn(y) = 0 which concludes the proof of (10).
Subcase 1.1.3.2: b+~ = 0. We obtain

jj:'ryv y:y(x_ﬁQy—i_l)?

which is system (Iv4) (see Theorem 4). In view of Theorem 5, it has a global analytic first
integral if and only if one of the following two conditions hold:

(1) B2 =0 and a global analytic first integral is H = ze*¥;
(2) 2 = p/q with p,q € N and a global analytic first integral is H = 2P (y — (¢/p) — [¢/(q +
p)]z)?.
Subcase 1.2: B = 0, fo — b — v = 0 and (2 + v arbitrary. Then doing the rescaling
(x,y,t) — (ax, By,vt) in system (3) we obtain the system
&= z(vByy — (b+7)7), (12)
y=y(=(B2 + v)ayz — B2fvy).
We consider three subcases.

Subcase 1.2.1: v = 0. We take o« = § =~ = 1 and we obtain the system

t=—(b+m)r, y=-Loylzr+y),

which is a particular case of system (1v2) (see Theorem 4). By Theorem 5 we have a global
analytic first integral if and only if:

(1) b+~ =0, and a global analytic first integral is H = x.
(2) f2 =0 and a global analytic first integral is H = .

Subcase 1.2.2: v # 0 and b+ v, = 0. Taking g = %, v=1and a =1 in Eq. (12) we get

. : B2

i=xy, = y<—(52 tvjz -y,
which is a particular case of system (1v5) (see Theorem 4). By Theorem 5, we have a global
analytic first integral if and only if one of the following two conditions hold:

(1) B2 =0 and a global analytic first integral is H = — (0 + v)x — y.
(2) B2 = pr/q with p,q € N and a global analytic first integral is H = 2P(—(02 + v)qx —
(p+a)y)?.

Subcase 1.2.3: v(b+ 1) # 0. Taking = —H% and v = —ﬁ in Eq. (12) we get

b2 LY 52y>
b+m v ’

i=uz(y+1), y=y<

We consider two subcases.

Subcase 1.2.3.1: B + v = 0. Then

i=a(y+1), y=y°
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which is a particular case of system (lv6) (see Theorem 4). By Theorem 5 it has no global
first integral.

Subcase 1.2.3.2: By + v # 0. Taking o = g:l}j we obtain

. : B2
&= x(y+1), y=y<w—7y
which is system (Iv7) (see Theorem 4). In view of Theorem 5 we have a global analytic first
integral if and only if §o = 0 and then H = ye¥™".
Subcase 1.3: By # 0, fo — b —v9 = 0 and (1 — B2 — v arbitrary. Then doing the rescaling
(x,y,t) — (ax, By,~vt) in system (2) we obtain
t=x(=prayz + (v = B1)Bry + (b1 — b— 7)),
J=y(=(B2 +v)ayz — B257y).
We consider four different subcases.
Subcase 1.3.1: B + v = 0. Then we take a = § =y = 1 and we obtain the system
i =x(=prr— (b1 + B2)y + (61 —b—m)),
y = _52927
which is system (1v6) (see Theorem 4). In view of Theorem 5 it has a global analytic first
integral if and only if B2 = 0 and in this case a global analytic first integral is H = y.
Subcase 1.3.2: Bo+v # 0 and B2 = 0. Taking o = —%, vy=1land = —% we get the system

izx(%x—(u—&)y—i-(&—b—’h)>, y = zy,

which is system (lv8) (see Theorem 4). In view of Theorem 5 we have that it has a global
analytic first integrals if and only if one of the following conditions hold:

(1) B1 = 0 then a global analytic first integral is H = y?+71e*=vv,
(2) 1 = —p/q with p,q € N then a global analytic first integral is

+ 2 q
szp<l%(b+%—B1)+§w+%x—§(v—ﬁ1)y> :

Subcase 1.3.3: fo(f2 +v) # 0 and B; —b — v = 0. Taking o = —ﬁ, vy=1and 8=
we get that system (2) becomes

j::x( b w—y_ﬁly) v =z(zr+y),

_ 1
B2

Bo + v B2

which is the same as system (1v9) (see Theorem 4). In view of Theorem 5 it has a global

analytic first integral if and only if (ﬁfjrw ﬁlﬁg”) # (1,1) and %, (1 —I/+51)%
Br—v B1

and B~ Batv have all the same signs, and a global analytic first integral is

B1—v 51

B1(By+v—51) — By — _ =8~ Baio|

Botv ‘y‘ 152%ﬁ2+u)1 </6]- /62 VJ)—I— 52 V+51y 2 2 )
B2 +v B2

I |ﬁ17/8277/
=
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Subcase 1.3.4: B2(B2 + v)(B1 — b — v1) # 0. Taking v = m’ o — _ﬁlﬁ_;:u%v and
p= —ﬁl_ﬁ%, we get

. B pr—v .
a:—:r<ﬂ2+yl‘+ % y+1>, v =ylz+y),

which is system (Iv10) (see Theorem 4). In view of Theorem 5 we have no global analytic
first integrals.

Subcase 1.4: 1 #0, B2 —b—2 # 0 and v = 1 — B2. Then, doing the rescaling of variables

—b—
(.’L‘, Y, t) - <_ux7 597 (52 —b— 72)t>
b
in system (3) we obtain the system

Jb:a:<x— B3 y+ﬂl—b—71>
Po —b—y fo—b—"2)’

(13)
Y=y <33 — ﬂy + 1)
P2 —b—"2
We distinguish the following two subcases.
Subcase 1.4.1: f3 = 0. Then we obtain that system (13) becomes
. pr—b— ’71>
r=z(\x+—mm ),
< —b— (14)

g=ylz+1)

which is system (lv1l) (see Theorem 4), and by Theorem 5 we have no global analytic first

integrals.
Subcase 1.4.2: (35 # 0. Taking g = —W, system (13) goes over to the system
. Bi—b— ’71)
r=x\c+y+—->——777-—1,
( YT B b (15)

y=ylx+y+1).

We first consider the case in which ﬁ - b 71 ¢ Q™. In this case the eigenvalues of Df(0)
are g;iz;“ and 1. By the hypotheses for any ki,ks € Z" with k; + ko > 0, we have

k1 + ko g; 2 :’/1 # 0. Thus by Theorem 2 system (15) has no analytic first integrals.
Now we consider the case in which $; —b—~; = 0. In this case the eigenvalues of Df(0)
are 1 and 0. Therefore, since (z,y) = (0,0) is isolated, by Theorem 3 we get that system

(15) has no analytic first integrals.
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Finally, we consider the case % € Q™ \ {0}. Let % = —p/q € Q. Then
system (15) becomes

i=z(z+y—p/q),
G=y(— (B2 + )z +y+1). (16)

The eigenvalues of Df (0, —1) are —1—p/q and —1. Thus, for any k1, ke € Z* with k1 +ks > 0
we have k1 (—1—p/q)—ka # 0. Thus by Theorem 2 system (16) has no analytic first integrals.
This concludes the proof of Theorem 1.

Case 2: If B1(B2 — B1 + v)(B2 — b — v2) # 0, then making the rescaling of the variables

ﬂl_b_')’lxﬂl_b_’hy t )
—Bo+ 1 —v B2 "bi—b—m)’

(@)~ (

system (2) becomes

j=y((1 - Bz —y+ A), (a7)
with
g b= =k 5 Bov
A_ﬁl_b_'717 B_ﬁ2—51-|-7/7 =1 By (18)

We consider two subcases.

Subcase 2.1: B2(31 —b— 1) # 0. In this case system (17) is of the form of system (Iv1) (see
Theorem 4). Then by Theorem 5 it has a global analytic first integral if and only if

A=Y oc_1=P 4q B9
q q1 p(p1+ q1)

with p,q,p1,q1 € N and pp; — gq1 > 0, that is, if and only if (see (18)),

 bp+q) + 20 B _ Bilgqr —pm)
Y1 = — ) ﬁQ — T T v
p q qq1

A global analytic first integral is

H = 2Py 1% (ppy + pq1 — qqux + p1qy + qqry)PPr 49,

Subcase 2.2: B2(51 —b—~1) = 0. Doing the change of variables (x,y) — (y, x) it is immediate
to check that the expressions of 3; and (3 and ~; and 2 are interchanged. This change
of variables pass to a new system satisfying the condition of Case 1. So this case has been
studied and we do not obtain new cases of analytic integrability by checking it.
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Appendix

For the quadratic Lotka—Volterra systems (3) we have the following results (see [5] for their
proof).

Theorem 4. All the quadratic Lotka—Volterra systems (3) can be transformed via an affine
change of variables and a rescaling of the time to one of the following 12 systems:

(vl) d=z(ax+by+1), 9=y(1+a)z—-—y+C), witha(b+1)C #0.
(v2) & = cx, y = y(Az + By + C), with A%+ B? #£ 0.
(v3)  &=uz(y+c), y=y(By+1).

(v4) & = xy, y=y(x+ By+1).

(vd) & = xy, y = y(Ax + By).

(Iv6) & =ax(ax +by+c), §= By with a? + b + B? #£ 0.
(W7)  &=uz(y+1), y =y(z + By).

(v8) i =uz(ax+by+c), y=uzy.

(v9) @ = z(az + by), y=ylr+y).

(v10) z=az(az+by+1), y=ylz+y).

(lvll) 2 =z(x+0¢), y=y(Az +1), with cA = 0.

(W12) @=z(x+y+1), y=y(Az+y+1).

Theorem 5. The unique Lotka—Volterra systems (3) having a global analytic first integral
H = H(z,y) are the following ones.

(a) Systems (lvl) with C = —p/q, b = p1/q1, a = —qq1/(p(p1 + q1)) with p,q,p1,q1 € N
and pp1 — qq1 = 0, then H = a1 y4 (pp1 + p1 — qq1@ + p1qy + qquy)PP* 1.
(b) Systems (1v2) with:
(b.1) ¢=0, then H = x;
(b.2) ¢>0 and B=C =0, then H = e~ 4%y,
(b.3) ¢ <0 and B=C =0, then H = A%y~
(b.4) ¢/C = —p/q and B =0 with p,q € N, then H = eA2%/Cgayp,
(c) Systems (Iv3) with:
) ¢c=B =0, then H=xe™Y;
with ¢ =0, B = —p/q with p,q € N, then H = 2P(q — py)%;
= —p/q with p,q € N and B =0, then H = e~ WxyP;
= —p/q, B = —p1/q1 with p,q,p1,q1 € N and qq1 — ppr > 0, then H =
xplqyppl (ql _ ply)qth —pp1

(d) Systems (Iv4) with:

(d.1) B=0, then H = xe*™Y;

(d.2) B = —p/q with p,q € N, then H = 2P (y - ]% - ﬁa})q.
(e) Systems (1v5) with:

(e.l) B=0, then H = Az — y;

(e.2) B = —p/q with p,q € N, then H = 2P(Aqx — (p + q)y)?.
(f) Systems (1v6) with:

(f.1) B =0. The analytic first integral is y;

(f2) a=b=0. The analytic first integral is x!P!;

C
C
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(f3) a=0,b>0 and B <0, then H =y /x5;
(f4) a=0,b<0 and B > 0, then H = 25 /y°.

(g) Systems (Iv7) with B =0, then H = yeV~7*.
(h) Systems (1v8) with:

(h.1) a =0, then H =y “e*~ %,
(h.2) a = —p/q with p,q €N, then H = yP(—c— Lc+ Lz + 5—23} — %by)q.

(i) Systems (Iv9) with (a,b) # (1,1) and a — 1, (1 —b)a and b — a have all the same signs,

then H = glo=yla(=0)l((q — 1)z 4 (b — 1)y)lb-al,
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