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The purpose of this work is to perform group classification of a coupled system of partial differential
equations (PDEs) modeling a flow in collapsible tubes. This system of PDEs contains unknown
functions of the dependent variables whose forms are specified via the classification with respect to
subalgebras of real three and four-dimensional Lie algebras.
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1. Introduction

It is well known in physiological, clinical or surgical applications that the flow of a fluid
changes the geometry of the collapsible tube through which it is flowing. The phenomenon
of a fluid flow through collapsible tubes is complex due to the fluid flow interaction with
the motion of the tube wall. Owing to this complexity much of the research (analyti-
cal and numerical investigations [9, 16, 18, 28], just to mention a few) have been based
on one-dimensional and two-dimensional models. However, a complete understanding and
comprehension of the complex dynamics involved in the flow through a collapsible tube
requires a three-dimensional approach (experimental investigations and three-dimensional
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numerical simulations). Due to the extensive computational resources needed, currently
there are limited three-dimensional numerical simulations for fluid flow through collapsible
tubes [20].

There are a number of physiological, clinical and surgical applications of fluid flow
through collapsible channels, for example: blood flow in arteries or veins during sphyg-
momanometry; urethral flow during micturition; ureteral flow during peristaltic pumping;
airflow in the bronchial airways during forced expiration [4,16] and in other circumstances
which are less usual, such as life-sustaining and life-threatening situations. Bertram [4] gives
a recent review of respiratory cases of flow in collapsed tubes and deformed airways, ana-
lytical and numerical models, experimental studies and current controversial issues on the
subject.

When the original system contains arbitrary parameters or functions, the consistency
conditions of the determining equations provide a means to specify their forms. This is
the essence of the group classification method proposed by Ovsiannikov [26]. The impor-
tance of group classification stems from the fact that many models in application contain
parameters or functions which cannot be determined from any known physical law. It more
desirable to perform the complete group classification, but in some problems of interest the
analysis of the determining equations can be quite challenging, in such a case one can make
use the method of preliminary group classification [11,12]. The results of the preliminary
group classification could then be used to obtain solutions for the known models. However,
when the determining equations are difficult to analyze an approach based on abstract Lie
algebras of low dimension discussed by Basarab—Horwath et al. [3] can be used. The above
mentioned approaches require the computation of equivalence group (i.e., classification is
performed up to equivalence group). Mahomed and Leach [19] used similar ideas to perform
classification with respect to low dimensional Lie algebras for ordinary differential equations
(ODEs). The symmetry classification can also be performed without using the equivalence
transformations, i.e., the direct Lie’s approach can be employed provided the analysis of
the determining equations which include those of the arbitrary elements (compatibility
conditions) could be handled without much difficulty [22,30].

The outline of this paper is as follows. In Sec. 2 the model to be investigated is presented.
In Sec. 3 we determine the generators of the equivalence group for the model. In Sec. 4 we
carry out the classification with respect to subalgebras of real three and four-dimensional
Lie algebras and finally, summarize our findings.

2. Collapsible Tube Model

We consider one-dimensional flow through a collapsible tube [10, 16], governed by the
equations:

e Conservation of mass
ar + (au), =0, (2.1)

where subscripts ¢ and x denote time and spatial derivatives respectively.
e Conservation of momentum

p(ug + uug) = —p, — R(a,u), (2.2)
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where p is the density of fluid assumed to be constant and R(«,u) > 0 is a term repre-
senting distributed frictional losses.
e Pressure-area relation

p —pe = P(a). (2.3)

The tube law (2.3) can be accompanied by more terms to represent additional physical
effects, i.e.,

p—pe = P(a) — Tz, + Doy + Moy, (2.4)

in which T' > 0 and «,, approximate the effect of longitudinal tension and curvature of
the tube wall respectively. The constant D > 0 represents the viscous damping in the
wall and M > 0 represents wall inertia.

The dependent variables «(t,z),u(t,z) and p(t,x) are the cross-sectional area of the
tube, cross-sectional axial velocity and cross-sectional internal pressure respectively. The
independent variable x measures the tube length and t the time. The nonlinear tube law
function P(a)) can be computed using thin-shell theory, but a quite similar function is
assumed for some models in applications [1,6,23]. The form of the term representing viscous
effects, R(«, u) depends on the type of flow considered. Equations (2.1)-(2.3) must be solved
subject to appropriate initial and boundary conditions.

Many features of the systems of PDEs describing compressible gas and shallow water
flows [2,17,29] also arise in collapsible tube flow. These include models for steady and
unsteady flows. In the sequel we investigate the system of Egs. (2.1)-(2.3) from the Lie
group theory point view. Similar systems of equations have been studied in [7,21, 24, 26]
and the references therein using this approach.

3. Equivalence Generators

An equivalence transformation of a system is a change of both dependent and independent
variables into new dependent and independent variables taking the original system into a
system of the same form [11-15]. We rewrite Egs. (2.1)—(2.3) as the system
a; + aug + uay, =0,
(3.1)
p(ug + vwug) + oz Py + R(a,u) = 0.
Since the independent variables ¢ and x do not appear explicitly in the above system
(3.1), the principal Lie algebra for the system is spanned by at least two operators (to
be established later)

0 0
Xl = & and X2 = % (32)
We seek for the generator of equivalence group having the form
0 0 0 0 0 0
y — 12 29 1= 22 1 = 2 3.3
ot e T e T e T ap T aR (33)

where

gi zﬁi(t,x,a,u), TIZ :Ui(t7337aau), /J’Z :,U,i(t,JI,Oé,'LL,P,R), 1= 172
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The operator (3.3) is the generator of the equivalence group provided it is admitted by the
extended system

oy + g + uc, =0, (3.4)
p(uy + uug) + a, Py + R =0, (3.5)
Pr=0, Pp=0, Py=0, R =0, R,=0. (3.6)

The invariance conditions for system (3.4)—(3.6) require the following prolongation of the
operator (3.3)

~ 0 0 0 0 0 0
Vv 1 9 1 9 2 0 2 0 1 9 1
TG0 T2 50, T g, T, Tiap, T2,
0 0 0 0
1 1 2 2 )
T, T Yap, TR, T2 0R, (3.7)
The variables C} and w}; are given by the prolongation formulae
(1 = Di(n") — o Dy(€") — Dy (€7)
=) + aml + wny — oq(§) + o€l + k) — an(§ + €l + wél), (3.8)
<21 = Dx(nl) - O‘th(gl) - a:t:Dx(§2)
= nh + 0l + ey — 0 (6) + 00l + uel) — 0a(E + 008l ual),  (3.9)
(7 = Di(n*) — u Dy (&) — ua Dy (€?)
=07 + amp + wy — ou(§ + €l + k) — an(§ + €l + wl), (3.10)

<22 = Dx(n2) - uth(gl) - uxDx(§2)
=02 + an? + ugn? — (€l + €l +up€l) — (€2 + €2 +up?),  (3.11)

and
wi = Dy(u') — PaDy(n"), (3.12a)
w3 = Dy(u') = PaDs(n"), (3.12b)
wy = Do (pt") — PaDaln'), (3.12c)
wi = Du(u') = PaDu(n'), (3.12d)
wi = D) = RaDi(n') — RuDy(1?), (3.12e)
w3 = Da(p?) = RaDa(n') = RuDa (), (3.12f)
respectively, where
Dt—ﬁ+atﬂ+uta, z QJF%QJFME
ot O 0 Ox O ou
are the total derivative operators, whereas
=2 =2 Bu=2yrlir 2 D=2 4R

oz’ da opP OR’ ou OR
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are the total derivative operators for the extended system (3.4)—(3.6). Acting the prolonged
operator (3.7) on Eqgs. (3.4)-(3.6) yields the determining equations

¢+ uent + ad + agn? +udd =0, (3.13)
p(CF + uan? + uCd) + Pals + caw} + p? =0, (3.14)

First we consider Eq. (3.15) together with Eqs. (3.12a), (3.12b), (3.12d)—(3.12f ). Assuming
that the arbitrary elements and their derivatives are arbitrary functions we obtain

==y =0, pp=n2=0, p=pp=py,=pp=0, pi=yps=0.
Therefore,
nt=nte), 7 =n*(au), p'=pte,P), p?=p*(a,u, P, R). (3.16)

Next we consider Eq. (3.13). Taking into account Eqs. (3.16), we substitute (3.8), (3.9) and
(3.11) into Eq. (3.13). This is followed by equating to zero the coefficients of P, and the
terms without P,. Thereafter, separating by a., u, and their powers we obtain

galc = 07 51% + Oéé.é - U’g}; = 07 (317&)
nt—any +aln —&+E) =0, 7’ +an;—u(&-¢&) - =0. (3.17Db)

Now we consider Eq. (3.14). We substitute (3.9), (3.10), (3.11) and (3.12¢) into Eq. (3.14)

taking into account Egs (3.16). By equating to zero the coefficients of P, and P2 and

separating by oy, o> we obtain

E,=0, pp=m+& &, & —uy=0. (3.18)
Separating by ag, u, and their powers, the terms without P, results in
po =0, pl® —amih — (& — &) = &1+ (& —af))R=0, p* = (n; —&)R. (3.19)

The first equations in (3.17a) and (3.18) imply that ¢! = £1(¢, «). Hence, the second equation
in (3.17a) reduces to

2 +atl =0. (3.20)
In summary, we have

51 = 51(t7a)7 52 = 52(t7x>a7u)7 771 = 771(04)7 772 = 772(047U)7

(3.21)
pt = p'(P), p?=p*(a,u,R)
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and
2 —uel =o, (3.22)
&+ ag), =0, (3.23)
n' —an, +aln — & +&) =0, (3.24)
7+ ang —u(& - &) — & =0, (3.25)
pln® — am —uw(&; — &) — &1+ (& — g )R =0, (3.26)
pp = — &+ & =0, (3.27)
pr— (s — &R =0. (3.28)

Solving Egs (3.22)—(3.28) in view of (3.21) yields the general solution of the determining
equations (3.13)—(3.15) given by

¢ =Cit+ Cy, (3.29)

¢ = Csz + Cyt + Cs, (3.30)

n' = Csa, (3.31)

n* = (Cs — Ci)u+ Cy, (3.32)

pl=2(C3 —C)P + Cy, (3.33)

p? = (C3 — 2C1)R, (3.34)

where C1, Cy, ..., C7 are the arbitrary constants. Thus, the generator of equivalence group is
Y = (Cit+ 02)3 + [C3z + Cyt + Cﬂg + Oﬁa2 + [(C3 — Cr)u+ 04]3
ot Ox Oa ou

+[2(C5 — C1)P + C7]% + (C5 — QCl)R%- (3.35)

Therefore, the underlying system (3.1) has a seven-dimensional equivalence Lie algebra
spanned by the operators

0 0 0 0 0 0
Yi = a, Y2 = %, Yg—ta—’u%—z])% _QR%, (3 36)
) ) ) ) o 9 ) ) '
Y4—x%+u%+277ﬁ+1%@, Y5—t%+%,}/ﬁ—aa—a, Y7—%‘

The group of equivalence transformations include the following discrete transformations:

t——t, a— —a, u— —u, (3.37a)
t——t, u——-u, P—-P, R— —R, (3.37b)
a— —a. (3.37¢)

We use the theorem on projections of equivalence Lie algebras [12,13,15] to find the principal
Lie algebra (Lie algebra of the maximal group) admitted by system (3.1). Consider the
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following projections of the equivalence generator (3.3):

0 0 0 0
X = pr(t7x7a,u) (Y) = gla + 528_:11 + nla—a + 7]2%, (338&)
0 0 0 0
Z =D aupm(Y) =0 o 0o o i, (3.38D)

where pr; ; o ,,) denote projection on the space (¢,z,,u) and so is pr(, ., p g) on the space
(Oé, 'LL, P) R) .
An operator X belongs to the principal Lie algebra if and only if

Z = Prgupr(Y)=0. (3.39)
According to (3.35) and (3.38b), Eq. (3.39) is written

0 0 0
+ [(C3 = C)u+ Cy] — + [2(C3 — C1)P + C7| == + (C5 — 2C1)R——= = 0.

0
Coogy ou P R

Oa
Thus,

Ci=0, C3=0, C4=0, C¢=0, C;=0.
Hence, in view of (3.35) and (3.38a)

) )
Y =Cog + sy,

and we conclude that the principal Lie algebra of (3.1) is two-dimensional and spanned by
operators

0 0
T o

The equivalence transformations (3.36) for system (3.1) can also be written in the form

X, = (3.40)

t=o1t+7v, T=o0ot+030+7, a=o4q, U=os5u-+-13, (3.41a)
P=02P+v, R=_osR, (3.41b)
where o1,03,04,05 > 0.

4. Determining Equations for Classification

According to Lie’s algorithm [5,25,26], the infinitesimal generator of the maximal symmetry
group admitted by (3.1) is

0 0 0 0
X = gl(ta$7 O‘vu)& + 52(t,$,04,U)% + 77%@%%“)% + 772(15,([‘,04,10% (41)
if and only if the invariance conditions of system (3.1) are
X(at + auy + uay) =0,
_ (4.2)

X(p(ut + UU;E) + azPo + R(Oé, ’LL)) =0,
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where
2 0
! aut

5 0

= 0 0

is the prolongation of the operator (4.1). The variables C]’: are as given in Egs. (3.8)—(3.11).

The coefficients £'s and n's of the symmetry generator (4.1) do not involve the derivatives
of the dependent variables. Thus, we can separate (4.2) with respect to the derivatives of
the dependent variables and their powers to obtain an overdetermined system of linear
homogeneous PDEs (determining equations). The following determining equations were
generated manually and confirmed by the software package YaLie [8]:

uby — & — akh =0,

p(ni +uny + an;) + (agy — ny)R =0,

an, +n' — ang, — a&l + 2aub; + agf =0,

pust +u?ey — & —ule + 17 + an) + (& — )P’ =0,

EuP + p(€2 —uéy) =0,

P +un?) + plnsP’ +n'Ra + n* Ry + (& + ugl — )R] — €L.R* = 0,

pn' P+ [p(&) +2uéy — & + 0y — i) — 26, RIP' =0, (

plul) + 1’y — & —u&l + 17 — anl) + (a&y + 0y )P — (€, — & + a&y)R=0,  (4.10)

where a prime denotes differentiation with respect to o and subscripts denote partial dif-
ferentiation.
From Egs. (4.3), (4.6) and (4.10) we obtain

alpiy + ER) =P = 0. (4.11)
Since p > 0 and we require R > 0, Eq. (4.11) holds provided ¢} =0, 2 =0 and 5} = 0 or
P'(a) = 0.
We proceed with the analysis of the above determining equations by considering the
cases: P'(«) # 0 and P'(«) = 0.

Case I. P'(a) # 0.
From Eq. (4.11) we obtain

¢ =g (tau), 0 =n(tza), 7=tz (4.12)
According to the first equation in (4.12), Eqgs. (4.3) and (4.7) imply that
¢=¢gta), &=8(a) (4.13)

Taking into account the last two equations in (4.12) and Eq. (4.13), the determining equa-
tions are

p(nf +unt + an?) + asR =0, (4.14)
an +n' —anl — a€2 + 2auél + aff =0, (4.15)
p(uéf +u?el — & —u&2 +n°) + ;P =0, (4.16)
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p(; +wiy) + P 40" Ro 17" Ry + (& +uéy —ni) R =0, (4.17)
NP+ (&) + 2uby — & + g — ni)P' = 0. (4.18)
Using the similar reasoning as above, Eq. (4.14) implies that n} 4+ unl + an? = 0 and
¢! = 0. Thus, the remaining determining equations (4.14)—(4.18) are
ny + uny, + oy =0, (4.19)
ang +n' — arg, — &g +agl =0, (4.20)
ué — & —u&s +n° =0, (4.21)
p(n +un) + P 40" Ra + 1° Ry + (& —n2)R =0, (4.22)
NP+ (& = &+ — )P = 0. (4.23)
Solving Eqs. (4.45) and (4.46) we obtain
Nt =Clta)a, 0= (- &ut+§ (4.24)

where C' is an arbitrary function. Therefore, summarizing we have

gh=¢(1), €=884a), n'=Clta)a, P=E-Gu+g (425
and the determining equations are

CaP" +[C+2(& — 2P =0, (4.27)

pl(282, — &)u+ &4+ uPe2 ) + CraP' + CaR,
+ (€2 = Hu+ Ry + (28] — E)R = 0. (4.28)

Therefore, the symmetry generator (4.1) takes the form

X =05 + €t n)a +Clt v +[(@ - utls- (429)
In order to satisfy the remaining determining equations (4.26)—(4.28), since R depends on
more than one variable, it becomes difficult to employ the procedure discussed in [14,26].
However, this procedure can be used to solve for P(«) in Eq. (4.27) and hence, remaining
with only R(«,u) to solve from Eq. (4.28). Since the direct Lie symmetry classification is
difficult to implement, instead we make use of classification with respect to three c- and
four-dimensional real Lie algebras by Patera and Winternitz [27] to solve Eqgs. (4.26)—(4.28).

4.1. Classification with respect to 3D Lie algebras

We consider the three-dimensional Lie algebras having the basis (eq, e, e3). The two oper-
ators are those that span the principal Lie algebra and a third operator (which is to be
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obtained) is in form of the symmetry generator (4.29). Thus, in order to obtain the third
operator we consider the following possible realizations:

(a) e1 =0y, e3=20,, e3=Xy (b) e1 =0, e2= Xy, e3=0,
(c) e1 =0z, e3=20;, e3=Xpy (d) e1 =0y, ex= X, e3=20,
(e) e1 = X, e2=0y e3=20; (f) e1 = X4, €2 =20, e3=20,
where X3, is the extension of the symmetry Lie algebra of the form
Xin = A(t)0y + B(t,2)0; + C(t, )0y + [(By — A)u + By0y, (4.30)

Ox denotes 0/0x for x = (t,z, o, u).

Our goal is to find the functions A, B, C' for which Xy, is a symmetry generator of the
underlying system and thus, obtaining the corresponding forms of P and R.

We illustrate the calculations involved by considering the possibilities (a)—(f) for the
algebras 341 and A; & As.

At first we consider 3A; with the commutation relations: [e1,e3] = 0,[eq,es]
0, [62, 63] =0.

(a) The first commutation relation is identically satisfied. The second commutation relation
implies that
e3 = ¢10; + B(2)0; + C(2) a0y + Byu0y,
for ¢ arbitrary. The last commutation relation yields
e3 = €10 + 205 + c300,,

where ¢y and c3 are arbitrary constants. Therefore, the determining equations (4.26)-(4.28)
reduce to

cgaRy =0, c3(aP” +7P') =0. (4.31)

We take e3 = ad,, and hence, the corresponding forms of the arbitrary functions from the
classifying equations (4.31) are

P=kilna+ky, R=f(u), (4.32)

where k1 # 0, ky are arbitrary constants and f is an arbitrary function of w.

We reach the same conclusion for the remaining possibilities (b)—(f).

Secondly consider A; @ Ay with the commutation relations: [e1,es] = e, [e1,e3] =
0, [62, 63] =0.

These commutation relations imply that (b), (d), (e) and (f) are the only possible real-
izations.

(b) [e1, e2] = eo implies that
ey = €'[¢10; + b(x)0, + c(x)ady + [(by — €1 )u + b]0y].
The second commutation relation is identically satisfied. The third commutation yields

ez = €'[e10; + €20, + e300, + (G2 — E1u) D),



Group Classification of a Collapsible Tube Model 189

where ¢;, ¢ and ¢3 are arbitrary constants. The determining equations (4.26)-(4.28)
reduce to

czefa =0, (4.33)
e'lesaRy + (€2 — ru) Ry + 261 R + p(ey — cu)] = 0, (4.34)
et [Egapl, + (2¢1 + 53)7)/] =0. (4.35)

With é3 = 0, Eq. (4.35) implies that ¢; = 0 and P(«) is arbitrary since we require that
P'(a) # 0. Thus, e = €'(9; + 0,,) and solving Eq. (4.34) we obtain

R = g(a) — pu, (4.36)

where ¢ is an arbitrary function of a.

(e) [e1,e2] = ey and [eq,es] = 0 imply that e; = —td; + ésad, + ud,, for arbitrary és. The
determining equations (4.26)—(4.28) become

é3aRy, +uRy, —2R =0, &3aP”+ (63 —2)P' =0. (4.37)

Solving (4.37) for nonzero ¢3 we obtain
o N 1~ L
R= a2/03f(ua_1/c3), P = §k153a2/03 + ko, (4.38)

where k #0, ko are arbitrary constants and f is an arbitrary function of its argument.

The complete results are tabulated below, excluding the cases which yield R = 0.

In addition to the possible realizations (a)—(f), we also consider the 3D Lie algebras con-
taining the two-dimensional subalgebras 24; and Ay (c.f. Table I [27]). The 2D subalgebra,
2A yields the same results as those presented in Table 1.

We show some calculations for the 3D Lie algebra Ay & A, containing A, with the basis
(e1 + pes; ea), where p # 0. The case p = 0 leads to the cases which are already treated.

Let é1 = e1 + pes, éa = eg, é3 = e1 or e3, where e, ez can be either 9; or 9, and é; is
of the form (4.30). Likewise, we can have é; = ej or e3, é3 = e9, é3 = €1 + pes.

Consider é; = 9y + pd,, éa = ea, é3 = 0;. The commutation relations [é1,é2] = é2 and
[é2, €3] = 0 yield ey = e’f/p[kgax + ksady + (kou/p)d,| for arbitrary constants ke and ks.
Eventually ey takes the form ey = e*/? (pOy — a0y + ud,) and the corresponding arbitrary
elements are

ki1 — pou? 4—poz1“(ozu)7 Py ky

R = —,
202

pa?

where ki, kg are arbitrary constants and I'(au) is an arbitrary function.
The complete results are given in the following table.

4.2. Classification with respect to 4D Lie algebras

Since each 4D Lie algebra contains a 3D subalgebra, equations admitting 4D symmetry
Lie algebras will stem from specifications of arbitrary functions in equations admitting
3D symmetry Lie algebra. Thus, we have to examine all 4D Lie algebras admitting the
previously obtained 3D symmetry Lie algebras (given in Table 1) as subalgebras.
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Table 1. Classification with respect to three-dimensional Lie algebras for P’ () # 0 where I';s are arbitrary
functions and 0 < |a| < 1.

Condition
Algebra P R on consts. Extra operator
3A1 kilna+ k2 Ty (u) k1 #0 g,
Al @ Ag Arbitrary Ia(a) — pu e (0z + du)
ko — le Ls(au) 1% — pu? k1 #0 €"(0zr — o + udy)
2c « «
%l}gkoﬁ/k + kg a2/kI‘4(uofl/k) k3, k#0 t0r — kado — u0y
ke — %%5)\0472“ ofl/)‘l“g)(ual/)‘) ks, A #0 20z — AaOa + udy
Ina
Az kyIna + kg T'g (u— I ks, h #0 tOr + hady + Oy
Arbitrary I'7(@) h=0 tOy + Ou
~1/k Ina
Az ksIno + kg « I'g|u—— ks, k #£0 tot + (t + )0z + Kada + Ou
K
Arbitrary e “I'g(a) k=0 Lo + (t + x)0z + Ou
Az 3 krlna + kg Cz_l/el—‘lo (u) k7,0 #0 t0r + 10z + LD
A by — Lhyma—t/m =3/mE (e R 0 9 — 0 Do — 2ud)
3,4 2 — ghima a 11 (ua™™) 1,m# t0r — 20z + mada — 2udy
a /Afln 2(a=1) ~ a=2 l—a ~
35 ma o+ ko a n Tig(ua ™) ki,m#0  t0 + axds + nada + (a — )udy
];377" 2(1—a) . 1-2a a—1 N
30 )a o+ ky a 7 Ta(ua™ ™) ks, #0  atdy + 20z + nada + (1 — a)udu
—a

We follow the same procedure used in the classification with respect to 3D Lie algebra
and the cases which lead to R = 0 are discarded. Below we show some calculations for the
4D Lie algebra containing 3D Lie algebra A; @ Ay as subalgebra.

The algebra 245 with the nonzero commutation relations [eq, ea] = e2 and [es, e4] = €4
is the only 4D Lie algebra containing the 3D Lie algebra A; & As.

Consider the possible realization (9., ea, —t0; + kady + udy, d¢): the commutation rela-
tions [e1, es] = ey and [eg, e4] = 0 of the algebra 245 give es = €% (20, + 300, + c2udy),
for arbitrary constants ¢z and c¢3. The determining equations (4.26)—(4.28) become

e’au(ca + c3) =0, 4.39)

EgexaQ/k(kCQ —c3) =0, (4.40)
e [k(capu® + cskza®*) — (key — 2¢3)®FT 4 (ua™ ")

+ (key — e3)ua/* T (ua™ V%) = 0. (4.41)

The first two equations (4.39) and (4.40) imply that c3 = —c2 and thus, k = —1. Therefore,
eg = €%(0p — @p +1udy), e3 = —t0; — Oy +ud, and T'y = k3 — pau?, i.e., R = ka2 — pu?.
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The complete results are presented in tabular form below.
It can be shown by direct calculations that there are no realizations of the 4D Lie
algebras containing the 3D Lie algebras from Table A.1.

Case II. P'(«) =0, i.e., P = Py = constant.
According to Eq (4.11), the symmetry generator (4.1) is given by

The corresponding determining equations are

p(n} +un, + an?) + (a&; —ny)R =0,
an +n' — anl — o€ + 20ug! + at} =0,
uél +uEy — & —u&l +n* =0,
PP (7 + unl) + pln' R +1° Ry + (§ +uy — n3)R] — E4R* =0,
p(ug) +u*ey — & —u&l +n°) — (uéy — )R = 0.

(4.42)

4.43
4.44

4.45
4.46

4.47
4.48

U&i _53 = 07

(4.43)
(4.44)
(4.45)
(4.46)
(4.47)
(4.48)

Proceeding as in the previous case, our aim is to find an extra operator in the form of (4.42).
Hence, obtain the corresponding form of R whenever the extra operator exists.

We give an illustration of some calculations for the 3D Lie algebra A; & As and the 4D
Lie algebra containing this algebra.

Table 2. Classification with respect to four-dimensional Lie algebras for P’ () # 0 where £;s are arbitrary
nonzero constants and 0 < |b] < 1.

Condition
P R on consts. Operators
kslnoa+ ky élofl/zexp[hu/Z] Lh#0 O, Oz, t0z + hada + Ou, t0; + 10z + Lady
krlna + ks loa— 1/t k7,0 #£0 Ot, O, 10 + Ou, t0s + 20z + Lada
g — 3 o s B3 £0 B¢, O, € (0z — Do + udu), 1y + B — udu
202 o?

ks — %%7)\072/)‘ lya A — pu k7, A #0 Ot, Oz, €t (0z + Ou), 20 — AaDer + udy

_1 -2/~ -2/y _
Ao 2)\1'ya Ly AL,y #0 Ot, Oz, t0zx + Oy, tOt + Y0 — u0y,
2ib)\3ua27b o lsa’ A3, v £ 0 Br O, 10 + Ous tdy + (1 + b)axdy + vade + budy
%)\50042/0 X ls X5, 0 £ 0 Ot, O, 10z + Ou, tOy + 2203 + 0 + udy

I%ln 2(a=1) a=2 -
3 1)(1 n 4+ ko lra k1,m#0 O, Op,t0z + Ou,t0t + axdz + nada + (a — 1)udy

a—

];377 2(1—-a) 1-2a N ~

a 7 + kg lga 7 k3, n#0 O, O, t0z + Ou,atdr + x0x + Nada + (1 — a)udu

2(1 —a)
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Consider first the 3D Lie algebra having the realization (e1,d,,0;), the commutation
relations [eq, es] = eg and [eq, es] = 0 yield

e1 = a(u)o + (—z + b(u)) 0y + Ca, u)0q — d(u)0y. (4.49)

Substituting the forms of £s and ns from (4.49) into the determining equations (4.43)—(4.48)
we have

e1 = a(u)od, + (—x +a(u)u — /a(u) du + C2> Op + C30:0q — U0y, (4.50)

where C5 and C3 are arbitrary constants.

From (4.50) we investigate the cases: a/(u) # 0 and a/(u) = 0. Firstly for a'(u) # 0, C5 #0
we take

2
e1 = uly + (—x + u2> Oy + C3000, — u0y, (4.51)

and thus, R = —p/(a/% exp [p®(ual/®)] — 1), where ® is an arbitrary function of its
argument.
For C3 = 0, R = —pu/(exp [p®(a)] — u), where ® is an arbitrary function of a.
Secondly for a’(u) = 0, C3 # 0 the operator (4.50) takes the form

e1 = —x0; + C3a0, — ud, (4.52)

and thus, R = a1/ A(ua'/®), where A is an arbitrary function of its argument.

For O3 =0, R = uA(a) and é; = —x0, — ud,, where A is an arbitrary function of a.

We now turn to the 4D Lie algebra containing A; & Az for the extended operator (4.52)
and show calculations for the possible realizations (0, €2, —x0, + C3ad, — udy, d;) and
(=20, + C300y — u0y, Oy, €3, 0).

Taking the first realization, the commutation relations [e1,&] = &3, [é2,€3] = 0 and
[ég, é4] =0 yield

&y = e'[C10; + Coudy + C(ual/c3)a8a + Cyudy],

where C, Cy, Cy4 are arbitrary constants and C is an arbitrary constant function. Substi-
tuting the forms of &s and 7s in €3 into the determining equations (4.43)—(4.48) we obtain

ey =e'(0y —ud,) and G = pual/c3 + K1u2a2/c3,

for arbitrary constant K. Therefore, R = u(p + Kjua'/3), provided C5 # 0.
For the second realization we have

— =, —~ O[ —~
3 = —10; + C300, +ud, and R = Kyu(Cs+ C3)[(Cs + C3)uat/] 5705 :

where C3 # —C3 and Ky # 0 are arbitrary constants.

Considering C3 = 0, the first realization gives &y = et (0 —u0y), R = pu and the second
realization yields é3 = t9; — Cga0, — u0y, R = Kouat/ | where C5 and Ky are nonzero
arbitrary constants.

The complete results for both the 3D Lie algebras and 4D Lie algebras are given in the
Appendix.
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Also, presented in the Appendix are the results involving the 2D subalgebra As
(Table A.2.).

5. Conclusion

We obtained the forms of the arbitrary elements that appear in the one-dimensional col-
lapsible tube model via the classification with respect to subalgebras of real three- and
four-dimensional Lie algebras.

The procedure employed in finding extra operators and hence, the arbitrary elements
does not guarantee the full symmetry Lie algebra, it only provides a subalgebra of the
symmetry Lie algebra. That is, there might be extra operators for the equations admitting
3D and 4D Lie algebras. The guarantee for obtaining the maximal symmetry Lie algebra
would be reached only after performing symmetry analysis of individual cases from Tables 1
and 3 for 3D Lie algebras and Tables 2 and 4 for 4D Lie algebras. This will be reported in
future work.
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Appendix A. Classification Results for the 3D and 4D Lie Algebras

Table A.1. Classification with respect to 3D Lie algebra A1 @ Ao for P’(a) # 0. The arbitrary functions I's
are in general different and p # 0.

Condition
P R on consts. Operators
- ky k1 — paPu® + pal'(au) -
ko — %07 2o k1 #0 Ot, Ot + pOz,
/P (pdz — Do + udu)
Arbitrary Do) — p?u Oz, PO + Oz, €'/ (pOz + Ou)
; 2,2 2y 1 _ .
s — % pa’(u® — 2pu + p )pa2k3 + pal'(qu — pa) s £ 0 Oy, Oy + o,
e /P [pdy 4+ ada + (p — 1)0u]
; ; 2 22 _ .
g — Zli% ks + pa”(2pu — u a2p ) + al'(au — pa) fis £0 By, 01+ poa.
e P[0y — ada + (u — )y
ok pa®(1=2pu+p®u’) —krp® +pal(au—a/p)
ks — 53 pa? k7 #0 O, pOt + O,
!PT (8 + pada + (1 — pu)dy)
P2 2 .22 2 _ .
hno — Ko kop” +po”(pu—1—p*u) +p’al(au—afp) 1o On. POy 1 O,

202 p2a2
e* P [pdy — pada + (pu — 1)04]
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Table A.2. Classification with respect to 3D Lie algebra containing 2D subalgebra Ag for P(a) = Po.
The arbitrary functions G(«) are in general different and 0 < ¢ < 7.

Condition
R on consts. Operators
pu2/p p#0,1 O, Ot + pOz, "/ Puadq
p(u®
[ p#0,1 O, O + pOx,
p\ 2
2 2
/P [pu@t +p (% +I_€) Oz +u (E — %) 8u]
pu(u—r)/p p?éovl 8t7 875 +p817
/P [pOr + prog + (r — u)udy]
pu/p p#0,1 Oz, POy + Ox, €'/Puada,
el/p (qu(?t + puzaw + 2pucdy — u28u>
2k -
p(u—‘ri ) k#0 Oz, POt + Oz,
p p
x tan |2i arctan | ——— + G(a) #0,1 et/? | pudy + ﬁ-ﬁ-]_ﬂ Oz + ]_C—ﬁ 0
\/ﬁ p ) p t p 2 €T 2 u
D(us)+ (u=9)G(e) p#0,1 Dz, POt + a,
et/P[pdy + psdr + (s — u)Ou]
pu(p —u)/p p#0 Or, O + pOz, €'~/ Puads
P 2 [
2]TU(JT)—U)(U - 2k) p#0 Ot, O + pOx,
2
t—z/p u 7 _pb—u 2 o7
e [at + ( L+ k) or =" (u 2k) au]
p(p—u)(u—1y)/p p#0 0%, O¢ + pox,
e /P [pdy + pyds — (p — w)(u — y)u]
pu(u — p) p#0 Oz, O + Oz, € Pluady
ﬁ(u—p)(u2—215) p#0 Oz, Ot + pOa,
2 2
eT Pt [u@t + (% + ]_C) Oz + (p—u) (% — E) 8u]
p(p—u)(z —u) p#0 Oz, Ot + pOa,

POy + 204 + (u — 2)(p — u) O]
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Table A.2. (Continued).

Condition
R on consts. Operators
pu(l — pu) p#0 B, pOi + Oz, € P uadq
%(1—pu)(u2—2k) p#0 Ot, pOt + Oz,
2 2
el=pe [u@t + (% + /5) Oz + (pu—1) (% - E) 8u]
plpu —1)(1 —u) p#0 Ot, pOt + Oq,
et TPT0y + 70s + (Tu — 1) (u — 7)04)
pu(pu—1)/p p#0 Oz, POt + Oz, = Pyady
o (pu— 1)’ —2k)  p#0 O, pOr + s,
pu
2
z—t/p w7 _ pbu— 1 2 _ 5T
e [u@t + < 5 4+ k) [ o7 (u Qk) 8u]

plpu —1)(u — w)/p p#0 Oz, POt + O,

e® P [py + pwd + (pu — 1) (u — w)u]

—pu? O F#£ /2 Oz, € “uady, cospe “uady
— o w? uw? u? -
p<k—7) O#£mT/2 Oz, cospe " [u@t—f—(?—i—k’)az—f—u(?—k) 84,
2 2
e * [u@t + <u_ + E) Or +u (u_ — E) 8u]
2 2
pu(p — ) ¢ #m/2 Oz, cosde™ " [0y + pOe + (u — p)udu],
e " [0 + 0z + (u — p)udu]
(u—0)2G(a)—plu—0) ¢ #m/2 O, cospe [0 + 00z + (u—0)du],

e O+ 00s + (u — 0)y]
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Table A.3. Classification with respect to three-dimensional Lie algebras for P’(c) = 0 where Gs are (different)
arbitrary functions of their arguments.

Condition
Algebra R on consts. Extra operator
_ 2
_ pe G w- G
3A1 o+ peG ) c#0 w0y + > Oz + caOa
G(u) ada
A1 D Ay pu el uada
t u2 u2
p(u+iv2c) a#0 e [Uat + <7 + cl) Dz + <01 - 7) au]
X tan {21‘ arctan [\/;LTJ + G(a)]
pu (2u + exp [pG(a)]) _ ¢ w o u?
2(u + exp [pGa) @t AR
plu— ) + (u— ¢2)?G(a) el [0 + o0z + (co — u)dy]
G(a) — pu e (O + Ou)
2 2 2
p (% — 03) e’ [u@t + (% + 03) Oz + <03 — %) u@u]
pu’ e uady
pu(u — cyq) €0 + 40z + (c4 — u)udy]
a tG(au) — pu? " (0z — o + udy)
2002/ exp[2pG (ua ™1/ )] u?
a2 exp[ZpG(ua*l/CS)] c5s #0 (uw—1)0¢ + 3 Oz + c5a0q + udy
2pu? exp[2pG(a)] u?
— —t —
1 — u2 exp[2pG(a)] =0 (u—1)0 + 2 95 + udu
a2/ G(ua /%) c6 #0 10 — cgOa — udy
u?G(a) cg =0 t0r — uy
2
P cr #0 u0t + <u_ — z) Oz + 7o — uOy,
1 — al/e7 exp[pG (ual/c7)] 2
2
. pu — uo_ _
pE——eT c7 =0 uly + < 3 a:) Oz — uly
o~ s G(ual/ o) cg #0 20z — gD + udy
uG (o) cg =0 20z + w0y




Group Classification of a Collapsible Tube Model 197

Table A.3. (Continued)

Condition
Algebra R on consts. Extra operator
A S (x +u)o —|—£23 + u0do — u20
3,1 1+ 2ua? pG (uc) T “ “
of?’G(au) 0% + uado — w20y,
1/C9 —1/69 2
pa /0 exp[pG(ua )] u”
1 — a1/ explpGlua—1/e0)] cg #0 udy + | v+ 5 Oz + cgada + udy
puexp [pG(a)] _ u?
1= wexplpG(a)] cg=0 uog + | x + > Oz + udy,
al/ch(uofl/cw) c10 #0 20z + c10a0a + udy
uG(a) c10=0 20z + udy
u>
Az 20u c11 #0 (t+ 2z +u)d + (:v + 7) Oz
2 3
- 2pci G(1
U 'Uz:' [ pclal ( njua]l/u + (u + Cll)aaa _ u28u
— ) "Bl e
2rute MG (ln[ua] — i) (t+x)0 + 0z + (u + %) aBo —udy
o 3e V3G (ua) (t+ 2)0¢ 4 20s + uada — u?y
u2
P c12 #0 (t+u)8t+<t+$+7>az
1= a/ers explpGlu— 2]
+ c1200a + Ou
2
p u
= t t =
1_exp[u+pG(a)] c12 0 (+u)8t+(+f+ 2)8x+8u
a esg (u - ln_a> c13 £ 0 tot + (t + )0z + c1300a + Ou
€13
e "G(a) c13=0 tOr + (t + )0z + Ou
p u?
A t —
3,3 1— a1/314 exp[pG(u)] C14 7é 0 ( + U)at + ((L‘ —+ D) ) 81 —+ 014013(1
U2
p c14=0 (t+u)8t+<m+7) Oz
a~1/5G () c15 #0 tOr + 20z + c1500a
A 3p c16 # 0 (t+u)o + u—2—$ Oz + c160a — 2u0
3,4 1= aB/e10 exp [3pG(ua2/<16)] 16 ¢ 3 i + c1600a u
3pu3/2 <u2 )
=0 t+u)oy + | = — Oz — 2u0
u3/2 — exp[3pG(a)] 16 (8 + )0 g ~ ) Cw T Ul
a3/ Gua®/ 17 c17 #0 tOy — 20z + 17000 — 2udy
u3/2G(a) c17=0 10 — v0z — 2udy,
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Table A.3. (Continued)

Condition
Algebra R on consts. Extra operator
9_ 2
Ag){) _— p( a) — c18 #0 (t+u)o + (ax + %) Oz + c18a0q
1—a <18 exp[p(2 — a)G(ua “18 )]
+ (a — 1)udy
PInv ln[p(a_#;)l_,’_#l]& Inu + G(a) ci1g =0 (t+u)oi+ (az+ Uj Oz + (a — 1)ud
pla—2) pla—1) a ' 2 )™ !
a—2 l—a
a9 Gua c19) c19 #0 t0r + axdz + c19ada + (a — 1)udy
wat G(a) c19 =0 t0r + ax0z + (a — 1)udy
2a — 1 2
2a_1 pl2a ) a1 c20 #0 (at +u)dr + (1: + %) Oz + copgaly
1 —a 20 exp[p(2a — 1)G(ua <20 )]
+ (1 —a)udy
In[-—2L ] 2
b p(1—2a)+#1 Inu _ u” _
Inv[ o(a 1) & {p(a—l)—i_G(a) co0 =0 (at+u)8t—|—<x—|— 2)314-(1 a)udy
1-2a a-1
a 21 G(ua 2t) co1 #0 atds + x0z + ca100a + (1 — a)udy
[(1- a)u]%G(a) co1 =0 atdr + 20z + (1 — a)udy
u?
" 20(1 + u2)3/2 (z 4+ u)d + (7 — t) Oz + (u + c22)ada
’ uV1+u2 + arcsinhu 9
— (1 +u)0u
+ 2pG (cag arctan u + Infav/1 + u?])
(1+ u2)3/2G(023 arctan v + In[av/1 + u2]) 20y — 0z + (u + c23)ada — (14 u?)dy
aarctan|[-24=4
AL (1 —au+ u2)3/2 exp [[ V‘étﬁ]] (at + )0 + (ax — t)0z + (u + c24)ada
’ 4—a
+ (au — u® — 1)0y

ol (a+ 2co4) arctan| j%]
4—aqa?

— Infav1 — au + u2])
213/2
L)]G(ln[a\/ 1 + u2] — cg5 arctan u) (at — )0 + (t + ax)Oz + (c25 — w)ada

expla arctan u
+ (1 4+ u?)dy

Note: ?Ei is the ExplntegralEi [—%]

bInv is the InverseFunction.
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Table A.4. Classification with respect to four-dimensional Lie algebras for P’(a) = 0 where K are arbitrary
nonzero constants which in general are different. The symmetry Lie algebra for each case include the operators
O¢ and Oy, this is the same for the Tables that follow.

Condition
R on consts. Operators
U @O, etuaaa, (z + u)ada, 0z + udy, et (0 — udu)
t u2 u2
p(u +1i\/2¢1) c1 #0 aOa, € [u@t—i— (51 +7> Oz + <51 — 7) 8u]
X tan [2iarc tanh L/%] + K]
pu(2u + exp[pK)) . ¢ w’ o u?
2(u + explpk]) c1 =0 ala, e | ude + > Ox > Ou
plu—22) + K(u—22)° ada, €'[0; + €20z + (G2 — 1)0u]
K — pu ada, e 0z + Oy)
pu’ @Ba, € U0Bp, €% (0 — Do + udy), €% (8 — u?du),
€' % B, t0y + D — udy
Ku — pu? a, €* (0 — aba + udy)
2pu? exp [2pK] u?
T2 oxp 2pK] o, (u— )0 + 3 Or + udy
Ku? a0, t0r — uy
2
__pu wo_ _
w— exp [pK] ala, uds + ( 2 I) Or — u0y
Ku aaa,ZKaw +U8u
2pu3 u? 2
2+ 3K a@a,(a:—ku)@t—k?az + uada — u Oy
Ku® ala, xOt + uado — u28u, 2t0t + x0r — uOy
2
__r u
u+pK Oéaa,uat+(t+ 2)81+8u
K Oéaa, t0z + Ou
2
p ala, (t + u)ada, (t + u)O¢ + <I+ %) O,
(I + gu2) O + u38x + uadq — u28u,
<1‘ +1+ gu2) ot + (u3 —1)0z +uada — (1 + u2)8u
2p(1+u2)3/2 (’LL2 ) 9
@Oa, (x +u)0t + | — —t ) Oz +uada — (1 +u”)0
uv1+ u? + arcsinhu + 2pK o 0 2 * o — )0
K(1+u?)3/? O, 20¢ — 0z + uada — (1 4+ u?)dy

2p(1 +u2)3/2
(u—a)V1+u2+ 2K

expla arctan u]

aa, (at + . +u)0 + (ax — t + “72)81 + uado — (1 +u?)dy

+2(a — 1) expli arctan u]|°H

Note: °H is the Hypergeometric2F1 [1Ei“, 1, %, — exp[2i arctan u)].
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Table A.4. (Continued)

Condition
R on consts. Operators
K(1+ u2)3/2 expla arctan u) B, (at + )0 + (az — )0z + uada — (1 4 u?)du
1+ a?) [171au —Infau — 1]] — 2au
p(1 — au) @, | at + =+ 2 Ot
+ atu) 2y + (az — t)ada — (a + w)ud
pul(u—1)exp2pK] —ua] N T
(u —2) exp[2pK] — ua =0 e \ude+ 2 Os 2 )
P [0t + (u — 1)0z + ada — udu]
1 1 . + u? u
§pu 2 — T aal/m Pl pK] c1=0 e (u@t + 78;3 — 7(%) ,0t — Oz + m1ala — udy
m1 #0
plcz —u) [1 + u(cvexp[pK] —1)] ¢ 3
e2(1 — arexplpK]) — 1 e [0 + 20z + (c2 — u)Oul,
ew(02 - u)cz [ 2 815 + c2 U(C2 — 1) Oz — ala + Uau:|
c2—u 2 —u
u t xT Cc2
U (C— —1) ca #0 € [0 + 20z + (c2a — u)du],e" (c2 — u)?ada,
2
2 g — {az + ¢ <1n[u —co] — = )} Oz — uy
U — c2 U —C2
N t (2—u) _
p (1 e u) e (0z + Ou), e [Or + (u 4 1)0z — @Da + udy]
plez — u) [U«al/mz - exp[pK]] .
exp[pK] — coal/m2 mz 7 0 € [0 + 20 + (e — u)Oul,
€2 O — {az + co <1n[u —co] — €2 )} Oz + moada — udy
u— Cc2 U —C2
p(u —c2) mg =0 104 + o0 + (c2 — u)dul,
25— {az + ¢ <1n[u —co] — = )} Oz — uy
u—cy u— o
Ko~ Y/ms _ PU ms # 0 et(az + Ou), 0t + 20z — m3ada + udy
—pu mg =0 et(&p + Ou), Ot + 0z + udy
2 2 2
p (% — 03) e’ [u@t + (% + 03) Oz + <03 — %) u@u] ,
V/2arc tanh[ —4—]
V28t
c3#0 exp [t NG o
2 z u? u? (t—2/w)
pu” /2 c3=0 e <u6t + 7830 — 7(%) e aOa
1
pu(u — cyq) ¢y #0 e®[0r + 40z + (ca —u)@u],et<u;C4) 4a8a,
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Table A.4. (Continued)

Condition
R on consts. Operators
u[K (1 + myg)[(1 4+ myq)ua] ey pu) my # —1 e®(0r — O + udy), t0r — Mmado — udy
—pu2 my = —1 e® (0 — ada + udy), 10 + ada — udy
1 -2 cs #0,—1 (u—1)0 +u—28 + 5000 + ud
P 2+u2—K(1+C5)2u2 5 ) t 5 Uz 500 u
x [(1+ C5)U0L71/65]_1i75€5
(-2 u a2
e 2 [58,5 + <1 + 7) O — 0o + u@u}
202 2
_u;’j‘rz s =—1 (u— ) + %az — B + udu,
w2 2
(%) [gat + (1 + ”7) Oz — ada + uau}
1 - 5 =0 (0= 1)+ 0y +ud
Platuz (1 + aexp[dpK]) v Ty “w
(m—ﬁ) u u2
e 2 [58,5 + <1 + 7) O — 0o + u@u}
2p L 1| e5 #0,—m (u—1)0 —|—UQ3 + c5a0a + uo
- 5 s — 15 - t - 5 )
1 — a?/% exp[2pK] 27" “ “
c5+2m
x [2p(cs 4 ms)ua ™/ e5ms
u u?
5815 4+ <Jc 4+ Z) Oz — m5a0a + udy
L -1 c5=0 (u—1)0 +ﬁ8 + uo
1 — u2al/ms exp[2pK] 0 T w
u u?
ms # 0 58,5 + <$ + I) Or — M50 + udy,
K 2/ce —1/ce ?‘7? 2 x
o (1 + cg)ua Jeatt — pu c6 Z0,—1  t0r — cgada — udy, €” (Oz — @da + udy)
(aK — p)u? =0 t0r — uOu, e (0z — ada + udy)
K(cg + m6)2u2[(06 + mg)uail/c‘“’]_ et ceg #0,—mg 10 — cgda — Uy, 0z — Mmgada + udy,
Kulal/me cg,mg # 0 t0r — uOu, xOz — meada + udy,
1 u?
1+ 0 Ot + | — — 2 ) Oz + c7ada — udy,
P U (ual/c7 exp[pK] — 1) -1 °r 7 ot ( 2 I) o T erado — UOu
e(t+")[(u +1)0; + 1?0z — ud]
2
uTl cr =0 u@t—i—(%—gn)az—uau,

e(Hu)[(u +1)8 + u?8x — udu]
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Table A.4. (Continued)

Condition
R on consts. Operators
p u?
2c7fmy cr #0,—mz udt + (7 — I) Oz + crada — Uy,
1—al/e7[p(er + mr)ual/er]” er¥m7 exp[pK]
(t+ 2u)0; + u28z — m7ade — udy
2
U _ uo_ _
w = o 1/m7 oxp[pK] c7=0 udy + < > a:) Oz — uOuy,
my # 0 (t + 2u)d + u20r — m7da — udu
u(p + Kual/®s) cg 0 20y — e + udy, €' (9 — udy)
K(cg + mg)u[(cs + mg)ual/cs] et cg #0,—msg 20z — cgOq + Uy, t0r — Mmgada — udy,
Kua'/™s cg=0,mg#0 20z + uOy, 10y — mgada — udy
) 3 2
%I(pﬁ (x4 u)o + %81 + uabo — u28u, aOq
3
1 1
—Pnn__ PLAO 20+ uada — uPdu, =50 + —0p — p1ada
pp1 K — In[ua] 2u U
2ppyu’ #0 (z 4+ u)d + ﬁa + uado — u*0
p2(2pK + u?) — 21nfua] b2 P ¢ “
1 1
ﬁ@t + Eaz — pQOéaa
ppst c #0 u0 +<x+£)3 + cgada + ud,
co(K — Infua=1/%]) + p3u o ' 2 ) v
In udt + udz — p3ada
2
pp3U B u?
o —ps(pK + ) cog =0 u3t+<a:+ 2)8;,;—!—11,8“,
p3 #0 In udt + udz — p3ada
) 3
e T35, pa#1 20t + uada — u28u,
1+ 2pKuda3[(1 — pg)ua] P41
1 1
_2615 + <_ — I) Oz +p4048a — uOy
2u U
2pu3 pg=1 20t + uaOg — u28u,
1 1
550t + | = —2) 0r+ ada — udy
2u U
-3 Lo 2
Ka °[(1+ ps)ua] T+»s ps # —1 20t + uado — u” Oy, x0g + p5ada + udy
9 2
- s po # —1 (2 4+ u)h + 00 + uade — w00,
1+ 2pKua3[(1 4 ps)uc] TFrs
0y +p6048a + udy
2
pu cog #0,—1 uly + (m—i— %) Oz + coada + U0y,

_2c9
pr = u+ (ua=1/e0)” s expl ez
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Table A.4. (Continued)
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Condition
R on consts. Operators
3
(m + 2pru — §u2> ¢+ (pru’ — u*)0y
+uada — u?By
2
_re cog = —1 uly + (m—i—u—) Oz — ada + U0y,
pr—u 2
3
(a: + 2p7u — §u2) O + (p7u2 — u3)8x
+uaOa — u28u
2
U U
=0 19) — )0 0,
7w+ a2 explpk] cg ut+(I+2) x + uOu,
3
(m + 2pru — §u2> 0r + (pru’ — u*)0y
+uada — u2dy
1
pU( a ClO) 3c19 €10 ?é 0,-1 20z + c1000q + Uau,
pe(1+ c10) + pK[(1 + c10)ua—1/c10]” THero
(z + 2pgu)dr —|—pgu28;,; + uada — U2
pu/ps c10=—1 20z — ada + udu,
ps £ 0 (z + 2pgu)0t + pgu281 + uabo — u28u
P
_ =0 0, 0
pg — a2 exp[pK] 10 20z + ulu,
(z + 2pgu)dr —|—pgu28;,; + uada — U2
_3 1+2b—3pg )
Ka 7[(b—po)ua] #a=? po #b z0; + uada — u”Ou,
(b+ 1)t + x0z + pgada — budy
2pu u? 5
—1+26-3p10 plo # b (x 4+ u)o + 781 + uada — u” Oy,
1+ 2pKua?((b — projual b0
1
b+1) (t+ §lnu) O + |:x—|—(b+1)g] Ox
+ pro@Oa — budy,
2
2pu p1o="> (z 4+ u)o + %8:,; + uada — u2du,
1 u
b+1) <t+ Elnu) O + |:x—|—(b+1)§] Ox
+ bada — budy,
1
t+ %) O + <x+ %) O, 20 — Do + udy
LU~ 2
Ku ri1i o /P1 p11 #0 20t + uado — u 0y, 10 + 0z + P11
2pu’ 2
P p12 #0 (x4 u)d + %81 + uada — u>0u,

u? 4 2pK (uc) /P12

1
(t + %) O + (m + %) Oz + p120a
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Table A.4. (Continued)

Condition
R on consts. Operators
2pq1u3 ( u2)
c11,q1 # 0 t+r+u)d+ (z+ — )20
e!/"2(Infua] — 4t + pKclig1) —' Eig)] ( : 2)7"
+q1(u—1u + (c11 + w)ada — u28u,
1 /1 1
eu (E — 1) Ot + ev 0z + q1adq
2pu3 ( u2)
t+x+u)ot+ |+ — ) z0
w2 —u+ /v (2pKcl, —1 i) ( )0 5 ) 20s
+ (c11 + w)ada — u28u, aOa
2pu3 u?
W2 — u—1 Fiel/u c11 =0 (t+x+u)8t+<x+?)xax
+ uada — 0y, 4o
81pq2u4671/“ 1 5
0 t 0, 0 =) an — u“0
1+ (81 In[ua] — 3pg2 K)u @7 (t+ )0 + 200 + u+3 o U Gy
1 /1 1
eu (E — 1) Ot + e 0z + gaada
_ 1
2T Kule ™Y (t+ )0 + 20z + (u + 5) 0o — u*0u, a0
3, —1/u
pPqszu-e 2
= 0 t 0 0, Oa — u“0
In[ua] + pgs K i 7 (t+2)0; + 205 + uada — u"du,
1 /1 1
ew (E — 1) Ot + e 0z + q3adq
Kule /U (t+ 2)8 + 20x + 1000 — U O, 00
pas ?

g4 — e*(K +Ina — ciou)

P44
q4 — e“(Ina + pgu K)

R
1 — explu+ pK]

u

pase
c13u — Ina+ pgs K

u

pgse
pas K +1na

Ke

c12,q4 # 0 (t+u)or + <t+$+u7> 20z + 12000 + Ou,

1 /1 1
eu (E — 1) Ot + ev 0z + quada

2
c12 =0 (t—i—u)@t—i—(t—i—m—f—%)m@z—i—@u,
g4 #0 "0 + e (u — 1)0g + quada
’LL2
c12 =0 (t+u)8t+<t+$+7) 20z + Ou, @On
13,95 7é 0 tat + (t + I)ax + 613048@ + 811,,

"0 + e (u— 1)z + gsada
c13 =0  tO + (t +2)0g + Ou, "0 + " (u — 1)0z + g5ada
c13 =0 toy + (t + I)agg ~+ Ou, @0
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Table A.4. (Continued)

Condition
R on consts. Operators
p w2
1=5014 c14 #0 (t+u)or + (oc + 7) Oz + c1400q,
1—u cua al/caexp[pK — eyl
3 2 3 2
I—|—§u Ot +u 0z + (r1 + u)ada — u” Oy
p w2
15014 c14 #0 (t+u)o: + (oc + 7) Oz + c14a0q,
1—(14u?) 2o ol/os
T2 arctanu
X eXp[QT + pK]
3 2 3
a:+1+§u Ot + (u” — )0y
+ (7"2 + U)aaa — (1 + U2)8u
3c15—1
Ku <15 a~-1/es exp[ 2 c15 #0 t0t + x0x + c15000, 0t + (r3 + u)ada — u?0,

Ka Ve exp[%] c15 #0 10y + 10z + 15000, t0x + 14000 + Oy

5 3c15-1

K(1 2e
(L+u) = c15 #0 tOt + 0z + c1500q,

,1/015 r5 arctan u
@ exp[ET A

pu(2 + Inwu)
t+u

u3/2 + 3s1

— K[2(c16 + 282)ua2/616]*ﬁ

3pu3/2 c16 =0
u3/2 — 351 + a—1/252 exp[3pK] 16
s2#0
3pu3/?
—_ c16,52 =0
3238, 165 52
12pu3/2 c16 # 0
4s3u3/2 — 3 (K —c1gln [ua2/016]) 16
6p53u3/2
373 c16 =0
2s3(u3/? = 3pK) —Ina
s3#0

20t — t0z + (15 + w)ada — (1 + u2)8u
2

c16 =0 (t+ )0 + (% — m) Oz — 2u0y, e(t+%)ut/2o¢8a

u2

c16 # 0, —2s9 (t+ u)o: + (7 — I) Oz + c16000 — 2u0y,

(S—l - gu—t> L — <%u2+81\/?;) Oz

+ 52048a + u0y

2
(t+u)d + (% — a:) Oz — 2u0y,

(% — %u — t> O — <%u2 + 81\/5) O

+ s900q + Uy

2
(t+u)o + <u7 — m) Oz — 2u0y,
(% — %u — t) O — (éu2 +51\/ﬂ) Oy + udy
u2
(t+u)0 + (7 — z) Oz + c16000 — 2u0y,
1
ﬁat — \/Eax —+ s;goz@a
2
(t+u)o + <u7 — m) Oz — 2u0y,
1

\/aat — \/’l;aw + s3a0q
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Table A.4. (Continued)

Condition
R on consts. Operators
2/617 2 2/017 2cy7+3s5
- c17+2s
pyua 1[(617 + 255 Jua J rrrees c17 #0,—2s5 tOr — v0z + 17000 — 2u0y,
pK Jua/ 7 4 s4(c17 + 2s5)
2/c c17+ss
X [(e17 + 255 )ua™ 1] 1T 25
Sy O — 54/ U0z + s500q + udy
Vu
3/2 1/2ss
pu a c17=0 tO — x0z — 2u0u,
sqal/2ss — exp[pK]
s5 £ 0 (S—4 — t) O — 54/U0z + s500q + udy

LB/
54

4p56u3/2
c17 In[ua?/e17] + 4K psg

2p56u3/2
Ina —2psg K
Ku3/2
pla—2)
2—a
ue—1 exp[p(2 —a)K] — 1

2 a=2
pyi(a—1)"ua—t

l1—a
py1K(a —1)2 + acig Infua <19 ]

a2
py1(a —1ua-1

py1K(a— 1) +alnfpy; (1 —a)a]

p(2a—1)

1- [p(1 — a)u] =0 explp(2a — K]

K1 - a)u]%

2p21 (1 4 u?)>/?

21(2pK + arcsinhu + uv'1 + u2)

— 2¢99 arctan u — In[a? (1 + u?)]

c17,55 = 0,84 #0

C17, 56 # 0

c17 =0,56 #0
c17=0

c18 # 0

c19,y1 # 0

c19=0,y1 #0

c19g =0

c19 =0,

y2 #0

co0 # 0

co1 =0

c22,21 #0

tat — m@z — 2U6u, ﬁ

Vu
S4
0y — 10z — 2udu, | “L — ¢
O — 0 w0, (ﬁ )8t
— 543/ U0z + udy,

1
t - xr (e 2 U
Ot — x0z + c1700 uo \/ﬂat

— \/ﬂaz + Sﬁaaa
L 9y — Vada + seada

tOr — 0z — 2udy, g
w2
(t+ u)or + (aa: + 7) Oz
+c1800a + (@ — 1)udy, adu
10t + ax0z + c1900a + (a — 1)udy,
auﬁat + uﬁ&p + y1a0q

tOt + ax0z + (a — 1)udy, auaiilat
+ua Ty + y100a
t0t + ax0z + (a — 1)udu, @da

L0t + ax0z + (a — 1)udy,

Y2 2-a 1
74 wo=1 0 + (t 4 yo2u=1 )0z + Ou

2
(at +u)0¢ + <I + %) Oz + c2000a

+ (1 — a)udu, ¥da

atd; + 20z + (1 — a)udu, @da

2

(z +u)o + <u7 — t) Oz + (c22 + u)ada
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Table A.4. (Continued)

Condition
R on consts. Operators
u 1
(142, — B — ——— 0, + 2100
(0w Tz~ Jrpar et ade
2p22(1—|—u2)3/2 2
- 0 Oy — tO Oa — (1 10)
2eys arctan u 1 In [02(1 + u2)] + 2pmaK 2 # 20y — 10z + (c23 + u)ada — (1 + u”)0u,
Y 5 ! Oz + 2900
V1+u? ! Vita? " 200
p(1+u?)*/? 2
e c23 # 0 x0p — t0z + (c23 + w)ada — (1 + u”)duy,
23 — (V1 +u2)1/z4 exp [pK + “aicant a;i anv]
zZ3u z3
t+———e |0+ (2 — —— | Oz + 2400,
(o4 ) oo (o= St ) oot vt
ﬁ(l + u2)3/2 z3#0 204 — t0z + uada — (1 —|—u2)8u,
z3
z3u z3
=0 - o + (m— 7> p
4 ( \/1+u2) i V14 u? *

V4—a?

 Vi-a? (at + 2)8; + (ax — t)z + uada + (au — u* — 1)dy,

a arctan[-24=4]
K(1—au+ u2)3/2 exp [

aaa
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