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We derive solution-formulae for the Krichever-Novikov equation by a systematic multipotential-
isation of the equation. The formulae are achieved due to the connections of the Krichever—
Novikov equations to certain symmetry-integrable 3rd-order evolution equations which admit
autopotentialisations.
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1. Introduction

Our main object of interest is the Krichever-Novikov equation

3u? P
M_i_ (u)

2 ug Ug

;. PO(u) =0. (1.1)

Ut = Uggx —

Equation (1.1), with P(u) = 4u® + aju + a2, a; € R, was first introduced in [8] by
Krichever and Novikov in connection with a study of finite-gap solutions of the Kadomtsev—
Petviashvili equation (or KP equation). In the sense of conservation laws and integrability
this equation was investigated by Svinolupov and Sokolov in [10] and by Svinolupov, Sokolov
and Yamilov in [11]. It is interesting to note that (1.1) admits a 4th-order integro-differential
recursion operator ([9,4]) and not a 2nd-order recursion operator as most other 3rd-order
symmetry-integrable evolution equations (which implies that (1.1) admits a 2nd-order non-
local recursion operator which generates local Lie-Bécklund symmetries).

In the current paper we report a detailed study of the systematic (multi-) potentialisa-
tions of (1.1). This leads to iterating-solution formulae for special cases of the polynomial
P in (1.1).
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94 N. Euler & M. Euler

In addition to the Krichever—Novikov equation, (1.1), the following symmetry-integrable
evolution equations are considered in this paper:

e A linearisable equation (see e.g. [5]):

3 u?
TT .
Ut = Uggax — )

4 uy
e The Schwarzian—Korteweg—de Vries equation (see e.g. [3]):

3 ufm
Ut = Uggax — 5 ;
2 ug

e An extended Schwarzian-Korteweg-de Vries equation (see e.g. [5]):

3 u2 )\1
Up = Ugpg — = —2 + — + )\gui
2 ug Ugs

The paper is organised as follows: In Sec. 2 we define the concept of multipotentialisation
and autopotentialisation of evolution equations and give the connection to iterating-solution
formulae of evolution equations. We study two examples, namely a simple linearisable 3rd-
order evolution equation and the Schwarzian-KdV equation. In Sec. 3 we report the main
results of this paper, namely we propose three iterating-solution formulae for three special
cases of the Krichever—Novikov equation (1.1). Throughout the paper diagrams show the
connections between the equations which are achieved by the given potentialisations. In
Sec. 4 we draw some conclusions.

2. Autopotentialisations and Iterating-Solution Formulae
Consider an nth-order evolution equation of the general form
up = F(x,u, Uy, Ugy, Usg, - - -, Ung) (2.1)
which admits a conservation law
(D@ + Dy ®%)|yy=r = 0, (2.2)

where @) and ®7 are a conserved current and a flux for (2.1), respectively. We recall that
®! must satisfy the relation ([7,1])

A = Elu] @', (2.3)
where A denotes the corresponding integrating factor of (2.1) such that
Elu)(Aug — AF(, 0, Uy, Ugg, - - -, Ung)) = 0. (2.4)

Here E[u] is the Euler operator

] 0 Dtoa——ona

0 3 0
T ou ouy Ouy — Do

D2
e OUzy * Ouszy

4+ (2.5)



Multipotentialisation and Iterating-Solution Formulae 95
Under the assumption
t t
=0 ($7U,Uz,ux5p,u3m), (2.6)

the flux, ®7, is calculated by the formula [6]

0! 0! 0!
z _ -1 YT _ 2
®*=—-D, " (AF) D F —3ugm D, F Bins D.F
ot , [ 0% P!
L FD, < mﬂ) _Fp? ( aU3x> T (D.F)D, < aug) . 2.7)

Assume now that the evolution equation (2.1) admits a conserved current, ®}, and flux,
®7. Following [2] and [6] a first potential variable v is then defined by the auxiliary system:

vy = O (2, u, ug, .. ) (2.8a)
vy = =07 (z,u, uy, .. .). (2.8b)

System (2.8a)—(2.8b) is known as the first auxiliary system of (2.1). Assume further that
(2.8b) can be expressed in terms of the first potential variable v, i.e., (2.8b) becomes by
(2.8a) the first potential equation of the general form

vy = G(Z, Vg, Vg« -+, Unz) (2.9)

which may again admit a conserved current, ®%, and flux, ®%. A further potential w is then
introduced for (2.9) and named the second potential for (2.1) by the second auxiliary system

wy = Bh(x,v,v,,...) (2.10a)
wy = —D5(z,v,0;,...). (2.10b)

The corresponding potential equation for (2.9) is then obtained from (2.10a) and (2.10b),
which we assume to have the general form

wy = H(x, Wy, Wygy -« ., Wpy). (2.11)

We name (2.11) the second potential equation for (2.1). In the same manner we can introduce
a third potential equation and higher potential equations with corresponding potential
variables. We introduce the following:

Definition. An evolution equation, (2.1), which admits at least a second potential equa-
tion, is said to be a multipotentialisable evolution equation. Furthermore an evolution equa-
tion in potential form,

up = F(ug, Uggy ...\ Ung) (2.12)

which admits at least one potentialisation into the same potential equation, i.e., it poten-
tialises into

vy = F(Ug, Vggy oo+ s Ung) (2.13)
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by
Ve = Bz, u, Uy, . . .) (2.14a)
vy = =0 (z, u, uy, .. .), (2.14b)

is said to be autopotentialisable. The change of variables, (2.14a), defines an auto-Béacklund
transformation for (2.12) and can be present in the form of an iterating-solution formula

(j1)e = ' (z,uj, (Uf)ey-..), §=0,1,2,..., (2.15)
where each u; is a solution of the potential equation
up = F(ug, Uggy ..\ Ung) (2.16)

and wug is known as the seed-solution.

In the current paper we show that it is possible to formulate iterating-solution formulae
for those multi-potentialisable evolution equations which contain at least one autopotential-
isable equation in it’s chain of potentialisations, by the use of the auto-Backlund transfor-
mations that appears from the autopotentialisable equation. We exploit this observation in
Sec. 3 and formulate several iterating-solution formulae for three special Krichever—Novikov
equations.

In the current section we firstly discuss three examples of autopotentialisable evolution
equations which are to our interest. In particular we study

3 u?

Up = Ugpy — iui; (2.17a)
3 2
x

The first equation, (2.17a), is a linearisable equation and follows by potentialising the linear
equation

Ut = Upps- (2.18)

Equations (2.17b) is the well-known are the Schwarzian-KdV and plays a fundamental role
in our study of the Krichever-Novikov equation (1.1), in Sec. 3.

The chain of potentialisations of (2.17a) and (2.17b) are presented in Diagrams 1 and
2, respectively.

Diagram 1 gives the chain of equations which follow from the multipotentialisation of the
linear third-order equation, (2.18). The conserved currents, ®!, and flux, ®*, corresponding
to the linear equation, (2.18), and the equation, (2.17a), used in Diagram 1 to define the
potential variables, v, w and ¢, are

Ol [u] = u?,  D%[u] = —2ungy + u> (2.19a)
v2 2U52V4 22 u 5ul u?
q)t _ Tz P I TT VAT rx TTL © Prx . Przx 2.19b
A A e R ) B CAUY
w? w
Ol [w] = wy, DF[w] T _ 0% (2.19¢)

o 4w§/2 2,/wz’
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Ut = Uggx
vy = u? l A’[u] = 2u
3 v2
UVt = VUgax 4 ;I
X
2
) w 204 Avgrvzg 205,
wemtmm | pvp) = 2 R 2
Uy Vg vZ vy
3 wfm
Wt = Wggax — Z w
xT
wII
Aw] =
dz = /W l 3/2
gt = Qrax

Diagram 1. Multipotentialisation of the linear equation u¢ = Uzzz.

respectively. The corresponding integrating factors, A¥[u], A¥[v] and A%[w], are shown in
Diagram 1. Following the results in Diagram 1, we have:

Proposition 2.1. An iterating-solution formula for (2.17a), viz.

3u?
Ut = Uggrax — Zui::7
takes the form
2
U, .
(Wjs1)z = ((Yj?)xm, j=0,1,2,..., (2.20)
j)x

where every wu; is a solution of (2.17a).

Diagram 2 gives the autopotentialisation of the Schwarzian-KdV equation (2.17b). The
conserved currents, ¢, and flux, ®*, corresponding to the autopotentialisation as shown in
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3 usz
Ut = Uggx — iu—
T
2. —1 v U gy u
Vg = U U A[u] = —2u 5 —2—
u Uu
€T xr
302
TT
UVt = Vgga — 57
T
2v
-1 w _ T
Wy = Vg l A[v]__vg
T
3 wfm
Wt = Wygr — 571)—
T

u2

Diagram 2. Multipotentialisation of the Schwarzian—-KdV equation us = ugzs — 3 ey

2 Uy

Diagram 2 to define the potential variables, v and w, are

2 2 2.2
u u“u, 1 uu duu

Ol = Bl = T - S
Uy ug 2w Uy
1 v 102

t _ T _ Yxxx T

CI)w[’U] - ) q)w[u] - 2 5 .3

Vg v 2 vy

(2.21a)

(2.21D)

respectively. The corresponding integrating factors, A’[u] and A" [v], are given in Diagram 2.

Following the results in Diagram 2, we have:

Proposition 2.2. Two iterating-solution formulae for (2.17b), viz.

2
Ut = Uggz — %uu—?,
take the form
2
(ujs1)e = (ng j=012...,
and
1

(Uj+1)z:(u) ) j:O71727"'7
y)

where every u; is a solution of (2.17b).

(2.22)

(2.23)
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Example. As an example we use the iterating-solution formula (2.22) given in Proposition
2.2, nz.

(uy) ,
(Ujt1)e = —=—, Jj=0,1,2,...,
7 (uj)z

for the Schwarzian-KdV equation (2.17b), viz.

3 u:%x
Ut = Uggzax — 5 >
2 Uy

to generate two solutions, u; and uy. We start with the seed solution

Uy = T.
Then
up = /xzax + h(t) = %af’ + ha(t)
with
%+4:0<:>h1(t) =—4dt+a, a R
Consequently

1
u1:§x3—4t+a1

is a solution of (2.17b). We now generate a second solution wus:

us = / (EZBD O + hy(t)

25 (ay — 4t)a? N (a; — 4t)?

= — ha(t
45 3 + ha(t),
which must satisfy (2.17b) and results in the condition
dhs

ﬁ=0<:>h2(t)=a2, as € R.

Hence

xP — 4t)x? — 4t)?
_ v (e e (o —4)
45 3 T

is a solution of (2.17b). The iteration can obviously be continued to ug, wug,....

U2 + ag

3. Iterating Formulae for the Krichever—Novikov Equation
We study the following special Krichever—Novikov equation

3u2, | P(u)
2 Uy Ugs

. P(u) = ka(u? + kyu + ko)? (3.1)

Ut = Uggx —

with ko, k1, k2 # 0 being arbitrary constants. It is important to point out that (1.1) does not
admit any zero-order integrating factor and, moreover, (3.1) admits a 2nd-order integrating
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factor, A(u,uy,uyy), if and only if P is constrained by the following condition:
4P"P? +3(P')® —6PP'P" = 0. (3.2)
The general solution of (3.2) is
P(u) = ky(u?® + kyu + ko)?, (3.3)

which is the reason that we are considering the special case, (3.1), rather than the general
Krichever-Novikov equation (1.1) with P() = 0.

For the multipotentialisation of (3.1) three different cases, depending on the values of
ko, k1 and ko, have to be considered, namely 4kg — k% =0, 4ky — k% > 0 and 4ky — k% < 0.

Case I. 4ky — k% = 0. The special Krichever—-Novikov equation (3.1), takes the form

3u2, (ciu+co)?
Ut =Upgy — 7 — + ————.

3.4
2 Uy Uy (3-4)

Applying a systematic multipotentialisation of (3.4) we obtain the following:

Proposition 3.1. Nonstationary solutions, uj, of the special Krichever-Novikov equation
(3.4), viz.

3 u_fm N (cru+ cp)?

Ut = Uggx — 3
2 ug Ugs

can be generated by nonstationary solutions, wj, of the Schwarzian-KdV equation (2.17b),
ViZ.
3w?2,

wt:w:r::r;:r:_iw
T

7 (3.5)

by the relation

u= o [gmt) - @cl / ((wﬂx = () [ <wj>;1aa:) aa:] . Y

where w; satisfy (3.5) and are iterated by either

(Wjt1)z = (w;)a” J=12,.... (3.7)
or by
1 .
(Wjt1)z = (w))a’ J=12,.... (3.8)

Here g;(t) is determined by (3.4) for each solution, uj, and hj is an arbitrary constant for
each u;.

The proof of Proposition 3.1 follows by composing ®¢ and ®! , as shown in Diagram 3.
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Example. We apply Proposition 3.1 and start with the seed-solution

t
wy = exp(x — 5) +az,

(a1 is an arbitrary constant) of the Schwarzian-KdV equation (2.17b). By the iterating-
solution formula (3.6), we obtain the following solution for (3.4):

-1
w=— (gl(t) - ?(Mem‘”2 + x)) -2 (3.9)

where

6
gi(t) = —gcﬁ + b1, (3.10)

where b; is an arbitrary constant. By the iteration-formula (3.7), we obtain the next solution
for the Schwarzian-KdV equation as

wy = ¥ 2 _ a%e_“t/2 + 2a1x + 3ait + as, (3.11)

where ay is another arbitrary constant. The iterating-solution formula (3.6), leads to the
following solution for (3.4):

Uy = _[ex—t/Z(S — 3coga(t) + ZCo\fﬁclhgalx + co\/gcla;) + COCth\/6€2x—t
— \/gcoclal(hQal + 1)][clex_t/2(—3g2(t) + 2v6c1a1hox + \/gclx)
+ V63 hoe®t —V/6c2ay(arhy + 1) 7L, (3.12)

where
1
g2(t) = —\/661 (a1h2 + 2) t+ by (3.13)
and bo is another arbitrary constant. This iteration can be continued to us, u4 etc.

Case II. 4k — k? > 0. The special Krichever-Novikov equation (3.1), takes the form

3 ufm ]{Jg(uz + k‘lu + k‘o)Q
4
2 ug Uy

Ut = Uggxr — ,  4dko — k‘% > 0. (3.14)

Applying a systematic multipotentialisation of (3.14) we obtain the following:

Proposition 3.2. Nonstationary solutions, u;, of the special Krichever—Novikov equation
(3.14), viz.

3u__,2m + kz(u2 + klu + k0)2

— ,  where 4kg — k% > 0,
2 Uy Ugs

Ut = Uggx —

can be generated from nonstationary solutions, vj, of the extended Schwarzian—-KdV equation

3 ’U%z 3 Oé2k2 (4]€0 — k2) ’U%
57_50—1_3042’ 4ko — kI >0 (3.15)

UVt = Uggx —
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by the relation

Uj = §mtan |: 9 4k:() - kl </ (U])x8$+h]>:| - E’ (316)

where v; satisfy (3.15) and are iterated as follows:

. B = —60ke(dko — K7), dko— k>0, j=1,2,.... (3.17)

(Vj41)z = —

|
—

()2
Here hj are arbitrary constants.

Case III. 4k — k% < 0. The special Krichever-Novikov equation (3.1), takes the form

3u ko(u? + kyu + ko)?
SRR ¢ UL LUELY
T X

. 4ky — Kk <. (3.18)
Applying a systematic multipotentialisation of (3.18) we obtain the following:

Proposition 3.3. Nonstationary solutions, uj, of the special Krichever-Novikov equation
(3.18), wviz.

3'LL_§_,E + kg(u2 + klu + k0)2

— , where 4kg — k% <0,
2 ug Ugs

Ut = Uggy —

can be generated from nonstationary solutions, vj, of the extended Schwarzian—-KdV equation

302 3a?ko(dko — K2) 03 9
=Upgg — e — ———————— — % ko —k 1
= 2v, 2 Vg 3a? 0=k <0 (3:.19)

by the relation

e (k1 — \/k? — 4dko)h; exp[—a/ko /K3 — dko [(v;)7 ' 0x] — k1 — \/k? — 4k (3.20)
! 2 — 2h; exp[—av/Ea\/EF — 4ko [(v;)z 0] 7 .

where v; satisfy (3.19) and are iterated as follws:

8% = —60ky(dko — K?), 4ko— kI <0, j=1,2,.... (3.21)

1
(vy1)e =~ = -

Here hj are arbitrary constants.

The proof of Propositions 3.2 and Proposition 3.3 consists of a systematic multipo-
tentialisation of the Krichever—Novikov equation (3.1), followed by the composition of the
potential variables. The potentialisations are shown in Diagram 4 below.
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3u?, P
Up = Upgy — 5% + % , P(u) = (cyu+ cp)? ‘
va=Xc1utco)?/ug l A’[u)

N Wo=wo ! 3 w? Wae=w2w; '

M T 2w I

Diagram 3. Multipotentialisations of the special Krichever-Novikov equation (3.4).

Discussion of Diagram 3: The iterating-solution formula, (3.6), follows from the composition of the first two
potential variables, v and w, shown in Diagram 3, i.e. the first two steps in the diagram. The symbols,
[W] and [W], refer to the autopotentialisation of the Schwarzian-KdV equation, that is, [W] represents the
Schwarzian-KdV equation in terms of W and [W] the Schwarzian-KdV equation in terms of W.

Example. We consider Proposition 3.3 with kg =0, k1 =1, ko =1/9 and a = 1. A seed
solution for (3.19) the takes the form

2
\/6 1 61/4 \/6
1 _ Y- 1 22
vp=-,In altan 5 @ 9t+a2 +1], (3.22)

where a; and ay are arbitrary constants. By the formula (3.20) a solution of (3.18) takes
the form

tan <%(9x — /6t + 9a2)) (3.23)

w1 = 1/2
2
hi [tan (%(Qx — /6t + 9a2)> + 1] — tan <%(9x — /6t + 9a2)>

The solution vy of (3.19) can now be iterated for more solutions ug, us etc.
The conserved currents, ®¢, and flux, ®, used in Diagram 3 to defined the potential
variables v, w, W, and W are

APL/2
D [u] = " P = (ciu+ cp)*
2
1 1/2 Uzzx 1/2 Uag i o—1/2Uzz L N2 30

1P3/2
3 u
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2
P
e =tz — 025 1 PO p) = o 4yt k)2

vy = aPY? ! l A¥[u)

S C3up,  (3aPka(4ko —KP)\ 1 [ 1 I
b S 2 Vg 3a2 ) "

v, — _gi l Al] B2 = —6a2ka(dko — K?)

— — |w
2 Wy 302) "

3w, <3a2k2(4k0—k%)> 1 _( 1 ) 3

where

N VPugpe ~Pu2, P oug (P)? u,  P'u, P32
OVul =a | —5— + +
u2 2 ud /P ou, 2 P32 J/p @ 3ud

x ﬁvxxm /3,1}%:[: 1 2 2 1 ﬁ
@w[v] :—E U% +Z—’U% —1—15(1 k2(4k0_k1)@+—20¢20x
U 1 P 1
ANu=a (VP 5 — == — ), Pu) = ky(u? 2
[u] a( u? 2@%)’ (u) = ko(u” + kyu + ko)
v
AYv] = 5 =22,
=5

Diagram 4. Multipotentialisations of the special Krichever-Novikov equations (3.14) and (3.18).

1 /2 lug, 103 \/51 Vop g
O [y] = — Balb -8 22 222 Tm
wlt] eXp{A 3 ”} (2 2 40 V3ae Tex)

respectively. Note that we do not give here the current and flux for the autopotentialisable
case as this was already discussed and given in Sec. 2 (see Diagram 2).
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The integrating factors, A, as shown in Diagram 3 are

Afu] = A (ﬁ e ;; ul) . P(w) = (cru+co)?

Wiyl — o270/ %m_vgl
Al =e o3 Sk

Diagram 4 shows the multipotentialisations of (3.14) and (3.18), which lead to the iterating-
solution formulae (3.16) and (3.20), respectively, for the constants ky and k; as given in
Propositions 2.2 and 2.3. Furthermore the autopotentialisation regarding the potential vari-
able, w, leads to

Proposition 3.4. An iterating-solution formula for

3 u2 3 042]€2 (4k0 — k%) u3
= Upgy — = —e — —————————=2 L .24
e =4 2 up 2 Uy 302 (3.24)
takes the form

1

(u))z

(ujs1)e = . j=0,1,2,..., (3.25)

N[

where 3% = —6a2ky(4ko — k3) with 4ko — k? > 0 or 4k — k3 < 0 and every uj is a solution
of (3.24).

4. Concluding Remarks

We have shown that a systematic potentialisation of a given evolution equation can lead to
auto-Béacklund transformations and hence to iterating-solution formulae for the equation.
We have obtained several iterating-solution formulae for special cases of the Krichever—
Novikov equation. We should, however, point out that we were not able to find such formulae
for the full Krichever—Novikov equation, (1.1), and, in particular, the case of the original
Krichever-Novikov equation, where P(u) = 4u® 4+ aju + aso, is not included in the cases
described by Propositions 2.1, 2.2 and 2.3. It might be possible to extend the current
results for the Krichever-Novikov equation to include these important cases, but this seems
not possible with the presented method of potentialisation.

We believe that the method presented in this paper can be applied to a large class
of evolution equations to gain interesting connections between evolution equations as well
as iterating-solution formulae, similar to those obtained here for some special Krichever—
Novikov equations.
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