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1. INTRODUCTION

Obscurity is a pervasive part of human life. This world is not per-
taining to accurate calculations or hypothesis. This error in assess-
ment is really problematic for human intelligence. A variety of
mathematical notions have been formulated as handy approaches
to tackle this difficulty wherein fuzzy sets and complex fuzzy sets
are also included. The complex fuzzy logic have been formed on
a system of group having ambiguous knowledge. Owing to elastic
quality of complex intuitionistic fuzzy sets to handle unreliability,
this event is regarded wonderfully great for humanistic logic under-
lying inaccurate reality and limitless knowledge. This doctrine is
doubtlessly a core point of classical complex fuzzy sets as it pro-
vides further opportunity to put forth incorrect information, lead-
ing to more suitable solution for numerous challenges. These cer-
tain sets developed favorable models in situation wherein we are to
deal with highly limited choices like yes or no. The other significant
property of this knowledge as it empowers man to analyze negative
and positive aspects of inaccurate concepts. The branch of mathe-
matics related to fuzzy set theory is known as fuzzy mathematics.
In 1965, it was innovated after the seminal paper of Zadeh [1] on
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The objective of this article is to present the notion of direct product of two complex intuitionistic fuzzy subrings. We show that
the direct product of two complex intuitionistic fuzzy subrings is also complex intuitionistic fuzzy subring and discuss its various
algebraic aspects. We also define the level subsets of the direct product of two complex intuitionistic fuzzy subsets and prove
that the level subset of the direct product of two complex intuitionistic fuzzy subring is subring and prove some fundamental
result of this phenomena. We show that the homomorphic image (preimage) of the direct product of complex intuitionistic fuzzy
subrings is a complex intuitionistic fuzzy subring by using the notion of classical homomorphism.
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fuzzy sets, who is the founder of this theory. Rosenfeld [2] com-
menced the fuzzification algebraic structure in 1971. He initiated
the concept of fuzzy subgroups. Liu [3] developed a link between
ring theory and fuzzy sets and presented the theory of fuzzy sub-
ring. Atanassov [4] presented the idea of intuitionistic fuzzy sets. He
also defined some properties of intuitionistic fuzzy sets in [5]. Dixit
et al. [6] depicted the notion of level subgroup in 1990. Kumbho-
jkar and Bapat [7] studied correspondence theorem for fuzzy ide-
als. Gupta and Kantroo [8] defined the relation between intrinsic
product and fuzzy subring. Atanassov [9] presented many inter-
esting new operations about intuitionistic fuzzy sets in 1994. The
more development about the application of intuitionistic fuzzy sets
in different algebraic structure may be viewed in [10]. Biswas [11]
started the conception of intuitionistic fuzzy subgroups in 1997.
Gang and Jun [12] describe fuzzy factor ring in 1998. A new con-
cept of complex fuzzy sets was presented by Ramot et al. [13]. The
extension of fuzzy sets to complex fuzzy sets is comparable to the
extension of real numbers to complex numbers. The more devel-
opment of complex fuzzy sets can be viewed in [14]. Banerjee and
Basnet [15] studied intuitionistic fuzzy subrings in 2003. Yetkin
and Olgun [16] studied the direct product of fuzzy subgroup and
fuzzy subring in 2011. Thirunavukarasu et al. [17] illustrated pos-
sible application including complex fuzzy representation of solar
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activity, time series, forecasting problems, signal processing appli-
cation and compare the two national economies by using the con-
cept of complex fuzzy relation. Azam et al. [18] defined the some
properties of anti-fuzzy ideal in 2013. In addition, the ambiguity
and uncertainty which exist in the data arises from everyday life,
with the phase shift of data. Thus, it is theoretically insufficient to
take this information into account, therefore information is lost in
process. To overcome this, Alkouri and Salleh [19] gave the idea of
complex intuitionistic fuzzy subsets and enlarge the basic properties
of this phenomena. This concept became more effective and useful
in scientific field because it deals with degree of membership and
nonmembership in complex plane. They also initiated the concept
of complex intuitionistic fuzzy relation and developed fundamental
operation of complex intuitionistic fuzzy sets in [20,21]. Al-Husban
and Salleh [22] introduced the concept of complex fuzzy subgroups
in 2016. Ali and Tamir [23] innovated the notion complex intu-
itionistic fuzzy classes in 2016. Salih and Ahmed [24] delineated the
fundamental attribution of a-Q-Fuzzy subgroup in 2017. Alsara-
head and Ahmed [25,26] proposed the new ideas of complex fuzzy
subgroup and complex fuzzy subring in 2017. These concept are
different from fuzzy subgroups [2] and fuzzy ideal [3]. They also
introduced a new concept of complex intuitionistic fuzzy subrings
in [27] and depicted the elementary properties of this fact. Ameri
et al. [28] studied some fundamental results about strongly tran-
sitive fuzzy geometric spaces. Alolaiyan and Abbas [29] estab-
lished a stability of complete fuzzy hypergraphs and used it to
find a safe and scientific way in computerized tomography (CT)
scans. Gulstan et al. [30] expounded the notion (¢, 8) complex
fuzzy hyperideal. The algebraic structure of weakly and almost
T-ABSO fuzzy modules was studied in [31]. Many interesting
results about complex intuitionistic fuzzy graph and cellular net-
work provider companies were presented in [32]. Garg and Rani
[33-38] made remarkable effort to generalize the notion of complex
intuitionistic fuzzy sets in decision-making problems. Aloaiyan
et al. [39] described a novel frame work of t-intuitionistic fuzzifi-
cation of Lagranges theorem. Nguyen [40] defined a some power-
ful operation of intuitionistic fuzzy sets in decision-making prob-
lems. We organized this paper as follows: Section 2 contains the
introductory definition of complex intuitionistic fuzzy subrings and
related result which plays a key role for our further discussion. In
Section 3 we define of the direct product two complex fuzzy sub-
sets. We prove that the product of two complex intuitionistic fuzzy
subrings is complex intuitionistic fuzzy subring and also the fun-
damental properties of the direct product of complex intuitionis-
tic fuzzy subrings are discussed deeply in this section. In Section 4,
we explicate the level subset of the product of two complex intu-
itionistic fuzzy subsets. We prove that the level subset of the direct
product of two complex intuitionistic fuzzy subrings is subring
and also investigate the algebraic properties of this phenomena.
Section 5 deal the notion of direct product of complex intuitionistic
fuzzy subring under ring homomorphism.

2. PRELIMINARIES

We recall first the elementary notion of complex intuitionistic fuzzy
sets and complex intuitionistic fuzzy subrings which play a key role
for our further analysis.

Definition 2.1. [1] A fuzzy set A of a nonempty set P is a mapping,
A:P—J0,1].

Definition 2.2. [4] An intuitionistic fuzzy set A of a universe of
discourse P is a triplet of the form A = {(m, 1,(m), /AlA(m)) m€
P}, where the function A,(m) : P — [0,1] and A,(m) : P — [0,1]
are represents the membership and nonmembership of an element
m of P, respectively. These function must fulfill the condition 0 <
Aa(m) + A4(m) < 1.

Definition 2.3. [9] Let A and B be any two intuitionistic fuzzy sets
of the universe of discourse P. Then the following operation are
defined as:

L (AnBm = {(m2Aynp(m),dsns(m)|m € P}, where
Aanp(m) = min{d,(m), Ag(m)} and A,4p(m) =
max{A,(m), Az(m)},

2. (A u B(m =
wherg /‘]'AUB(Am) =
min{d,(m), Ag(m)},

3. A + B(m) =
Aa(m).Ag(m))|m € P},

{0m, 2aup(m), Agop(m)lm € P},
max{l,(m), Ag(m)} and A, p(m) =

{(m, Ay (m) + Ag(m) — A4(m).Ap(m),

4. (AB(m) =
{Ag(m)meP.

{(m, 2,(m).Ag(m), Ao (m) + Ag(m) — AA(m).

Definition 2.4. [15] An intuitionistic fuzzy set A of a ring Sis called
a intuitionistic fuzzy subring §, if the following condition hold:

* Aa(m—n) > min{d,(m), 14(n)},

* Ay(mn) > min{d,(m), 14 (n)},

o Aa(m —n) < max{d(m), A, (m},

o Au(mn) < max{d,(m), A,(n)}, for all m,n € S.

Definition 2.5. [13] A complex fuzzy set A of universe of discourse
P is identify with the membership function 8, (m) = 1, (m)e®+(™
andisdefinedasf, : P — {z € C : |z| < 1}, where Cis set of com-
plex numbers. This membership function receive all membership
value from the unit disc on complex plane, where i = V-1, where
both 1, (m) and @, (m) are the real valued such that n,(m) € [0, 1]
and @, (m) € [0, 27]. In this paper, we use CFS for complex fuzzy
subset.

Remark 2.6. By setting ¢4 (m) = 0 in above definition, we return
back to classical fuzzy set.

Definition 2.7. [19] A complex intuitionistic fuzzy set A of crisp
nonempty set P is an object of the form A = {(m, 6,(m), éA(m)) :
m € P} where the membership function 6,(m) = 7, (m)e'®4(m)
and nonmembership function éA(m) = %4(m)e’®P4(m) is defined
as O, P> {z ecC lz| < 1} and 8, P - {z €
C : |z| £ 1}, where C is set of complex numbers. These mem-
bership and nonmembership function receive all degree of mem-
bership and nonmembership from the unit disc on complex plane
respectively such that the sum of membership and nonmember-
ship value is also lies within unit disc of complex plane, where
i= \/—_1, Na(m), ha(m), o ,(m) and @ 4 (m) are real-valued function
such that 0 < 7, (m) +1j,(m) < 1and 0 < @, (m) + P4 (m) < 27,
In this paper we use the complex intuitionistic fuzzy set (CIFS) for
the complex fuzzy subset. For the sake of simplicity we shall use
0, (m) = ny(m)e®4(m), O5(m) = ng(m)e®s (m) as the membership
function and 8,(m) = 1, (m)e®a(m), 85(m) = 1p(m)e'Ps(m) as the
nonmembership function of CIFS A and B, respectively.
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Remark 2.8. It is important to note that one can obtain the tra-
ditional intuitionistic fuzzy set by choosing the value ¢,(m) =
@ 4(m) = 0 in Definition [2.7].

Definition 2.9. [27]

1. A complex intuitionistic fuzzy set (CIFS) A is homogeneous
CIFS, if for all m, x € S, we have

(@) na(m) <y () ifand only if g, (m) < @4(x),
(b)  Aa(m) < 74(x) if and only if @, (m) < P4 (x).

2. A CIFS A is homogeneous CIFS with B, if for all m,x € S, we
have

(@) 1a(m) < np(x)if and only if @, (m) < @p(x),
(b)  9a(m) < Ap(x) if and only if @, (m) < Pp(x).

Throughout this paper we use CIFS as homogeneous CIFS.

Definition 2.10. [27] Let A = {(m, ¥ ,(m), { ,(m))} be a intuition-
istic fuzzy subset of S. Then the 7-intuitionistic fuzzy subset A is
defined as

Ag ={m,p,_(m), %, _(m)) : m€ S},

where 1 ,(m) = 27 ,(m) and P ,(m) = 27 ,(m) be membership
function and non-membership function, respectively for all m &€
S. For convenience, we shall write 77-IFS for 7r-intuitionistic fuzzy
subset.

Definition 2.11. [27] A w-IFS A ; of ring Sis called 7r-fuzzy subring
(r — FSR) of S, for all m,n € S, if

L 9y (m—n) 2 minfp, (m), s (m)}

2. Py (mn) 2 min{¢Aﬂ(m)5¢An(n)}’

3. Pa (m—n) <max{ih, (m), P, (n)},

4. Py (mn) < max{ih, (m), P, (n)}

In this paper, we write 7r-intutionistic fuzzy subring as 7r-IFSR.

Theorem 2.12. [27] A 7w-IFS A, of ring S is a w-IFSR if and only if
A is Intuitionistic fuzzy subrings (IFSR).

Definition 2.13. [27] A CIFS A = (6,(m), éA(m)) of ring Sis called
a complex intuitionistic fuzzy subring, for all m, n €S, if

1. 04(m —n) > min{0,(m), 64 (n)},

2. G4(mn) 2 min{6,(m), 6,(n)},

3. B40m—n) < max{8,(m), 6,(m)},

4. 6,mn) < max{@y(m), 64(m)}.

For convenience, we shall use complex intuitionistic fuzzy subrings
(CIFSR) for complex intuitionistic fuzzy subring.

Definition 2.14. [27] Let A be a CIFS of S. For r € [0,1] and ¢t €
[0, 27] the level subset of CIFS is defined by

AP m) = {m € P2 na(m) > 1,@,(m) > £,5,(m) < 7,8, < B

For t = 0, we obtain the level subset A> = {m € P : Nalm) =
r,a(m) < #} and for r = 0, we obtain the level subset A} = {m €
P:pu(m)>t,$, <1

Definition 2.15. [27] Let f : S — R be a ring homomorphism.
Let A and B be two CIFSR of ring S and R, respectively, for all x €
S, m € R. Then the sets E = {(m, f(n,)(m), f(H4))(m)} and F =
{(x, £ 1(Bp)(%), f1(8)(x))} are called image of A and preimage of B,
respectively, where

_ fsuplOato), iffi) =m}, f1#4
f8x)(m) = gO, otherwise
5 _|infl6, 0, iffey=m}, fl#¢
fOpm) = {1, otherwise

FHOp)(x) = Op(fl),
F18p)(x) = Bs(fl).

3. PROPERTIES OF THE DIRECT PRODUCT
OF COMPLEX INTUITIONISTIC FUZZY
SUBRINGS

In this section, we use the concept of CIFS to define direct product
of CIFS. We prove that direct product of two CIFSR is CIFSR and
investigate their properties.

Definition 3.1. Let A and B be any two 7-intuitionistic fuzzy sets
of sets S, for all m € S. Then the following operation are defined as:

L. (Az N Bp)(m) = {(my_np (m),Ps_np_(m))}, where
sz”nBA”(m) = min{lpAﬂ(m)JpBﬂ(m)} and zI’A,,mzﬂ(m) =
maX{d’Aﬂ (m), ZpBﬂ(m)}'

2. (A U B)m) = {(m.Pa,up, (M), Pa,up, (M)}, where
lpA,,uli,,("‘) f maX{¢A”(m)7¢B,,(m)} and %bA,,uB,,(m) =
min{p,_(m), P_um}-

Definition 3.2. Let A and B be two 7-intuitionistic fuzzy sets of sets
S1 and Sy, respectively. The Cartesian product of 7-intuitionistic
fuzzy sets A and B is defined as

(Ag X B)(m, n) = {((m X n),%a_xp_ (m, 1), Py_xp, (m,m)}
forallme S;, n € S,.

Remark 3.3. Let A and B be two 7-IFSR of sets S; and S,, respec-
tively. Then A, X B is intuitionistic 77-fuzzy subring of S; X S, .

Definition 3.4. [20] Let A and B be two CIFS of sets S; and S;. The
Cartesian product of CIFS A and B is defined by a function

A X B = {((m, n),6,xp5(m, n), Basp(m, )},
Baxp(m, n) = Nyp(m, 1)e!Pax(msn)
= min{n,(m), np(n)}e ML Psm}
B up(m, 1) = 1 p(m, n)ePaxstmmn

= max{#), (m), Ap(n)}e! WPam P50}
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For sake of simplicity, throughout this paper we shall use
Oaxp(m,n) = Nuyp(m,n)e®st™ and Bop(m,n) =
Nexp(m, n)ePo™m for the membership function of Cartesian
product of CIFS A x B and C X D, respectively, and 8,,5(m, n) =
Baxcp(m, mePosmm and Be,p(m,n) = Heyp(m, m)ePowmm, for
the nonmembership function of Cartesian product of CIFS A X B
and C X D, respectively.

Theorem 3.5. Let A and B be to CIFSR of Sy and S,, respectively.
Then A X Bis CIFSR of §; X S,.

Proof. Let m,x € §; and n,y € S, be an elements. Then
(m, n), (x,y) € S; X S,. Consider

Baxs ((m,n) — (x,y)) = Ouxp (M —x,1m —y)
= 7axB (m —X,n— y) ei¢A><B(m—X,n—y)

= min{r)A (m—x),np (” _)’)}
zm1n{¢A(m—X),¢B(”_)’)}
i¢A(m—x)’

min {7}A (m—x)e
s (n _y) ei¢13(”-)’)

min{@A (m—x),63 (”’ _)’)}
> min{min {6, (m), 0, (x)},
min {63 (n), 65 ()}

min{min {6, (m), 65 (n)},
min {6, (x), 65 (y)}

Oaxs ((mm) = (x,7)) 2 min {Bu5 (m, 1), Oas (%,7)}-

Further,0,.5 ((m, n) (x,y)) = O (mx, ny)
= Daxs (mx, ny) P axn(mx,ny)
= min {77A (mx),np (”}’)}
i min{a (mx), ¢ (ny)}
= min {77 4 (mx) ei®atmo)
75 (ny) i%a(ny)
= min {8, (mx),6; (ny)}
> min{min{ 6, (m),6, (0},
min {6 (n), B3 (y)}

Consequently, 8,5 ((m, n) (x,y)) > min {GAxB (m,n),B4xp (x,y)}.

Moreover,éAxg ((m, n)— (x,y)) = éAxB ((m —Xx), (” _)’))
= Naxs (”” —x,n—y)
eiéAxB(m—xﬂ_)’)
= max{ﬁA (m _-x)aﬁB (” _y)}
eimax{éA(m—x),dAJB(n—)’)}
— max {ﬁA (m—x) ei‘i’A(fﬂ—x)’

g (ﬂ _y) eiéA(”_)’)

max{éA (m—x), éB (n —y)}

max {max{ GA (m), GA (x)}

max{ g (1), 63 }
{max{ GA (m), GB (n)}
{ A (%), 93 }

I
8
§

As aresult, 0 ,,5((m, n) — (x, ) < max{By,5(m, n), E,p5(x, )}

Further, éAxB((m, n)(x,y)) = éAxB(mx, ny)

= Haxp(mx, ny)ei‘ﬁAxB(mx’”}’)

= max{#, (mx), Hp(ny)}e max{ ()b ()
max{#), (mx)e$a0), 5, (ny)eba )}
max{@A(mx) GB(ny)}
max{max{ eA(m) GA(x)} maX{eB(") 93()’)}}
max{max{ QA(m), 63(71), max{@A(x)}, 63()’)}}
maX{éAxB(m’ n), éAxB(xay)}-

<
B ((m, n)(x,y)) <

Thus concluded the proof. X

Corollary 3.6. Let A1, A, ... A, be CIFSR of §1, S, ... S,,, respec-
tively. Then Ay X Ay X ... X A, is CIFSRof §; X S5 X ... X §,.

Remark 3.7. Let A and B be two CIES of S; and S,, respectively and
A X Bbe CIFSR of §; X S,. Then, it not compulsory both A and B
should be CIFSR of S; and S,, respectively.

Example 3.8. Let 22 ={0,1}and S = {e, a, b, ¢} be two rings. Here
S is ring of 2 X 2 matrices over Z, with second row has zero entries,

h |00 |01 b= 10 |11
where e = =100l =100l" <= 0ol

00
Zy xS = {(0,0),(0,a),(0,b),(0,0),(1,¢),(1,a),(1,b),(1,0)}.
Then two CIFS A and B is defined by

6 { 0 026177.'/12 , (1,0.1617”15)},

( )
6, = {(0,0.55¢™°), (1,0.76™3)},
6 = {(e,0.3¢™3), (a,0.45¢™2) , (b,0.33¢™73), (c,0.4¢™)},
6p = {(e,0.24¢™8) , (a,0.26™10) , (b,0.1™"°), (c,0.23¢™/)}..
Therefore,
0,0 0.2¢™12, for all m € {(0,¢),(0,a),(0,b), (0, c)}
X) = .
AxB 0.1¢715, forallm € {(1,¢),(1,a),(1,b),(1,c)}
b0 0.55¢™, for all x € {(0,¢), (0,a),(0,b), (0, c)}
X) = .
AxB 0.7¢73, forall x € {(1,e),(1,a),(1,b),(1,c)}

Here, A X Bis CIFSR of §; X S, and A is CIFSR of B. But Bis not a

23, %
CIFSR of S, because (B) E 761)> = {a, c} is not a subring.
04,2
2
Remark 3.9. Let A X B be two CIFSR of ring S; X S,. Then
NaxB (07 0/) > Naxp (M, 1), Paxp (O» O/) > @axp(m,n) and

Haxg (0,0") < axs (M, 1), Paxp (0,0") < Paxp (m,n), for all
m € Sy, forall, n € S,. Where 0 and 0’ are identities of S; and
S,, respectively.

Theorem 3.10. Let A and B be two CIFS of rings Sy and S,, respec-
tively. If AX B is a CIFSR of 1 X S,, then at least one of the following
assertions must be hold.

L 14(0) 2 1p(n), 4 (0) > @ (n), §4(0) < 7 (n) and §, (0) <
¢p(n), for all n€S,,

2. 10" = 1 (m), @5 (0') = @4 (m),Np(0") < 74 (m) and
@5 (0') <@, (m), forallme ;.

where 0 and 0 are identities of Sy and S,, respectively.
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Proof. Let A X Bbe a CIFSR of §; X S,. On contrary, suppose that
the assertions (1) and (2) do not hold. Then there exist m € S; and
n € S, such that

L 74(0) < 79p(n), 4 (0) < @p (1), H4(0) > 7 (n) and $, (0) >
pg(n), forall nes,

2. 7p0) < a(m), @5 (0)) < @4 (m),55(0") > #, (m) and
¢ (0") > @, (m), forallme S,

Consider, 6,,5(m, n) = min{n, (m), ng(n)} & ™Pam,P5(}
> min{n,(0), 75(0")} ¢ Min{Pa©),950"}
6A)<B(n’l5 n) > eAxg(O, 0’)
And, 8,,5(m, n) = max{n,,(m), H(n)}ei mXPamPs 0}
< max{#,(0), Hp(0")} & mxPa0),P5(0")}

Bxp(m, n) < 6,,5(0,0").

But A X B is CIFSR. Hence, at least one of the following assertions
must be hold:

L 94(0) 2 np(n), 4 (0) > @p(n),74(0) < 7 (n)and §4 (0) <
¢p(n), for all ne s,

2. 1p(0") = nu(m), @5 (0') > @, (m),7(0") < 7, (m) and
$5(0") < @4 (m), forallme §;K

Theorem 3.11. Let A and B CIFS of S, and S, such that nz(0') >

na(m), o5 (0") > @, (m), 7Hp(0") < Ha(m) and Gp(0") < G,(m)
forallm € Sy and 0’ is identity of So. If A X Bis CIFSR of $1 X S5,
then A is CIFSR of S;.

Proof. Let (m, O') , (x,0") be elements of $; XS,. By given condition
np(0") > ny(m)and @p(0") > @, (m),Ap(0") < 7,4 (m)and (0") <
@a(m) forallm,x € S; and 0’ € S,.

Consider6, (m — x)

= 1) (m — x) Patm=

= min {m (m — x) %A= 30 (0" = 0') eich(O’—O’)}
M ((m,07) = (x,07) )} lPas((m0)= (0"}
min {’7A><B (m, Ol) » NAxB (X, 0’)}

ei min{(OAxB(maol)a(PAxB (X’OI)}

min {min {n, (m), 7z (0')}, min{n, x), 75 (0")}}
X eimin{min{(pA(m),CPB(O’)},min{goA(x),(pB(O')}}

\%

min {min {1, (m),n4 (M)}, min{n, (x),n4 (O}
% eimin{min{nA(m),r)A(m)}, min{n) 4 (),n 4}

min {5, (m) , 1, (x)} e minlea(m,@at}
min {GA (m), GA (x)}.
Thus, 8, (m — x) > min {6 (m) 6, (1)}

Moreover,8, (mx) = 1, (mx) ePamo

min {UA (mx) eiqu(mX)’ N3 (0/0/) eKPB(O’O/)}
Maxs ((m,0") (x,0"))} elPaa((m0)(x07)}

> min {74 (m,0") , Naxs (x,0')}
o Min{Paxp(m,0"),@axp(x,0")}

min {min {n, (m), 7z (0')}, min{n, (x), 75 (0')}}
et min{min{ep (m),5(0" )},min{pa(0),05(0" )}}

= min{min{n, (m),n, (M)},

min {1, (x), 74 (X)}

scei minfmin{n 4 (m),n s (m} smin{ 4 CO,m4 OB

min {1, (1), 7, ()} mlA 910

min{0, (m), 0, (x)} .

Thus, 6, (mx) > min{6, (m), 0, (x)}

On the other hand, we have

éA(m —x) =7u(m— x)ei¢A(m—x)
max {ﬁA(m - x)ei¢A(m_x)’ ﬁB(O/ - O/)eigbB(o(_O,)}
{axp((m, 0') = (x,0"))} lPaxs(m0)=(s0")}

< max {ﬁAXB(ma 0,)’ 7?\AXB()C’ 0,)}
eimax{(prB(m’o’)’¢A><B(x50’)}

= max {max {#],(m), 5(0")}, max {1}, (x), 5(0")}}
x ¢t max{max{@, (m),@5(0")}, max{@,(0),@5(0")}}

= max {max {4 (m), 4 (m)}, max {1, (x), 4 ()}}
¢ i max{max{f) 5 (m), )4 (m)},max{ 4 (0,74 (0}
= max {#j,(m), 14 (x)} ¢! m{Pa(m:Pa(}
= max {éA(m), éA(x)} .
As a result, éA(m — x) < max {éA(m), GA(x)}
B, (mx) = B, (mx)ePamo
= max {7, (mx)e'PA™, 15(0"0")e#5©'0")}
= {Aaxs((m, 0")(x,0"))} £ Paxp((m,0")(x,0" )}
< max {axp(m, 0"), Haxp(x,0")}

i max{P (1,07, P axp(x,0")}

= max {max {7 (m), 75(0")} , max {1, (x), (0" }}
 ¢i maximax{ s m),Pp(0")},max{@a (0,50}

= max {max {74 (m), 5 (m)} , max {1, (x), N (O}}
¢ g max{max{f s (m), )4 (m)},max{ 4 (0,74 0}

= max {4 (m), H4(x)} & max{p 4 (m), P4 (0}

= max {éA(m), éA(x)} .

Consequently, 8,(mx) < max{f,(m),6,(x)}. Hence, proved our
claim. X
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Theorem 3.12. Let A and B two CIFS of Sy and S, such that 1,(0) >

ne(n), @4 (0) = @p(n), 14(0) < 7p(n) and $,(0) < Gy(n) for all
n € S, and e is identity of Sy. If A X B is CIFSR of S1 X S5, then B is
CIFSR of S,.

Proof. Similar as Theorem 3.11. X

Corollary 3.13. Let A and B two CIFS of §; and S,, respectively. If
A X Bis CIFSR of §; X S,, then A is a CIFSR of S; or B is a CIFSR
of Sz.

Theorem 3.14. Let A X B be a CIFS of ring Sy X S,. Then AX Bisa
CIFSR of $1 X S, if and only if:

1. The fuzzy set AXB = {((m, 1), Naxg (M, 1), Naxp (M, n)) :

(m, 1) € Sy X Sy, Nacs (1M1, 1), Pases (11, 1) € [0, 1]} is an IFSR.

2. Them-fuzzysetAX B = {((m, 1), P axg (M, 1), Paxp (M, 1), ) :
(ms n) € Sl X SZ’ P AxB (m7 n)! ¢)A><B (ma n) € [Oa 2”]} isar-
IFSR.

Proof. Suppose that A X B is a CIFSR and (m, n), (x,y) € S X S;.
Then we have

Naxs ((m,n) — (x, y)) ¢i®axs ((myn)=(x,p))

= O ((m,m) = (x,y))
> min {GAxg (m,n),0,xp (x,y)}

= min{mxs (m, m) ePaxs (mn) 3 o (x, ) ePaxe (x,y)}

= min {7 (1,1, Naxs (%, y)}eimin{cprB (myn),@axp (xoy)}
(AsA x Bis homogeneous)
(x.7)) 2 min {nap (m,n),naxs (%)},
(x.7)) = min{@axs (m,1),Paxs (%.7)}
and, g ((m,n) (x,y)) ePaxs ((mym)(x9))

= Ouxs ((mn) (x,7))

> min {Baxp (m,1),0ax5 (%)}

= min{’? s (1) @@ (mn) () e (x,y)}

= min {r}AXB (Wl, T’l) ) 77A><B (x,y)} ei mi"{¢A><B (m,n),Cprg (X,}’)}

NaxB ((m,n) -
Paxs ((m, n) —

(By using the homogeneous property)

Naxg (M, n)(x, y)) = min {UAxB (m, n), Naxp (% )’)},

and, @,y ((m, n)(x,y)) > min {(PAxB (m, n), P axs (x,y)}
— (x, ))e/Paxs (mm=(esy)

()

< max{éAxB (m, n), éAxB (x,y)}

Further,ﬁAxB ((m,n)

= 8,5 (m,n) —

= max (B (m, m)ePacs O 0 (i, y)eiacn G0}

= max {faxp (m, n), Haxs (%, )} & mPwa 0P ()
(AsA X Bis homogeneous)
— (x,)) < max {Haxg (m, ), Naxp (4, )}
Paxp (m,n) — (x,))) < max{@axp (M, n), axp (x, )}

ﬁAXB ((m7 T’l)

Moreoverj g ((m, n)(x, y))eiPaxs (mmx)
= Baxp ((m, m)(x, )
< max {éAxB (m, 1), B1xp (X,)/)}
= max {Hp (m, n)ePas MM 7, o (x, y)ePaxs )}
= max {Haxgp (M, 1), By (%, )} ¢ M Paxe ()P (e}
(AsA X Bis homogeneous)
()
< max {ﬁAxB (m, n), Haxg (x, )’)} Paxp ((m, n)(x,))

Haxg (M, n) —

< max {@AxB (m, n), Paxp (x,y)}

Consequently, A X Bis IFSR and A X B is 7-IFSR.

Conversely, suppose that A X B and A X B is IFSR and 7-IFSR,
respectively. Then we have

Naxs ((m, n) — (X,)/)) > min{mxg (m,n),Naxs (x,y)}
Naxp ((m,1) (x,y)) 2 min{nas (mm),naxs (%)}
Haxe ((m,n) = (x,y)) < max{faxp (M, 1), Haxp (%)}
Naxa ((m.n) (x,7)) < max{faxy (m,m),faxs (x.7)}
Paxs ((m, n) — (x,y)) 2 mln{@AxB (m, n), Paxp (x,y)}
Paxp ((m,n) (x,y)) = min{pap (m,1), Paxp (%7)}
Paxs ((m n)— (x,y)) < maX{@AxB (m,n), Paxp (x,y)}
Paxp ((m,n) (x,y)) < max{@axp (m, 1), Paxp (%)}
Considerf,z
((m,m) = (x,)) = Naxs ((m,n) — (x,y)) ePaxs ((mym)=(x))

vVl

min {77A><B (m,n),Naxg (x,y)}
1mm{¢AxB (ma”)a¢AxB (Xs)’)}

min {77A><B (m, n) ei¢A><B ('”1”),

NaxB (x, y) oPaxs ()
min{Bxp (M, 1) ,6,xz (x,y)}
NAxB ((m, n) (x,y)) ePaxs ((mm)(x,y))

min {7’}A><B (m,n),Naxp (x,y)}
tmm{fPAxB (ms”)a¢A><B (x,}’)}

Also,,p ((m,n) (x,y))

vVl

min {nAXB (m’ n) ei¢A><B(ms”)’

Naxa (x’y) e/ PaxB (x9)
min {GAxB (m,n),0,xz (x,y)}

Moreover, éAX B
((m, I’l) - (x,y)) ﬁAXB ((m, n) — (_x,)/)) ei¢A><B((m,”)_(x5}’))

max {ﬁAxB (m,n), Naxp (x,y)}
ei max{@AxB(”‘a”);@AxB(x’)’)}

IA

max {ﬁAxB (m, n) ePaxs(msn)

Haxs (x y) iPaxs (%)

max{@AxB (m 7’1) eAXB (x y)}

77A><B ((I’I’l, ”) (x,y)) KPAXB((WI n)(x,y))

max {Haxp (M, 1), Naxp (x,y)}
eimax{@AxB(mﬂ)’(prB(x’)’)}

AISO, éAXB ((m’ n) (x’y))

IA

max ) xp (m, m) @9res (),
Haxs (%) e Paxs(xy)
= max (D5 (m, 1), O (%, )}

Hence, A X B is CIFSR. Thus concluded the proof.
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4. PROPERTIES OF LEVEL SUBSETS OF
DIRECT PRODUCT OF COMPLEX
INTUITIONISTIC FUZZY SUBRING

This section is devoted to study the properties of level subrings of
direct product of CIFSR. We initiate the concept level subset of the
direct product of CIFSR and prove various impactful results of this
phenomena.

Definition 4.1. Let A X B be Cartesian product of CIFS A and B.
Then for r € [0,1], and ¢ € [0, 27] the level subset of CIFS A X B
of §; X S, is defined by

(A x B)Eg (m,n) ={(m,n) € Sy X Sy : Na(m,n) > 1,0, (m,n) >
’ t’ﬁA (m’ n) S ;"qu (m’ 7’1) S ’i?}

For t = t = 0, we obtain the level subset (A XB)i (m,n) =
{(m,n) (S P: r}A(man) Z r,ﬁA(m,n) S ?!}

and for r = 7 = 0, then we obtain the level subset (A X B)f (m,n) =

f(m,n) € S XSy 1,04 (m,n) > t,¢, (m,n) <.

Theorem 4.2. Let A and B be two CIFS of rings Sy and S, . Then
(1) *D o p(D

AXB =A X B,

@XB) = A ™ P

. (@) (75D)
Proof. Consider (m,n) € A(r,t) X B(r,t)

(&) ()
(r,t) (r,t)

S Na(m) 21, @4 (m) > t,7, (m) <7,¢,(m) <1, and

& meA’’ andn €B
np(n) 21, pp(n) 2 t, 4 (n) < 7,9, (n) <1

< min{n, (m),np (M} > r, max{r, (m), (M} <7
min{p, (m), g (m)} > t, max{, (m), 7N (m} <1

S Naxp (m,n) 21, @ap(m,n) > t, and
Naxg (M, 1) <7 Puyp(m,n) <1

(V)

(1)

Hence, (A X B)E::g = Agﬁ x Bm K

& (m,n) € (AXB)

Theorem 4.3. Let A X B be CIFSR of ring S X S,. Then (A X B)Ei:g is
a subring of ring S; X Sy, for all r,# € [0,1], and £, € [0, 27r], where
74(0,0) > r, ¢4(0,0") > t,7%,(0,0") < #, and $,(0,0") < talso
(0,0") is identity element of S; X S,.

(D
()"

Proof. Note that (A X B)Ei’i; is nonempty, as (0,0’) € (A X B)

Let (m, n), (x,y) € (A X B)g:g be any two elements. Then
Naxp (M, 1) 21, @axp (M, 1) 2, axp (M, 1)
< F Paxp (m,n) <14,
Naxs (x,y) 27, PaxB (x,y) 2> t, Naxs (x,y)
Consider 7,4y ((m, n) — (x,y)) < ?Paxp (x,y) <t
ePaa((mm)=() = g, ((m,n) = (x,))

> min {8 (m, 1), Oaxp (x,7)}
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Naxe ((m,m) = (x,y)) >
Paxp ((m,m) — (x,y)) >

Moreover, 45 ((Wl, n) — (x,y))
eiquxB((m’”)_(x’y)) =

(By homogeneous property)
Haxs ((m,m) = (x,y)) <

Baxs ((m,m)— (x,y)) <

Implies that (m, 1)
—(%,y) € (AX B)Eg :
Also, Daxp ((m, 1) (x,y))

ei¢>A><B((m,'t)(X7)’)) =

\%

(By homogeneous property)
Naxs ((m,n) (x,y))

\%

and, ¢ axp ((WI,") (x,y)) 2

ﬁAXB ((m’ n) (x’y)) ei¢7A><B((m’”)(x7}V)) =

IA

(AsA X Bis homogeneous)
Haxs ((m,n) (x,y)) <

and,@ 5 ((m, ) (x,y)) <

min {nAXB (m, n) ei¢A><B(m7”)’

Naxs (x’y) eKPAxB(x,J’)

min {77A><B (m, n), Naxs (x,y)}
eimin{¢AXB(ms”)a¢AXB(x’y)}

(As A X B is homogeneous)
min {77A><B (m, 1), Naxp (x,y)}
min{r, 1} =r.

min {quXg (m,n), Paxp (xy)}
min{t, t} =t

éAxB ((M, n)— (x,y))

max {éAxB (m,n), éAxB (x,y)}
max {ﬁAxB (m, n) ePaxs(mn),
Baxs (%) £ Paxs(xy)

max {ﬁAxB (m,n), Naxs (x,y)}
eimaX{(beg(Wl,l’l),;belg(X,}’)}.

max {ﬁAxB (m,n), Naxs (x,y)}
max{r,r} =r,
max {@AxB (m,n), Paxsp (X’J’)}
max{t,t} = t.

Baxp ((m, 1) (x,))
min {845 (M, 1), O4xp (x,y)}

min {UAXB (m, n) eiqDAxB(m,rl),

NaxB (x,y) ei¢AxB(x,y)

min {77A><B (m,n), Naxs (x,y)}
ei mi“{¢AxB(m’”)acprB(xi}’)}

min {UAxB (m,n), Naxs (x,y)}

min{r,7} =7,

min {@AxB (m,n), paxp (x,y)}
min{t, t} =t,

B () (x.))

max {éAxB (m,n),6,xp (x,y)}
max {]as (m, m) eiPas(m),
Baxs (%) & Paxs(x)

max {ﬁAxB (m, n),Yaxs (x,y)}
e max{@ 45 (m,1),@ s (x,9)} .

max {ﬁAxB (ma l’l) s 7;)\AXB (.x,}/)}
max{r,1} =r,
max {@AxB (m,n), Paxs (x,y)}
max{t,t} =t.

Implies that (m, n)(x, y) € (A XB)(?’?) Hence (A XB)(?’?) is subring. X

(rD)°

(r,0)
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Theorem4.4. Let (A X B)Ei’f; be a subring of ring S1XS,, then AXB is
CIFSR of S1 XSy, forallr € [0,1], and t € [0, 27r], wheren,(0,0") >
7, ©4(0,0") > £,%,(0,0") <7, $,(0,0") < %, also (0,0") is identity

element of S X S,.

Proof. Assume that min{nuyg(m, 1), Naxp(x, ¥)} = ,

min{@ 4, 5(1m, 1), Paxp(x, Y} = t, max{anp(m, n), Raxp(x, )} =
and max{@ 4,.5(m, n), Paxp(x, y)} = I Then we have

-

77A><B (ms n) Z T, goAxB (m’ n) 2 t ’ 77\A><B (m5 n)
S ?’ ¢A><B (H’l, n) S 2’

Naxs (5,¥) = 1, @axs (%) = t,Haxs (x,7)
< 7and @ .5 (x,y) <%

()]

This implies that (m,n) € (A X B)( )

and (x,y) € (AX B)(i’g .

As (A XB)g’g is subring. So (m, n)—(x, ), (m, n)(x, y) € (AXB)S’Z.
Then we have

Naxg((m, 1) — (%, ) 2 1, Paxp((m,n) — (x,)) = £,

Naxg((m, n)(x, ¥)) 2 1, Paxp((m, n)(x,y)) = £,

7?\AXB((W!! n) - (x’y)) S %s ganB((m’ I’Z) - (x,)’)) S ,t\’

7;)\AXB((’/n» n)(x, }’)) S ?5 (pAXB((m’ n)(x,)/)) S ?

Implies that 7,4,5((m, n) — (x, ¥)) = min{nsxz(m, n), Naxp(x, ¥)}

Paxp((m, 1) — (x,¥)) > min{@ 45 5(m, 1), P 4xp(x, ¥)} 5

Naxp((m, n)(x, y)) > min{n . z(1, 1), Noxp(x, )}

P axg((m, n)(x, y)) = min{g 4,5 (M, 1), P 45 (X, P},

7;)\AXB((’/ns I’l) - (-xa }’)) S max{ﬁAxB(ms I’l), ﬁAxB(-’Q )’)},

P axp((m, n)—(x, ) < max{@,.5(m, n), P axp(x, Y},

7?\AXB((’,”’ n)(x, }’)) S max{ﬁAXB(m9 n)’ 7?\AXB(X’ ,V)},

Paxp((m, n)(x, y)) < max{@ 4xp(m, n), axp(x, )},
Consider 0,55((1, 1) — (%, ¥)) = Naxp((m, 1)(x, y))eMaxsCmmEy)

> min{n 4551, 1), Naxp (X, )} ot MIn{Puxp(1,1),@ Axp (%,7)}

= min{’?AxB(m, n)ei¢A><B(ms”)’ nAXB(x’ y)ei¢AXB(x9y)}

6A)(B((”n’ I’l) - (-x5 }/)) Z min{eAXB(m’ n)’ eAXB(x’y)}
Further, 0,,5((m, n)(x, ¥)) = N axp((m, n)(x, y))eMaxslmmy)

> min{nAxB(mv n), nAxB(x’y)} ot MIn{® 4xp(m,1),P x5 (%))}

= min{nAXB(m’ n)eiq)AXB(ms”)’ nAXB(x’ y)ei¢A><B(x7y)}

Oaxp((m, n)(x, )= min{eAxB(m’ 1), Oaxp(x, }’)}

Moreover, éAxB((m’ n) — (x, ¥)) = Naxp((m, n)(x’y))eif)AxB((m,n)(x,}’))

< max{Haxg(M, 1), Haxs (% Y)} ot max{P axp(m,1),P axp (x3)}

= max{ﬁAxB(m, n)eiquxB(m’”)’ ﬁAXB('x’ y)eifﬁAxs(X,}’)}

B axp((m, n) — (x, ) < max{B,,5(m, n), 6 4,5(x, y)}

AlSO, éAxB((m, n)(x, y)) = ﬁAxB((m’ n)(x’ y))eiﬁAxB((m’")(x»)’))

< max{hxp(m, 1), Haxp(x, )} ot max{P xp(m,1), P axp (x,)}

= max{ﬁAxB(m, n)eiquxB(ma”), ﬁAXB(x’ y)eiquxB(X’}’)}

Baxp((m, n)(x, ) < max{By,5(m, 1), 64,5(x, y)}.
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Corollary 4.5. Let AXBbea CIFSR of §; XS, then the level subsets Proof. 1.
(AXB) and (A X B); is a subring of ring §; X S, for all r,# € [0,1],

and t,% € [0,27r], where ,(0,0") > 7, 94(0,0") > £, Haxp(m, n) < Consider f (B4x3) (m,n) = max{(6axz) (x.y),
#, and @ . 5(m, n) < tand (0,0) is identity element of S X S,. i££(x.) = (m.n)

= max{(nAXB) (x,y) efl@ae)lom),
5. HOMOMORPHISM OF DIRECT it (x.y) = ()
PRODUCT COMPLEX INTUITIONISTIC ’ ’ .
FUZZY SUBRING = max{(axs) (%.7). iff(x.y) = (m,m}
i max(Paxs) (), i fxyy)=(myn)}
In this section, we define the homomorphic image and preimage HPmes) o)
of the direct product of CIFSR. We prove some results of the direct =f (77A><B) (m, n) \Paxs)AmN]

product of CIFSR under ring homomorphism.

Hence, f(B,455)(m, 1) = (1) 455)(m, n)elPaxp)mm
Definition 5.1. Letf : §; XS, = Ry XR; be aring homomorphism fCaxe Sy

form S; X S, to Ry X R,. Let A X Band C X D be two CIFSR of rings 2.
S1 X 8, and R; X Ry, respectively. For all (x, y) € S; X S, and for all

(m, n) € Ry X Ry. The set Suppose that f (8xp) (m, n) = max{(éAxB) (x,y),
f(AXB) = {(m, n) ,f(QAxB) (m,n), f(éAxB) (m, n)} is said to be iff(x,y) = (m,n)
image of A X B, where - maX{(ﬁAxB) (x,7) eif(Paxs) (y)
if f(x,y) = (m, n)
£ (Baxp) (m. m) = max{(faxs) (%),
sup{Baxs (%, ), iff(xy) =m,n)}, Flmn #o .
- [aur o r). 41{) = mn} £ i 1(5) = om0

eimax{(¢AxB)(X,y), if f(X,)’)=(m,n)}
= f(ﬁAxB) (m, n) eiJ((¢A><B)(m,n)‘

f é X (ms f’l) R ) o
{inf{éAxB (xy), if (fﬁxBy)) =mmn}, flimn+o As a result, f(6,p)(m, 1) = f pcp)(1m, m)el P,

1, 3.

) Assume that, f! (GCXD) (x,y) = Bcxp (f(x,y))
Thesetf™! (B; X By) = {(%,),f" (6cxp) (%) ./ (cxp) (%) e
is said to be preimage of{C X D, where " " } = Nexo (f(%.7)) € poo(fx)

= 1 (nex0) (1) x ¢ Goun)(),

(8 x,y) =6 %)), ;
Cow) (57) = b0 (1x7)) Consequently, / (€oxp)(x. ) = ™ (cxp) (s, y)el o1,

4.
—1 é X, =0 X, i . L~ N A
£ (Bow) (.7) = o (f(x.7)) Consider,  f™! (6cxp) (%, ¥) = Ocxp (f(x.7))
= ﬁCXD (f(x’y)) ei¢C><D(/(x,}’))
Theorem 5.2. [9]f : S — R be ring homomorphism from S to R. Let s 1 (@ou) (i)
A be IFSR of S and B be IFSR of R. Then f(A) is IFSR of R and f~1(B) = f (exp) (%) x e (Po)lor),
is IFSR of S.
~1(4 — 15 i @oxo)(x:y)

Lemma5.3. Letf : §; XS, = R; X R, be a homomorphism from Consequently, = (Bcxp)(, ) = f~ (lexp)(x: y)e LT,
group S; X S to group Ry X R,. Let A X Band CX D be two CIFSR. X
Then

Theorem 5.4. Let f : S; XS, — Ry X R, be a homomorphism from

L. 0 m,n) = m,n eif(cprB)(m,n), forall (m, n) € ring S; X S, to ring Ry X R,. Let A X B be CIFSR of S; X S,. Then
{1(1 ngz( ) =S (1acs) () ) f(A X B) is CIFSR of Ry X R,.

j = (7 if(Paxe)(myn) Proof. Obviously, {((p, 9), Naxs(P: D) Haxs(P, ), (p,9) € S1 X S5}

2 S Bua) 0 ) = f () (o 101 and {((p. 9), @ uxs(P: s Gaxs(P. ). (p. @) € $1XS)}are IFSRand 7-
3. f_l(erD)(x’ = f_l(anD)(X, y)eif 1(¢(J><D)(Xa}’), for all (x,y) € IESR, respectively. From Theorem 2.9 and Theorem 5.2 the homo-
S1 XS, morphic image of {((p, 9), Naxs(P, ) Naxs(P> D), (P, 9) € S1 X S5}

A 1, and {((p, @), Paxa(P> 9)s Paxz(®> @) (P,9) € S1 X S3)} are IFSR and

4, f_1 (GCxD) (%, ) =f_1 (ﬁCxD) (x,y) e (Po) () m-1ESR, respectively, for all (m, n), (x, ¥) € Ry X R,. Then we have
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SN axp)((m,n) — (x,y)) >
JMaxp)((m, m)(x, ) =

S axp)((m, m)—(x,y)) <
SWaxp)((m, n)(x, ) <

[ @ axp)((m,n) — (x,y)) =
L axp)((m, n)(x, ) >
(@ axp)((m, m)—(x,y)) <

f(@AXB)((”% n)(x, }’))

From Lemma 5.3, we have

fBaxp)((m, n) — (x,))

Consequently, f(6,,p)((m, n) — (x,y))
Further, f(8,,3)((m, n)(x, )

As result, f(0,5p)((m, n)(x, )

In the view of Lemma 5.3, we know that

FBaxs)((m, 1) — (%, 9))

Consequently, f(éAxg)((m, n) — (x,y))
Moreover,f(éAxB)((m, n)(x,y))

Therefore,f(éAxB)((m, n) — (x,))

mindf(7) 4xp) (11, 1), f(1 4x6) (X, Y,
min{f(n ) (m, 1), f(14x5)(x, )},
max{f(axp)(m, n), () axp) (%, y)},
max{f(axp)(m, n), () axp)(x, y)},
min{f(¢ 4xp)(m, n), (P axp)(x, y)},
min{f(g axp)(m, 1), (P axp)(x, ¥)},
max{f(@ axp)(m, n), i axp)(x, y)},
< max{f(@ axp)(m, n), (P axp)(x, )}

= f(Naxp)((m, n) — (x, y))eif(quxB)((m,”)—(xy}’))’

for all (m, n), (x,y) € Ry X R,

Min{f(nuxp) (1, 1), f(1) axcs) (X, y)} AP axBIMAP axcp) 1)}
min{f(n 4p)(m, n)ef PN ), ) (y,)ePaxp)Eny
min{f(6xp)(m, n), f(Baxp)(x, y)}

min{f(6,xp)(m, n), f(Baxp)(x, )}

1 axp) (1, 1)(x, )) e Paxp)OmmGo)

for all (m, n), (x,¥) € Ry X R,

Min{f(n) axg) (1, 1), [ axep) (X, ¥)} T Paxp) 0 f@x) )}
min{f(n) 5)(m, n)efPHBmN _fi 1) (y,)efPaxp)xny
min{f(6,xp)(m, n), 6axp)(x, y)}-

min{f(6,xp)(m, n), 6axp)(x, y)}-

\%

\%

S axp)((m, m)—(x, y))elfiPaxp)(mm=Coy)

(m,n), (x,y) € Ry X R,

max{f(fxp)(m, n), f(Baxp)(x, )} eV Pax)mmAPaxs)on}
max{f(xp)(m, n)elf(ganB)(m,n)’f'(ﬁAxB)(yz)eif(’;@Axg)(x,y)}
max{f(6,)(1m, 1), fOxp)(x, )}

max{f(04p)(m, 1), f(Baxs)(x, )}

FBasep)((m, n)(x, ) PaxpX M) - (m n), (x,y) € Ry X Ry
max{f(Aaxp) (11, 1), fGaxp) (%, ¥)} eV Paxp)mmf[@axp) )}
max{f(14xp)(m, n)e’f(¢A><B)(m,n)’f(ﬁAxB)(yz)eif((ﬁAXB)(x,y)}
max{f(B,15)(m, 1), [Baxp) (X, )}

max{f(éAxB)(m, n),f(éAXB)(x, "}

A

This establishes the proof. ¥

Theorem 5.5. Let f : S; XS, = Ry X R, be a homomorphism from
ring S; X S, to ring Ry X R,. Let C X D be CIFSR of Ry X R,. Then

F1(Cx D) is CIFSR of S1 X S,.

Proof. Obviously, {((p, 9), Dexn(Ps 9, Hexp(®> D), (0, 9) € Ry X Ry}
and {((p, 9), Pcxp®> D> PexpP> 9> (P> q) € Ry X Ry)}are IFSR and
7-IFSR respectively. Then from Theorems 2.9 and 5.2 the inverse

image Of {((P, Q), 77C><D(P, CZ), 77\C><D(p’ q))a (P; Q) (S Rl X RZ} and
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{(@ D, Pcxp(0, D, Pexp(P, s (0, 9) € Ry X Ry)} are IFSR and 7-
IFSR, respectively, for all (m, n), (x, y) € S; X S,. Then we have

f (UCxD) ((m, n) — (X,)/))

> min{f (exp) (m,m), f 7 (nexp) (x.7)}
S (exo) ((mm) (x, 7))

> min {f! (nexp) (m, 1), f! (Mexp) (%:7)}
f (exp) (Gm,m) = (x,7))

< max{f! (exp) (m, 1), f* (Hexn) (%)}
S (exn) ((m,m) (x,))

< max{f" (exp) (m, 1), f1 (Aexp) (%:7)}
FH (@exp) ((mn) = (x,y))

> min{f~! (pexp) (m1).f (9exn) (x.9)}
fH (eex) ((m,m) (xy))

> min {f™ (pcxp) (m, 1), f (Pexp) (%,2)}
fH (@ex) ((mm = (%))

< max{f ™ (@cxp) (m,m), [ (Pexp) (%)}
1 (@) ((m,m) (x,y))

<max{f! ($oxp) (m,n), £ (Bexn) (%)}

By Lemma 5.3(3), we have
FGcxp)((m, ) — (x,))
= FL@exp)(m, 1) — (x, y))el~ H@oxo)(mm—(ey)

for all (m, n), (x,y) € §; X S,

Z min Ef_l(nCXD)(m’ ”),f_l(anD)(x,)’)
eif " @cxp)mym)f~ I(GUCXD)OC,}’)}

~1
= min 1 Nexp)(m, n)ell Po)mm,

[ M), y)efflwcwxx,y)}

min {f~1 Bcxp)(m, n), 1 Ocxp) (%, 1)} -
Thereforef—l(GCXD)((m’ n) — (x,5))

> min {f~ Ocp) (. 1), f @) (6, )}

Furlther, o) (mm)(x,y) = 1 mexp)(m, n)(x, y))
el @) tmmo) forall(m, n), (x,y) € Sy X S,.

min {f_l (nCXD) (m, 1’1) 7f_1 (UCXD) (x,y)}
ei{f_l(9"CxD)(m,”)fl(GDCXD)(x,y)}

min {f_l (anD) (m, n) eif_l(‘PCXD)(m,n)’

Y (nexo) (%9) e (Poo)(x)
= min{f1 (Bexp) (m, 1), f 7 (Bexp) (%:3)}-
Therefore,
f_l (GCXD)
((m, ) (x,))

\Y

> min {f™ (GCXD) (m,n),f (erD) (x,y)}

Consider FlOop)(myn) — () = fHcxp)(myn) —
(x, y))eif (¢cXD>((m,n>—(x,y)), for all (m, n), (x, y) E S1 XS,

max{f™ (exp)(m, 1), f_ll(ﬁcxb)(x, )} et 1@cw)(%ﬂ){l(¢c><p)(x,}’)}
maX{f_l(Tich)(m, n)eif— (@ACXD)('”J’)’f_l(ﬁCxD)(_x’ y)eif_ (@cw)(%}’)}
max{f~" Gcxp)(m, n), £~ Ocxp)(x, 1)}

IA

Therefore, F 1) (m, 1) -
max {f~! Goo)m, ), £ @oxo)(x. ).
f_l (QCXD)((m7 n)(xs )’))

(%) <
Further,

= /71 (o) ((m,m) (x,)) & Po0)(Crn)()),
for all (m,n), (x,y) IS

max {f! (ﬁcw) (m,n),f (ﬁcXD) (xy)}
ei{f_l(¢C><D)(m’")zf_l(¢’C><D)(xa}’)}

max {f_l (exp) (m, m) e ($o0)(mn),
! (Aexp) (%:9) e (Go0)w)
= max{f"! (Oxp) (m, 1),/ (Boxp) (%)}

IA

Consequently, . F 1 Ocxp)((m, n)(x, ) <
max{f " (Ocup)(m, n), f 1 Bexp)(x, y)}. This concluded the proof. X

6. CONCLUSION

In this paper, we have introduced direct product of CIFSR and we
have proved that the direct product of two CIFSR is CIFSR. We
have innovated the concept of level subset of the direct product of
two CIFS. We have also explained the some fundamental proper-
ties of the level subset of the product of two CIFSR. Moreover, we
have investigated that homomorphic image (preimage) of the direct
product of CIFSR under ring homomorphism.
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