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1. INTRODUCTION

The concept of the Ricci soliton is introduced by Hamilton in [9], which is a natural generalization of Einstein metrics. Study of Ricci
soliton over different geometric spaces is one of interesting topics in geometry and mathematical physics. In particular, it has become more
important after G. Perelman applied Ricci solitons to solve the long standing Poincare conjecture. In [10,13,15-18], Einstein manifolds
associated to affine connections (especially semi-symmetric metric connections and semi-symmetric non-metric connections) were studied
(see the definition 3.2 in [18] and the definition 3.1 in [10]). It is natural to study Ricci solitons associated to affine connections. Affine Ricci
solitons had been introduced and studied, for example, see [6,8,11,12,14].

Our motivation is to find more examples of affine Ricci solitons. A three-dimensional Lie group G;(i = 1,---,7) is a sub-Riemannian
manifold. In [1], Balogh, Tyson and Vecchi applied a Riemannian approximation scheme to get a Gauss-Bonnet theorem in the Heisenberg
group H3. Let TH® = span{ej, ey, e3}, then they took the distribution H = spanfej,e;} and H- = span{es} (for details, see [1]).
Similarly in [20], for the affine group and the group of rigid motions of the Minkowski plane, we took the similar distributions. In [21],
for the Lorentzian Heisenberg group, we also took the similar construction. Motivated by [1,20,21], we consider the similar distribution
H = span{ej, e;} and H L= span{es} for the three dimensional Lorentzian Lie group G;(i = 1,---,7). Then for the above distribution,
we have a natural product structure J: Je; = e, Je; = ez, Jes = —es. In [7], Etayo and Santamaria studied some affine connections
on manifolds with the product structure or the complex structure. In particular, the canonical connection and the Kobayashi-Nomizu
connection for a product structure were studied. So we consider the canonical connection and the Kobayashi-Nomizu connection associated
to the above distribution on the G; and get affine Ricci solitons associated to the canonical connection and the Kobayashi-Nomizu connection.
In particular, from our results, we can get affine Einstein manifolds associated to the canonical connection and the Kobayashi-Nomizu
connection. It is interesting to consider relations between affine Ricci solitons associated to the canonical connection and the Kobayashi-
Nomizu connection and Ricci solitons associated to the Levi-Civita connection. It is also interesting to study affine Ricci solitons associated
to other affine connections, for example, Schouten-Van Kampen connections and Vranceanu connections associated to the above product
structure and semi-symmetric connections.
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By the canonical connection and the Kobayashi-Nomizu connection on three-dimensional Lorentzian Lie groups, we obtain some examples
of affine Ricci solitons. But we find that the coefficient A of the metric tensor g in the Ricci soliton equation (see (3.13) and (3.14)) is always zero
for these obtained examples. In order to obtain more interesting examples with the non zero coefficient A, we introduce perturbed canonical
connections and perturbed Kobayashi-Nomizu connections in Section 4. Using these perturbed connections, we get some examples of affine
Ricci solitons with the non zero coefficient A.

In [3], Calvaruso studied three-dimensional generalized Ricci solitons, both in Riemannian and Lorentzian settings. He determined their
homogeneous models, classifying left-invariant generalized Ricci solitons on three-dimensional Lie groups. Then it is natural to classify affine
Ricci solitons on three-dimensional Lie groups. In [19], we introduced a particular product structure on three-dimensional Lorentzian Lie
groups and we computed canonical connections and Kobayashi-Nomizu connections and their curvature on three-dimensional Lorentzian
Lie groups with this product structure. We defined algebraic Ricci solitons associated to canonical connections and Kobayashi-Nomizu
connections. We classified algebraic Ricci solitons associated to canonical connections and Kobayashi-Nomizu connections on three-
dimensional Lorentzian Lie groups with this product structure. In this paper, we classify affine Ricci solitons associated to canonical
connections and Kobayashi-Nomizu connections and perturbed canonical connections and perturbed Kobayashi-Nomizu connections on
three-dimensional Lorentzian Lie groups with this product structure.

In Section 2, we recall the classification of three-dimensional Lorentzian Lie groups. In Section 3, we classify affine Ricci solitons associated
to canonical connections and Kobayashi-Nomizu connections on three-dimensional Lorentzian Lie groups with this product structure. In
Section 4, we classify affine Ricci solitons associated to perturbed canonical connections and perturbed Kobayashi-Nomizu connections on
three-dimensional Lorentzian Lie groups with this product structure.

2. THREE-DIMENSIONAL LORENTZIAN LIE GROUPS

In this section, we recall the classification of three-dimensional Lorentzian Lie groups in [4,5](also see Theorems 2.1 and 2.2 in [2]).

Theorem 2.1. Let (G, g) be a three-dimensional connected unimodular Lie group, equipped with a left-invariant Lorentzian metric. Then there
exists a pseudo-orthonormal basis {e1, ez, e3} with e3 timelike such that the Lie algebra of G is one of the following:

(g1):

le1,e2] = aer — Bes, e, e3] = —aer — Bez, ez, e3] = Ber +aes +aes,  a #0. (2.1)

(92):
le1,e2]l = yes — Bes,  ler,es] = —Bes —yes, ez, es] =aer, y #0. (2.2)

(93):
le,e2] = —yes,  lei,esl = —Bez, ez, e3] = aer. (2.3)

(g4):
le,e2]l = —e2+ (2n — Ples, n=1lor—1, e, e3s]=—Per+es, [ere3] =aer. (2.4)

Theorem 2.2. Let (G, g) be a three-dimensional connected non-unimodular Lie group, equipped with a left-invariant Lorentzian metric. Then
there exists a pseudo-orthonormal basis {e1, e3, e3} with e3 timelike such that the Lie algebra of G is one of the following:

(g5):
[e1,e2] =0, [er,es] =ae; + Bez, [ex,e3] = yer +8es, oa+8#0, ay+BS=0. (2.5)

(g6):
[e1,e2] = wer + Bes,  [er,es] = yer+de3, [er,e3] =0, a+6#0, ay—pB5=0. (2.6)

(97):
ler,e2] = —aer — Bes — Bes,  [er,es] = aer + Bea + Bes,  [ex,e3] =yer +8ex +8es, a+8#0, ay=0. (2.7)

3. AFFINE RICCI SOLITONS ASSOCIATED TO CANONICAL CONNECTIONS
AND KOBAYASHI-NOMIZU CONNECTIONS ON THREE-DIMENSIONAL
LORENTZIAN LIE GROUPS

Throughout this paper, we shall by {G;}i=1, 7, denote the connected, simply connected three-dimensional Lie group equipped with a
left-invariant Lorentzian metric g and having Lie algebra {g};—;, ;. Let V be the Levi-Civita connection of G; and R its curvature tensor,
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taken with the convention

R(X,Y)Z = VxVyZ — VyVxZ — Vix yZ. (3.1)

The Ricci tensor of (G, g) is defined by
pX,Y) = —g(R(X,e1)Y,e1) — gR(X, e2)Y, e2) + g(R(X, €3)Y, €3), (32)
where {e}, 3, e3} is a pseudo-orthonormal basis, with ez timelike. We define a product structure J on G; by
Jer = e1, Jeo = e, Jes = —e3, (3.3)

then J2 = id and g(Jej, Jej) = g(ej, ej). By [7], we define the canonical connection and the Kobayashi-Nomizu connection as follows:

1
VXY = VxY = —(VxDJY, (34)
1
VY = VxY = S [(Vy)JX = (Vy])X]. (35)
We define
ROX,Y)Z = VRVyZ — VyV3Z — VX v Z, (3.6)
R'(X,Y)Z = VyVyZ — VyViZ — V] 2. (3.7)
The Ricci tensors of (G;, g) associated to the canonical connection and the Kobayashi-Nomizu connection are defined by
P'LY) = —gR X e)Y,e) — gR' (X, )Y, e2) + (R (X, €3)Y, 3), (3.8)
P (X Y) = —gR'(X,e1)Y,e1) — g(R'(X,e2)Y, &) + g(R' (X, e3)Y, €3). (3.9)
Let
%X, Y) + (Y, X
P = 2 );Lp( ), (3.10)
and
Xy Ly, X
A y) = 2L )42”’( ) (3.11)
Since (Lyg)(Y,Z) := g(VyV,Z) + g(Y,VzV), we let
(L, 9) (Y, 2) = g(V,V, Z) + g(Y, V, V), (3.12)
for j = 0,1 and vector fields V, Y, Z.
Definition 3.1. (G, g,]) is called the affine Ricci soliton associated to the connection V° if it satisfies
LYY, 2) +25°(Y,Z) + 20g(Y, Z) = 0 (3.13)

where A is a real number and V = Xie; + Aaez + Azes and Ay, Lo, A3 are real numbers. (G, g, ]) is called the affine Ricci soliton associated to
the connection V' if it satisfies

Ly (Y, 2) + 251 (Y, 2) +20g(Y, 2) = 0 (3.14)
By (2.25) in [19], we have for (Gy,g,], V?)
~0 — 2 /32 ~0 _
Plleve) =—(a’+ =), plene) =0, (3.15)
o 2
Pleres) = j’ ez e2) = — (az + /i>,
4 2
~0 o’ ~0
14 (62> 33) = 7) P (63,63) =0.

By Lemma 2.4 in [19] and (3.12), we have for (Gy,g,], V°, V)

Ly9) (e e1) = 2ha,  (LYg)(e1,e2) = M (3.16)
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(LYg)(e1,e3) = —gxz, (LY9)(e2,e2) = 0,

(LY9)(e2, €3) = gm, (LYg)(e3,€3) = 0.

If (Gy,g,J, V) is an affine Ricci soliton associated to the connection VY, then by (3.13), we have

200 — 202 — B2 +21 =0,
)\.l(x =0,

—Brx+af =0,

—20% — B2 +21 =0,
Bri+a? =0,

r=0.

Solve (3.17), we have

Theorem 3.2. (Gi,g,], V) is not an affine Ricci soliton associated to the connection VO,

By (2.33) in [19], we have for (G1,¢,/, v

plleer) = — (& +B%), B'(erer) = ap,

- Y -
Bl e1,e3) = —7’3, P (e2,e2) = — (o + B2),
2
~1 o ~1
o (ez,e3) = ER o (e3,e3) =0.
By Lemma 2.8 in [19] and (3.12), we have for (Gy,g,/, V!, V)
(Lyg)(er, e1) = 2ha, (Lyg) (e, e2) = —Ma,
(Lyg) (e e3) = Aot — BAa, (Lyg)(e2, €2) =0,

(Lyg)(ez €3) = Br1 —ahy — ks,  (Lyg)(es, e3) = 0.
If (G1,g, 7, V) is an affine Ricci soliton associated to the connection V!, then by (3.14), we have

ra—a?—B24+1=0,
Mo+ 20 =0,

Mo —Bry —af =0,

—a? — B4+ 1 =0,
ﬂkl—akz—ak3+a2=0,
A=0.

Solve (3.20), we have

Theorem 3.3. (Gy,g,/, V) is not an affine Ricci soliton associated to the connection v

By (2.44) in [19], we have for (G,,g,], V?)

af
oer,e1) = — ()/2 + —) , e e2) =0,

2
ap
?(er,e3) = 0, (e, e2) = — (VZ + 7) ,
B o
2%ez, e3) = £y _ l, 2%(es, e3) = 0.
2 4
By Lemma 2.14 in [19] and (3.12), we have for (G2,¢,], Vo v)
(LYg)(e1,e1) =0, (LYg)(e1,€2) = Aoy

o
(LY g) (e, e3) = —5 (LY9) (e, €2) = —2y A1,

o
(LYg)(e2, e3) = ZH (LYg)(e3,e3) = 0.

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)



Y. Wang / Journal of Nonlinear Mathematical Physics 28(3) 277-291

If (Gz, g, 7, V) is an affine Ricci soliton associated to the connection VO, then by (3.13), we have

~(r+%2)+r=0,
Ay =0,
()[)\,2=0,

Solve (3.23), we have

Theorem 3.4. (Gy,g,J, V) is not an affine Ricci soliton associated to the connection V°.

By (2.54) in [19], we have for (G2,¢,], v

plee)=—(B*+v?), B'ler,e) =0,

Pl (e1,e3) =0, ples, e2) = — (y2 +ap),
~ ay ~
Pl (exe3) = -5 P (e3,e3) = 0.

By Lemma 2.18 in [19] and (3.12), we have for (G2,¢,/, v V)

(L,9)(er,e1) =0, (Lyg)(e1,e2) = Aoy,
(Lyg)(e,e3) = —arr + A3, (Lyg)(ea, e2) = —2y A1,
(Lyg)(ex,e3) = 1P, (Ly9)(es, e3) = 0.

If (Ga,g,J, V) is an affine Ricci soliton associated to the connection V', then by (3.14), we have
-2 —yr+r=0,
Ay =0,
—aly +yr3 =0,
—ym— (Y2 +aB)+1=0,
MB—ay =0,
A =0.
Solve (3.26), we have

Theorem 3.5. (Ga,g,], V) is not an affine Ricci soliton associated to the connection V.

By (2.64) in [19], we have for (G3,¢,], V9

e, e1) = —yas, p'(er,e2) =0,
7%(e1,e3) =0, 2%(e2,e2) = —yas,
150(62’ 63) = 0! 130(63)63) = 0)

where a3 = %(a + B — y). By Lemma 2.24 in [19] and (3.12), we have for (G3, g, ], Vo, V)

(LY9)(er,e1) =0, LY 9)(e1,e2) = 0,
LY9)(er,e3) = —azra,  (LYg)(e2,e2) =0,
(LYg)(ez, €3) = ashy, (LYg)(e3,e3) = 0.

If (Gs,g,J, V) is an affine Ricci soliton associated to the connection VY, then by (3.13), we have

yaz =0,
Azaz =0,
Araz =0,
A =0.

Solve (3.29), we have

281

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)
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Theorem 3.6. (Gs,g,J, V) is an affine Ricci soliton associated to the connection V° if and only if

i r=0a+pB—y =0,
@) A=0a+B—y #0,y =% =1, =0.

By (2.69) in [19], we have for (G3,g,], vh

pler,er) = y(ar —az), P (er,e2) =0, (3.30)
Pl (e1,e3) =0, Pl (e2,€2) = —y(ar + a3),
' (e2,e3) =0, ' (e3,3) =0,

wherea; = 2(a — B —y), a2 = 3(¢ — B+ ). By Lemma 2.27 in [19] and (3.12), we have for (G3,g,], V1, V)

(Lyg)(er,e1) =0, (Lyg)(e1,e2) =0, (3.31)
(Ly®)(eres) = —(a2 +az)ha,  (Lyg)(ez,e2) =0,
(Ly®)(eres) = ri(az —an),  (Lyg)(es,e3) =0.

If (G3, 4,7, V) is an affine Ricci soliton associated to the connection V!, then by (3.14), we have

y(a —a3) + 1 =0,
(ar +az)r, =0,

—y(ay+az) + A =0, (3.32)
A(az —ap) =0,
A =0.

Solve (3.32), we have

Theorem 3.7. (Gs,g,J, V) is an affine Ricci soliton associated to the connection V1 if and only if the following statements hold true

i A=0,y A0, a=8=0,
(i) » =0,y =0,k = 0, A = 0.

By (2.81) in [19], we have for (G4, g, ], v9)

Plleren) = 2n—Pbs — 1, pller,e) =0, (333)
p°(e1,e3) =0, P(e2,e2) = 20 — B)bs — 1,
PO (e, e3) = b 2_ ﬂ, 7°(e3,e3) =0,
where bz = % + 1. By Lemma 2.32 in [19] and (3.12), we have for (G4, g, ], Vo, V)
(LYg)(er,er) =0, (LYg)(er,e2) = —a, (3.34)

(LYg)(er,e3) = —bsky,  (LYg)(e2,€2) = 2A1,
(LYg)(e2,e3) = bshy,  (Lyg)(es, e3) = 0.
If (G4, g,J, V) is an affine Ricci soliton associated to the connection VO, then by (3.13), we have

@2n—pB)bs—1+r1=0,

A =0,

M+ Q2n—B)bs—14+A=0, (3.35)
Mbs+bs—B=0,

A=0.

Solve (3.35), we have

Theorem 3.8. (Gy,g,/, V) is an affine Ricci soliton associated to the connection VO ifandonly if A=A =X =0, =0,8=1.

By (2.89) in [19], we have for (G4, g, ], v

Pler,er) = —[1L+ (B—2n)(bs — b)),  P'(e1,e2) =0, (3.36)
P (e1,e3) =0, pl(ez,e2) = —[1+ (B —21)(by + b3)],

~ by — by — o

ples, e3) = atb—bi=f Pl (es,e3) =0,

2
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where by = § + 71— B,by = 5 — 1. By Lemma 2.36 in [19] and (3.12), we have for (G4, g, ], vLv)

(Lyg)(e1,e1) =0, (Lyg)(e1,e2) = —Aa, (3.37)
(Lyg)(er,e3) = —(ba +b3)ha — A3, (Lyg)(ex, e2) = 221,
(Ly9) (e, e3) = A1(bs — by), (L) (e3, e3) = 0.

If (G4, g,J, V) is an affine Ricci soliton associated to the connection V!, then by (3.14), we have

—[1+ (B —2m(bs —b))]+21=0,

A2 =0,

—(by +b3)hy — A3 =0,

A —=[14+ B =2n)(by+b3)] +1 =0,
Mz —b)+(@+b3s—b1—B)=0,
A=0.

(3.38)

Solve (3.38), we have

Theorem 3.9. (Gy,g,J, V) is not an affine Ricci soliton associated to the connection vl

By (3.5) in [19], we have for (Gs, g, ], V°), 5°(e;, ej) = 0,for 1 <i,j <3.ByLemma 3.3 in [19] and (3.12), we have for (Gs, g, ], vo V)

(LY9)(er,e1) =0, (LYg)(e1,e2) = 0, (3.39)
(g (enen) = £ . Yo (W9 (ener) =0,
(L9 (e2,e3) = _A- VM, (LY)g9)(e3, e3) = 0.

2
If (Gs, g, J, V) is an affine Ricci soliton associated to the connection VY, then by (3.13), we have

A=0,
(B—=y)r2 =0, (3.40)
B—y)A1 =0,

Solve (3.40), we have

Theorem 3.10. (Gs,g,], V) is an affine Ricci soliton associated to the connection V° if and only if one of the following cases occurs

i) »=B=y=0a+35#0.

G A=0,8#yY, A=A =0,0+8§ #0,ay +B5=0.

By Lemma 3.7 in [19], we have for (Gs,g,], V'), p" (e, ) =0, for 1 <i,j < 3. By Lemma 3.6 in [19] and (3.12), we have for (Gs,g,/, V', V)
(Lyg)(et,e1) =0, (Lyg)(e1,e2) =0, (3.41)
(Lyg)(er,e3) = —ah1 —yAy,  (Lyg)(ez €2) =0,
(Lyg)(e2,e3) = —Pr1 —8ha,  (Ly,9)(es e3) = 0.

If (Gs, g, ], V) is an affine Ricci soliton associated to the connection V1, then by (3.14), we have

A=0,
il +yr =0, (3.42)
BA1+ 81y = 0.

Solve (3.42), we have
Theorem 3.11. (Gs,g,], V) is an affine Ricci soliton associated to the connection V! if and only if the following statements hold true
(i) A=A =2x=0,

(i) A=0,A #0, A =0,a=8=0,8 £ 0,
(i) A=0,A, =04 £0,8 =y =0, # 0.

By (3.18) in [19], we have for (Ge, g, /, V9

1
1 e1) = SBB=7) - o?, (e1,e2) =0, (3.43)
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1
?%(e1,e3) = 0, ez, e2) = SBB—7) - o?,

1 1
ez, e3) = Sl=vet S8 =yl (e e3) = 0.
By Lemma 3.11 in [19] and (3.12), we have for (Ge, g, ], V%, V)
LY (er,e1) =0, (LYg)(e1, e2) = aha, (3.44)
(Lg)(er,en) = L=

2
B—vy

A, (LYg)(er e2) = —2ah,

My (LYg)(es,e3) = 0.

(LYg)(ez, €3) =

If (Ge, g, J, V) is an affine Ricci soliton associated to the connection VO, then by (3.13), we have
BB—y) - +r=0,

()[)\.2 =0,
(y - ﬂ))"Z = 0:
4
—ani+ BB —y) —a? 42 =0, (3.45)
Bl —ya+3s8-y)=0,
A =0.
Solve (3.45), we have
Theorem 3.12. (Gg,g,], V) is an affine Ricci soliton associated to the connection V° if and only if
i) A=M=A=y=35=0,« #0,(){2:%,32,
(i) h=h=h=a=B=y=008#0,
(”l) }‘:)\2:0;)‘1 #0,@2/3:]/:0,8#0,
() A=x =01 #0,a=8=08#0,7 #0, 11 = =4,
W) A=a=B=y=0,A #0,8 #0.
By (3.23) in [19], we have for (Gg, g, ], vh
pller,e) = =@+ By),  pllee) =0, (3.46)
o (e1,e3) =0, 0 (e2,02) = —a?,
P (e, e3) = 0, o (es,e3) = 0.
By Lemma 3.15 in [19] and (3.12), we have for (G, g, J, vLv)
(Lyg)(er,e1) =0, (Lyg)(e1, e2) = Aoar, (3.47)
(Lyg) (e e3) = —8x3,  (Lyg)(ez e2) = —2ahy,
(Lyg)(ez,e3) = —yh1,  (Lyg)(es,e3) = 0.
If (Gg, g, ], V) is an affine Ricci soliton associated to the connection V!, then by (3.14), we have
—(@>+By) +1 =0,
)\.2“ = 0,
SAz =0,
—ar —a?2 4+ 1 =0, (3.48)
yA1r =0,
A =0.

Solve (3.48), we have
Theorem 3.13. (G, g, ], V) is an affine Ricci soliton associated to the connection V! if and only if the following statements hold true

(1) A_:Q{:ﬂ:}\,lz)\,?,:o,S#O,
@A) rAh=a=B=y=A3=0,8 #0,A1; #0.

By (3.34) in [19], we have for (G7,g,], VY

,50(61,81) = - (az + ﬂ%) > 150(61’62) = 0’ (349)
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1 Sy By
Pleres) = -3 <Va + 7) . Plee) =—(@ + -

1 By
%(e2 e3) = 3 (062 + 7) , 2%(es,e3) = 0.

By Lemma 3.20 in [19] and (3.12), we have for (G7,g,], Vo v)
(Lyg)(er e1) = —2ahs, (Lyg)(er, e2) = k1 — Bha,
Wy enes) = (B= D) Wygene) =260,
Wy ee) = (= pr,  Lyg(ene) =o0.

If (G7,g,], V) is an affine Ricci soliton associated to the connection VO, then by (3.13), we have

—aiy = (2 + ) +a=0,
arr — Bra =0,
(B-%)r—(ra+ %) =0,
B — (2 + )+ =0,

(5~ P+ B =0

Solve (3.51), we have

Theorem 3.14. (Gy,g,], V) is an affine Ricci soliton associated to the connection V° if and only if the following statements hold true

() r=a=B=y=0,8#0,
(i) h=a=B=0,y #£0,i =01 =—35,8 #0,
(i) \=a=y=A =24,=0,8#0.

By (3.42) in [19], we have for (G7,g,], vl

~1 ) ~1 _ 1 _
o (e1,e1) = —a”, o (e1,e2) = 2(ﬁ5 ap),
pler,e3) = Bla +9), 0l (e2,02) = —(a® + B + By),

~ 1 -
Pl ez, e3) = By +as+ 28%),  pl(es,e3) = 0.

By Lemma 3.24 in [19] and (3.12), we have for (G7, g, ], vLv)

(L},g) (e, e1) = —2ahs, (L},g) (e, e2) = ahy — B,
(Lyg)(e1,e3) = —ars — yAa — Bhs,  (LVg)(ea, e2) = 2BA1,
(Lyg)(er,e3) = —Ph1 —8ha — 823, (Lyg)(es,e3) = 0.

If (G7,g,], V) is an affine Ricci soliton associated to the connection V', then by (3.14), we have

—ot)»z—az—l—)L:O,

arl — Bry+ B —af =0,

—ai; — YAy — BrA3+2B(x+98) =0,
Bri— @+ B+ By) +1 =0,

—BA1 —8ry — A3 + By +ad + 282 =0,
A=0.

Solve (3.54), we have

Theorem 3.15. (Gy,g,], V) is an affine Ricci soliton associated to the connection V' if and only if

() »=a=B=y=0r+13—-28=0,8#£0,
(i) h=a=B=0,y #0,ky =013 =258 #0,

(i) A= =08 £0,f£0 0 =ty dy =81y = 2220 = BELT)

285

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)
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4. AFFINE RICCI SOLITONS ASSOCIATED TO PERTURBED CANONICAL CONNECTIONS
AND PERTURBED KOBAYASHI-NOMIZU CONNECTIONS ON THREE-DIMENSIONAL
LORENTZIAN LIE GROUPS

We note that in our classifications in Section 2 always A = 0. In order to get the affine Ricci soliton with non zero A, we introduce perturbed
canonical connections and perturbed Kobayashi-Nomizu connections in the following. Let e} be the dual base of e3. We define on Gj—1,...7

VY = VY + Aef (X)es(V)es, (4.1)
VY = ViY + Aef (X)es (V)es, (4.2)
where A is a non zero real number. Then
Vez3eg = \es, Veziej = Vgej; (4.3)
V33 ez = \es, V;ej = Veliej. (4.4)
where i or j does not equal 3. We let
(Lyg)(V.2) = g(Vy V. 2) + g(Y, V) V), 5)
for j = 2,3 and vector fields V, Y, Z. Then we have for Gi—.... 7
(Lyg)(es,e3) = —2hhs,  (Lg) (e e) = (LYg) (e ek, (4.6)
(Lyg)(es,e3) = —2hhs,  (Lyg) (e en) = (Lyg) (e en), (4.7)

where j or k does not equal 3.

Definition 4.1. (G;,g,]) is called the affine Ricci soliton associated to the connection V? if it satisfies

(L3)(Y,Z) +2p%(Y,Z) + 20g(Y, Z) = 0. (4.8)
(Gi,g,]) is called the affine Ricci soliton associated to the connection V? if it satisfies
L3y (Y,Z) +2p5° (Y, Z) + 20g(Y, Z) = 0. (4.9)
For (G, V?), similar to (3.15), we have
~ o>+
Pleve) =———, Plepe =" e (4.10)

for the pair (j, k) # (2,3).If (G1,g,J, V) is an affine Ricci soliton associated to the connection V2, then by (4.8), we have
200 — 202 — B2 4+21 =0,

}»105 = 0,
—Bry+af =0,
20> — B2 420 =0 (4.1
g)»l +al+ra=0,
A3+ A =0.
Solve (4.11), we have
Theorem 4.2. (Gi,g,], V) is an affine Ricci soliton associated to the connection V2 ifand only if .y = Xy = 0, A3 = — o= —A
B=01=1.
For (G, V?), similar to (3.18), we have
-
" o’ + A - ~
Pleve)=——— P =7 e (4.12)
for the pair (j, k) # (2,3).If (G1,g,J, V) is an affine Ricci soliton associated to the connection V2, then by (4.9), we have
ra—a?—B24+1=0,
Ao+ 208 =0,
Mo — Bry — =0,
1 — Bry —af (4.13)

—a? — B2+ 1 =0,
BAl —ary — ks +a? 4+ Aa =0,
Az +A=0.

Solve (4.13), we have
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Theorem 4.3. (Gi,g,J, V) is not an affine Ricci soliton associated to the connection V.

Proof. By the first and second and fourth equations in (4.13) and & # 0, we get Ay = 0,41 = 2,1 = a? + B2, By the third equation
in (4.13), weget Ay = Ay = B = 0, A = 2. By the fifth equation in (4.13), we get A3 = « + A. By the sixth equation in (4.13), we get
o2 + kot + A" = 0. Then & = & = 0, this is a contradiction. O

For (Ga, V?), similar to (3.21), we have

~ YA
Prlees) = —=, D en) =D’ (¢ e, (4.14)

for the pair (j, k) # (1, 3). If (Gz,g,], V) is an affine Ricci soliton associated to the connection V2, then by (4.8), we have

~(r*+%2)+r=0,
Ay =0,
aky+2yk =0,
2, af —
—yM—(V +7)+A—0,
By _av\ _
g2 -) =0
A3+ A =0.

(4.15)

Solve (4.15), we have

Theorem 4.4. (G, g,], V) is not an affine Ricci soliton associated to the connection V2,

For (Gy, V?), similar to (3.24), we have

~ YA o ~
Prlene)=—= e =7 (¢, (4.16)

for the pair (j, k) # (1,3).If (G2,g,], V) is an affine Ricci soliton associated to the connection V3, then by (4.9), we have

_:32_7/2+)‘:0>

Ay =0,

—ady+yA3 —yr =0,
~yh = (y* +ap) +1 =0,
)\.lﬂ—(){)/:(),

A3 +A=0.

(4.17)

Solve (4.17), we have

Theorem 4.5. (Ga,g,], V) is not an affine Ricci soliton associated to the connection V3.

For (Gs, V%), we have p*(ej, ex) = p°(ej, ex), for any pairs (j, k). If (G3, g, ], V) is an affine Ricci soliton associated to the connection V2, then
by (4.8), we have

—yaz+ A =0,
)\2(13 =0,
Aiasz =0,

Az +A=0.

(4.18)

Solve (4.18), we have
Theorem 4.6. (Gs,g,], V) is an affine Ricci soliton associated to the connection V? if and only if the following statements hold true

(i) a3 #0,)\1:)\2:0,)\:)/%,)\3:—%,
(ii) a3=A=A3=0.
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For (Gs, V?), we have 5° (ej ex) = ol (ej, ex), for any pairs (j, k). If (G, g, ], V) is an affine Ricci soliton associated to the connection V3, then
by (4.9), we have

y(a—a3) +1 =0,

(a2 +a3)rr =0,

—y(ay+az) +1 =0, (4.19)
A(az —a)) =0,

AA3 +A =0.

Solve (4.19), we have
Theorem 4.7. (Gs,g,], V) is an affine Ricci soliton associated to the connection V* if and only if one of the following cases occurs

i) y=r=A3=0,ar=0,81; =0,
(i) y#0,0=p=h=hs=0,
(iii)7750)“25750:7\121220»)\205%)\3:—%-

For (G, V), we have

| >

Prees) ==, D (ejex) = P lejen), (4.20)
for the pair (j, k) # (1,3). If (Gs, g, J, V) is an affine Ricci soliton associated to the connection V2, then by (4.8), we have
2n—pB)bs —14+1=0,

A2 =0,
—b3ky + A =0,
4.21
AMA+Q@2n—pB)bs—14+1=0, ( )
Aibs+ b3 — =0,
A3+ A =0.
Solve (4.21), we have
Theorem 4.8. (Gy,g,], V) is not an affine Ricci soliton associated to the connection V2,
For (G4, V?), we have
~3 A ~3 ~1
1% (61,63) = E) 1% (ej> ek) =P (Ej, ek)) (422)
for the pair (j, k) # (1,3). If (G4, g, J, V) is an affine Ricci soliton associated to the connection V3, then by (4.9), we have
—[1+ (B —2n)(bs —b))]+21=0,
Az =0, 3
—(ba+b3)d2 — A3 + A =0, (4.23)

M —[1+ (B =2+ b3)]+4 =0,
A(bs —b1) + (@ + b3 — b1 — ) =0,
W3+ A = 0.

Solve (4.23), we have

Theorem 4.9. (Gy,g,J, V) is not an affine Ricci soliton associated to the connection V3.

For (Gs,g,J, V?), p*(ei, ej) = 0,for 1 <i,j < 3.1f(Gs,g,], V) is an affine Ricci soliton associated to the connection V2, then by (4.8), we
have

A=0,

(B—y)r2 =0,

G0 (4.24)
A3+ A =0.

Solve (4.24), we have

Theorem 4.10. (Gs,g,], V) is an affine Ricci soliton associated to the connection V2 if and only if the following statements hold true

() y#BArA=Mm=r=r=00+8#0,ay + 85§ =0,
@) A==y =0,a+38#0,r3=0.
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For (Gs,g,], v3), p3(ei, e) = 0,for 1 < i,j < 3.1f (Gs,g,J, V) is an affine Ricci soliton associated to the connection V3, then by (4.9),
we have

A=0,
A A =0,
aAl + YA (4.25)
Br1+ 682, =0,
M3+ A =0.
Solve (4.25), we have
Theorem 4.11. (Gs,g,], V) is an affine Ricci soliton associated to the connection V> if and only if
(i) A=M=k=2=0
(i) A=Ay =A3=a=B=01 #0,8#0,
(i) =0, =A3 =0,y 0,8 =y = 0,a # 0.
For (Gg, V?), we have
~2 8 ~2 ~0
p-(e1,e3) = 7) P (ej, ex) = p (ej> €k)» (4.26)
for the pair (j, k) # (1, 3). If (Gg, g, ], V) is an affine Ricci soliton associated to the connection V2, then by (4.8), we have
BB-y) - +1=0,
Ol)uz = 0,
— B)ry + 281 =0,
v =P 5 (4.27)
—ah + 3B - y) P+ a=0,
B —ya+ 388 —y) =0,
A3+ A =0.
Solve (4.27), we have
Theorem 4.12. (Gg,g,], V) is an affine Ricci soliton associated to the connection V2 if and only if the following statements hold true
() a=B=08#0y#0A=2 =01 =-57%=—2%
(i) @ # 0, A =A2=y=8=0,A=a2—%ﬂ2,k3=—%.
For (Gg, V?), we have
~3 85 ~3 ~1
14 (61, 63) = 7’ 14 (ej’ €k) =p (Ej, ek): (428)
for the pair (j, k) # (1,3). If (Gs, £, J, V) is an affine Ricci soliton associated to the connection V3, then by (4.9), we have
—(@*+By) +Ar=0,
)\.20[ =0,
—8A3 + 81 =0,
3+ S (4.29)
—oA —a*+ A =0,
yA1r =0,
A3+ A =0.

Solve (4.29), we have

Theorem 4.13. (Ge, g, ], V) is an affine Ricci soliton associated to the connection V> if and only ifa # 0,01 = hy =y =8 = 0, A = a?,
2

A= —%.
x

For (G7, V?), we have

By

- 1 — Sy - 1 — "
Pllenes) = (Br—ay = =), Pleres) = (@h+a’+ =0, Plee) = (e en), (4.30)
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for the pair (j, k) # (1,3),(2,3).If (G7,g,J, V) is an affine Ricci soliton associated to the connection V2, then by (4.8), we have
—ahy — <a2+ﬁ7’/> Fa=0,

a)\‘l - ,8)&2 = 0)

(B—%) A2+ Br— (ya+ ‘%) =0,

(4.31)
B — <a2+ﬂ7y)+kzo,
G- rm+sr+a?+ 2 =0,
A3+ A =0.
Solve (4.31), we have
Theorem 4.14. (G7,g,], V) is an affine Ricci soliton associated to the connection V? if and only if one of the following cases occurs
() a=B=0y#08#0A=01i =223, =-51=0,
(ii) o # 0, Ay =Az=ﬁ=y=o,x=a2,5;s0j_—— A3 =6
For (G7, V3), we have
~3 _ @ ~3 _1 2 67 YN D
p (e, e3) = af + Bé + P (e2,€3) = 2(ﬁ)f +ad+25°+681), p(eren) = p (e (4.32)
for the pair (j, k) # (1, 3), (2,3). If (G7,g,J, V) is an affine Ricci soliton associated to the connection V3, then by (4.9), we have
—aky —a?+A=0,
ar — Bry+ B —af =0, B
—aky —yhy — BAs +2B@+ 8+ 5) =0, (433)
Br1— (@ + B>+ By) +1 =0, B
—BA —8hy — A3 + By + a8 +282+ 61 =0,
Iz +A=0.
Solve (4.33), we have
Theorem 4.15. (G7,g,], V) is an affine Ricci soliton associated to the connection V> if and only if the following statements hold true
i) r=a=8= y 3:06#0%2_284—)\
(i) a=B=A=hr=A3=0,y #0,8 #0, A = —28,
3 2
(iii) o = A = A3 = /3# LS E O =B 4y, k=8, =120y = B0
(iv) a 20, f=y=208= :Azzo,)»:az,)»g:—“%,
) a0 B=y=A=r=0A=0a>8£0 s =a+28+1 A + (@+28)A+a?=0.
Proof. We know thatey = 0and o + & # 0.
Case i) a = 0, then § # 0. By (4.33), we have A = A3 = O and
Bry—8) =0,
—yAi2+2B8+ pA =0, (4.34)

Br1— (B> + By) =0,
—Br1 — 8ha + By + 282 + 86X = 0.
Casei)-a) B =0, thenby (4.34), we have y A, = 0 and A, = 28 + A.
Case i)-a)-1) y = 0, we get (i).
Casei)-a)-2) y #0,wegeti, =0 and A = —28. So we have (ii).
Case i)-b) B # 0, then by (4.34), wehave A1 = B+ y, Xy = 6, n=2 ﬁZﬂB By the fourth equation in (4.34), we get y = B +ﬂ82 and
this is (iii).
Case ii) a#0,s0y =0.
Caseii)-a) B =0,by(4.33),wegeti; = Ay =0, A =a?, 8h3 = ad + 282 + 84, A3 = —0‘72.
Case ii)-a)-1) § = 0, we get (iv).
Case ii)-a)-2) § # 0, we get (v).
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Caseii)-b) B # 0, wegetar, + fr; — B2 =0andar; — Ay + B(8 —a) = 0. So get

_pg_ _aps
A= 2a+ﬂ’
r= L2
wi (4.35)
)\=o¢2+ﬁ2+a’ ,
M=Ata+28+ -2

it

Using (4.35) and the fifth equation in (4.33), we get 82(a® — a8 + 82 + B2) + a25% = 0, so we get 8 = 0 and this is a contradiction. So we
have no solutions in this case. O
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