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1. INTRODUCTION

Zadeh [1] defined the concept of fuzzy set (ES) as the generalization of crisp set theory and highlighted the complications of some models
(e.g., educational mathematical and crisp set theory, which are unable to handle the difficulty of the statistics containing doubts) with the
approach of membership. Smarandache [2,3] defined the neutrosophic set (NS) and gave several operations on NS. Wang et al. [4] defined
the single valued neutrosophic set (SVNS) by separately assigning the degree of truth membership, the degree of indeterminacy membership,
and the degree of falsity membership. Zhang [5] proposed the concept of bipolar fuzzy sets (BFSs) and relations. Chen et al. [6] presented
the concept of m-polar fuzzy set (m-PFS) as a simplified type of BFS. The notions of m-PF graph, characterization of m-PF graph, and
metrics in m-PF graph were introduced in [7-10]. A multi-criteria decision-making (MCDM) method on m-PF soft rough sets, hybrid
m-PF models with m-PF ELECTRE-I were presented in [11-13].

A similarity measure (SM) for the fuzzy system plays a very considerable role in handling problems that comprehend ambiguous informa-
tion, but unable to deal with the unclearness and uncertainty of the problems having normal information. The idea of SM of two sets (i.e.,
fuzzy values and vague sets) were discussed in [14,15], but it had failed to hold in some problems. To resolve this problem, Hong and Kim
[16] brought into light some modified measures. Several SM based on SVNSs were proposed in [17-20]. Akram and Waseem [21] imple-
mented a m-PFS and m-PF soft set on SMs to medical diagnosis. Yong [22] gave the new approach of the selection of location for plantation
under the terms of the linguistic environment through graded mean reparation based on fuzzy TOPSIS. Adeel et al. [23] animates m-PF
through the extension of order preference of MCGDM-TOPSIS for the best alternative. Shih et al. [24] described the technique of order
preference through similarity using MADM in a group decision environment based on group preference for TOPSIS. Saeed et al. [25] gave
an application in SM on multipolar neutrosophic soft sets structure in decision-making for medical diagnosis. Kang et al. [26] presented
an application in BCK/BCI-algebras on multipolar IFS with finite degree. Akram [27,28] defined the notions of single-valued neutrosophic
graphs and m-polar fuzzy graphs. There are many published papers on TOPSIS in different fields (for instance, [29-33]).
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In normal practice, the problem of SVN information occurs (i.e., which cannot be elaborated well using the existing approaches), while an
m-polar single-valued neutrosophic set (m-PSVNS) is used to resolve the uncertain and more variant data, specifically in the SVNS form
with m-PFS. Our motivation is to be able to find a solution of many daily life problems enhanced through distance-based SM with the m-
PSVNS. It increases the number of applications in various fields, including electronic optimization, industries, and forensic facial portrait.
Moreover, a new approach for the best m-PSVNS alternatives based on distance SMs in MCDM is animated.

This article is structured as follows: In Section 2, a brief overview of some fundamental concepts is provided. In Section 3, the concept of
m-PSVNS and its basic operations are defined. In Section 4, distance measure formulas are presented on m-PSVNS. Further, the m-PSVNS
is used to investigate a problem involving distance-based SMs with an algorithm. In Section 5, the MCDM for m-PSVN data is described
with an algorithm for the best solution (alternative). The article is concluded with a review and further work outlook.

2. PRELIMINARIES

We give a short survey of concepts of BFSs, m-PFSs, and SVNSs as indicated below.

2.1. BFSs and m-PFSs

Definition 1. (cf. [5]). Suppose that Z (ie., Z = {z,2,,...,z,|r = 1,2,...,n},n € N (natural Numbers)) be a set of elements. A BFS on Z
is a pair (a, f8), where

a:Z—[0,1]andp : Z — [-1,0]

are two mappings. We note that BFS are an extension of FSs whose membership degree range is [-1, 1].
Definition 2. (cf. [6]). An m-PFSon Z (i.e., Z = {z,2,, ..., z,}) be a set of elements, is a mapping

a:Z—[0,1]".

Example 1.

Suppose that 3-PFS on Z (i.e., Z = {z;, 2,, 23 }) is defined by

a(z;) = (0.45,0.42,0.59) , a(z,) = (0.51,0.52,0.7), and a(z;) = (0.4,0.53,0.9) .

2.2. SVNSs
Definition 3. (cf. [4]). ASVNS® = (a, f,y)on Z (i.e., Z = {2z, 2,, ..., 2, }) be a set of elements, is a mapping

(a,p,y) : Z—[0,1] x[0,1] x [0, 1],

where a : Z — [0, 1] (i.e., the degree of truth membership), f : Z — [0, 1] (i.e., the degree of indeterminacy membership), andy : Z —
[0, 1] (i.e., the degree of falsity membership) are FSs over Z such that 0 < a4 (z,) + fp(2,) + Yo(z,) <3(Vz, € Z, r=1,2,...,n)

zreZ}.
zreZ}.
z,eZ}

or

z

®= { (29(2)), Po(2)): Yo (2))

r

Definition 4. (cf. [4]). Let

®= { (29(2)). Po(2)): Yo (2))

z

r

and

. { (S (2,) my(2,), £9(2,))

z

r

are SVNSs. The following five operations are defined by
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Z,GZ}.

(2)  (Inclusion) ® C ¥ & ag(z,) < &u(z,). Po(2,) = ny(z,), and y4(z,) > ey(z,)(Vz, € Z).
3) (Equal)d=¥Y o dC¥Yand¥ C .
z, € Z} .

(ag(2,) V Ey(2,), Po(2,) A y(2,), 79(2,) A £9(2,))
Y4
(atb(zr) A §W(Zr), ﬂCI)(Zr) \ nq’(zr)v J/CD(Z?’) \ gll’(zr)) }
2 z, €Z ;.

(ro(2), 1 = fo(2,), ap(2,)
z

(1)  (Complement) ®° = {

r

(4) (Union) U ¥ = {

r

(5) (Intersection) ®N'¥Y = {

r

3. AN m-PSVNSs

We will introduce the concept of m-PSVNS and study several definitions, theorems, and examples as indicated below.

Definition 5. Anm-PSVNS ® on Z (i.e., Z = {z;, 2,, ..., 2, } be a set of elements), is a mapping

o Z—[0,1]" x[0,1]" x [0, 1]™.

It can be written as

® = { (p1oag(2,), P1oBo(2): P19Y0(2)) s (P20%0 2 P20Bo(2): P20Y0(2)) oo (PkO®0(2,), ProBo(2): PioYo (2))) ) e Z}

z r ’
where (poag, profep. Pio¥e) - ([0,1] X [0,1] x [0,1]) — [0,1] x [0,1] X [0,1] is the kth projection mapping. p,oa is the kth
truth membership value, p;of is the kth indeterminacy membership value, and p,oy is the kth falsity membership value of element in
@ = ((p10a¢(2,), P1°Po(2,), P17 (2,)), (P2000(2,), P20Bo(2,), P20Y0(2,))s - (PkOA0(2,), PrOPor(2,)s PkOY0(2,))) such that 0 < proag(z,) +
ProPo(z,) + prore(z,) < 3.

Example 2. Suppose that an 2-PSVNS on three of elements Z = {z,, z,, z;} is defined by

o {((0.6,0.3,0.7),(0.4,0.2,0.8)) ({0.1,0.7,0.9),, (0.4, 0.3, 0.8)) (<0.1,o.3,0.7>,<0.2,0.4,0.7>)}
z ’ z, ’ z '

Definition 6. Assume that ® and ¥ are m-PSVNS on a set of elements Z, where

(Pr00a(2,), 1080 (2,), 1070z} {P20ko 2): P20Bal@): P2070(2) ) o (PO (), PP @) PyoYo(2))
D= z. €Z¢,
zZ

and

(ProGy(2). P10 (2). proew(2)) (200 2. P20Mu(2), P20Ew () ) o (Pr0G0(E): Pioy (2. Progw(2)))

z

¥ = z. €EZp.

r

Then, ® C V¥ (i.e., @ is an m-PSVN subset of W) if for all z, € Z, pyoag,(z,) < proly(z,), probe(z,) = prony(z,) and proye(z,) > proey(z,).
Example 3. (Continued from Example 2). Suppose that ¥ be an 2-PSVNS on three of elements Z = {z;, z,, z; } is defined by

v {((0.7,0.3,0.4>,<0.5,o.1,0.5>) ((0.2,0.6,0.4), (0.5,0.2, 0.4)) ((0.6,0.1,0.6),(0.4,0.4,0.5))}
z ’ z ’ z '

Hence, ® C ¥ (Vz, € Z,r =1,2,3).

Definition 7. Assume that ® and ¥ are m-PSVNSs on a set of elements Z, where

z

O = { (<ploa<l)(zr)’ ploﬂcb(zr)’pl OYQ)(Zr)>’ (onad)(zr)’onﬂq)(zr)’ P2°y<I>(Zr»’ R <pk°a<l>(zr)’pkoﬂ<l)(zr)’ pkoyd)(zr)))

Z,EZ},
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and

{ (<p1 oé"l’(zr)’ pl on‘i’(zr)’plog‘l’(zr»’ (pZOC‘P(Zr)’pZOn‘P(zr)’pZO‘E‘P(Zr))’ eeey (pkoél‘l’(zr)’ pkorl‘i‘(zr)’pkog‘l‘(zr)»

z

z,eZ}.

Then, ® = ¥ (i.e., @ isan m-PSVN equal of W) if ® C Pand ® D V.

Definition 8. Assume that ® be an m-PSVNS on a set of elements Z, where

z

. { (p1oag(z,), p1oBo(2,): P1o70(2,)), (2000 20, P20Bo(2,), P20V 0 (2,))s s (PrOA(2,), PkOPo(2,): PrOYe(2,)))

Z,GZ}.

Then,

(1) @ iscalled an m-PSVN null set (denoted by ), is defined by

N 0,1,1
o= { QLD
z?’

(2) @ is called an m-PSVN absolute set (denoted by 2), is defined by

Z,EZ}.

5 { (1,0,0)

r

Z,EZ}.

Example 4. (Continued from Example 2). Then, an 2-PSVNSs & and Z are defined by

. {((0,1,1),(0,1,1)) ((0,1,1),(0,1,1)) ((0,1,1),(0,1,1))}

Z z, z5

and

2y 2 Z3

Z_{((I,O,O),(I,O,O)) ({1,0,0),(1,0,0)) ((1,0,0),(1,0,0))}

Definition 9. Assume that @ and ¥ are m-PSVNSs on a set of elements Z, where

@ { (p1oag(z,), p1oPo(2,): P1oY6(2)), (20w Z0) P20Bo(2,), P20V 0 (2)))s - (PrOUe(2)), PkOPo(2,): PrOYe(2,)))

z

ZTEZ},
Z,EZ}.

z, €Z k= 12m}

and

z

v { (p1o8y(2,), promy(2,), proew(2,)), (P208w(Z,), P2oMy(2,), Pr0Ew(2,)), .. PrOCw(2)), ProNy(2,), Proey(2,)))

(1) The intersection ® N ¥, is defined as

dAY = { (proag(z,) A proby(z,), profe(z,) V prony(z,), ProYe(2,) V progy(z,))
zZ

r

(2) The union ® U ¥, is defined as

®U P — { (Pkoad)(zr) VpkOCT(Zr)’Pk°ﬂ¢(Zr) /\Pkon‘P(zr)’pkoyCD(Zr) /\Pkog‘P(zr))
4

z, € Z,k = 1,2,...,m}.

r
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Example 5. (Continued from Examples 2 and 3). Then, the intersection and union of an m-PSVNSs, respectively, given by

- {((0.6,0.3,0.7),(0.4,0.2,0.8)) ((0.1,0.7,0.9),(0.4,0.3,0.8)) ((0.1,0.3,0.7),(0.2,0.4,0.7>)}

2y %) Z3

and

LY - {((0.7,0.3, 0.4),(0.5,0.1,0.5)) ({0.2,0.6,0.4),(0.5,0.2,0.4)) ({0.6,0.1,0.6), (0.4,0.4, 0.5>)}
z ’ z ’ z '

Theorem 1. (Identity law of m-PSVNSs) Assume that ® be m-PSVNS, & be m-PSVN null set, and Z be m-PSVN absolute set. Then the
followings hold:

(1) dUP =0,
2 ®nZ=0o.
Proof.

(1) dud
O T S Y E LT
_ { (proag(z,) VO, pkoﬁq,z(z,) AL, proye(z,) A1) s eZk=12 .., m}
_ { (proag(z,), pkoi(b(zr)’ ProY0(2,) L eZk=12 m}
=®

2 dnZ

(pkoad)(zr)5 Pkoﬂq)(zr), pko}/CD(Zr))
z

1,0,0
z,eZ,k:l,Z,...,rrz}n{( )
Zr

_ { (Proag(z) AL, profo(z,) V 0, proye(z,) v 0)
@

z,EZ}

r

z

z, € Z,k= 1,2,...,m}

r

(Proag(z,), proPo(z,), Prove(z,))
z

z, € Z, k= 1,2,...,m}

r

Theorem 2. (Domination law of m-PSVNSs) Assume that ® be m-PSVNS, & be m-PSVN null set, and Z be m-PSVN absolute set. Then the
followings hold:

(1) ®uz=72,
2) Oong=47.



874 J. Wu et al. / International Journal of Computational Intelligence Systems 14(1) 869-885

Proof.
1 duZz
([ P B o 800 )
Z}’ ZV
:{(Pkoaq>(z)v1 Dx . reZ,k:l,z,...,m}
= { d. zr € Z}
2 ®nd

0,1,1
z, €Z, k= 1,2,...,m} n { @11
ZT

z, € Z,k= 1,2,...,m}

zreZ}

Theorem 3. (Idempotent law of m-PSVNSs) Assume that ® be m-PSVNS. Then the followings hold:

(1) dUD =0,
2) dNnd=07.

Proof.

(1) dud=9

-{ :
{ P00 (2,), P
.

,eZ,k=1,2,...,m}u{ =
Zr

z, €Z, k= 1,2,...,m}
L €Z k= 1,2,...,m}

r

r

2 ond

_ { (proay(z,), P

z,€Z, k=12,...m

} A { (Proag(z,), proPo(z,), Pi

Zy

Zy

(proag(z,) A proag(z,), proBo(2,) V Profe(2,), ProYe(Z,) V Pk

{ z
{ :
o.

z, €Z, k= 1,2,...,m}

r

z,€Z k= 1,2,...,m}

Z, k=1,2,...m

z,€Z, k=12,...m
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Theorem 4. (Commutative law of m-PSVNSs) Assume that ® and ¥ are m-PSVNSs. Then the followings hold:

(1) dN¥Y=¥nd,
(2) dUY=YUO.

Proof.

1) dnY

(Prote(2,): Probo(2,): Prove(2,)

|z, €Z, k=1,2,...,m

b (BB BB |- ),

{ Zr Zr
{(pkoa@(Z)/\pkOCw(Z) ProBo(2,) V prong(z,), prove(2,) V proew(z,)) 12 €7 k= 1,2,.__’m}
Z
{(pk°§lll(z)/\Pk°acI>(z) Prony(z,) V profe(2,), proew(z,) V prove(z,) 2 €7 k=1, Zm}
Zr
{(PkOCw(Z) Pk°’7Z‘}'(Z) Proew(z,)) ez k=12 m} n { (proag(z,), pkOIZq)(zr), PkoY0(2,)) 2 €7 k= 12m}
=V

N o.

(Proag(2,), Probo(2,), Prove(z,))
z

lz,€Z k=1,2,...,m
z

o [ BEGPMEL HOVD |- Cym).

r

(Proaep(z,) V protu(z,), proBe(z,) A prony(z,), prove(2,) A proey(z,)) | }
Z

r

z,€Z, k=12,...m

Z,

PGl P DD | 7, Y DL P i)

zZ

IZ,GZ,k:LZ,...,m}.

z

r r

(Proly(z,) V proag(z,), prony(z,) A pioby(z,), proey(z,) A prove(z,))
= |z, €Z, k=1,2,...m
¥
Theorem 5. (Associative law of m-PSVNSs) Assume that ®,¥, and Q are m-PSVNSs. Then the followings hold:

L. (®PNP)NQ=DdNn¥nNnQ),
2. (DuUuP)uQ=dUWYUQ).

Proof.

I. ®PNY)NQ

(proag(z,) A proly(z,), proba(z,) V prony(z,), prove(z,) V proew(z,))
zZ

|z, € Z k= 1,2,...,m}

r

|z, € Z,k = 1,2,...,m}
z,

{( PkoPa(2,), Proia(z,), Proda(z,))
{(Pkoad)(z ) A Poluw(z,) A Propa(z,), Probo(z,) V prony(z,) V proda(z,), prove(z,) V proey(z,) V proda(z,))
=dn

)

€Z k= 1,2,...,m}

|z,

Zy

Prota(z). PeoPo(@). Piota(z) |z, €7 k= 1,2,...,m}
Zr
(Cw(z,) A Propa(z,), ny(z,) V prodg(z,), proey(z,) V prodg(z,))
z

r

D

|z, € Z,k = 1,2,...,m}
¥ nNnQ).
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2. (PuP)uQ

_ { (Proae(2,) V proly(z,), proPo(z) A Pronty(2,), Prore(2,) A Proew(z,)

|z, €Z k= 1,2,...,m}
z

(Propa(z,), Proiq(z,), Proda(z,))
Zr

{ (Proag(z,) V proly(z,) V propq(z,), proPe(z,) A prony(z,) A proia(z,), ProYe(2,) A proey(z,) A prodg(z,))
D

(@

|z, € Z,k = 1,2,...,m}

|z, € Z k= 1,2,...,m}

Zy

(pkoad)(zr)’ pkoﬁd)(zr)’ pkqu)(zr))
ZY

(Cu(z) V propa(z), nu(z,) A prodg(z,), proey(z,) A prody(z,))

Z,

|z, € Z k= 1,2,...,m}

C

|z, € Z, k= 1,2,...,m}
.

uUWuQ).

Theorem 6. (Distributive law of m-PSVNSs) Assume that ®, ¥, and Q are m-PSVNSs. Then the followings hold:

I. dN(PUQ)=(D@dnNnPY)U(DPNQ),
2. dUMPNY)=(@uUYP)N(DUQ).

Proof.

1. &nYuQ)

z zZ

- {(pkoad,(z,),pkoﬂd,(z,),pko}'cp(z,)) lz €Z k=1,2 m} A { B0y () Vp0Pa @) PyomuE)NPo g ) pyoenENIOOED | 2 @ 7 k= 1,2 m}
r b ’ 9 e T ’ ’ 9 e

r T

_ ) (proag(z)ALP 08w (2,)VPropa (2,)], Pi0Ba (2,)V [Pk 0Ny (AP0 Ag (2,)], POV e (2,)V [Pk o€y (2, )AP06g (2,)]) _
_{ k2% k25w k=PQ k=P kZ‘I‘ k20 k2l kZEw k=YQ |Zr€Z,k—1,2,...,m}

r

Z7

— {([Pk°a<1>(Z,)/\Pk°§W(Zy)]v[Pk°aq>(zy)/\Pk°ﬂg(Zy)])s ([proBo (2, )VProny (2 )IAIP0 P (2,)VPr 0 Ao (2,)]), ([P oY e (2,) VP 0Ew(2,)IALPL OV (2,) VP 000 (2,)]) |Z c 7z k =1.2 m}
r s =1, 4,...

=(@NP)U(@NQ).

2. dUPnQ)

— {([Pk°llq>(lr)VPk°§\y(Zr)]/\[Pkoaq)(ZY)VPk"PQ(Zy)]), ([pr0Bo (2 )APL oMy (2)IVIP 0B (2, )APL 0 Ao (2,)]), ([P OV (2, )AP 0Ew (2 )IV [Py 0¥ (2,)AP 05 (2,)]) |Z c 7z k =1.2 I’}’l}
r s = 1,4, ...

ZY

— {(Pkoaq;(Z,)V[PkOg\y(Z,)/\pkOﬂﬂ(Zy)]sPkOﬂ@(Z,)/\[PkOrlnl/(Z,)VpkOA-Q(Z,)].PkO}/@(Zr)/\[PkOqu(Zr)Vpkotsg(Z,)]) |z, € Zk=1,2 m}
” > s Ly anny

ZY

— {([Pkc’%(zy)VPW‘:w(zr)]/\[Pkc’%(zr)VPk°/’sz(zy)])’ ([PkoBo () AP Oy (2)IV [P 0B (2, )APL O A ()], ([PkOYe (2 )APLOEW (2,) IV [PioYe (2, )APL 080 (2,)]) lz, € Zk=1,2 m}
r s = 1,45..04

ZY

=(@uUP)N(@UQ).
Definition 10. Assume that @ be m-PSVNS on a set of elements Z, where

z

{ ((p1004(2,), p19Bo(2,), P19V (2,)) » <P2°0‘<I>(z,)’P2°ﬁd>(zr)’P2°7<1>(zr)> s e {PkO%(2,), Pro B (2,), POV (2,))) o e Z}
= Zr

Then, the complement ®° of @, is defined by

(p1oYa(2,), 1 — p1oPe(z,), p1oag(z,)) , <P2°7c1>(z ) 1 _P2°ﬁq>(zr),P2°aq>(Zr)> s oo {PrOY0(2,), 1 = ProPo(2,), proag(z,)))
o = - |z, € Z
z

Example 6. (Continued from Example 2). The complement ®° of ®, is calculated by

o {((0.7,0.7,0.6),(0.8,0.8,0.4)) ((0.9,0.3,0.1), (0.8,0.7, 0.4)) ((0.7,0.7,0.1),(0.7,0.6,0.2))}
z ’ z, ’ z '
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Theorem 7. (Complementation and double complementation of m-PSVNSs) Assume that ® be m-PSVNSs, & be m-PSVN null set, and Z be
m-PSVN absolute set. Then the followings hold:

1. &°=2,

2. 7=,

3. (@) =d
Proof.

¢ A
. @ = ({ (Oj’l)lzr € Z}) = {—(l’f’o)lzr S Z} =Z.

2 7= ({82 ez}) = { &L ez} = 5.

c
2z, €Z, k= 12m}>

{ (Proao (2,) . 1= (1= profo (2,)) . Prove (7)) z €7 k= 1,2,...,m}
i

zy

(@°)° = { (ieta (2,) 1 = piobo (2) Prods (=)

r

(Pk°0’<1>( )Pk°ﬂ<1>( ) k°7®( ))

z

z
z,€Z, k= 1,2,...,m}

Remark 1. By the following Example 7, we will show the equality of ® U ®° = X and ® N ®° = & does not hold.

r

Example 7. (Continued from Examples 2 and 6). Then ® U ®° and @ N ®° are calculated by

oL — {((0.7, 0.3,0.6),(0.8,0.2,0.4)) ({0.9,0.3,0.1),(0.8,0.3,0.4)) ((0.7,0.3,0.1),(0.7,0.4, 0.2))}
z ’ z, ’ zZ

and

©n D — {((0.6, 0.7,0.7),(0.4,0.8,0.8)) ({0.7,0.7,0.9),(0.4,0.7,0.8)) ({0.1,0.7,0.7),(0.2,0.6, 0.7))}
z ’ z, ’ z '

This show ® U ®° # Xand ® N ®° # &
Theorem 8. (De Morgan’s laws of m-PSVNSs) Assume that @, ¥, and Q are m-PSVNSs. Then the followings hold:

L (PUY)y =0 NV,
2. (DNY)Y =0°UY.

Proof.

1. (@UY)

z,

(pkoa¢(z ) Pkoﬂ(b(z ) Pio 71:(2 )) | z, € Z k= 1,2,. } U { (PkOC‘P(Z,)ﬂPk°ﬂlv(2r)vpk°5\y(lr)) |Z IS Z’ k= 1,2,..., m})c

”

ZY

-({
( { (proao(z )Vpkofw(Z)pkoﬁQ(z )Apeonu (). prove (2 )Aprogw(2,)) lz,€Z k=12, })C
-{

(I’ °7<1>(Z )/\Pk°f\v(z) 1- (Pk°/3<p(z )/\Pk°’1~v(z )) Pk"%(z )VPk°‘;‘P(Z )) | A k= 1,2,. }

ZY

(Prora(z)npoew (2).(1=piobo (2,) )V (1=pronw (2,)): Prodo () Voot () lz,€Z k=1,2,. }

ZY

ZY

{ (prove(z,). 1- Pk°ﬂa>(2 ). Prode(2,)) |z, € Z k=1,2.. } n { (proew(z,), 1-prom(z,). produ(z,)) |z, € Z,k=1,2,.., m}
N

\IJC
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2. (@DnWYY

(Proag(z,). Pk°ﬂ<p(z ). prove(z,)) |Z €Z k=12, } n { (Peotu(z,), prone(2,). proew(z,)) lz.€ Zk=1,2,.., m})c

ZY

ZY

z,

(1
_ ( { (proao (2, )/\pko{.v(z) 0B (2)VProme(2). prora(z)Vproew(2,)) o ez k=12, }>c
{(

Px °Y®(Z )VPk°fw(Z) 1- (Pk°ﬁd>(z )VPk"’l‘v(Z )) pkoad,(z )/\Pk°§‘l‘(z )) | VA k= 1,2,. }

r

( 070(2 )VPk°5W(Z) (1_Pk°ﬁd>(z ))/\(I_Pk“ﬁv(z )) Pk°“d>(z )/\Pk°CW(Z )) |Z e Z k= 1,2,. }

ZY

ZY

{ (Peoto(z). l—pkoﬁq,(z ). Prode(z,)) |z, € Z, k=1,2,. } U { (proew(z,). 1-prony(z,). proty(z,)) |z, € Zk=1,2,.. m}
o

IPC

4. DISTANCE MEASURE AND SM FOR m-PSVNSs

We present a few new concepts of distances measure and SM for m-PSVNSs as indicated below.

Definition 11. Assume that ® and ¥ are m-PSVNSs on a set of elements Z (i.e., Z = {z,2;, .... 2,|r = 1,2, ..., n}),

where
(<pl oa(D(Zr)’ ploﬂcb(zr)’pl qu)(z,)) > <P2°a<1>(z')’ onﬂ.:I)(Z,), pZOy(I)(Zr)> PR (PkoaCD(Zr)’ PkoﬂCD(Zr)’ pkoycb(zr)))
o= . |z, € Z ¢,
and
(r0Gu(@). proe(@): Proew@))  (P20Gw, + P2oMoE). Pr0Ew(2) ) oo (ProGu(2,). PRONa2). ProEw(z)
Y= |z, € Z

z

The distances measure between ® and ¥ are defined by

(1) Hamming distance:

o O P%0(2) + profo(z) + Prore(z)  probe(z) + promy(z,) + proey(z,)
d4,(®, %) = { |Pk @ P 2c1> ProYo(2)  Proty P ;, Pioty |}
k=1 r=1
(2) Normalized Hamming distance:

n

L@ F) = { 3 (Peoele)  pioba(a) + piotele) _ piobe(a) +piotele) poetz), }

2 2

k=1 r=1

(3) Euclidean distance:

k=1 r=1 2 2

dy(®,¥) = \J {i 2 < Pro%o(z) + Profo(z) + Prote(z)  produ(z) + prone(z) +pkoexp(zr))2}

(4) Normalized Euclidean distance:

U o + o —+ o o —+ o =+ o
d4(‘1”‘1’)=\JLn { $ 3 Bt Thohue) ootz Ptz + i) w(z,))z}.
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Theorem 9. The distances between Im-PFSs ® and ¥ satisfy the following four inequalities:
1. d(®,¥)<n,

2. d(®,P) <1,

3. dy(@,%) < \/n,

4. dy(®,¥)<1.

Theorem 10. The distance functions d,, d,, ds, and d, defined from m PSVNS(Z) — R*, are metric distances.
Proof. Suppose that ®, ¥, and Q are three m-PSVNSs on Z. Then

1. d(®,¥)>0.

2. Let

Pkop(2,) + profo(2,) + Prove(z,) _ Prole(z,) + prong(z,) + proey(z,)
2 2

4,(@,9)=0 e - {2
k=1

r=1

}:0

N pkoad)(zr) +pkoﬂ¢(zr) +pkoy¢(zr) _ pkoé“{’(zr) +pko’7‘}’(zr) +pk°6‘l’(zr)
2 2

=0

N pkoacb(zr) +Pk°ﬂd>(zr) +pkoy¢‘(zr) — pkOCT(Zr) +Pk°n‘{‘(zr) +pk°£‘P(Zr)
2 2

,1<k<m, 1<r<n$

EXCERS

3. dy(®,9) =d,(¥, D).
4. For any three m-PSVNSs @, ¥, and Q,

Pro%9(2,) + proBo(2,) + prove(z)  prof(z) + prony(z,) + proey(z,)
2 2

pkoaCD(Zr) +pk°ﬁ®(zr) +pkoy®(zr) _ pkopﬂ(zr) +pk°/1§2(zr) +pk°6§2(zr)

2 2
+ Pkopa(z,) + prodg(z,) + prodg(z,) _ Proly(z,) + prong(z,) + proey(z,)
2 2
pkoatb(zr) +pkoﬂ<D(zr) +Pk°7<p(zr) _ pkopﬁ(zr) +pk°/19(zr) +pk°5§2(zr)
2 2

IA

+ pkopQ(zr) +pk°/1£2(zr) +pk°59(zr) _ pkoé"l’(zr) +Pk°n‘l‘(zr) +Pk°£‘P(zr)
2 2

Hence, d,(®,¥) < d,(D,Q) + d, (R, V). ¥

Definition 12. The SM of two m-PSVNSs ® and ¥, defined by

1
SM(®,¥) = PP TXT) (5)

where d(®, ¥) is any of the above four distances in Definition 11.

Definition 13. The two m-PSVNSs @ and ¥ are o similar if and only if SM(®, ¥) > o, i.e.,

DY S SMP,YP) >0, 6 €(0,1) (6)

® and ¥ are are significantly similar if SM(®, ¥) >

[ SR
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Example 8. Suppose that an 2-PSVNSs on two of elements Z = {z,, z, } are defined by

o {((0.4,0.3,0.9),(0.5,0.2,0.8)) ((0.6,0.3,0.7),(0.5,0.5,0.6))}
z ’ zZ,

and

g { (0:6.02,08).(0.1,04,07)) (0.3,02,06).(0.7,0.1,08))
B z ’ z '
Then, the Hamming distance is d; (P, ¥) = 0.2 and the SM is SM(®, ¥) = 0.833. It shows ® is significantly similar to .
Theorem 11. The SM of two m-PSVNSs @ and ¥ satisfy the following three properties:

(1) 0<SM(®,¥)<1,
(2) SM(®,¥) = SM(Y, ),
(3) SMO,¥)=1<Y=0.

4.1. An Application of SM for m-PSVNSs in Brand Recognition

Based on the notion of Euclidean distance (i.e., Equation (3)) by SM, we will use m-PSVNSs information to solve brand recognition problem.

In the following, we will build an Algorithm 1 to solve brand recognition problem (i.e., to apply m-PSVNS in brand recognition problem).

Algorithm 1

Determination of how an observer finds similarity to an unknown watch.

First step: Suppose that there are n watches represented by m-PSVNS T, (e = 1, 2, ..., n) in feature space Z (i.e., Z = {2}, 2, ..., 2, }).
Second step: Consider an m-PSVNS y is another unknown watch, which is to be recognized.
Third step: Convert the given m-PSVNS data into m-PFS by using the following formulas

proar (z,) + profr (z) + prorr (z,)

proat (2,) = 3 )

and

pkoaw(zr) +pk°ﬂw(zr) + PkOVI,,(Z,)

proa(z,) = 3 (®)

Fourth step: Calculate d,, d,, d;, and d, distance between T, and y.
Fifth step: Calculate SM(T,, w) between T, and y by using the following formula

1
SM(T,, ) = —————— 9
Qe =amw ®
Sixth step: Evaluate the result by choosing the T,, which has the greatest SM with unknown y.

In the following example, we will explain and apply the above six steps of Algorithm 1.

Example 9. Suppose that there are four brands of watches (i.e., T}, T,, T5, and T,) and let Z = {z,, z,, z;, z, }, where z, is “Material,’ z, is
“Glass kind,” z; is “Water Resistance,” and z, is “Beautiful Finishing” be feature space of watches. The data of 2-PSVNSs of four brands in
the first step of the Algorithm 1 are given in Table 1:

Also, the 2-PSVNS of unknown watch in the second step of the Algorithm 1 is given by

Yo {((0.6,0.3,0.4),(0.4,0.2,0.5)) ({0.1,0.7,0.8), (0.4,0.3,0.6)) ({0.1,0.3,0.9),(0.2,0.4,0.8)) ((0.5,0.1,0.5),(0.3,0.2,0.6))}

z, z, Z3 Z,

By the third step of the Algorithm 1 and by Equation (7), we convert 2-PSVNSs of four brands (i.e., T}, T, T, and T,) into 2-PFSs as shown
in the following Table 2:
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Table 1 Data of 2-PSVNSs of four brands.

Brands Z, z, Z3 Z,

T, ((0.4,0.5,0.7),(0.7,0.2,  ({0.2,0.6,0.4),(0.3,0.1, ({0.8,0.2,0.7),(0.5,0.5, ({0.3,0.2,0.7), (0.4, 0.1,
0.8)) 0.8)) 0.6)) 0.8))

T, ({(0.3,0.1,0.7), (0.5,0.3,  ({0.7,0.1,0.6), (0.4,02,  ({0.9,0.1,0.3), (0.6,0.1,  ({0.4, 0.3, 0.5), (0.2, 0.2,
0.6)) 0.9)) 0.4)) 0.7))

T, ((0.6,0.1,0.5), (0.4,0.2,  ({0.5,0.2,0.6), (0.4,0.1,  ({0.6,0.2,0.7),(0.5,0.3,  ({0.4,0.1,0.9), (0.4, 0.2,
0.6)) 0.8)) 0.6)) 0.8))

T, ({(0.2,0.6,0.7),(0.1,0.4,  ({0.3,0.4,0.5), (0.4,0.6, ({0.2,0.4,0.6),(0.1,0.5, ({0.7,0.2,0.4), (0.2,0.1,
0.6)) 0.5)) 0.5)) 0.7))

Table 2  2-PFSs of four brands.

Brands Z, z, Z; zZ,
T, (0.53, 0.56) (0.4,0.4) (0.56, 0.53) (0.4, 0.43)
T, (0.36, 0.46) (0.46, 0.5) (0.43,0.36) (0.4,0.36)
T, (0.4,0.4) (0.43,0.43) (0.5,0.46) (0.46, 0.46)
T, (0.5,0.36) (0.4, 0.5) (0.4,0.36) (0.43,0.33)

By Equation (8) (i.e., the 2-PSVNS y of unknown watch), we obtain 2-PESs as follows:

_ [(0.43,0.36) (0.53,0.43) (0.43,0.46) (0.36,0.36)
W_zl’zz’zs’a'

Then, by Equation (3) (i.e., Euclidean distance), we compute the Euclidean distance measure of T, (e = 1,2, 3,4) and y in the fourth step
of the Algorithm 1 as follows:

dy(T,,w) = 0.145, dy(T,. ) = 0.039, dy(T5.w) = 0.083, dy(T,,w) = 0.058.

By Equation (9) (i.e., SM), we compute the SM of T, (e = 1, 2, 3,4) and y in the fifth step of the Algorithm 1 as follows:

SM(T.v) = 1+d31T1,ll/) B 1+é.145 = 0873,
SM(Tp,¥) = 1+d31T v 1+(1).039 = 0.962.
SM(L,v) = 1+d31T v 1+(1).083 = 0923,
SM(T,, w) = ! L _ o5

1+dy(T, )  1+0.058

Finally, although for every brand SM is greater than 0.5, SM of T, is the highest. Hence the unknown watch y is closest in similarity to
brand T;.

5. ANOVEL METHODOLOGY TO EXTEND THE TOPSIS TO m-PSVNSs

We construct a new methodology to extend the TOPSIS to m-PSVNSs (i.e., this process is very applicable to deal with the group decision-
making problem under m-PSVNS system).

Now, we propose an Algorithm 2 of the multi-decision maker multi-criteria decision-making of m-PSVNSs as follows:

Algorithm 2

Determination of the optimal decision based on m-PSVNSs.

First step: Assume that there is a group of n persons decision-makers to evaluate the ratings of alternatives Z, (r = 1, 2, ..., p) concerning criteria
C, (s = 1,2, ..., q) in single valued neutrosophic value form where the information about criterion weights is known.
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Second step: Create an m-PSVNS decision (i.e., a multi-criteria group decision-making problem) which can be represented in matrix form as

Iy By s Oy

q

1921 1922 ) 192

MPXq = : S :q
o1 o s By

where p (i.e., the number of alternatives), g (i.e., the number of criteria), and 9, Vr (r = 1,2, ..., p), Vs (s = 1,2, ..., q); represents the ratings of r-alternatives
concerning the s-criteria in the single valued neutrosophic value. The multiple data of n persons of decision-maker group for rating 9,, can be expressed as

19rs = (pkoars’pkoﬁrs’pkoyrs) (k = 1’ 2’ ] m)
Third step: Convert the m-PSVNS value data of alternatives into m-PF n-single-value data by using the following formula

_ Pro%s +pk°ﬁrs + PkOVys
POV = 2

(10)

and we obtain rating of alternatives as
f/rs = (pl oyrs’p2°yrs’ ""pmoyrs) (k = 1’ 2’ e m)
and the weights of criterion is expressed in information as

Wy = (proW,, pyoWg, ., powy) (k=1,2,....,m;s =1,2,..,9).

Fourth step: By normalization (i.e., the normalization process is to preserve the property of m-PSVNS that the ranges of membership of elements is [0, 1])
we get the normalized m-PSVNS to m-PF decision matrix (i.e., fuzzy numbers belong to [0, 1]), denoted by E, is defined by
B= (8,

where
p Vs

grs = (pkogrs = p—
2r=1 (pkOYrs)z

Yk=1,2,...m;s=1,2,..,9) (11)

Fifth step: Construct the weighted normalized m-PSVNS decision matrix, denoted by F, is defined by
F= (e
such that
fre = & O, = (P8, Oppmt,) (k=1,2,...,m;s=1,2,..,9) (12)

where the elements f,. (r = 1,2, ..., p; s = 1,2, ..., q) are normalized the given m values to belong their ranges to from closed interval [0, 1].

Sixth step: Determine the m-fuzzy positive ideal solution (denoted by A*) and m-fuzzy negative ideal solution (denoted by A™), are defined by
o* = (f‘,f‘,...,f;)andd’ = (fl’,fz’,...,f;),

where
. f@L..1.s€B . o [(0.0,..0),s€B
fo=pef = { ©.0,...0), se g Js =Pk = { (L,1,.,1), sEF

forallk =1,2,..,m;s = 1,2, ...,q and B denotes the benefit criteria and C denotes the cost criteria.

Seventh step: Compute the separation measure (i.e., Euclidean distance) of each alternative from A* and A~, respectively, asfollows :

m. q
S = d(f.f) = \J - {2 2 (b —pko}:f} (13)

k=1 s=1

and

moq
S”=d(f.f) = \J % {Z > (oo —pko};)z} (14)

k=1 s=1
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Eighth step: Compute the closeness coefficient (denoted by, C_ﬁ) of each alternative Z, (r = 1,2, ..., p) (i.e, as alternative Z, is near to A* and far from A~
as closeness coefficient Cf, go closer to 1), is defined by

cf. S 15
Jr = ST+ 8* (15)

Ninth step: According to the C_f,, we can give the rank to all alternatives and select the best one of them that nearer to 1.

In the following example, we will explain and apply the above nine steps of Algorithm 2.

Example 10. Let us consider an investment company, which wants to invest some money in the best alternative. The company forms a
committee of three members for the selection of best alternative (i.e., Z, (r = 1, 2, 3,4)) among a panel of four possible alternatives to invest
the money, where Z, is “a medicine company,” Z, is “an electronics company,” Z; is "a food company, and Z, is "a telecommunication
company.” The committee shall make a decision concerning the following four criteria (i.e., C,(s = 1,2,3,4)): C, is "the environmental
impact analysis,” C, is “the risk analysis,” C; is ‘the social-political impact analysis,” and C, is “the growth analysis” The data of 3-PSVN
decision matrix (in the range (0,10)) and 3-polar weights by the committee of three decision-makers p, (k = 1, 2, 3) evaluate all four possible
alternatives (i.e, Z,, Z,, Z;, Z,) in the first and the second steps of Algorithm 2 are given by

G G Gy Gy

((3,4,5),(2,4,5),(2,3,4)) ((1,1,1),(4,5,4),(2,4,5)) ((1,1,1),(2,5,2),(3,2,6)) ((2,4,6),(4,4,1),(3,4,4))
((2,1,5),(3,2,7),(1,1,3)) ((1,2,2),(3,5,6),(1,3,5)) ((4,6,6),(2,1,3),(1,5,5)) ((2,4,6),(1,3,3),(1,3,5))
51((1,2,2),(1,3,5),(2,3,6)) ((2,4,4),(2,2,7),(1,2,4)) ((3,4,4),(2,4,4),(5,4,5)) ((1,3,3),(2,2,4),(1,3,4))
41((1,3,4),(2,2,4),(4,4,4)) ((2,2,2),(2,3,3),(3,4,6)) ((1,5,5),(3,3,6),(3,6,7)) ((2,2,4),(1,3,3),(3,4,4))
(0.35,0.26,0.38) (0.42,0.31,0.25) (0.26,0.45,0.15) (0.20,0.36,0.24)

N
I
NN NN

>

By Equation (10) in the third step of Algorithm 2, we obtain the following 3-polar decision matrix as follows:

C1 CZ C3 C4
. | Z1] (655,45 (25,65,5.5) (25,4.5,5.5) (6,4.5,5.5)
M=z, (46,25 (257,45 (8,3,5.5) (6,3.5,4.5)
Z,|(2.5,4.5,5.5) (5,5.5,3.5) (5.5,5,7) (3.5,4,4)
Z,| (4,4,6) (3,4,6.5)  (5.5,6,8) (4,3.5,5.5)

By Equation (11) in the fourth step of Algorithm 2, we normalized the 3-polar decision matrix to get the normalized 3-PF decision matrix
as follows:

o) G, c, C,

Z,1(0.69,0.54,0.47) (0.36,0.55,0.53) (0.21,0.47,0.41) (0.59,0.57,0.55)
M= Z,(0.46,0.59,0.26) (0.36,0.59,0.43) (0.69,0.31,0.41) (0.59,0.44, 0.45)
Z5((0.29,0.44,0.57) (0.73,0.46,0.34) (0.48,0.32,0.53) (0.34,0.51, 0.40)
Z,(0.46,0.39,0.62) (0.43,0.34,0.63) (0.48,0.63,0.60) (0.39,0.44,0.55)

By Equation (12) in the fifth step of the Algorithm 2, we obtain the weighted normalized 3-PSVNS decision matrix as follows:

G G G o

Z,](0.24,0.14,0.17) (0.15,0.17,0.13) (0.05,0.21,0.06) (0.11, 0.20, 0.14)
A" =\ 7,1(0.16,0.15,0.09) (0.15,0.18,0.10) (0.17,0.13,0.06) (0.11,0.15,0.10)
7,1(0.10,0.11,0.21) (0.30,0.14,0.08) (0.12,0.14,0.07) (0.06,0.18,0.09)
7,1(0.16,0.10,0.23) (0.12,0.10,0.15) (0.12,0.28,0.09) (0.07,0.15,0.13)

As C, and C, (resp., C; and C,) are cost criteria (resp., are benefit criteria). Then the 3-fuzzy positive ideal solution A* and 3-fuzzy negative
ideal solution A~ in sixth step of the Algorithm 2 are given as follows:

A* =((0,0,0),(0,0,0),(1,1,1),(1,1,1))

AT =((1,1,1),(1,1,1),(0,0,0),(0,0,0)).
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In the seventh step of the Algorithm 2, by computing separation measure (S}, S”) between each attribute with A* and A~ by using Equations
(13) and (14), respectively, we get the following results as follows (r = 1,2, 3,4):

SH(Zy, A*) = 1.25, §:(Z,, A*) = 1.26, S3(Z;, A*) = 1.28, S5(Z,, A") = 1.23

and

S{(Z, A7) = 1.19, §5(Z,, A7) = 1.23, S, (Z5, A7) = 1.20, S; (Z,, A7) = 1.23.

In the eighth step of the Algorithm 2, by computing closeness coefficient C_fr of each alternative Z, (r = 1, 2, 3,4) and by Equation (15), we
get the following results as follows:

Cf(Z,) = 048, Cf.(Z,) = 0.49, Cf.(Z,) = 0.48, Cf.(Z,) = 0.5.

Finally, as C_f,(Z4) = 0.5 is the highest among others, Z, is the best ideal solution for this multi-person TOPSIS method. Consequently,
the outcome of the decision-making committee of the company is to invest money in a medicine company to obtain the best return of
investment.

6. CONCLUSION

We presented the concept of the m-PSVNS as a new m-PFS model. We studied the several structure operations of the m-PSVNS and also
discussed the basic properties of the m-PSVNS. Then, we introduced novel concepts of distances measure and SM for m-PSVNSs. Further,
we constructed an Algorithm 1 to solve brand recognition problem by applying the m-PSVNS. Moreover, a new approach for the best
m-PSVNS alternatives based on distance SMs in MCDM is animated. Finally, a new methodology to extend the TOPSIS to m-PSVNSs
is proposed and its applicability was illustrated through a numerical example. In future, an m-PSVNS will definitely open new ways to
apply with or without restriction existing results of m-F soft set, m-F soft rough set. Also, by combining the m-PFS and the other sets (e.g.,
interval-valued FSs [34], picture FSs [35], and spherical FSs [36]) we can extend our work to obtain more novel m-PFS models.
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