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1. INTRODUCTION

In group theory, the commutator is a binary operation on the lattice
of normal subgroups of a group which has an important role in the
study of solvable, Abelian and nilpotent groups. Given normal sub-
groups A and B of a group H, their commutator [A, B] is defined
to be the smallest normal subgroup of H containing all elements of
the form a='b~'ab for a € A and b € B. In other words, [A, B] is
the largest normal subgroup K of H such that in the quotient group
H/K every element of A/K commutes with every element of B/K.
Thus we have a binary operation in the lattice of normal subgroups.
This binary operation, together with the lattice operations, carries
much of the information about how a group is put together. The
operation is also interesting in its own right. It is a commutative,
monotone operation, completely distributive with respect to joins
in the lattice.

There is also an operation naturally defined on the lattice of ideals
of a ring, which has these properties, namely the product of ideals.
For ideals I and ] of a ring [L, J] be the ideal of R generated by all
the products ij and ji , with i € I'and j € J. The congruity between
these two contexts extends to the following fact: [I,]] is the small-
est ideal K of R for which every element of the ring I/K commutes
multiplicatively with all elements of the ring J/K.
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The structural properties of groups and rings were extended to the
variety of algebras with permuting congruences by J.D.H. Smith in
[1]. His work has laid the foundation for generalizing the commu-
tator theory from groups and rings to an abstract operation on the
lattice of congruences of an algebra in permutable varieties. This
operation has the same useful properties that the commutator for
groups (which is a special case of it) possesses. The resulting theory
has also many general applications.

The concept of fuzzy sets was first introduced by L. A. Zadeh [2]
in 1965. This idea brings a new approach to model problems relat-
ing uncertain and imprecise conditions. In 1971, A.Rosenfeld [3]
applied this theory and has formulated the concept of a fuzzy sub-
group of a group. Since then, many researchers have been study-
ing fuzzy subalgebras of several algebraic structures such as rings
(see [4-6]), modules (see [7-9]), vector spaces (see [10,11]), lat-
tices (see [12-17]), pseudo-complemented semi-lattice (see [18]),
posets (see [19,20]), MS-algebras (see [21-24]), universal algebras
(see [25-28]), etc.

Fuzzy congruences have been studied in different algebraic struc-
tures; in semigroups (see [29,30]), in groups (see [31-33]), in rings
(see [34,35]), in modules and vector spaces (see [36,37]), in lattice
structures (see [15, 17, 38]), etc. More generally, L. Filep and G.I.
Maurer [39], B. §e§elja and A. Tepavéevi¢[40], A. Di Nola and G.
Gerla [41] have studied fuzzy congruences in some general context
in universal algebras. UM.Swamy and D.V. Raju [42] showed that
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the set FCon(A) of all L-fuzzy congruences of an algebra A forms an
algebraic closure fuzzy set system, where L is a complete lattice satis-
tying the infinite meet distributive law. In particular, if L is the unit
interval [0, 1], then FCon(A) is an algebraic lattice and this result
coincides with that of Murali [43].

In all the abovementioned articles, a binary operation ¢ on the lat-
tice of fuzzy congruences on an algebra A having the following
properties:

(1) «®.®)<0nd
(2) B, ) =(P,0)
B)  7(c«(®, D)) = (z(©), (V)
(4)  o(Vig®;, ®) =V, (O, D)

for each ®,®,0; € FCon(A) and any surjective homomorphism
7w . A — B,wasnotobtained in any form. Taking this into account,
in this paper, we consider a general universal algebra A of a fixed
type & and define a binary operation, which we call it the com-
mutator, on the lattice of fuzzy congruence relations on A having
the above properties. In the particular case of modular varieties, we
characterize this commutator using the Day’s terms. In this vein, we
formulate and prove the fuzzy version of the shifting lemma. More-
over, we give another important characterization of the commuta-
tor in the sense of Hagemann and Hermann [44].

The paper is structured as follows: Section 2 presents some nota-
tions and basic results we use in what follows. Section 3 is mainly
devoted to the development of the commutator theory for fuzzy
congruences in general universal algebras with abstract finitary
operations. The concept of centralizers is studied in the viewpoint
of fuzzy logic and used to define the commutator.

In Section 4, we state and prove the fuzzy version of the well-known
result in algebraic geometry called the shifting lemma and we give a
detailed characterization for the commutator of fuzzy congruences
in modular varieties. In Section 5, we give another description for
the commutator of fuzzy congruences in modular varieties in the
sense of Hagemann and Hermann [44].

2. PRELIMINARIES

For the standard concepts in universal algebras, we refer to [45,46].
Throughout this paper 7 is a class of algebras of a fixed type &
and A € 7/, 1e, A is an algebra of type §. Z(Z", resp. Z,) denotes
the set of all integers (positive integers, resp. non-negative integers).
For n € Z;, we denote by &, the set of all n— ary fundamental
operations of A. We use the notation a to denote the tuples a, ..., a,,
of elements from A. For n € Z*, the n— ary terms of type & are
formal expressions obtained in finitely many steps by the following
process:

(1) The variables x, ..., x, are n— ary terms of type &.

2) Iftme Zy,t,..,t, are n— ary terms of type § and f € &,
then f(t,, ..., t,,) is also a term of type .

T, denotes the set of n—ary terms of type . An equivalence rela-
tion 6 on A is called a congruence on A if it is compatible with all
fundamental operations f on A. The set of all congruence relations

on A denoted by Con(A) is a complete lattice together with the usual
inclusion order. For 8, ¢ € Con(A) their relational product 6 o ¢
is a relation on A defined by

fo¢p= {(x.y) EAXA :3z€ Asuchthat(x,z) € pand(zy) € 0}

A is called congruence permutable (or shortly permutable) if
Qo = ¢pobforall ,¢ € Con(A), and 7 is permutable if all
algebras in 7" are so. A.I. Malcev has proved that a variety 7" is
permutable if and only if there is a term p of the variety so that 7
models the equations [47]:

plx, z, z) ® xand p(x, x, 2) ® 2

The following definition is summarized mainly from [48,49].
Definition 2.1. Leta, B, 6 € Con(A).

(1) M(a, B) is the set of all matrices of the form
t(a',b") t(a', b?)
l t(a%, b') t(a*, b*) ]
wherea’, i = 1,2isasequence of n elements b’ is a sequence
of m elements of A, m, n > 0 satisfying a, @a; and b}abjz for
k<nandj<mandteT,,,,.

(2) We say a centralizes f modulo 6 and write C(a, f; 6) pro-

vided that for every [ € M(a, f), adb implies céd.

a

cd

(3) Thecommutator [a, f]isthe smallest congruence § on A such
that C(a, f; ) holds.

(4) The symmetric commutator [« , f]; is the smallest congru-
ence § on A such that both C(a, #; 6) and C(8, «; §) hold.

It was proposed by Gougen [50] that a complete residuated lattice
(to which the unit interval [0, 1] is a special case of it) is the best
candidate to take truth values of fuzzy statements. Residuated lat-
tices have been introduced by Ward and Dilworth [51]. From the
view point of fuzzy logic, residuated lattices have been thoroughly
investigated by Ho hle (see e.g. [52-54]). More recently, Belohlavek
[55] used residuated lattices to study algebras with fuzzy equal-
ity. However, in the study of fuzzy substructures (like fuzzy subal-
gebras, fuzzy ideals, fuzzy congruences, etc.) complete residuated
lattices in general are not suitable to obtain a Rosenfeld type char-
acterization for such structures using their level sets. For this rea-
son, we choose special complete residuated lattices called complete
Brouwerian lattices (complete lattices satisfying the infinite meet
distributive property) to be the structure of truth degrees for fuzzy
statements. In the sequel, L = (L, A,V,0,1) is a complete Brouw-
erian lattice; i.e., L is a complete lattice satisfying the infinite meet
distributive law. An L—fuzzy subset of A is any mapping y : A —
L. For each @ € L, the a— level set of u denoted by y, is a subset of
A given by

Uy ={x€EA:a<ux}

For L— fuzzy subsets y and v of A, we write 4 < v to mean p(x) <
v(x) Vx € Ain the ordering of L. u will be called normalized if there
is some x € A with u(x) = 1. By an L— fuzzy relation on A, we
mean an L— fuzzy subset of A X A. From now on, we drop the prefix
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“L—"and simply say fuzzy subsets respectively fuzzy relations on A.
Note also that we use lower case Greek letters like 0, ¢, ... to denote
crisp relations on A, whereas we use upper case Greek letters like
0, O, ... to denote fuzzy relations on A. The following definition is
due to [42].

Definition 2.2. A fuzzy relation ® on A is said to be

(1) reflexive if: ©(x,x) = 1forallx € A,

(2) symmetricif: @(x,y) = O(y,x) forallx,y € A,

(3) transitive if: O@(x,z) > O(x, ) A O(y, z) forall x, y,z € A.

A reflexive, symmetric and transitive fuzzy relation on A is called a
fuzzy equivalence relation on A.

Definition 2.3. A fuzzy relation ® on A is called compatible, if
O (x1. X, ws %) L 013200 2) 2 O 7)) [\ o\ OCx 7,

foreveryn € Z*, f € §, and all x;,x,, ... X, Y1, Vp» s ¥y € AL A
compatible fuzzy equivalence relation on A is called a fuzzy con-
gruence relation on A. We denote by FCon(A) the set of all fuzzy
congruence relations on A.

For ®, ® € FCon(A), their composition @o® is a fuzzy relation on
A given by

®od(xy) = \/ {@(x, 9 \®ey : z€ A}

forall x, y € A. For a positive integer 1, by ®”,We mean @o@o...00
(n copies). If t(x,, ..., x,,) is an m—ary term operation on A and ® €
FCon (A), then it holds that

Ot(ay. ....a,,). tby. ... b)) > Oay. by) )\ ... )\ O(@,.b,)

foralla,,...,a,,.b,,....b, €A.

>¥m

3. THE COMMUTATOR

The concept of the commutator of fuzzy subgroups was defined and
used to study the notion of commutative fuzzy sets, nilpotenet fuzzy
subgroups and solvable fuzzy subgroups in [56,57]. In this section,
we define the commutator of fuzzy congruences in a more general
setting in universal algebras.

Let ©,® € FCon(A) and let M(A),,, be the set of all matrices of

U U

the form where each u; € Afori,j € {1,2}. Define a

Uy Uy
fuzzy subset M, (O, ®) of M(A),,, by

wo(|1])-v{[Rewalaliew o)

. _ i
: whereul-j =t(a},

i,je{l,Z},teTn+m}

Lemma 3.1. Let ©,0',0,0" € FCon(A).If ® <0’ and ® < @/,
then

o
b )
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M(O, ®) < M(®', ®)and M(O, ®) < M(O, D")
Theorem 3.2. For any ®, ® € FCon(A), and each u; € A:

Uy Up Uy Up
M,(©,®) =\/{aeL:
’ ( [”21 Uy ] ) Uy Uy

M(©,,®,) }

Proof. Let us define two sets G and H as follows:

G=V /\@ ] [Z\ bl,bg)]:
b, .

uij=t<

wherei,j € {1,2} ,n,m > landt € Tn+m}

Uy, U
H=<aeL: | " ?|eM(0,,)
Uy Uy

Then it is clear that both G and H are subsets of L. Our aim is to

vesal b, b’)

U, u
show that \/ H=\/G.Ifa € H,then | ' | € M(@®,.®,).
Uy Uy
ie.,
_ 1 171 1 _ 1 112 2
Uy = t(a1 o n,bl,...,bm), Uy = t(a1 o n,bl,...,bm),
Uy, = t(af . fl,b%,...,bin), U, = t(af . fl,bf,...,bfn).

for some t € T,,,, where (a,, a}) € 0,, (b}, bjz) € @, for

k =1,2,.., nj=1,2,..,m, which implies that,
/\@ >aand/\<1>(b1, b)>a
k=1
If we put

A=<k/:\1®(a,1(, a2 >/\(/\q> (b}, ¥?) )

then A € G such that @ < A. Since «a is arbitrary in H, we can
conclude that for each a € H there is A € G such that @ < 4. So
that \/ H < \/ G. To prove the other inequality, let « € G. Then

o= (ot ) (et )

for some a! az bl b2 € A, wherek = 1,2, ...

- s mj o= 1,2,..,m,

and

U, = t(aiI, a;, o d v bj, ...,b’;,,)

ij n U1 Y2
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fori, j € {1, 2}. So we have

/n\G(ali, ai) Zaand/m\d)(bjl, b]2> >a

k=1 j=1

which gives that (a}c,ai) €0, forallk=1,2,.., nand (bi, bf) €

U Up

@, forallr = 1,2,..., m. Thus € M(®,,®d,). So that
Uy Uy

a € H,ie, G C Hand hence VG < VH. Therefore the equality

holds and this completes the proof. O

Remark. Foreacha, b, ¢, d € A, it holds that

w2 4])-wio[)

Lemma 3.3. Let ®,® € FCon(A). For each a € L, we have

M, (O, @)G=U{ (\M(6, @) :HCL, a§supH}

peH

Proof. For each a € L, let us define a set B,, as follows:

B, =J {ﬂM(@,,,qa,}) tHCL, agsupH}

peH

U Up

We show that M; (0, @), = B,. Let l ] € M,;(0, ®),, then

Uy Up

Uy Up

M;(©, CI>)< ] ) > a. Let us take the set H as given in

Uy Uy

Uy Up
Theorem 3.2. Then o < sup H and
Uy Uy

] € M(@wtby) for

ally € H.ie,

Uy Uy c ﬂM(Gy,(D,)
Uy Uy yeH

Uy Up

which implies that l

€ B, and hence M, (0, D), C B,.
Uy Uy

Uy Up

To prove the other inclusion let l ] € B, . Then there exists

Uy U

Uy Up

H C L such that @ < supH and l € M(G)y,d)y) for all

Uy Uy
v € H. From Theorem 3.2, we have the following:

Uy Up _ .
M(®,®)<[u21 uzz])—\/{AEL :

eM(0, )

>\VH

Zaﬂ

Uy Uy
Uy U
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Uy u

Sothat [ ' | e M; (0, D), which gives B, € M, (0, ®), and
Uy Up

hence the equality holds.

Remember that a fuzzy subset y of A is a fuzzy subalgebra of A if
the following conditions are satisfied:

(1) Iffe G is nullary, then u() = 1
(2) Iffe Fisn-ary,n>0andx, .., x, € A, then

UG %)) 2 ) o\ 1)

For a fuzzy subset A of A, always there is the smallest fuzzy subal-
gebra of A containing A, namely a fuzzy subalgebra generated by 4
and is denoted by FSg(/l). As proved in [42], FSg(/l) can be charac-
terized as follows.

Theorem 3.4. For any fuzzy subset A of A, FS,(A) is characterized

as follows: if f is a nullary operation symbol, then FSg(/l)(fA) =1land
forany x € A:

i=1
FSg(/l)(x)=\/{/\/l(xi) :x=t(x1,..., x,),n>0andt € Tn}.

Theorem 3.5. For any ©,® € FCon(A), M (O, D) is the fuzzy
subalgebra of M(A),, generated by the fuzzy subset n of M(A),y,
defined in the following way: for each a, b, ¢, d € A

ab O, ¢) ifa=b, c=d
n<[c d]): ®(a, b) ifa=c b=d
0 otherwise

Proof. Foranya, b, ¢, d € A, consider the following:

o ([

Ao (e A

|
a=t(al,...al b, .. b),
b=t(a\,....a &%, ... b)),
c=t(a....a b, ...,bl),
)

d=t(af,...,a2 b, ....b

n’ 1’

abl t(ai,...,ai,bi,...,bin)t(ai,...,ai,bf,...,bfn)
cdl| ™ t(af,...,ai,bi,...,bin) t(af,...,ai,bf,...,bfn)

forsometermt € T,,,, }
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- \/{[é@(@,@)] A [K@(b},bf)] : [f Z] = t(Q)

forsometermt e T,,,, }

v{in([3 3D (155D

[? Z] = t(Q) for some term t € Tn+m}

= FS,(1) < [ Z Z] > (by Theorem 3.4)

where
Q= a; a al al b} b} bl b2
Tlajat || el al || b b2 B b2

Definition 3.6. Let ©, D,V € FCon(A). We say that © centralizes
@ modulo ¥ if

ML(&@)(lZ“ :”D/\‘P(un,uu)
21 22

u u
= M,(©, ®) HRAYAY (1, uy,)
Uy Uy

for each u; € A. In this case, we write FC(©, ®; ¥) holds for short
to say that © centralizes ® modulo V. In this notation the letter
F— stands to indicate that ©, ® and W are all fuzzy congruences.

Theorem 3.7. O centralizes ® modulo ¥ if and only if ®, central-
izes ®, modulo ¥, for alla € L.

Proof. Suppose that FC(®, ®; ¥)holds. Then

U, U

M, (O, D) HRAYAY (1)
Uy U
U, u

= M, (0, ) nw /\T(”zpuzz)
Uy Up

U, u
for all u; € A Leta € L,[ e

if
Uy Uy

] € M(©,,®,) and
(ulla ”12) S lPa. Then

— 1 1 g1
U, = t(al,...,an,bl,...

— 2 2 71
Uy = t(al,...,an,bl,...

1 _ 1 112
,bm), U, = t(al,...,an,bl,.

1 _ 2 2 12
,bm), Uy, = t(al,...,an,bl,.

B
B

where (a;,a}) € 0, (bjl,bjz) € @, forallk = 1,2,..,n,j =
1,2,....,m,ie.,

® (a}, a}) A\ ... NO(a),a2) 2 @, @ (b], B}) A\ .. A (). B2,)

> aandy (uy, up,) > a

Now we have the following:

M, (O, ®) < [u“ = ] ) > A\® (!, a2) AA® (b}’ l’f)

Upr Up k=1 =1

so that

Uy U

M, (©, ) ( luu Uy ] ) /\\V (“11’ u12) za

Since FC(0O, ®; ¥)holds, it follows that

Uy, U
M,(©, D) 11 Y12
Uy Uy

= ML(G)! (I))

> /\IP (“21s ”22)

Uy Up
Uy Uy
/\T (”11’ ”12) =

Therefore W(u,,,u,,) > a. Mean that (u,,u,,) € ¥,. Thus

cO,,,; ¥, holds. Conversely suppose that C(®,,D,; ¥,)
holds forall € L. Let u;; € Afori, j € {1,2}. Put

Uy u
M; (0, ©) < lull ulz 1 ) /\lp (un’ 1412) =qa
21 22

Then a € L such that

Uy Up
a

€ M (©,®), and (uy;,up,) €Y
| Ya1 Uy

By Lemma 3.3 there exists some H C L such that « < supH and

Uy u
TR e M (Gﬂ’ d>ﬂ) for all p € H. Let us define a set
Uy Uy |

G={a/\ﬁ:ﬂeH}

Then G is a subset of L such that sup G = a and for each y € G,
there is # € H such that y < f. Moreover, it can be verified that

Uy u
R = M(®,,®,) and (u;,,u;,) €y, forally € G
Uy Uy

Since by our assumption, C(®,, D, ‘I’y) holds, it follows that
(431, uyy) € W, forall y € G, which gives that W(u,;, uy,) > a.
Therefore

M,(©, ) ( l Uy Up
Uy U
M;(©,0) ( l it ] ) Aw (”11’ ”12)

Uy Uy

>/\‘P (”21’”22) 2a=
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Similarly, we can show that

Uy Up ] ) /\IP (ull,ulz) >

M, (0, D)
Uy Uy

M;(©,D) < lzn :12 ] > /\IP (uzls ”22)
21 U

and hence the equality holds. Thus ® centralizes ® modulo Y.
Hence proved. O

Lemma 3.8. FC(0,®;0 A @) holds for each ®,® € FCon(A)

Uy Up

Proof. Let l ] € M(A),,. Note first that we may write

Uy Up

[u;] instead of it for simplicity. Now consider the follow-
Uy Uy
ing:
M (©, D) ([u;;]) A©O A ®) (uyy,1,)
- v{[Aea|A|Aow.e)]
k=1 r=1
/\G(“n’”lz)/\q)(”n»“lz) :
uij=t<a"1,...,a;,b’l:,...,b’;n)
wherei,j € {1,2}, and teT,,,
Now let
U, = t(a an,bi,...,bm), U, = t(ai . L,b%,...,bfn)
Uy, = t(af . i,bi,...,b}n), Uy, = t(af ., i,bf,...,bfn)

be any expression of u; ’s using an arbitrary term operation ¢ on A.
By the transitive property of 8 we have the following:

S (”21’”22) =0 (”21’”11) A© (”11’”12) N© (”12’”22)

> k/\ O (al,al) \O (uy,uy)
=1
Again using the compatibility property of ®, we get

/\(I) (bl b2)

D(uyy, ;) =

Using the above two inequalities we get the following:

M(©, @) ([u;]) A© A ®) (uyy. 1y,)

;zé®@;w7\5 wbaA@@h%)
/\q) Usts ”22)
> [A @ )| AA @6 02)| AG (. un)

\Y

>=
©)
=
A
>
>

@ (b1, B2)| A© A\ ®) (uyy. uyy)

Since the expressions of u; ’s are arbitrary, it follows that

M (©,®@) ([u;;]) AN© A\ ®) (uy, 4,)
- V{|Aea|A|A e
k=1 r=1
/\G)(“llaulz)/\q)(”117”12) :
.,a;,b’lj,...,bin>, where i,j € {1,2},t € Tn+m}
= M(©,®) ([u;;]) A© A @) (uyy, 1)

— i
u; = t<a1,

That is

M (©, @)([u; ;1) \(© A @)1y, uy,) 2 M (O, @)([u;;])
A®O A\ ®)(uyy, uyy)

The other inequality can be verified in a similar way. So that the
equality holds and therefore FC(@, @; © A ®) holds. O

Corollary 3.9. Let©, ®, ¥ € FCon(A).If © A ® < ¥ < 0, then
FC(O, ®; P) holds.

Proof. Leta,b,c,d € A. Clearly,

®(a, b) > M, (O, cb)([“ Z])
and by our assumption, ©(a, b) > ¥(a, b), together imply

(© \ @)(a.b) \ M,(®, @)([“ Z]) >
W(a,b) \ M, (O, D) <[“ Z])

By the above lemma, FC(®, ®; © A\ @) holds and using this, we got
the following:

wic,d) > (O A\D)c, d)
> (© A\ ®)(a, b) \ M, (O, <I>)<[ ])
> ¥(a,b) \ M, (O, @)([ ])

Therefore FC(®, ®; ¥) holds. O
Lemma 3.10. If FC(®,®;V¥;) holds for each i € I, then
FCO,®; \ ., 'P)) holds.

Proof. Suppose that FC(®, ®; ¥;) holds for each i € I. For each
i,j € {1, 2} and each u; € A, consider the following:

A (Nier ¥ (11, 11))
—/\151 M;(0,0) [“1]] AY; “11’”12))
= Nier (M@, ®) ([uy]) \¥; (1431, 1,))
=M, (O, q))([”‘zj] /\( iel (“21’“22))

1,0.9) ([u]) A

Therefore FC (0, ®; A\, ¥;) holds. O

Lemma 3.11. If FC(®,, ®; ¥) holds for each i
FC(\ ¢, 9;, @; W) holds.

€ I, then
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Proof. Suppose that FC(®;, ®; W) holds for all i € I. PutT" =
Vie1®;. Then for any a,b,c,d € A

s ([22]) = { e ] [

Z\lF (a;, bi)] A [/\CD (s dj)] :
a=ta,c),b=1ta,d)

j=1
c=1t(b, ¢), d = t(b, d) where t € Tn+m}
Leta,b e A", c,d € A" and t(x, y) be an (m + n)-ary term opera-

tion A such that a = #(a, ¢), b = t(a,d), c = t(b,c), d = t(b, d).
Claim. ¥(c, d) > ¥(a, b) A\ [\, T(a;, b)] A\ [/\j”;1 #(c;s d.)]

Remember also that for each x, y € A:

n
T, y) =\ {/\@ij (xj_l, xj) InEZY, xp, X, ..
=1

xneA,x=x0,y=xn}

Foreachl <j < mn,let Ujgs Ujps woes Ujyy € A such that a; = u and
b; = u;,. Leti,, ..., i) € I be arbitrary. What we need to show is that

‘II(C, d) > lP(a’ b) /\ [;\ l7\1 ®ik+1 <ujk’ ujk+1 )] ]
Jj=1 | k=0
A L/;n\1 @ (g, dj)]

For each k = 0,1, .., 1] let us define vectors u, as u, =
(uyg, Uyps ..y ). Thenitis clear thatu, = (a,, a,, ..., a,) = aand
u; =, b,,..,b,)=b.Foreachk =0, 1, ..., [ we show that

¥ (t (llk, C) ,t (uk’ d)) > lP(aa b) /\ L/:\l [ _;®ik+l <ujk’ ujk+1 )] ]

k=

A L}_n\1 ® (¢, dj)]

Here we use induction on k. If k = 0, then u;, = a and hence the
result holds trivially. Let k > 0 and assume the result to be true for
all k < I— 1. Using the fact FC(®,, ®; ¥) holds for all i € I and the
the induction hypothesis we get the following:
V(¢ (”k+1’ c) .t (upys d))
>V (t(uy ), t(wy, d)) N\

_t(uk, c) t(uk, d)
M; <®ik+,’ @) < _t(uk+1’ c) t<uk+1’ d) ] >
2 ¥ (t(uk7 ¢) .t (u d)) A Jé\l 0., (ujk’ uij)]

=

j=1

A l/”{ @ (¢, d)
n -1
> Y(a, b)/\ l]é |]!}0 ®ik+1 <ujk’ ufm)]] /\

In particular if k = [, then k = [, thenu;, = band hencet (uk, c) =
cand t(uy, d) = d. Thus

j=1

n -1
(e, d) > ¥(a, b) \ l/\ L/\ ;. (W ., )H
=0
N l/\1 D(c;, dA)]
=

Since each u; is arbitrary with u; = a; and u; = b}, it follows that
k do = 1/

¥(c, d) > ¥, b) \ [ /\ [(a; bi)] A\ l /m\ o, dj)]
i=1 j=1

Hence proved. O

Definition 3.12. Let ®,® € FCon(A). The commutator [0, ®]
of ® and @ is defined to be the smallest fuzzy congruence ¥ on A
for which FC(®, ®; ¥) holds. The symmetric commutator [®, @],
is defined as the smallest fuzzy congruence ¥ on A for which both
FC(®, ®; ¥) and FO(®, ©; ¥) hold.

Lemma 3.13. The following conditions hold for all ®,® €

FCon(A):

1) [©, D], =[P, O],
(2) [0, P]<[0, P, <OAD
(3) [®, ®]and[0®, @], are monotone in both ® and ®.

Theorem 3.14. Let ©,® € FCon(A). Then
[0, ®l(x.y) = \/{eeL: (xy €0, 1}
Proof. Foreachx,y € A, let
Yy =\ {eel: (xyelo, 0,1}

We first show that W is a fuzzy congruence relation on A. Clearly, it
is reflexive and symmetric. We show that it is transitive. Let x, y, z €
A.

Y DAYy, =V {a €L (xy) € [0, ]}
AVI{BeL: (.2 €0, o}
=\/{a/\ﬂ ta,pEL(x y) €O, @,].0.2
€, [0y, @]}
Let a, f € L such that (x, y) € [0,, ®,] and (y, 2) € [O, Dy]. If
we put 4 = a A\ §, then 4 < a, f which gives ®, U®, C 0, and

®,Ud; C @,. Since the commutator of congruences is monotone,
we get

[0,, ©,]1C[0,, D,] and [®ﬂ, (D/;] clo,, o]

So that (x, y), (¥, 2) € [0,, ®,]. Using the transitive property of
the congruence [0, , @, ], it holds that (x, z) € [®,, D, ]. So we have
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the following:

Y. N AYY. 2=V
€ [G)ﬂ, q>ﬂ]

<V{rel:(x 2€e(06, ]}
=‘P(x, Z)

Thus W is transitive and hence a fuzzy equivalence relation on A.
Letfe€ § be n—ary, n > 0and x|, ..., X,,, ¥y, ..., ¥, € A.

lP(Xl, )’1)/\ /\lIl(xn, yn) = /_\1 \/ {ai el : (x,-, y,) S [®a,rq)‘1r‘]}
=v {/n\(xi LaQ; EL,(X,-,}’I')
i=1

€[0,.9,]. }

Letay, ..., @, be a sequence in (x;, ;) € [0, , @, ] for each i. If we
n

put A = A @, then we get that
i=1

[0,.P,1C [0, ®,]

foralli =1, 2..., n.So that (x;, y;,) € [©,, D, ]

for each i. Using the compatibility property of the congruence
[©,, D, ], it follows that

(fA (xl,...,xn),fA (yl,...,yn)) IS [@;\,d)x]

So we have the following:
y (xl,yl) AN 4 (xn,yn) = \/{[\lai o €L, (xi,yi) €
[G)ai’(bai]}
<V {7» el: <fA (xl, ,xn) ,

A no0) € [00@]

=‘I"(fA (xl,...,x,,),fA ()’1’-"’)}"))

Therefore ¥ is a fuzzy congruence on A. Next we show that
FC(®, @; ¥) holds. For this it is enough to show that

b
W(a,b) > ¥(c. d) [\ M,(©, @) <[? d])

foralla,b,c,d € A.

T(c,d)/\ML(&@)([fZ])
=Vi{eel: (cde [®a,¢a]}/\\/{/’€L’ [? Z]

€M(6,;,@;)}

= \/{a/\ﬁ L (c,d) € [0,,®,] and [f Z

EM(®IJ’(DI?)}

{a/\ﬂ ta,pEL (x,y) €[0, D, 0, 2)

forany a, f € Lwith (¢, d) € [@,, ®,]and [‘C‘ b] € M(©,, @),

d
if we put A = a /\ B, then A € L such that (c,d) € [@7\, dDA] and
ab
cd
modulo [@,, D,], (a, b) € [O,, D,]. The following follows from
the above inequality:

€ M(®,, @,). Since Plot the current gain centralizes ®,

¥(c. d) \ M, (O, D) <[f Z])

= V{a/\ﬁ BCA) NS [G)a, (Da] and

V{rel: @b elo, ]}
w(a, b)

ab

cd

—_—

|cme, o}

I IA

Therefore FC(®, ®; W) holds. Let I" be any other fuzzy congruence
on A for which FC(®, ®; I') holds. By Theorem 4.6 C(®,, ®,; I',)
holds for all @ € L. Since [@,, ®,]is the smallest congruence p on
A for which 0, centralizes ®,modulo p, we get [®,,D,] < T', for
all @ € L, Now for each a, b € L consider the following:

Y@, b)=\{a€L: (ab) e |0,d,}

<V{aeL:@berl,}
=T(a,b)

This completes the proof. O
Corollary 3.15. Foreach a € L and ©,® € FCon(A)

[0, = { (6, @] :HCLax< supH}

peH

4. THE COMMUTATOR IN MODULAR
VARIETIES

In this section we give a detailed characterization for the commuta-
tor of fuzzy congruences in modular varieties. It is proved that the
commutator and the symmetric commutator of fuzzy congruences
defined in the previous section are identical in modular varieties.

Remember that A is said to be modular if the lattice Con(A) is mod-
ular, and 7 is modular if all algebras in 7" are so. The following
theorem gives internal characterization for modular varieties and it
is taken from [58].

Theorem 4.1. A variety 7" is modular if and only if for some n there
are terms my(x, y, z, W), ..., m,(x, y, z, u) such that 7" satisfies

(1) my(x, y, z, uy = x, my(x, y, z, u) ® u

(2) myx, y, y, x) = xforalli<n

3) myx, x, y, y) ® m,(x, x, y, y) foralleveni < n

4 myx, y, 5, 2) ®m(x, y, y, 2) forallodd i < n

The terms my(x, y, z, u), ..., m,(x, y, z, u) are called Day’s terms.

Lemma 4.2. Let 7" be a modular variety with Day terms m,, ..., m,,
and A € 7. Let ® € FCon(A). Then for any a, b, ¢, d € A it holds
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that
O(a,c) \ O (b,d) =O(b,d) \ [/n\ © (m, (a,a,c,c),
i=1

m; (a, b, d, c))]

Proof. For each consider i € {0, 1, ...,n} the following:

® (mi(a, a,cc),mga,b,d, c))
>0 (m,»(a, a,c,c),ma,a,a, a)) JAXC) (mi(a, a,a,a), mya,b,d, c))
> O(a,0) \© (mi(a, a,a,a),mya, b, d, c))
= O(a,0) \©® (a, my(a, b, d, c))

= 0@, \O (mi(a, b,b,a),mya,b,d, c))
> 0O(a,c) \ O(b,d)

which implies that

/\ @ (my(a,a.c,0),m(a,b,d,0)) > O(a,c) /\ O, d)

i=1

Computing O(b, d) on both side of this inequality with the binary
operation “/\ ” provides that

o, d) /\ [ /\ © (m(a.a,c.0),ma,b,d, c))] > O(a,c) [\ Ok, d)
i=1

To prove the other side of the inequality, we first show that

O, d) \ © (mya,a,c,c),a) > O(b,d)

A l/n\ ® (m]-(a, a, c,c), mj(a, b, d, c))]
=1

foralli € {0,1,...,n}. We use induction on i. If i = 0, then it is
straight forward. Now Assume the result to be true forall 0 <i < n.
We need to show that the result holds for i + 1.

iis odd

® (miﬂ(a, b,d, o), a) >0 (m,-H(u, b,d,c),m;(a,b,b, c))
N © (mi+1(a, b,b,c), a)

>00b,d N6 (m,,rl(a, b,b,c), a)

=0(b,d) \© (ma,b,b,c),a)

> 0(b,d) \© (m(a,b,b,c),m(a,b,d,c))
N © (mi(a, b,b,c), a)

>00b,d N6 (mi(a, b,b,c),a)

Case 1.

> 00, N\ l;\ 0 (mj(a, b,d,c),ma,a,c, c))]
=1

Then it follows that
(b, d) \ © (m,,(a,b,d,c),a) > O(b,d)

A l/n\ ® (mj(a, b,d,c),ma,a,c, c))]

j=1
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Case 2. i is even. For simplicity, let us put
a = @(m,—+1(a, b,d,c), my,(a,a,c, c)) and f =
© (my(a,a,c,c), m(a,b,d,0))

Now consider the following:

O, d) \ © (m,,,(a,b,d, c),a)

> O(b,d) \© (my,,(a,b,d,c),m,,(a,a,c,c))
A® (my (a,a,c,0),a)

= 00, d) \Na \O (m,(a,a,c,c),a)

= 00, d) \a \O (ma,a,cc),a)

> 00, N\Na\O (mi(a, a,c,c),mya,b,d, c))

A© (mi(a, b,d,c), a)

O, d) Na \p O (mia,b,d,c),a)

[\

CICRONANTAVIAN [/n\ C) (mj(a, b.d,c),mja,a,c, c))]
=1

= 0, d) \ l/n\ ® (mj(a, b,d, ), mj(a, a,c, c))]
j=1

Thus the result holds for all i € {0, 1, ..., n}. In particular, it works
fori=n,i.e.,

O, d) \© (m,(a,b,d,c),a) > 0O(b,d)

A L/n\ © (mj(a,b,d,c), m(a,a,c, c))]

i1

which is equivalent to that

O(b,d) /\ ©(a,0) > O(b,d) [\ l /\ ©(mya.b,d,c),mya,a.c, c))]

j=1

This completes the proof. O

In the following lemma, we state and prove the fuzzy version of the
Shifting Lemma proved by PH. Gumm [59].

Lemma 4.3. (Shifting Lemma: The Fuzzy Version) Let 7" be a
modular variety with Day terms my,...,m, and A € 7 . Let
0,®,¥ € FCon(A) with® \ ® < ¥. Then for any a,b,c,d € A
it holds that

©(a,b) \ ©(c,d) \ ®(a,c) \ ©(b,d) \ P(a,c) = B(a, b)
A O d) \ B, ) \ Db, d) \ ¥(b, d)
Proof. We first show that
¥(a,0) > 6(a,b) [\ O(c.d) [\ a,0) /\ ©b,d) /\ ¥(b,d)

Foreachi € {0,1,...,n},itis clear that

® (mi(a, a,c,c),mga,b,d, c)) > O(a, b) /\ O(c,d)

Also, by the above lemma one can show that

D(m;(a,a,c,c),mia,b,d,c)) > Da,c) /\ D(b, d)
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Since ® A ¢ <, it follows that

Y (my(a, a,c,c),m(a,b,d,c)) > O(a,b) \ O(c,d) \ ®a,c)
A @, d)

which implies that
i=0
A% 4 (mi(a, a,c,c),mla, b,d, c)) > 0O(a,b) \ O(c, d)
' A (@, \ db, d)

Computing (b, d) on both side of this inequality using the binary
operation /\ gives the following:

Wb, d) \ [’:‘O‘P (my(a,a,c,c), m(a,b,d, c))] > 0(a, b) \ O(c, d)
A @@, c) \ @b, d) \ (b, d)

Again from the above lemma, we have

W(a,c) > ¥(b,d) /\

/\ Y(m,(a,a,c,c),mga,b,d, c))]
i=0

Thus

¥(a,c) > O(a,b) [\ Oc.d) )\ ®(a.c) ]\ ©b.d) /\ ¥(b.d)

By interchanging a and b (respectively ¢ and d ) each other we can
also show that

Wb, d) > O(a, b) /\ (c, d) /\ ®(a, ¢) /\ @b, d) /\ W(a,c)

This completes the proof. O

Definition 4.4. For ®,® € FCon(A), X;(©,®) be a fuzzy rela-
tion on A defined as follows: For each y,z € A,ify and z can be
expressed as y = my(a, b,c,d) and z=mya, a,c,c), then

XL(®7 (I’)()’sz) = \/ {ML(G)’ ¢) (I:? Z]) : y = mi(a’ b7 d’ C)’

z=mya,a,c,c)

Otherwise, X; (0, ¢)(y,z) = 0.
Theorem 4.5. Let ®,® € FCon(A). Then

X,0,0)(.2=\/{eel: (1.2 €X(0,D,)}.

Proof. Iftherearenoa,b,c,d € A suchthaty = m;(a,b,c,d)and
z =my(a,a,c,c)then (y,2) € X(©,,®,) foralla € L, so that

\V{eel: p.oex(0,.0,)}=\/0=0=X,0 0)02

Let us define two sets G and H as follows:

G={a€L: (2 €EX(0,P,)}.

H= {ML(®,<I>) <[? Z]) ty=mya,b,d,c),z= mi(a,a,c,c)}

We need to show that supG = supH. Let « € G. Then
(y,2) € X(©,,D,), which implies that, y = m;(a,b,d,c) and z =

m;(a, a, c, c) for some a,b,c,d € A with ? Z] € M©®,,®,). By

)
b

If we put § = M, (O, ) <[? d]) ,then f € H such that « < §

Theorem 4.1 we get

M, (O, D) <[? Z

so that @ < sup H. Since «a is arbitrary in G it follows that sup G <
sup H. To prove the other side of the inequality, let § € H. Then f =

M, (0, D) ([? Z]) for some a, b, c,d € A with y = m,(a, b, d, ¢)

and z = my(a, a,c,c), ie, b] € M, (O, (D)ﬁ. By Theorem 4.2,

a
cd

there exists K C L such that § < sup K and [? b € M(©,,,)

d
for all @ € K. This is equivalent to that (y,z) € X(0,, ®,) for all
a € K. Now consider the following:

supG=sup{a €L : (y,2) €X(0,,D,)}
>supf{fa €L :aeK}
2 p
Since f is arbitrary in sup G > sup H and hence the equality holds.
Theorem 4.6. Let ©, D, ¥ € FCon(A),A € 7" and 7" be modu-
lar. Then the following are equivalent:
1. FC(O®,®;¥) holds.
2. X©,0)<¥
3. FC(®,0;Y) holds.
4. X(P,0)<V¥Y

Proof. (1) = (2). Suppose that FC(®, ®;¥) holds. Let y,z € A. If
there are no a, b, ¢, d € A such that

y=mya,a,c,c)andz = m,(a,b,d,c)

then X; (0, ®)(y, z) = 0 < ¥(y, 2). Suppose that
y = my(a, a, c, c)(respectively z = m,(a, b, d, c))
is an arbitrary expression of y (respectively z) using the Day’s terms.

Leta, b € A", ¢, d € A™ and t(x, y) be an (n + m)-ary term
operation on A such that

a=ta,c) b=1ta,d)
c=1tb,c) d=1tb,d)

If we define a term s as follows:

s (xl’xZ’ylgyZ’y?:’}ﬁ,yS’yG) =m, <t (yl’yZ) ,t(xl,y3) ,
t(y4,y5) t (x2’y6)
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Then we have

y=mya,a,c,c)

= m;(t(a, c), t(a, c), (b, c), (b, ¢))
=s(a,b,a,c,cb,cc)

Similarly
z=s(a,b,a,c,d,b,d, c)
Again from
a=mya,cc,a)
we get

a=s(a,b,a,cc,b,c,c)

Thus it can be verified that
a a n n
oo ([54])= | Aot A[ Aot
i=1 j=1
Sincea, b € A", ¢, d € A™ and the term #(x, y) are arbitrary, it

follows that
)z meo(|2])

aa
M, (O, D) ( [y .
Again since a, b, c and d are arbitrary elements of A with

y = my(a, a, c, c)(respectively z = m;(a, b, d, c))
it holds that

My (©,P) ([ ’ j]) > X,(©.9)(3.2)

Now consider the following assertion:

¥(y,2) 2 ¥(.2) A ML(©, P) < [; z] >

aa

=¥(a,a) \ M, (O, D) )z

o]

> X1 (0, D)(y, 2)

Therefore X, (®, ®) < ¥ and hence the result holds.

(2) = (3). Suppose that X; (®,®) < ¥.Foranya, b, ¢, d € A we
show that

¥(a, ¢) > Wb, d) \ M(@, ©) ([b d])

ac

For this consider the following:

M,(®,0) <[b f]) =M,(©,9) <[? Z])

a
S XL(G)a ¢) (mi(ay a,c, C)a mi(ay b’ da C))
<v (mi(a, a,c,c),mga,b,d, c))

Since i is arbitrary, it follows that

b

a

M, (®, ©) ([ f]) < \¥0mya, a. ¢, o, ma. b, d, o))
i=0

computing W(a, ¢) on both side of the above inequality using the
binary operation “/\ ” provides

Wb, d) \ M, (@, ©) <[f; f])
<Y®,d N\ [/n\ ¥ (mi(a, a,c,c),mya,b,d, c))]
i=0

<W¥(a,c) (byLemma5.2).

By symmetry, it can also be proved that

W(a, o) /\ My(®, ©) <[b d

ac

) <Y(b, d)

which implies

Therefore FC(®, ©;¥) holds. O

Corollary 4.7. Let ®, ® € FCon(A), A € 7" and 7" be modular.
Then

[0, @] =[@, 6] = [0, P

Theorem 4.8. Let®, ®, ¥ € FCon(A), A € 7" and 7" be mod-
ular. Then FC(®, ®;¥) holds if and only if [©, @] < W.

Proof. If FC(®, ®@;¥)holds, then [@, @] is the smallest fuzzy con-
gruence I" on A such that FC(®, ®; I') holds, we get [®, ®] < V.
Conversely, suppose that [@, @] < V. If we put " = [0, @], then
FC(®, ®; I') holds and by the above theorem, X; (0, ®) < I' < Y.
Again by the equivalency in the above theorem, we get FC(®, ©; V)
holds. O

Corollary 4.9. Let ®, ® € FCon(A), A € 7" and 7" be modular.
Then

[0, @] = FS, (X,(0, ®))
where by FS, (X,(©, @)), we mean a fuzzy subalgebra of A x A

generated by the fuzzy set X; (0, ¢).

Theorem 4.10. Let ¢p € FCon(A), A € ¥ and 7" be modular. If
{91‘},- < is an indexed family of fuzzy congruence relations on A, then

l\/ 0, ¢] =\/10;. 4]

iel i€l
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Proof. By monotonicity, it follows that

[0, 9] < l\/ 0, ¢]

i€l

To prove the other side of the inequality let us y; = [6;, ¢] for all
ielandy =\/,,[6;, ¢l By definition FC(6;, ¢;w;) holds for all
i € I It follows from Theorem 4.6 that

XL(HI-, ¢) < v, Sy

Again by Theorem 4.6 it holds that FC(0;, ¢; y) for all i € I. By

Lemma 3.11, FC(\/ 0., ¢; 1//) holds so that [\/ 0, qb] <.
O

i€l i€l
Hence proved.

5. CHARACTERIZING THE COMMUTATOR
OF FUZZY CONGRUENCES IN THE
SENSE OF HAGEMANN AND HERRMANN

In this section, we give another characterization for the commutator

of fuzzy congruences in modular varieties in the sense of Hagemann

and Herrmann [44]. For each ®, ® € FCon(A), let A(®, ®) be a
fuzzy subset of M(A),,, given by

A(©, D) <[‘j Z]) =00 \Ow.d [\ ®@b) )\ ®.d).

Let us define g _¢, to be a fuzzy subset of M(A),,, such that

5 <[ab]>_ A(@,cb)([ff;]) ifa=candb=d
e\ (cd|) ™ 0

otherwise

foralla, b, c, d€ A, i.e.,

< a b]) {(D(a, b) ifa=candb=d
5@,q> =

cd 0 otherwise

Put

Ao o= [){¥ € FCon(Ax A) : 6g o <P <OxO)}

Also, let us define 6% ® and A® ® dual to g ¢ and Ag ¢, respec-
tively, i.e.,

500 abl\_ A(®,®)<[(12]> ifa=bandc=d
cdl|/) ™ 0 ¢

otherwise

foralla, b, c, d€ A, i.e.,

560 ab _J 6@ ifa=bandc=d
cd 0 otherwise

Put
A®® =n{¥ e FCo(AXA): 5> <Y< DxD}

Lemma 5.1. If 7 is modular, then Ag_¢ is the least transitive fuzzy
relation on A X A such that

M (0, D)< Ag o <OXO.
Proof. Clearly M, (©, ®)isreflexive and symmetric asa fuzzy rela-
tion on A X A such that

M;(©, ®) < Ag 4 <OXO.
Moreover, it follows from Theorem 3.5 that M, (®, @) is compat-
ible with all fundamental operations of A X A so if I is the tran-
sitive closure of M;(®, ®), then I is just the fuzzy congruence on
A X A generated by M} (®, ®). Clearly, g ¢ < M (0, ®). So that

Ag ¢ < T On the other hand, it follows from the modularity of 7"
that M; (0, @) < Ag ¢ and henceI" < Ag . Hence proved. O

Lemma 5.2. If 7 is modular, then A® ® = Ag 4.

Proof. One can easily show that

oo ([28]) =2 ([2])

forall a, b, ¢, d € A. Since 7 is modular, we have M; (0, ®) =
M, (@, ©). Then it follows from Lemma 5.1 that Ag ¢ = A® ®. 0

Theorem 5.3. Let 7" be modular. Then for each x, y € A;

[ -V f52]) o)

Proof. The inequality
a ] > ‘a€ A}
a

([N V A=

holds trivially. To prove the other side of the inequality, let a € A.
By Lemma 5.1, Ag g is the transitive closure of M;(®, ®). So that
we have

A xa])z "M 0.0 Xi—1 % :
9’4’([}/ a v l=/\1 u ) Vi1 Vi
e * EAXA

s 1] [ e [] - 2T}

X0 *n x
Let yeens be arbitrary elements of A X A with =
Yo In Y

%o Xy a
and = . Then it can be verified that
Yo In a

Xi_y X;
: ]) S(D(yi—l’yi)
Yi-1 Vi

M; (O, d>)<
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foralli=1,2,...,n So that Then itis clear thatn, /\ #, < Ag . Therefore by the fuzzy version

of the shifting lemma it holds that
/\ My (©, ®) ( [

Dt )

Yi1 Vi
yy
oty e ' (5] an (B an () an ([32])
Again by the transitive property of ® we get the following: =M\lyob \lyb 2\ |yy 2
xy
A
Xi_q1 X; n /\ 0.9 b b])
/\ML(® q))( )S/\ (y1 l’yz)
Vit Vi =1 _ A, ([xyb
<@ (¥, ) \[bb
= @(y,a)

Since b € A is arbitrary, it follows that

i >S<I>(a,y) V{AM([%]):hEA}SAg"”([;i])‘

It follows that

-5 < [ a y] ) Hence the equality holds. O
=654
@y Theorem 5.5. Let 7" be modular. Then the commutator [0, ¢] can
<A ( a )’] ) be characterized as
>899 ay
[0, @(x,) = Ao o <[x y])
This implies that ry
x a X a a forallx, y € A.
o ([5a]) =2ea ([ 2] A2 ([35))
Y Y Y Proof. We first show that

xy
<A
" ([y y]) [0.9](a.0) = Ag ([? Z]) Ae.@)b.d

Since a € A is arbitrary, it follows that
for all a, b, ¢, d € A. Since Ag ¢ is the transitive closure of

A ([a]) eeaf =2 ([33]) LA’9,¢<[ZQ]>

Hence the equality holds. O
Theorem 5.4. Let 7" be modular. Then for each x, y € A;

N L (abd ) W i

X X
such that [a] =" and [7"| = [Z]
, , ¢ Yo I
Proof. The inequality

x x
Agy ([y i]) \/{Aﬂdz ([bi]) : beA} Let lxol Ve lx ] be arbitrary elements of A x A with [ ]
yO yn

X, x
holds trivially. To prove the other side of the inequality, let b € A l 0 ] and l " ] = [Z] . Then, since FC(®, ®; [©, ®]) holds it

be arbitrary. Define fuzzy subsets #, and #, as follows: for each Yo In
Xy, 2z UEA can be verified that

'11<[x z])z{(l) ifx=z. [©, ®](a, ¢) > /\ML(® q))<[ 1xi]>A[®’®](b’ A

yu otherwise i=1 Yie1 Vi

and So that

xz|\ _[1lify=u
ﬂz([y u]>_{0 otherwise 6. @i, C)>A®‘D([ ])A[® 16,4



G. M. Addis et al. / International Journal of Computational Intelligence Systems 14(1) 1322-1336

By symmetry it is also true that
ab
[0, ®1(b, d) > Ag o <[C d]) /\[©,®](a,0)

So that

[0.®1(a,0) /\ Ao o ([f Z]) = o0 <

—

j Z]) /\[©. 1. d)

In particular,

[0, ®1(x, ) A Ao, o ([; i]) =A

Implying that

xy
A
@,cp([yy

Moreover, the above equality is equivalent to saying that [®, @] is
a fuzzy class of the fuzzy congruence /\g ¢ on M(A),,. On the
other hand, let 7 be a fuzzy class of Ag_g,. Without loss of generality

) <[0,P](x,y)

we can assume that # = [Z] for some a € A. Clearly 5 is a

Loo
fuzzy congruence on A. Furthermore, one can easily observe that

FC(®, @; n)holds. So that [®, ¢] < 1. Now consider the following:

[0, ®I(x,y) < n(x,y)

= [ZLM *.y)
-ee([52])
vfse((31]) )

=Ag o ( [; i] > (by Theorem 5.3)

Hence the equality holds and the proof ends. O
Corollary 5.6. Let 7" be modular. Then for each x, y € A;

[0, $1(x. ) = \/{AM ([;‘ Z]) : aeA}

Corollary 5.7. Let 7" be modular. Then for each x, y € A;

0.0 =\ {200 (|33]) 102}
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6. CONCLUSION

For an algebra A of a given type § we obtain a binary operation [, ]
(rep. [, 1,) called the commutator (resp. the symmetric commu-
tator) on the lattice of fuzzy congruence relations on A having the
following properties:

(1) [\, ¢ =[P, 6]
(2) [6,9]<[0, P <OAD
(3) [©, ®]and[®, P], are monotone in both ® and ®.

In particular, in modular varieties, the commutator of fuzzy con-
gruences coincides with that symmetric commutator and an alge-
braic characterization is obtained for it using the Day’s terms. The
Day’s terms are also used in the paper to prove the fuzzy version of
the shifting lemma. Moreover, in modular varieties, it is shown that
the commutator is distributive over arbitrary join of fuzzy congru-
ences. Another characterization is obtained for this commuatator
in the sense of Hagemann and Herman [44].
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