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1. INTRODUCTION

The noncommutative residue which is found in [5,19] plays a prominent role in noncommutative geometry. For this reason, it has been
studied extensively by geometers. Connes derived a conformal 4-dimensional Polyakov action analogy by the noncommutative residue
in [2]. Connes proved that the noncommutative residue on a compact manifold M coincided with the Dixmier’s trace on pseudodifferential
operators of order —dimM in [3].

On the other hand, Connes had also observed that the noncommutative residue of the square of the inverse of the Dirac operator was
proportional to the Einstein-Hilbert action, which is called the Kastler-Kalau-Walze type theorem now. Kastler gave a brute-force proof of this
theorem in [8]. Kalau and Walze [7] proved this theorem in the normal coordinates system simultaneously. And then, for the Dirac operator
D, Ackermann proved that the Wodzicki residue Wres(D~?2) in turn was essentially the second coefficient of the heat kernel expansion of
D?in [1].

On the other hand, Wang generalized the Connes results to the case of manifolds with boundary in [13,14], and proved the
Kastler-Kalau-Walze type theorems for the Dirac operator and the signature operator on lower-dimensional manifolds with boundary [15].
In [15,16], Wang computed Wres[z D~ o 7+ D~1] and Wres[z+ D2 o 7+ D~2] about symmetric operators and under the circumstances
the boundary term vanished. Moreover, Wang got a nonvanishing boundary term for Wres[z* D' o *D3]in [17] and gave a theoretical
explanation for the gravitational action on boundary. In others words, Wang provided a kind of method to study the Kastler-Kalau-Walze
type theorem for manifolds with boundary.

In [6], Iochum and Levy computed heat kernel coefficients for Dirac operators with one-form perturbations and proved that there were no
tadpoles for compact spin manifolds without boundary. Recently, we studied the Lichnerowicz-type formulas for modified Novikov operators.
We proved Kastler-Kalau-Walze-type theorems for modified Novikov operators on compact manifolds with (respectively without) boundary
in [18]. In [10], Barbara Opozda introduced statistical de Rham Hodge operators on manifolds with statistical structure. The aim of this paper
is to prove the Kastler-Kalau-Walze type theorem for statistical de Rham Hodge operators on manifolds without (with) boundary, and also
give the Lichnerowicz formulas about statistical de Rham Hodge operators.

The paper is organized as follows: in , we give the definition of statistical de Rham Hodge operators and their Lichnerowicz formulas.
We also give the basic facts and formulas about the noncommutative residue for manifolds with boundary. In and in , we
give some expressions and symbols of operators associate with statistical de Rham Hodge operators. Moveover, we also prove the Kastler-
Kalau-Walze type theorems for statistical de Rham Hodge operators on 4-dimensional and 6-dimensional manifolds with boundary.
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2. STATISTICAL de RHAM HODGE OPERATORS AND THEIR LICHNEROWICZ FORMULAS

In this section, we prepare some basic notions about statistical de Rham Hodge operators. For details of the geometry of statistical manifolds,
see [10].

Let M be a n-dimensional (n > 3) Riemannian manifold with a positive definite Riemannian metric g, and V be a connection. We assume
that M is oriented. Let VL be the Levi-Civita connection for g and Vol be the volume form determined by g.

Forall X,Y,Z € T:M,x € M, if V is satisfying the following Codazzi condition:
(Vxg)(Y,2) = (Vyg)(X, 2), @1)

we call a structure (g, V) is a statistical structure, and a connection V is a statistical connection for g. Moreover, we define a statistical manifold
with statistical structure by (M, g, V).

We suppose that (M, g, @) is statistical manifold. Let K be tensor field, whereA K : T'(TM) x I'(TM) — T'(TM) and I"'(TM) denotes the
algebra of smooth vector fields on M. Let K be the difference tensor between V and V¥, that is

VxY = VEY 4+ Kxv. (2.2)

Let K(X, Y) stand for KxY. The de Rham derivative d is a differential operator on C*°(M; A*T*M). Then we have the de Rham coderivative
8 = d* and the symmetric operator D = d + §. The standard Hodge Laplacian is defined by

A =é8d+ds. (2.3)
For a statistical manifold (M, g, @), we will investigate a (Lichnerowicz) Laplacian relative to the connection V. If f is a function, then we set
AVf = —div¥ gradf. 2.4)
We now extend the definition (2.4) and set E = tracegK (-, -). For any differential form v, we set
AVv = (5 — I(E))dv + d(5 — (E)v, (2.5)
where I(E) is the contraction operator.
By the above definition and Lemma 6.4 in [10], we have
AV =5 — I(B) + d)2. (2.6)
For v € I'(TM), we define the generalized statistical de Rham Hodge operators by
D; =d+ 8+ M), (i=1,2);

Df =d+68+re(), (i=1,2), (2.7)
where 1, is a real number and v* = g(v, -).
In the local coordinates {x;; 1 < i < n} and the fixed orthonormal frame {e;, - - - , e,}, the connection matrix (ws,;) is defined by
Vher, - yen) = (er, - s en) (@sn)- (2.8)
Let &(ej*x), (ej) be the exterior and interior multiplications respectively and c(e;) be the Clifford action. Write
c(ej) = e(ejx) — l(ej), c(ej) = e(ej*) + I(e)). (2.9)

Moreover, we assume that 0; is a natural local frame on TM and (gij)l <ij<n is the inverse matrix associated with the metric matrix (gj)1<ij<n
on M. The statistical de Rham Hodge operators D; and D (i = 1, 2) are defined by

n

Di=d+8+nl(v) =) cle) [ei + i > wglenliles)ile) — c(es)c(en]] + Ml(v); (2.10)
i=1 S,k
z 1
Df =d+6+re(v*) =) cle) [ei +3 > wgilenlEle)cer) — C(es)c(et)]] + Lie (V). 211)
i=1 st

Let g/ = g(dx;, dx)), & = >_;&jdxj and Vi_ =7 rgak, we denote that
1 1 =
o= =7 D oulecedcles ai= 1) ws(e)i(e)i(e;
s,t st

£ = gig; rk= gijrfj; ol =glo;; d =gla; (2.12)
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Then the statistical de Rham Hodge operators D; and D} can be written as

n
Dy =y clele; + ai + il + Al(v), (i =1,2); (2.13)
i=1
n
Df =" clenlei+ ai+ o1l + his(v"), (i =1,2). (2.14)
i=1
On the other hand, we recall some basic facts and formulas about Boutet de Monvel’s calculus and the definition of the noncommutative
residue for manifolds with boundary (for details see Section 2 in [15]).

Let U C M be a collar neighborhood of dM which is diffeomorphic with dM x [0, 1). f € C*°([0, 1)) means that there isf € C*°((—s,1))
such thatf|[o 1) = f for a small positive number ¢. Let h(x,) € C>([0,1)) and h(x,) > 0. By the definition of h(x,) € C*°([0,1)) and

h(x,,) > 0, there exists i € C*°((—¢, 1)) such that hl[o 1) = hand h > 0 for some sufficiently small ¢ > 0. Then there exists a metric g on
M= M Jyp M X (—¢,0] which has the form on U | ;,; 9M x (—e¢,0]

o~ 1 oM
g=—g¢M+di, (2.15)
h(xn)

such that gy = g. We fix a metric g on the M such that g|y = g.
Let
F:L*(R) — L*(Ry); Fw)(A) = / e u(t)dt

denote the Fourier transformation and ga(R_+) = rT(R) (similarly define go(R_—)), where ¢(R) denotes the Schwartz space and
T C®(R) - C°RT); f — fIRT; RT = {x > 0;x € R}.

We define HT = F(¢p (RY)); Hy =F(p (R™)) which are orthogonal to each other. We have the following property: h € HT (H, o ) ifand only
if h € C°°(R) which has an analytic extension to the lower (upper) complex half-plane {Im§ < 0} ({Im& > 0}) such that for all nonnegative

integer I,
d [
R 2@(?)’

as || & 4+00,Imé < 0 (Imé > 0).

Let H’ be the space of all polynomials and H™ = H; (D H'; H = H* P H™. Denote by xt (™) respectively the projection on H (H™).
For calculations, we take H = H = {rational functions having no poles on the real axis} (H is a dense set in the topology of H). Then on H,

ot I h(&)
h(Go) = 2mi ul—1>n(} r+ & + iu — gds’ (2.16)

where I'* is a Jordan close curve included Im(&) > 0 surrounding all the singularities of / in the upper half-plane and & € R. Similarly,
define 7’ on H,

1
= _/ h(&)dE. (2.17)
21 r+
So,'(H™) = 0.Forh € HNL'(R), n'h = 3+ [; h(v)dvand for h € H (L'(R), 7'h = 0.

Next we give the basic notions of Laplace type operators. Let M be a smooth compact oriented Riemannian n-dimensional manifolds without
boundary and V'’ be a vector bundle on M. Any differential operator P of Laplace type has locally the form

P=—(g"3;0;+ A'd; + B), (2.18)

where A’ and B are smooth sections of the endomorphism End(V’) on M. If P is a Laplace type operator with the form (2.18), then there is
a unique connection V on V' and a unique endomorphism E’ such that

P=—[g/(Va Vs = Vg1 ,) + F ] (2.19)

where VZ is the Levi-Civita connection on M. Moreover (with local frames of T*M and V'), Vj = 0; + w; and E are related to gif, A'and B
through

1 : i
w; = Eg,v]~(A’ +¢"rid), (2.20)
E =B-— gij(ai(wj) + wiw; — a)kffj), (2.21)

where F{d is the Christoffel coefficient of VL.
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By the above definitions, we establish the main theorem in this section. One has the following Lichneriowicz formulas.

Theorem 2.1. The following equalities hold:
DiD = [V Vs~ Vo )] - ¢ D Rl + =
ijkl
+i > Dac(enlv) + (e — %[Mng(l(v))c(ej) — dac(e) Ve M),
i
D3D} = [V Vi = Vot )] - ¢ %R,-jkzaei)z(ej)c(ek)c(el) Fpty > acte)e")
Fae (] = 3DV e )ele) — hicle) VIV O,
D3Dy = [V ¥y — Vo )] - 5 ZkljR,-jkzaei)z(ej)c(ek)c(el) s Akae(I)
ij

1 1
5 M)l +iaeee)? — S [2a VM e ()l — hele) VM A,
where s is the scalar curvature.

Proof. By (2.13), we note that
DiD; = (d+8)> + ha(d + &)IV) + 1IlW)(d + 8) + M ra [l
By [20], the local expression of (d + 8)?is
1 B 1
(d+8)* = —Ao— < > Rync(@)E(@)c(@)c(@) + —s.
8 & 4
ijkl
By [20] and [1], we have
o= A= —gi(VEVE - iV

Ja(d + DIW) + I +8) = Y g4 Aac@I) + il )e@) |0
ij
+) g4 [Ml(v)c(ai)(ai + ai) + 22c(3)3(1(v)) + A2c()) (07 + ai)l(v)];
ij
[IW1* = o.

then we obtain

DD, = — Zgi»jl:aiaj + 2()‘,'8]' + 2(1,'8]' — Ffjak + (8,'O'j) + (8,'(1]') + 0i0j + oia; + ai0j + aiaj — Ffjo'k

ij
.. 1 1
_rffjak] Y g [Azc(ai)l(v) + )\ll(v)c(a,-)]aj -3 3 Ryt clen)cler) + 7
ij ijkl
+ ZgiJ[kzc<ai)aj<l<v)> + 22c(3) (0 + apl() + A1(v)e(d;) (o; + an].
ij

Similarly, we have

D;Di< = — Zgi’jl:aiaj + 2(71'8]‘ + 2ai8j - Ffjak + (8,0]-) + (81-aj) + 0i0j + 0ia; + a;oj + aiaj — Ffjﬂk - Ffjak]

ij
N 1 1
+ %:g”f [k16(8i)8(1/*) + kzs(V*)C(ai)]aj ~3 % Rie(enciepe(en)e(en + o

+ Zgi’j[)hlc(ai)aj@(v*)) + 21¢(3) (0; + a)e (v') + A2e(v))e(3:) (0; + ai)]-
bf

257

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)
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and
*ry ijl 5.9 .y 8. _ Tk s . s . s . _ Tk Tk
D;D; = Zg [3,8] + 20;0; + 2a;0; ri,jak + (9;0)) + (3ia)) + 0i0j + 0ia; + a;oj + a;a; F,-,]Uk I‘i)jak]
irj
. 1 o 1
+ )& [11e@I0) + 226 M)e@) ]9 = £ D RiEleDEleetencten + 75+ itz
ij ikl
xe () + D g c@)UM) + Ac@)or + a)lv) + Ao ()0 + )| (2.32)
ij
By (2.18), (2.20) and (2.30) we have

@iy = 01+ a5 = 5 [Ra@)I0) + 211t (2.3)

Ep,p, = D 8[0i0) + a)) + 010 + 0ia; + aioy — Doy — T + aia; — hac(@)3;(10)
bj

1 - 1 2

—c(3;)(0j + ap)ral(v) — Al(v)e(9;)(0j + aj)] t3 ZRijklc(ei)c(ej)c(ek)c(el) — 2 Arzll(v)]

ijkl
i 1 1
= g ao; + ap = S8e@)2210) + @) + [ 01 4 a5 = SDac@)IW) + M)
ij
1 1 .
x[ o5+ 8 = 5 12@)I) + MI@ | = [0k + a1 = S (@RI + MW@ T} (2.34)

Let c(Y) denote the Clifford action, where Y is a smooth vector field on M. Since E' is globally defined on M, taking normal coordinates at
x0, we have o’ (xp) = 0, a’(xp) = 0, Bj[c(Bj)](xo) =0, Fk(xo) =0, gij(xo) = 84. By (2.21), then we have

1 1 1 2
Ep,p, (%0) = 5 Y Ryee)&e)e(encte) — 35— 7 2 [Race)l(v) + ml(r)eccen |

ijkl i
1
+5[AIV§M(l(v))c(ej) - xzc<ej)V§M<l<v))]. (2.35)

Similarly, we have

1 1 1 2
Epspy (50) = = O Ryle)&(e)eten)elen = 75— 7 D [Micle)s ) + has(v)cter |

ijkl i
1
5[V e et — eV e | (2.36)
1 11 2
Epsp, (%0) = 5 Y RypEle)ee)e(encten) — 75— 7 2 [R1e(el() + has(ri)ce)]
ijki i
1
+5 [szgM (e(v))e(e)) = rielep Ve (l(v))] — hh2e (V)W) (2.37)
which, together with (2.19), we complete the proof. O

The noncommutative residue of a generalized laplacian A is expressed by [1], as

(n—2)p(A) = (4)~ 3T (g) (A, (2.38)
where ¢ (A) denotes the integral over the diagonal part of the second coefficient of the heat kernel expansion of A. Since D1 D,, D;D7 and
D3 D; are generalized laplacian opeartors, we have
(n—2)(4n)?

Wres(D\ D)™ "T" = —— =
2~ D!

1
/ trace(gs + Ep, p,)dVoly, (2.39)
M
where Wres is the noncommutative residue.

Similarly, we have
ez (n—2)(4m)?
Wres(D5D 7 =
res(D5 D7) T
(n—2)(4m)?
£-1n!

1
/ trace(=s + Epypy )dVoly, (2.40)
M 6 21

n—. 1
Wres(DﬁDl)_T2 = / trace(gs—i—E’ ;Dl)dVolM. (2.41)
M
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By Theorem 2.1 and its proof, we have

Theorem 2.2. For even n-dimensional compact oriented manifolds without boundary, the following equalities holds:

n —2)(4m)? 11
Wres(yDy 5" = L2 / 2”( — 5= Z0F A%)|v|2>delM, (242)
7= ! M 12 4
- —2)(dr)? 11
Wres(Dypy) 7 = 20T / 2"( ——s— - +x§)|v*|2>dVolM, (2.43)
=DV Uy 127 4
= —2)(4m)? 1 A2+ 22— 2nhihs + 404
Wres(Dz‘Dl)_T2 = w/ 2n<_ s 125 niiiy +4r 2|V|2>
G-D! Ju 12 3
1
+trlk Vo Me()e(e) — ) VoM (l(v))]] dVoly, (2.44)

where s is the scalar curvature.

3. A KASTLER-KALAU-WALZE TYPE THEOREM FOR 4-DIMENSIONAL
MANIFOLDS WITH BOUNDARY

In this section, we prove the Kastler-Kalau-Walze type theorem for 4-dimensional oriented compact manifold with boundary about statistical
de Rham Hodge Operators.

Denote by M a n-dimensional manifold with boundary 9 M. We assume that M is compact and oriented. Let 3 be Boutet de Monvels algebra,
we now recall the main theorem in [4,15].

+
Theorem 3.1. [4](Fedosov-Golse-Leichtnam-Schrohe) Let X and 0X be connected, dimX = n > 3, A = ( 7; P+G I; ) € B, and
denote by p, b and s the local symbols of P, G and S respectively. Define:
Wres(A) = / /traceE [p-n(x, )] 0 (§)dx + 27[/ / {trace [(trb_) (', )] + tracep [s1_n(x', €]} o' (€")dx. 3.1)
xJs ax Js
Then
a) V\ff;‘és([A,B]) =0, forany A,B € B;
b) It is a unique continuous trace on B/B~°.
Definition 3.2. [15] Lower dimensional volume of spin manifolds with boundary is defined by
Vol?P2) M .— Wres[z "D o x D 7P2). (3.2)
By (2.1.4)-(2.1.8) in [15], we get
Wres[z D! o 7T D7P2] =/ / traceA*T*M[a_n(D_Pl_pz)]a(é)dx+/ P, (3.3)
M Jg|=1 M
and
+oo X (_i)\a|+j+k+1 8] K+ ,
o = ———— X tracep«r 8205 o (D™P)(x,0,&,
/m:l/_oo jkzﬂza’(”k“)’ nereml, 08,05, 07 (DTP) (Y, 0,8, &)
x 020, 0k oy(D7P2) (¢, 0,8, £0)1dEno (61X, (3.4)
where the sum is takenoverr + I —k — |a| —j— 1= —n, r < —p1,1 < —ps.

For any fixed point xy € dM, we choose the normal coordinates U of x in dM (not in M) and compute P (xp) in the coordinates U=
U x [0,1) C M and the metric mgaM + dx2. The dual metric of gM on U is h(x,)g"™ + dx2. Writegf}’f = gM(aix,-’ 8%_); g]’{/l = gM(dx;, dx;),
then

1 oM . irj
My _ h(xy,)[gi,j] 0 . b — h(xn)[ggM] 0
g1 [0 1], lgy] [0 Ll (3.5)
and
gt ) =01 <ij<n—1 g(x0) =3 (3.6)

We will give following three lemmas as computation tools.
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Lemma 3.3. [15] With the metric g™ on M near the boundary

5 0 ifj <mn,
axj(|%-|gM)(x0) = h/(0)|$/|§aM lf_] =n (37)
D)) = | fj<m (3.8)
| C X = .
& O axacEN @) ifj=n,
where & = &' + &,dx,.
Lemma 3.4. [15] With the metric g™ on M near the boundary
wnie) (x0) = L1 (0) ifs=mt=ii<n;
W r(e1)(x0) = § win(er)(xo) = —5H (0) ifs=it=ni<mn (3.9)
ws t(ei)(x0) =0 other cases ,
where (ws) denotes the connection matrix of Levi-Civita connection vi,
Lemma 3.5. [15] When i < n, then
1, . 1, . 1
[ji(x0) = Eh 0); Ty;(x0) = _Eh 0); T, (x0) = —Eh/(o),
in other cases, I‘;'t(xo) =0.
By (3.3) and (3.4), we firstly compute
Wres[rtD; ' o r* Dy 1] = / / trace s pplo—a(D1D2) "o (§)dx + / @y, (3.10)
§l=1 oM
where
400 ©© _1)\a|+]+k+1 3/ N ) , ,
t *T* 8 /a D )0> >
/s| 1/ Zza‘(]+k+1)‘ X trace e pel #0808 o (DT (W, 0,6, &)
x 029 8F 01Dy, 0,6, ) 1dEn0 (6')d, (3.11)
and the sum is takenoverr + 1 —k —j — |a| = =3, r < -1, < —L
Locally we can use Theorem 2.2 (2.42) to compute the interior of WFe/s[n+D; Is 71+D1_1], we have
4
/L/ tmwaMw4ung*h@ya:3mﬁ/n(—-s—4a2+xnw)&mm. (3.12)
M JjgI=1 M\ 3

So we only need to compute f om P1- Letus now turn to compute the symbols of some operators. By (2.10)-(2.14), then we have the following
symbols of some operators.

Lemma 3.6. The following identities hold:
01(Dy) = o1(Dj) = ic(§), (j = 1,2);

1 1
00(D)) = ¢ D ws(ec(entlentle) — 7 Y wsenclencledelen + A1), G =1,2)

i,s,t i,5,t
1 _ 1
00(Df) = D osrlenc(eNieilen) — 7 Y msi(eclencles)elen) + Ae(v), (i=1,2). (3.13)
i,s,t i,5,t
Write
DY = (=15 o(D) = p1 +pos o (D) =) g (3.14)

=1
By the composition formula of pseudodifferential operators, we have

1=0(DoD™h
1
=Y =¥ oDID{[o (D]
!
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=@P1+p)@G-1+q9g2+g3+--)+ Z(asjm + 9,p0)(Dx;q—1 + Dx;q—2 + Dyqg—3+ )

j
= 141 + (p1d—2 + pog—1 + ) dp1Dxd-1) + -+, (3.15)
J
SO
a1 =p7"5 g2 =—p; i + Y 01Dy (pr 1. (3.16)
J
By Lemma 3.6, we have some symbols of operators.
Lemma 3.7. The following identities hold:
0—1(Dj_1) = 0—1((D}k)_1) = z|cg(|§2)’ (G=12)
D.
o207 = w TSG) Z ety @I — @) ()], = 1,2
c(§)oo(D)c(§)
72O = =+ ng Z el (e IE1 — e ()], G = 1,2 (3.17)

From the remark above, now we can compute ®; (see formula (3.11) for the definition of ®;). We use tr as shorthand of trace. Since n = 4,
then tr«=p[id] = 16, since the sum is taken over r + [ — k — j — |o| = —3, r < —1, I < —1, we have the following five cases:

casel))r=—-1,1=-1,k=j=0, || =1.

By (3.11), we get

+o00
case 1) I) = —/ / 3 ol o1 (D) x 93, 0-1 (D ) (x0)dEo (8)dx . (3.18)
§/1=1 o
By Lemma 3.3, for i < n, then
iC(S)) 10y, [c()](x0)  ic(§)dx, (1] (x0)
(S — _ =0, 3.19
( g ) o BE GE G19)
so case 1) I) vanishes.
case)I)r=—-1,l=—-1,k=|a|=0,j=1.
By (3.11), we get
+o00
case 1) II) = —% / / tr[axnng;a_l(D;l) x 92 o1 (D} )](x0)déno (§')dx'. (3.20)
§'l=1J—o00

By Lemma 3.7, we have

’ 2
3 0 Oy e0) = 1.(_ 6snc<dx|ns>lj 2(8) Si"gi(f)) | 1)
. 7 . 121,
8y, 01 (D5 1) (x0) = 18xnc|§|2)(x0) _ lc(€)||$$|l4h (0). (3.22)
By (2.16), (2.17) and the Cauchy integral formula we have
+ [@] o)l = [c@ ) +snc(dxn)}
o [ Jet ] VOIS T T | T a1 g2
1 i C(S/))'tgnc(dxn) 5
N P | A D2Gativ—nn)
= 2nihmu_}0 A+ (nn — 1)2 d’?n
(i +2)c(&) + ic(dxn) (3.23)
4(&, — 1)2
Similarly, we have
0, c(&' Ox
ﬂg: [1 r;(;;’ ):| (x0) /1ot = ,12[(65 i]E;CO)' (3.24)
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then
A, [c(6)1(x0)
2. —i)
By the relation of the Clifford action and trAB = trBA, we have the equalities:
tr{c(€")c(dxy)] = 05 trlc(dxn)*] = —16; tr[c(E")*1(x0)|g/j=1 = —16;
tr[dy, c(§)e(dxn)] = 05 tr[dx,c(E)c(EN](x0)|jg=1 = —8H'(0); tr[c(e;)c(ej)c(er)c(en] = 0(i # j).
By (3.26) and a direct computation, we have
(i&n + 2)c(§) + ic(dxn) y (6$n6(dxn) +2cE)  8&7[c(€) +c§n6(dxn)]>](x0)| )
46, — )2 (1+£2)2 (1+&2) =
—2if; —&p +i
En— D En+ 1)

ﬂgaxnﬂ—l(Dz_l)l\s’\ﬂ =

+ ih/(O) |:(i$n + 2)6(5/) + ic(dxn)] .

4, — i)?

H (0)tr |:

—16H'(0)

Similarly, we have

. [(% [c§ ’)](xo)> <6$nc(dxn) +2c(&)  8EZ[c(E) + Enc(dxn)]
—itr X _
2(5, — i) (14&2)? (1+&2)3

382 -1

)] (x0)jg7j=1 = —8ik'(0)

Then

T 4k (0) (&, — i)?
DI = — "~ dt, o dx’
case DI = /sw 1/ & = e, + oo E)x

1
= —4i' (0)Q / —d&,dX
Pre G — 026 + 0
1
= —4ih (0)Q327i[ ————]'|¢,—idx’
O27i 5Tl
3
= —Eﬂh’(0)93dx’,
where Q3 is the canonical volume of S3.
case)II)r=—1,I=—1,j=|a| =0, k=1.
By (3.11), we get
+o00
case 1) ) = — = / tr[dg, o1 (D} 1) X B, 0,01 (D7 )1(x0)dE0 ().
|E7]=1 [e'S]

By Lemma 3.7, we have

agnaxng_l(D1—1)(x0)||§/|:1 — —il(0) [C(dxf) 4, &)+ %‘ZC(dxn)] _ 2$niaxnc(f )(XO);
t3 t3 €]
(&) + ic(dxy)

agﬂﬂ;};o'_](Dz_l)(xo)hs/l:l = — 2(5 1)2
n—

Similar to case 1) II), we have

(&) +icldxy) ., |:C(dxn) &)+ SnC(dxn)“ , i—3&,
140 — 4¢, =80W(00)———FFF——
tr{ 2=z MO T m % BR O & e, i
and
[C(S’) + ic(dxy) 2$ni3xn6($’)(xO)] —8il/(0)&,
tr X = .
2(&, —i)? |E]4 (En — DH(E +1)?
So we have

T (0)4(i — 3,) o / /+°° I (0)4i, .
1) III) = — " dE, dx — ————d§, d
case 1M = /g\ 1/ =i+ i I | ) G G, i T )

2mi 4(i — 3&,) 2wi 4iE,
= —H(0)Q—[—" 13|, _idx hogz_i@) _id
O ST 1 it + W 02 5T 1 i

3
= Enh’(0)93dx.

(En — D*(En + D

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)
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case2)r=—-2,l=—-1, k=j=|a|=0.
By (3.11), we get
+00
case2) = —i / / trl o5 (Dy") x Bg,0-1(Dy H)](x0)dno (8. (3.35)
£1=1J—c0
By Lemma 3.7, we have

D
AL | <), [N o) € — cEH O Ryl (3.36)

0_2(D3 ) (x0) =

HE HE
where
1 1
o0(D2)(x0) = D wgilen) (xo)clen)E(es)eler) — 1 D wilen) (xo)eene(es)clen) + Al(v). (3.37)
S,ti St
Write
1 1
Axo) = ) wse(en) (o)c(enEles)elen); Blxo) = = Y se(ei) (o)elepcles)e(er)). (3.38)
St KN
Then
_ c(§)A(xo)c(§) c(§) 1) (x0))<(€)
a2 0: ol =[S e [ e
L[ EE)B)e(E) + c(§)eldxn)dy, [e(EN1x0) - c(E)e(dxn)c(§)
+| ENTE HO= e | (339)

By direct calculations, we have

+[C($)A(XO)C(€)] +|:C($/)A(x0)c(g/):|+ngn.|:gnc($/)A(xO)C(dxn):|+ +[€n6(dxn)A(xo)C(€’)]+ +[€§C(dxn)A(xo)C(dxn)]

Te, Te, Te,

= T,

1+&H? 1+&H? (1+£2)2 (11622 A +e)?
__EHACEN R+ i) | iAo | icdx)AG)CE) | —ifnc(din)AGxo)e(dxy)
o 4 — 2 TTaE 0 T e 1E, — )2 : (3.40)
Since
n—1
c(dxn)A(xy) = —ih’(O) Zc(ei)i(ei)c(en)i(e,,), (3.41)

i=1

by the relation of the Clifford action and trAB = trBA, we have the equalities:

tr[c(e;)c(ei)c(en)c(en)] = 0 (i < n); tr[Ac(dx,)] = 0; tr[c(§')c(dx,)] = 0; (3.42)
Since
_ [ e(dxy) 25715(5/) + 2§3C(dxn)
dg,0-1(D; ") = 0g,q-1(x0)|jg7j=1 = i [1 Te 118 ] . (3.43)

By (3.40), (3.42) and (3.43), we have

+[C($)A(XO)C(S)

tr(me, A+ e tr[c(§)A(x0)] +

] X 35,,0—1(D1_1)(x0)]|\5’\=1 = trc(dx,)A(xo)]

i
201 + &2

tr[c(§))A(xp)]. (3.44)

1
21+ €272
_ 1
T 2(1482)2
We note thati < n, f|s/|=1{gi1 & &y Jo (§') = 0, so tr[c(§")A(x0)] has no contribution for computing case 2).

By direct calculations, we have

+T€E)B(x0)c(§) + c(§)c(dxn)dy, [c(E")](x0)
nén[ 2)2
1+&

c(§)c(dxn)c(§)
(1+&0)°

] — h’(O)ng;[ ] =P, — Py, (3.45)

where

G et i&n)e(§")b (x0)c(€") + i6nc(dxn) b (x0)c(dxn)

+2 + i&n)c (") c(dxn)dx, (&) + ic(dxn) b (x0)c(E") + ic(E")bg (x0)c(dxn) — idy, ()] (3.46)

P =
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and

h’(O)[ c(dxn) c(dx) —ic(§") | 3& —
p, =

2 |4 —D) | 8. -0 8- )3[ (5)_6%”]

By (3.43) and (3.46), we have

_ —6iH'©) ., - & — iy —2
wlPy X 8,01 (O] Dl = gy + 2H O s,
By (3.43) and (3.47), we have
_ oy TR —En 4
tr[P2 X aé:n()'_l(Dl 1)]“5":1 = éh (O)Wtr[ld]

o —iE2 — &, +4i
=8O e

By (3.48) and (3.49), we have

8[—3H (0)1(5n — i) + il (0)

GG, i B

+00
i / f tr[(Py — P2) X 9,01 (D} )(x0)dEq0 ()dx' = — Qs f
E'N=1J—-o0 r+

9
= Enh’(O)Qyix’.

Similar to (3.44), we have

c(®)Iv)(xo)e(§) ]

tr[ﬂén[)“Z 118 35n0—1(Dl)_l)(xo)]||s'\=1

1 , i
= mtr[kzc(g M) (x0)] + mtr[kzc(dxn)l(v)(xo)].

By the relation of the Clifford action and trAB = trBA, we have the equalities:
trlc(dxa)I(v)] = 8(v, dxn); trlc(ENIW)] = 8(v,&");
By (3.51) and (3.52), we have

—1/“ 1/+Oot[ 77 Azcﬁ)f(;)))z‘:@)] % 8,01 (D7 D](x0)déno (6")dx = 2037 (v, dxy) 23X’
By (3.44), (3.50) and (3.53), we have
case2) = Bnh’(O) + 2Xom (v, dxn)i| Q3dx’.
case3)r=—1,1= 2, k=j=|a| = 0.
By (3.11), we get
case 3) = —i /g . / " el 1(D5 1) x 8,02 D k0 e (€)d.

By (2.16) and Lemma 3.7, we have
_ (&") + ic(dxy)
7o (D7) ey = o2 18
A TR
By (3.36), (3.37) and (3.38), we have

c(®)[Axo) + B(xo) + (MI()(x0)]ec(§) | (&)

3,02 (Dy ) (x0) | grj=1 = 3&1{ H 1§10

A B
=3&{% % () [Bs, [€(8)](x0) £ —c(&)h’(o)]}+35n%
+)L185nc($)(l(ﬁ_%.

By direct calculation, we have
COAIE)  cldx)A)eE)  cE)A)c(dey)  AencE)AGD)E)
T T LT .
(OUNEAE) _ cdn)(ME)®) | U )edn) o) 10)0))elE)
T = HE * HE BE

+ 222 c(dx %) [0, (8] (x0) I§1* — C(S)h’(O)]}

(3.47)

(3.48)

(3.49)

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)

(3.57)

(3.58)

(3.59)
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Write
c(§)B(xg)c(§) | c(§)

Py = — s c(dxn) (3, [¢(E)](x0) [E 1> — c(&)H (0)],

then

1
d,(P3) = ey [(2&1 — 2£)c(dxn)Be(dxy) + (1 — 3&2)c(dxy)Be(E')

(1+&;
+(1 — 35)c(§")Be(dxy) — 46,¢(€")Be(E) + (357 — 1)y, c(§)

—A4Enc(&")c(dxn)dx, (") + 21 (0)c(E") + 2h’(0)§n6(dxn)]

s c(E)e(dxn)e(§)
1680 (O)W. (3.60)
By (3.56) and (3.58), we have
A
tr[ng;a_l(Dz_l) X 85,1%](960”\5’\:1
~1 ) i
S E—hE+i® tr[c(§")A(xo0)] + E hET tre(dx,)A(xo)]. (3.61)
By (3.42), we have
_ c(§)Ac§) -1 ,
tr[ﬂ;U—l(Dz " x 8SnT](x0)||s/l=l = mtr[c(é‘ )A(x0)]. (3.62)
We note that i < n, f|s’|=1{§i1$iz o (&) = 0,50 tr[c(§')A(xo)] has no contribution for computing case 3).
By (3.56) and (3.60), we have
4 . o 1210 (0)(i&2 + &, — 2i) 48K/ (0)ig,
trlmg o_1(D5 ) X 9, (P3)](x0)|jg71=1 = E—)E ] E—DE T+ (3.63)
then
: 12K/ (0) (i, + & — 2i) 48H'(0)i&, b9 /
—iQ2 = —= Q . .
i3 /m | I T i)4]d$ ' =~ (0)Qsdx (3.64)
By (3.56) and (3.59), we have
Ml
tr[n;a_l(Dz_l) X 85,,%](%”\5’\:1
~1 ) i
= EIeT ) tr[c(EN(A11(v) (x0)] + E hET trle(dx,) (A 1(v)) (x0)]. (3.65)
By (3.52), we have
+00
i / / et 1Dy x 8, CECUOE) 1 e o e
1&/|=1 €]
+o0 i
= —i /‘é_ . / e e ) 0 + iele(E ) 010 o)) o ¢ e
= [l (1)) + itrle(€) G 10 (o)1 [ 20’
= =27 A1 (v, dx,) Q3dx . (3.66)
So we have
case 3) = [ — gnh’(o) — 207 (v, dxn)]93dx’. (3.67)

Since @ is the sum of the cases 1), 2) and 3), ®; = 2(Ay — A1)7w (v, dx,,) Q23dx’ .

Theorem 3.8. Let M be a 4-dimensional oriented compact manifold with the boundary 0M and the metric g™ as above, D; (i = 1,2) be
statistical de Rham Hodge Operators on M, then

Wres[7+ Dy ot D7) = 32712/

4
( — =5 — 4003 + A§)|v|2)dVolM
AEE

+/ 2(hy — AT (v, dx, ) Q3dx, (3.68)
aM

where s is the scalar curvature.



266 S. Wei and Y. Wang / Journal of Nonlinear Mathematical Physics 28(2) 254-275
LetD=d+ 8+ 1(v), D" =d+ 6§+ e(v*).
Corollary 3.9. For 4-dimensional oriented compact manifold M with the boundary dM, when A1 = Ay = 1, we get
— 4
Wres[tr "D lox ™D = 3272'2/ (— gs — 8|v|2>dVolM,
M

where s is the scalar curvature.

On the other hand, we also prove the Kastler-Kalau-Walze type theorem for 4-dimensional manifolds with boundary associated with

(D¥)?* (i = 1,2). By (3.3) and (3.4), we will compute

m[ﬂ+(DT)_l ot (DH ] :/ /g| traceA*T*M[0_4((D’§DT)_1)]U(S)dx—I—/BM d,,
=1

where
+00 OO l)|ot\+]+k+1 a] vkt o /
o t * T 0g,0 D¥)™ L0,
1 /sx 1/ a'(]+k+1)' x tracensrp [, 9 9,0, (D)™ )(x, 0,67, €n)
Xf’%%ﬁlf’,’;az<<Dz‘>—l><x’,o,s’,snndgna(gf)dxg
and the sum is taken overr + 11—k —j — |a| = =3, r < —1,1 < —1.

Locally we can use Theorem 2.2 (2.43) to compute the interior of V/V;_e/s[nﬂDT)_l ot (D)7, we have

/ / tracepspep[o_g(DED}) ™ H]o (§)dx = 32712/ (— gs — 43 + )|V )dVolM.
[§1=1 M

(3.69)

(3.70)

(3.71)

So we only need to compute |, o P2. From the remark above, now we can compute ®; (see formula (3.70) for the definition of ®;). We use
tr as shorthand of trace. Since n = 4, then trx+7+p[id] = 16, since the sum is takenoverr + 1 — k —j — |a| = =3, r < —1,1 < —1, then

we have the following five cases:
casea))r=—-1,1=—-1,k=j=0, |¢| =1.

By (3.70), we get

+o00
casea) 1) = — /5‘ 1 / S % oo (D)) x 0%, 0-1((D3) ™)) (x0) o (6')d.

la|=1

casea) l)r=—1,1=—-1, k=|a|=0,j=1.
By (3.70), we get
1 +o0
casea) Il) = —~ / / tr[d, o1 (D)) ™1 x 92 01 ((D3)™H)](x0)dEno (§')dx .
|&"]=1 J—o0

casea)lll)r=—1,1=-1,j=|a|=0, k=1

By (3.70), we get

+o0
casea) I1l) = —= / tr[dg, 75 o1 ((DF) ™) x g, 0,01 ((D3) )] (x0)dEno (€)dx'.

1€1=1
By Lemma 3.7, we have a_l(Di_l) = 0_1((D;‘)_1) (i =1,2). By (3.19)-(3.34), so case a) vanishes.

caseb)r=-2,1=—-1, k=j=|a| =0.

By (3.70), we get
+00
caseb) = —i /m_l / tlr o2 (D ™1) X 8,01 ((D3) ™) (x0)dor (614

By Lemma 3.7, we have a_l(Di_l) = 0_1((D?‘)_1) (i=1,2)and

D*
AL el [ € N0 € = oW O ]

a2((DH) " H(x0) =

(3.72)

(3.73)

(3.74)

(3.75)

(3.76)
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where 09(D})(x0) = A(xp) + B(xg) + A16(v*). Then
c(§)Axo)c(§) ] n 7T+|:C($)()‘«15(V*)(x0))c($) ]

w2 (D) oD leir = 7

(1+&2)7 o (1+827
+[€E)B(o)c(§) + c(§)c(dxn) O, [c(ENI(x0) —, c(§)c(dxn)c(§)
| R WO e | (377)
By (3.40)-(3.50), we have
9 ., e +oo (&) (M e(v*)(x0))c(§)
caseb) = ET[I’I (0)Q23dx — I/IE’|=1 /_Oo trace[n;[ (11 +$3)3 ]
X 0,01 ((D3) )] (x0)dEno (8. (3.78)
Similar to (3.51), we have
c(&)(A1e(v*)(x0))c(§) -
wlr | S ] X o (DD e
1 4 k l k
= WUU@ YA1e(v)(x0)] + Wtr[c(dxn))qs(v ) (x0)]. (3.79)
By the relation of the Clifford action and trAB = trBA, we have the equalities:
)
trc(dx,)e(v)] = —8(v", o trlc(§)e(v")] = —8(v*,g(€',-)); (3.80)
By (3.79) and (3.80), we have
—+00 *
) L[c@E)re(*)c(§) -1 Nt . 0 )
_l/|s’|=1 /_OO tr[nEH[W] x 01 (D3 D10 dEn0 6V = 2 (v, 7o) Qs (3.81)
By (3.78) and (3.81), we have
caseb) = [gnh’(O) — 20 (v, 4 VIQ3dx. (3.82)
2 0xp,
casec)r=—1,1=-2, k=j=|a| =0.
By (3.70), we get
+o00
case ¢) = —i / / trl o1 (DY) ™) x 0k,02((D3) ™) 1(x0)dEpo (€)dx'. (3.83)
lg'1=1 J—00
By Lemma 3.7, we have cr_l(Di_l) =0 ((D:‘)_l) (i = 1,2). Similar to (3.57), we have
A B rae(v*
86,0_2((D5) ™)) (x0) /11 = 8%_n{c(é)[ (x0) + (xo)|;|-4( 26(V*) (x0))]c(&) n Té%ddxn)[axn[dé/)](xo)lé|2 _ c(g)h’(O)]}
A B
= o, { ENABIE) é’ji)]c(g) + T%c(dxn)[axn [0 E 1 — C(S)h’(O)]} + g, SE20)E) é"'i)c(g)
+a, C(E)(AzS(é*li(xo))C(é) . (3.84)
By (3.58)-(3.65), we have
9 ., ) +oo - (&) (A26(v*))c(§) g
case c) = —Enh 0) — 1/‘5/‘21 /_Oo tr[n;a_l((Dl) 1y x 3€n(‘5$2|2—|1;€§)](x0)d$n0(5 Ydx'. (3.85)
Similar to (3.66), we have
+00 *
i /|s | | uiro@n x asn%]m)dsna@’)dx’
'I=1J—00
+00 ;
= —i /M:l /| e e Gas D )] el ) G (7)) )] o €
= =7 [tletdn) G ()] + itrle() (e () (x0)) [ e
= 2hm (V¥, 4 YQ3dx. (3.86)

d9x;,
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So, we have
9 w 0 /
casec) = [ — —h' (0) 4+ 21,7 (v¥, —)]Q3dx. (3.87)
2 0xy,

Since ®, is the sum of the cases a), b) and ¢), so ®, = 2(A, — A7 (v, b 0 \Qsdx’.

Theorem 3.10. Let M be a 4-dimensional oriented compact manifold with the boundary dM and the metric gM as above, D¥ (i = 1,2) be
statistical de Rham Hodge Operators on M, then

Wres[z* (D)) ot (D) 1] = 32n2/

4
(— —s —4(A3 + 23| )dVolM
M 3

d
+/ 2(hy — A7 (V¥ —)Q3dx/, (3.88)
oM ax,

n

where s is the scalar curvature.

Corollary 3.11. For 4-dimensional oriented compact manifold M with the boundary OM, when L1 = A, = 1, we get
— 4
Wres[z T (D*) Lo (DH 7] = 32712/ (— 55 - 8|v*|2>dVolM,
M
where s is the scalar curvature.

Next, we prove the Kastler-Kalau-Walze type theorem for 4-dimensional manifolds with boundary associated with D} D;. By (3.3) and (3.4),
we will compute

Wreslr* D7 o (D)1 = / / trace o e alo_a(DED) V)]0 (§)dx + / ®s, (3.89)
M Jig|=1 oM
where
+oo O (—i)leltithtl ) N o )
t *T* a /a Dy )0> >
/5| 1/ Z Za‘(}—i—k—i—l)‘ x tracenseuld, 0 O, (D) 0.5 8)
1 _
xa%al" 3,';01((D§) )¢, 0,8, &) dEq0 ()’ (3.90)
and the sum is takenoverr + 1 —k —j— |o| = =3, r < -1, I < —1.
Locally we can use Theorem 2.2 (2.44) to compute the interior ofWr\e/s[ﬂ‘*Dl_1 o 7'[+(D;‘)_1], we have

f fm trace < p[o_s(D3D1) ™o (§)dx
=1

4 1
= 3277 /M [ -3 2003 + A3 — 4 a)v? + Enr[xzve?”(@(v*))c(ej) - Alc(ej)ng(l(v))]]dVolM. (3.91)

So we only need to compute |, ap P3- From the remark above, now we can compute @3 (see formula (3.89) for the definition of ®3). We use
tr as shorthand of trace. Since n = 4, then trx+7+p[id] = 16, since the sum is takenoverr + 1 — k —j — |¢| = =3, r < —1, | < —1, then
we have the following five cases:

casea))r=—-1,1=—-1,k=j=0, |¢| =1.

By (3.89), we get

+00
casea) ) = — /E _ 1/ Z tr[8§,ﬂé o_1(D} 1y x 3"‘ 9s,0_1((D3)~ )](xo)déna(é )dx'. (3.92)

lor|=1
casea)l)r=—1,1=—-1, k=|a|=0,j=1.
By (3.89), we get

+o00
casea) I = — /m 1 / trl3h, 701 (DY) x 92,01 (D3) )] (o) dno (611 (3.93)

casea)lll)r=—-1,I=-1,j=|a|=0, k=1.
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By (3.89), we get

+00
casea) III) = —= / tr[agnng;a_l((Dl_l)) x O, 3y, 0_1((D3)™H1(x0)dEno (£))dx'.

1€'1=1
By Lemma 3.7, we have 0_1(Di_ ) =o0_1((Df)~ h(i=12). By (3.19)-(3.34), so case a) vanishes.

caseb)r=-2,1=—-1, k=j=|a| =0.

By (3.89), we get

+o0
caseb) = —i/ / tr[n;;a_z(Dl_l) x 35, 0_1((D3) " H(x0)dEno (£")dx .
|§'|=1 J—o00

By Lemma 3.7, we have a_l(Di_l) = 0_1((D;‘)_1) (i=1,2). By (3.35)-(3.54), we have
9
caseb) = [Enh’(O) + 207 (dx,, v)1Q23dx .
casec)r=—1,1=-2, k=j=|a| =0.

By (3.70), we get

+00
case c) = —i/ / tr[ng;a_l(Dl_l) x 35, 0_2((D3) " (x0)dEno (8"dx .
=1 J o0

By Lemma 3.7, we have a_l(Di_l) = 0_1((D;‘)_1) (i=1,2). By (3.83)-(3.87), we have
9 Bl
casec) = [ — Zh (0) + 2h,m (V¥ —)]Q3dx’.
2 Xy

Since @3 is the sum of the cases a), b) and c), so ®3 = 2(A1 + A2) 7 (dxy, v)Q3dx.

269

(3.94)

(3.95)

(3.96)

(3.97)

(3.98)

Theorem 3.12. Let M be a 4-dimensional oriented compact manifold with the boundary IM and the metric gM as above, D; and D (i = 1,2)

be statistical de Rham Hodge Operators on M, then

— 4 1
Wres[z D! o 7 T(D5) 7! = 32n2/ [ -3 203 03 —an ) v + Etr[xzv;fM(s(v*))c(ej)
M

—Mc(e,-)ng(l(v))]}dVolM + [ 200+ a2 s,
oM

where s is the scalar curvature.

Corollary 3.13. For a 4-dimensional oriented compact manifold M with the boundary M, when .} = Ly = 1, we get

Wres[z "D~ ot (D") 1] = 32n2/ [ - gs + 4> + %tr[ng(é‘(V*))C(ej) - c(ej)ng(l(v))]]dVolM
M

+ / 47 (dxy, v)Q3dxX/,
oM

where s is the scalar curvature.

4. A KASTLER-KALAU-WALZE TYPE THEOREM FOR 6-DIMENSIONAL
MANIFOLDS WITH BOUNDARY

(3.99)

In this section, we prove the Kastler-Kalau-Walze type theorems for 6-dimensional manifolds with boundary. An application of (2.1.4) in [17]

shows that
Wres[x Dy o v+ (D3D DY)~ 1]—// traceA*T*M[a_4((Dle)—Z)]a(s)dx+/ W,
[&1=1 oM
where
+oo OO l)la‘+]+k+1 aj k _+ 1IN/ /
t T 9g0 Dy ,0,&7,
/S‘ 1/ a'(]+k+1)'xrace/\TM[xng e,0r (D1 )(x,0,8,8,)

xa“ad“ak Uz((DleDz) N, 0,E, &) 1dEno (E')dx

and the sum is takenoverr +¢ —k—j— |a| — 1= —6, r < —1,£ < —3.

(4.1)

(4.2)
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Locally we can use Theorem 2.2 (2.44) to compute the interior term of (4.1), we have

/ / trace e mlo—a (D3D1) )]0 (&)dx
M Jg|=1

= 1287° / [ - 13—65 — 8\ + A3 — 8MA)[vE + %tr[AZVgM(s(V*))c(ej) - Alc(ej)ng(l(v))]]dVolM. (4.3)
M

So we only need to compute [;, W. Let us now turn to compute the specification of D3 D Dj.

n

D;D\D = Y c(ei)es dxr) (—gT0,0:0)) + Y clei)(ess dxl){ — (3730 — g7 (4(0,- + ai)d; — zrgak)az}

Then, we obtain

i=1 i=1
n
+> cleer dxl){ — 201" (01 + a)d; + g7 (AT ok — 287 1(B109) + (31a)19; + (drg") Tk

i=1

+3 [al(c(ej))\ze(v*) n All(v)c(ej))] x (e dx ) + 3 (c(ej)xze(v*) + )\ll(v)c(ej)) [a,(ej, dxk)]ak}
Jjk Jjk

1+ a) + 2o (") | (g0 + Y clei) (e ) {2 > (clepraer) + Mlmetep ) x (@ dui) }3lak
i=1 ik
. 1
+[(ai +ap) + Aza(v*)” W [zaiaj + 200, = Tl + (910 + 55+ (01a)
ij
+o0i0; + 0ia; + a,0; + a;a; — Fffjak - Ffjak] + Zgi’j (c(ej)kzs(v*) + All(v)c(ej)>8j
ij
+ Zgi’j[)hll(v)c(ai)di + MIW)e@)a; + c(8)120i(e (V) + c(3))oirre(vF) + C(ai)ai)»28(V*)]
i

1
Fharal(Me(r) = 2 3 Ri,-kzz(eoz(ej)c(ek)c(el)}. (4.4)
ikl

Lemma 4.1. The following identities hold:

Write

02 (DsD1D}) = Y c(dx)di(g)E; + c(€) (0¥ + 4a* — 2DM)& — 2[11c(E)I(v)c(&)

ijil

1
—|EPhe ()] + IEP D wselelelenilesilen) — clepeleelen] + [E*Aze (v);

sl

03(D3D DY) = ic(§)|&|* (4.5)

o (D3D1D3) = p3 + pa + p1 + pos o (D;D1D3) ™) = > g, (4.6)
j=3

By the composition formula of pseudodifferential operators, we have

by (4.7), we have

1 = o((D5D1D}) o (D5D1D5)™)

1 o £ * o £ sy —1
= Z aag [o(D5D1D5)]1DS[(D5D1D5)™ "]
— a!
=p3+p2+p1+p)qs3+qat+tqgs+---)
+ Z(asjps + Og;p2 + 0g;p1 + 0g,p0) (Dx;q—3 + Dxjg—4 + Dyyq—5+ -+ -)
j

= p3qg-3 + (p39—4 + p2g-3 + Z 0g;p3Dxg-3) + -+ » (4.7)
j

a3 =p3" q-a=—p3'[pap3" + ) _ 93Dy (p3 1. (4.8)
j
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By Lemma 4.1, we have some symbols of operators.

Lemma 4.2. The following identities hold:

o5 ((D5DIDY)!) = T;T?;
o1 c§)o2(D3DiDYCE)
o_4((D;D D)) = =22 é'; :
| 58) (181 c(dx)de, c(€) — 21 (O)c(dta)c(§) + 26c(8) e, oE') + 45H 0 ). (49)

In the normal coordinate, g (xg) = 8{ and d; (g"‘ﬁ)(xo) =0,ifj < n 8xj(g"‘5)(xo) = h’(O)rSg, if j = n. So by Lemma A.2 in [15], we have
' (xy) = %h’(O) and I'*(xy) = 0 for k < n. By the definition of §* and Lemma 2.3 in [15], we have §"(xp) = 0 and 8% = %h’(O)c(ek)c(en)
for k < n. By Lemma 4.2, we obtain

6(5)02((D§D1D§)_1)(x0)||5/|=1C(5) c(é) Za (©l) (ic($)>

0_4((D§D1D§)_1)(x0)|\S’\:l = HE |§|4 [y

c(s)( H(©0)c©) Y sxcler)clen) — —h’(o>c<s> 3 deniten) - —h’(O)snc@)

8
|€| k<n k<n
~ THOIEPeday) = 2AEMINEE) — [E A2 (] + 1 e (7)) f€)
ic(§) / /
mg (ISI c(dxn) By, c(€') — 2 (0)c(dxn)c(§) + 26,c(8) Dy, c(§') + 4E,h (0))~ (4.10)
From the remark above, now we can compute ¥ (see formula (4.2) for the definition of W). We use tr as shorthand of trace. Since n = 6,
traxxp[id] = 64. Since the sum is taken over r +¢ —k —j — || — 1 = —6, r < —1,£ < —3, we have the fBM W is the sum of the following

five cases:

case(@)(I)r=—-1,1=-3,j=k=0, |¢| = 1.

By (4.2), we get
+00
case (2) (1) = — /m 1 / > oo (D7) x 0,0 3(DIDIDY ™) | (xo) o € )i (1)
la|=1
By Lemma 4.2, for i < n, we have
0 ((D3D1D}) ) (x0) = 8xi[$](xo) = i0,[e()11& ™ (x0) — 2ic(), 1€ *11E | (x0) = 0. (4.12)
so case (a) (I) vanishes.
case(@)(II)r=—-1,1=-3, |a|=k=0,j=1.
By (4.2), we have
+o00
case (a) (II) = — = / tr[ann;g_l(Dl—l) X 3§n0_3((D§D1D§)—1)](xo)d%‘na(g’)dx’. (4.13)
["1=1J—o00

By Lemma 4.2 and direct calculations, we have

ag o— 3((D2D1D2) )—

2 l 3 _
[(205 —4)c(E) +12(§; én)c(dxn)]. (4.14)

(1+&H*
Since n = 6, tr[—id] = —64. By the relation of the Clifford action and trAB = trBA, then
trle(§")e(dxn)] = 0 trle(dxn)’] = —64; trle(§")*1(x0)ljgrj=1 = —64;
tr[dy, [c(€")]e(dxn)] = 05 tr[dy, c(E")c(E)](x0)ljg/1=1 = —32H'(0). (4.15)
By (3.31), (4.14) and (4.15), we get
1 — 3&,i + 562 + 3ig}

(n — DG +0)* 10

[, 70 1(DTY) x 02 05 ((D3D1D3) )] (o) = 64H'(0) =
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Then we obtain

1 oo —8 — 24,i + 402 + 24iE)
S 0 (&N dx'
case (a) (II) 3 /\5’\:1/— K (0) 5G4 déqo (§')dx

15
= —77'[]’1/(0)94dx/,
where 4 is the canonical volume of $*.
case(@) (Il r=—1,I=-3, |a| =j=0, k=1.

By (4.2), we have

—+00
case (a) (III) = —= / tr[agnn;a_l(pl—l) x g, 8xna_3((D;‘D1D;‘)—1)] (x0)dEpo (EN)dx .

&1=1
By Lemma 4.2 and direct calculations, we have

4iEndy, c(§")(x0) | 12K (0)§c(8") (2 = 10E)H (0)c(dxn)

* =1y _
R = (e N (P S0

Combining (3.31) and (4.19), we have

8i — 32, — 8it?
e[ g, 7501 (D7) X 8, 05,03 ((DEDIDH ™) | ) e = 8h’(0)%.

Then

=320 = 816 4 o (ehav

+00
case @11 = = e 1/ HOG— st

= 7ﬂh’(0)94dx’.
case(b)r=—-1,1=—4, || =j=k=0.
By (4.2), we have

+o0
case (b) = —i/ / tr[n;a_l(pl—l) X 85,10_4((D§D1D§)—1)](xo)déncr(g/)dx/
[€']=1

+o00
= i/gl / tr[dg, 7, o 1(Dy") x 0_4((D3D1D3) ™ H)1(x0)déno (§')dx'.
1J—-00

By (3.31) and (4.23), we have

tr[agnﬂ;Uq(Dl_l) x 0_4(D3D1D}) " 1(x0)ljg7=1

2(5 _ ,)21(1 +£2)4 ( i+2+ (G +4)8 +(—6+ 21)5 + 353 + 5 ) K (0)tr[id]
1

+2(€.— —)2(1 4 £2)4 ( — 1 —3i, — 253 - 4i53 - 5:11 - iSS)tr[C@:/)axnC@/)]
1

i+ €n+ 5 + S)tr[C(S’)E(S’)C(dxn)ﬁ(dxn)]

3c(§)A E(V*)C(é) 2x11(v)
|25|6 B |é|4v ) o=

2 — )P+ 2 (

+tr[7r§na_1(D1_ ) X 8§n<

By direct calculations, we have

3c(E)he (v 21
)
_ 3(4i5, +2)i o 3(4ikn +2)
= & T AT EF tr[A2e(v)e(€)] + 2+ DA e

" 48, 48,1
205, — (A +&2)°3 205, — (14 &2)°

tr[A2e (v¥)e(dx,) ]

tr[Al(w)eEN] + tr[A1l(v)e(dxn) ).

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)
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By the relation of the Clifford action and trAB = trBA, then we have the following equalities:
trle(dxa)I(V)] = 32(dxn, v} tr[c(ENIW)] = 32(8', v);

3
trlc(dx,)e(v¥)] = —32(v%, potl tr[c(§)e(v)] = =32(v*, g(€',));

n

tr[c(e;)c(e;)c(en)c(en)] = 0 (i < n). (4.25)
So
tr[c(§")(E ) e(dx)e(dxy)] = Z tr[&i&jc(ei)c(ej)c(dxy)c(dx,)] = 0. (4.26)
i<nj<n

By (4.25), then we have

00 3424 (34 4i)Ey + (=6 + 20 + 3E] + J&]
T 1 p b € ) )
case (b) = ih'(0) /IE’|=1 /_Oo 64 x TR T dt,0 (8')dx

B OO 14 Bif, + 262 + 4i5) + EL + g '
+ih'(0) /‘é_/‘:l/_m 32 x 26— D201 + D) dén0 (§')dx

. +ee - 3c(§)he(v)c(E)  2M1(v) N,
_1/|5/|:1 /_Oo trI:JT;;O'_l(Dl 1) X 8&‘( |%~|6 — |%_|4 ):I(XO)hf/\:ldS”U(g )dx

Ve h (0)Qudx’ + (401 + 18X (dx,, v) Qudx’. (4.27)

41 195
:(——1——
8 8

case(c)r=—-2,1=-3, || =j=k=0.
By (4.2), we have
400
case (¢) = —i / / tr[n;a_z(Dl—l) x 8§na_3((D§D1D§)_1)](xo)déna(él)dx’. (4.28)
§/1=1 o0

By (3.36) and (3.37), we have

+[C(§)A(xo)6($)] +[C(§)(A11(V)(XO))C(S)]

7t oo (D7 (o)) jgrjmr = 717 e

(1+&2)2 (14 £2)?
L[ CE)B0)e(E) + c(E)e(dxn)dy, [cEN](x0) ,  e(E)e(dxn)e(€)
+| ENTE HO= e | (4.29)
By (3.40), we have
L[COAC)E) T cENAG)EN2 +iEn) | icENAGo)c(dxa) | ic(dxa)AGxo)eE) | —ifnc(dxn)Alxo)c(dxn)
| (1122 = 4, — 1)? T = T s =i 4= *0
By (3.45)-(3.47), we have
L[CE)Bx0)(E) + c(§)c(dxn) s, [cENI(x0) 7, 4 re)e(dxn)c®)]
where
P = 4(;—_02[(2 + i€) (&b (x0)e(§) + i&ne(dxn) b (x0)c(dxy)
+2 + i&n)c(E")c(dxn)dx, (&) + ic(dxn) b (x0)c(E") + ic(E )b (x0)c(dxn) — idy, ()] (4.32)
and
KO [ eldxy) c(dxn) —icE)  3&,—-7i .,
=5 [4:‘(&—:‘) 860 — 07 S(sn—i>3[’c(5)_“(d"””] 39
Similar to (4.30), we have
ﬂ+[c(%’)(l(V)(xo))C($)] _ M E0)eEN@ + &) i) I o)) icldrn) () (x0))c(”)
n (1+£2)2 B 4(&, — i)> 4(&, — )2 4(&, — i)>
— () (1(4) () () (434)
4($n_1)2
On the other hand,
_ A / i(1 — 3£2
te,05(D3D D)) = o) | ML)l (439)

A+8)° ~ a+g)
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By the relation of the Clifford action and trAB = trBA, then we have equalities:
tr[Ac(dx,)] = 0; tr[c(€")c(dx,)] = 0. (4.36)

Then we have

2 — 8ik, — 6&;

= G20 1 g TACED) (437)
[€"]=1 n— :

c(§)Axo)c(§) Ty Ty —
tr[ﬂi(ﬁ) x 8, 0_3((DXDyD%) 1)(x0):||
We note thati < n, f|s’|=1{gi1 & &y Jo(§)) =0, so tr[A(xg)c(£7)] has no contribution for computing case c).
By (4.32) and (4.35), we have

tr[Py x dg,0_3((D3D1D3) ™) (x0)]lj¢7=1

_ 1 / —4i&,c(§') + (i — 3iED)c(dxy)
= trf s [ 2 Ot — THOAE) = 2+ i) el e, (6 + i, T |
34 12ik, + 382
= 8K (0) ——1~ >n_ 438
( )(Sn — &, +0)? (438)
By (4.33) and (4.35), we have
tr[P x dg,0_3((D3D1D3) ™) (x0)]lj¢=1
(WO c(dxn) c(dxp) —ic(g’) ~ 3&, — —4iE,c(E) + (i — 3iE7) c(dxy)
R B Py R ﬁ[@*”w”ﬂ FENSE |
L 4i— 11, — 6i£2 + 382
= 8K (0 4.39
© (En— )2 +1)3 (439
By (4.34) and (4.35), we have
4+ (@AW (x0)]c (&) £y Tk —1
tr[ﬂén< T ) % 5,03 (DD D) )(xo)] "
=2 8if, + 687 —2i + 8&, + 62
= G 0T 52)3'[ (A 1(v) (x0)c(EN)] + 16— AT e tr[Aq c(dxn)I(v) (x0)]. (4.40)
By (4.25), we have
, +°° —71 + 26, + 15i€2
case (¢) = —il’(0) /SI 1/ G, T dé,o (&) dx'
+oo C(S)[MI(V)(xo)]C(S) X o —1 N g
_1/5‘ 1/ |: e, (18 ) X 0g,0-3((D3D1D3) )(xo)]'s/ZId%_nG(g )dx
%)
— —8il(0) x 2”’[ —7 42526?“ 1;15’5" ](5)|5n=i§24dx’ + (97i — 4n)(k1(dxn,v) — in (€, v>)sz4dx’
= I:?ﬂh/(()) + (97i — 47)A; {dxp, v)]Q4dx’. (4.41)

Since ¥ is the sum of the cases a), b) and ¢),

65 — 4107 H (0
= %Sﬁdx’ + (187 Ay + 9N i) (dxy, v) Qudx’.

Theorem 4.3. Let M be a 6-dimensional compact oriented manifold with the boundary IM and the metric gM as above, D; and D¥ (i = 1,2)
be statistical de Rham Hodge Operators on M, then

—~ 16 1
Wres[zt D[ o 7 (D5D, D)7 = 12872 / [ -5 8(AF 4 2% — saa)|v® + Etr[A2V$M(£(V*))c(ej)
M

—Alc(ej)VeT,M(l(v))]]dVolM+ / [ng’
/ aM 8

+ (187 Ay + 9A 7 i) (dip, V) | Qdx, (4.42)

where s is the scalar curvature.
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Corollary 4.4. When A1 = Ay = 1, we get for a 6-dimensional oriented compact manifold M with the boundary 0 M

Wres[z "D™! o n (D*DD*)7!] = 1287° / [ - 13—65 + 48y + %tr[ng (E(W))ele)) — clep VoM (l(v))]:|dVolM
M

— 41k
+f (Wmdﬁ + (187 +97Ti))<dxn’v)94dx/>’
oM

where s is the scalar curvature.
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