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ABSTRACT

The left almost semihyperring (LA) is an algebraic hyperstructure satisfying two axioms, these are the left inverse
hyperoperation and the distributive axiom between multiplication and addition hyperoperation. In this article, the
concept of fuzzy sets is applied to these structures so that we get a new algebraic structure, and it is called fuzzy left
almost semihyperring. We show that the set of all fuzzy subsets in LA-semihyperring is also LA-semihyperring.
Furthermore, the LA-subsemihyperring and hyperideal fuzzy properties and their relationship to the characteristic

function and level set are analyzed.
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1. INTRODUCTION

Mathematics as a universal language for the analysis,
simulation, optimization and control of an industrial
process. Mathematical abstraction is able to provide
solutions to practical problems that stimulate new
findings. The development of technology and
communication in this era grows rapidly and there are
many interconnections between algebra and science
technology and communication, such as cryptography,
algorithmic efficiency analysis, geometric structures,
automata theory, and also in the concept of probability.
Some of these algebraic fields are concepts of algebraic
hyperstructure  that introduced by the French
mathematician, Marty[1] and fuzzy set theory which
were first introduced by Zadeh[2]. Nowdays, Fuzzy set
theory has various applications in areas such as computer
engineering, artificial intelligence, control engineering,
operations research, management science, robots and
many more.

A number of articles have applied fuzzy concepts to
algebraic structures and algebraic hyperstructures.
Rosenfeld[3] applied the fuzzy concept to groups.
Kuroki[4] introduced the idea of fuzy ideal and fuzzy bi-
ideal to semigroups. Leoreanu and Davvaz[5] introduced
fuzzy hyperring. Ahsan et al.[6] discussed fuzzy semiring
and its applications. The fuzzy semihypergroup
introduced by Sen et al.[7]. Dutta et al.[8] introduced the
idea of fuzzy prime and ideal prime in semihyperring.

Kehayopulu[9] discussed fuzzy semihypergroups. The
purpose of this article is to apply the fuzzy concept to a
hyperstructure algebra called "left almost (LA)
semihyperring" that introduced by Nawaz et al.[10] We
define the notion of fuzzy LA-semihyperring and analyze
its relationship to LA-semihyperring and discuss its
hyperideal properties and its relation to t-levels and
characteristic functions.

2. PRELIMINARIES

This research uses literature study in several scientific
books and journals related to algebraic hyperstructures
and the concept of fuzzy sets. We analyze the definitions
and properties of the previous structure to develop the
LA-semihyperring fuzzy structure. Some basic
terminology from the literature on left Almost (LA)
semihyperring and fuzzy sets is presented in this section.

Definition 2.1.[10] Let H be the non-empty set and
P*(H) the set of all non-empty subsets of H. Binary
hyperoperation " @ " is a mapping defined as follows.
@:H X H - P*(H)
(a,b) »® (a,b)=a Db
The structure (H,@) is called hypergroupoid.

Definition 2.2.[10] Let A, B < H are non-empty set and
x € H. The hyperoperation " @ "on A4, B,{x} € P*(H)
is defined as follows.

(i) AGB= UaeA,beB(a ® b)
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(i) ADx=A60 {x}.
(i) x B B={x}PB

Definition 2.3.[10] A hypergroupoid (H,@®) is called
LA-semihyprgroup if for all x,y,z € G satisfies the left
inverted axiom as follows.
xDy)Dz=zDy) Ox
Which means that

U uPz= U v x

ue(xdy) vE(zDY)

Definition 2.4.[10] An algebraic hyperstructure (R,o,*)

is said to be a LA-semihyperring if it is satisfies the

following axioms.

(1) (R,°) is a LA-semihypergroup.

(ii) (R,*) is a LA-semihypergroup with the absorbing
element thatis "0" (0 *x = x = 0 = 0) forevery x €
R.

(iii) The hyperoperation " = " is distributive with respect
to the hyperoperation " o " for all x,y, z € R, that is

(V) x*(yez)=(x*y)e(x+z) and (yez)*x=
(v * x) o (z * x).

Definition 2.5.[10] Let R be an LA-hypersemiring. An

element e € R is called

(i) Left identity (resp., pure left identity) if for all x €
R,x €Eexx(resp., x =eox)

(ii) Right identity (resp., pure right identity) if for all x €
R,x Exxe(resp.,x =xoe)

(iii) ldentity (resp., pure identity) if forall x € R, x € e *
xNxx*e(resp,x =eoxNxx*e)

3. FUZZY LA SEMIHYPERRING

This section present the definition and some basic
properties of fuzzy LA-semihyperring and its hyperideal

Definition 3.1. Let (R,®,®) be an LA-semihyperring.
A fuzzy subset f of R is a function that defined as follow.
f:R—[01]

Definition 3.2. Let F(R) be a set of all fuzzy subset on
LA-semihyperring (R,8,©). Hyperoperation " + " and
"o " on F(R) are defined as follows.

FOrg@3,
F+9) = {xe(\yéz)

and

xXEYDz

0, x¢yDz

feg)x) = {"E(E?\l/yiOzi) {/1\f(yt') A g(Zi)}. xey®dz

forevery f,g € F(R) and x,y,z € R.

Theorem 3.3. If (R,®,©) is an LA-semihyperring then
(F(R), +,°) is an LA-semihyperring.

Proof. Let f,g,h € F(R) and x € R suchthat x € y o z
for some y o z then

[(f +9) +h](x) =0 =[(h+g) + f1(x).
Let x € y @ z then

0, xgyDz
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[(F+9+1@ = \[ U +90) Ahe)

x€EyPz

\V { \V {f(a)/\g(b)}/\h(Z)}
xey®z \ yea®b

{f@ng) Ahr(2)}
x€(a®b)Dz

{f@ngd) Ahr(2)}
x€(a®b)Dz

{h(2) A g(D) A f(a)}
x€(zBb)Da

{h(2) Ag(b) A f(a)}
x€(z®b)Da

{ \/ #@rgm) /\f(a)}
xep@a \pe(zda)

= \/ G+ 9@ Af@)

xep®a

= [(h+ g) + f1(0).
Therefore, (F(R), +) is an LA-hypersemigroup. Let x ¢
X1y © z; then

[(feg)ehl(x) =0=[(heg)efl(x).

Letx € X1, v; © z then

[ 2 9) © 1) = [ AN h(zi)}
x€XL,yiOz \ 1

\/ {/\{ \/ {/\f(ai)Ag(bi)}Ah<zi)}}

xeX yi0z; \ 1 \yieXl,a;0b; \ 1

n

/\[/n\ﬂai) Ag(bi)]m(za}

x€X, (2, ai0by)Oz; [ 1

n

A [ /n\f(ai) A g(bl-)] A h(zi)}
1

x€X, (B, aiobi)ofli[ 1

J\(r@) A g®) A

x€XL,(a;0b)0Oz;

J\(r@) A ) an)

x€XL,(a;0b)0Oz;

J\(az) A g) A f@)
1

x€XT,(2z;0b)Ob;

/\(h(zi) Ag(b)) Af(ay)

[/n\ [/n\ h(z) A g(bi)} A f(ai)]
x€X (B, 2;0b;)Oa; © 1 1

VALV [Asonsefssol]
xeX piOa; \ 1 \yi€X,z0a; \ 1

o 9w /\f(ai)} = [(ho9) * F1C0).

xez;‘:lmoai[ 1
Now, we will prove that " + " distributive to " o ".

[f (g + WCo) = N\Coon+ h)(zi))}

xez?=1yiOZi[ 1

-V {/n\{f(yi)/\ \/{g(a)Ah(b)}}}
x€XL, yi0z;

1 zi€a®b

x€XL,(2;0b)Ob;
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[ J\fooA @@ h(b)}
x€XL,yiO(a®b) \ 1
{/\(f(yi) A g(a))} A {/\(f(yi) A h(b))]}

*€(EL,¥iOa)B (I, yiOb) { 1
{/\(f(yi) Ag(a))} A I NG h(b))]}
qeiiL, yiOb ¢ 1

xEpBq {pEEE‘_l yiQal 1

= \/ {(Fo@A )@} =9+ (f°h)]X).
xep®q

With analog way to prove right distributive. F(R) is
left inverted and distributive such that (F(R), +,°) is an
LA-semihyperring.o

Theorem 3.4. If (F(R),+,°) is an LA-semihyperring
then the medial law is hold in F(R).

Proof. Straightforward

Theorem 3.5. If (R,8,0) is an LA-semihyperring with
a pure left identity then the following axioms are hold.
(i) (feg)o(hek)=(keh)o(gef)

(i) fe(geh)=go(feoh).

Forany f,g,h, k € F(R).

Proof. Striaghtforward.

Theorem 3.6. An LA-semihyperring F(R) is a
semihyperring if only if fo(goh) = (hog) o f forall
f,9,h, € F(R).

Proof. Straightforward.

Theorem 3.7. An LA-semihyperring F(R) is a
commutative semihyperring if only if (fog)oh=fo
(heog).

Proof. Straightforward.

Definition 3.8. Let (R,8®,) be an LA-semihyperring.
A fuzzy subset f is a fuzzy LA-subsemihyperring of R if
the following axioms are hold.

() Azexgy f(2) = min{f (x), f ()}

(i) Azexoyf(2) = min{f (x), f(}

Forall x,y,z € R.

Definition 3.9. Let (R,&8,©) be an LA-semihyperring.
A fuzzy subset f is hyperideal of R if the following
axioms are hold.

() Azexey f(2) = min{f (x), f ()}

(i) Azexoy f(2) = {f (¥)} (left hyperideal)

(iii) Azexoy f(2) = {f (x)} (right hyperideal)

(iV) Asexoy £ (2) = max{f (x), f ()} (hyperideal).
Forall x,y,z€R

An LA-semihyperring R can be considered a fuzzy
subset of itself notated as R and defined as follows.
R:R+— [0,1]
tx— R(x)=1
Lemma 3.10. If (R,®,®) be an LA-semihyperring with
a pure left identity then Ro R = R.

Proof. Let x € R and e be a pure left identity in R such
that x € e ©® x. Thus,

Advancesin Social Science, Education and Humanities Research, volume 550

RoR)() = [\ R A f(bi)}}

xEZ?zlaiObi[ 1
> R(e) AR(x) =1 = R(x).

Theorem 3.11. Let f be a fuzzy subset of an LA-

semihyperring R the the following statements are true.

(i) A fuzzy subset f is a fuzzy LA-subsemihyperring R
ifonlyiff+fc fandfof Cf.

(i) A fuzzy subset f is a fuzzy left hyperideal of LA-
semihyperring R ifonlyif f + f € fandRo f C f.

(iii) A fuzzy subset f is a fuzzy right hyperideal of LA-
semihyperring R ifonlyif f + f S fandfo R C f.

Proof. Let f and R be subset fuzzy of an LA-
semihyperring R.
(i) let f be a fuzzy LA-subsemihyperring R.

F+p@ =\ v@rrons< \/ reen=ra
xeadb xeadb

and

(o N = [ [\ r@n f(bi)}
x€XL,a;Ob; \ 1

<

[ Nr@o bi))} )
x€XL, a;0b; \ 1

Conversely,Let f + f S fand fo f C f.
N\ oz \o+no=¢+paen

zex@y zex®@y
=/ r@nrrmzr@are
ze(x®@y)e(a®b)
It means
/\ £@ = min{r, £,
zex®@y
Next,
N\r@z= \tep@=¢enaon
zexQy zexQy n
- { M@ Af(bl-)]
z€(xQY)EXLa;Ob; \ 1
= fAf)
It means
/\ @ = min(rG,r ).
zexQy
(ii) Let f be afuzzy left hyperideal of LA-semihyperring
R and x € R.

Ro)(2) = [\R@) A f(bi)}]

zeX, fliObt{ 1

-V {/H\{Mf(bi)}}: \/ {/n\{f(bi)}]
z€Y, a;0b; \ 1 z€Y, a;0b; \ 1

IA

/\r@o b»}} = f@)

zeZ?luiObi[ 1

Conversely, let R o f € f then

N\ r@z \ ®nm=®-peon

zexQy zexQy

N\ ®@)Af)

ze(xQY)ELL, aiObi[ 1 }
ZROINfO) =1Af) = fO).
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It means that f a fuzzy hyperideal of R. With analog
way to prove (iii).

Theorem 3.12. Let (R,®,® ) be an LA-semihyperring
with pure left identity. If f,g € F(R) are fuzzy LA-
subsemihyperring of R then fog is fuzzy LA-
subsemihyperring of R.

Proof. Firstly, We will prove that (f o g)(x) A(f o
9)()’) < /\ze(xoy)(f ° g)(Z)

(feg))A (f°g)(y)

/\f(a ) A g(b) ] l f(cl) A g, )}]
XEXI, Ci Od 1

XEXT,a;Ob; 1
[\ @ ngtbn /\f(ci) A g(di)}
1

x€XL, a;Ob; x€XTL, ¢;Od; [ 1

<V [/\f(pi>Ag(qi)]= oD
x@yeX,(piOaq)
- \¢oom
zEX@y
Secondly, since F(R) is an LA-semihyperring then
the medial law is satisfied so that

fegeo(feg=Fcfeo(geg)Sfeg.
Theorem 3.13. Let (R,,©) be an LA-semihyperring

with a pure identity. If f, g € F(R) are fuzzy hyperideal
of R then f o g is a fuzzy hyperideal of R.

Proof. Based on Theorem 3.12, It is clear that fo g
satisfy the first axiom of Definition 3.9. Next, we will
prove f o g is a fuzzy hyperideal. Let x € Y1~y a; © b;
and e is a pure identity of R. By medial law we have

x®y=2(aiObi)0y=2(ai0bi)0(e0y)

—Z(m@e)@(b o).
Since f and g are hyperldeal of R then

Fepw=\/ [/\{f(aaAg(bi)}]

XX, a;0b; \ 1

< \ { /n\{f<ai ©e)Aglh O y)}]

xQY€ELL,(a;0e)Ob;0y)

IN

[\t g(d»}] = (o0

xQYEL, ciOd; [ 1

I
)
~

o
Q
N
)

N
N

Thus, f o g are a fuzzy right hyperideal of R. With
analog way to prove fuzzy left hyperideal of R.

Theorem 3.14. Let (R,,©) be an LA-semihyperring
with pure identity. Every fuzzy right hyperideal of R is a
fuzzy hyperideal of R.

Proof. Let e be a pure identity of R and f be a fuzzy right
hyperideal of R. We will prove that f is a fuzzy left
hyperideal of R. By Lemma 3.10 we have

Rof=(RoR)of=(foR)cRSfoRC .
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Theorem 3.15. Let (R,@,©) be an LA-semihyperring. If
{fi}ien are fuzzy left hyperideal of R then Ny f; IS @
fuzzy left hyperideal of R.

Proof. Let f; be fuzzy left hyperideal of R for all i € N.
()i @) = inflfi(x @ ) = inflmin{fC0), £}
ieN
= min{inf f;(x) , inf f; (y)}
= min{(n f)(x), (" [}
and
(/i & ©9) = inf{fix © )} = infmin{f, &)}
ieN
= min{inf f;(»)} = min{(n /) ()}.
S0, Nien f; 1S a fuzzy left hyperideal of R.

Theorem 3.16. Let (R,,©) be an LA-semihyperring
with pure left identity. If f and g are fuzzy hyperideal of
RthenfogC fng.

Proof. Let f, g € F(R) are fuzzy hyperideal of R.

Fepw=\/ [ N\vr@ Ag(bi)}]

xeX, a;0b; \ 1

<

{ \¢@obnrg@o bi)}]
x€X, a;0b; \ 1

-V {/\(fng)mi obi)]
x€Xt, a;0b; \ 1
= ng).
Theorem 3.17. Let (R,,©) be an LA-semihyperring.

If f is a fuzzy right hyperideal of R then f o f is a fuzzy
hyperideal of R.

Proof. Let f is a fuzzy right hyperideal of R.

Fopw=\/ [/\{f(ai) Af(bi)}}

x€XL1a;0b; \ 1
n

[ [\tr@a f(bi)}}
xQy€eLL,(a;0b)Oy \ 1
<V { \voion Af(ai)}}

xQyeX (yOb)Oa;
n

-V [/\{f(m)/\f(ai)}}=(f°f)(XOy)
xOyeXi piOa; \ 1

- N\ ¢one.

zexQy
It means that f o f is a fuzzy left hyperideal so that f o f
is a fuzzy hyperideal.

Theorem 3.18. Let (R,®,®) be an LA-semihyperring
with left identity. If f is a fuzzy left hyperideal of R then
f U (f o R) is a fuzzy hyperideal.

Proof. We have f is a fuzzy left hyperideal of R. Since R
is an LA-semihyperring then
(fu(feR)eR=(fRU((foR)°R)

=(foR)UR-R)<f)
=(feRUR S RUS
SfU(feR).

With analog way to prove that f U (f o R) is a fuzzy left

hyperideal.
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Definition 3.19. Let (R,&,0®) be an LA-semihyperring
and f € F(R). Forall t € [0,1], we have level set of R as
follows.

fe={xIx €R f(x) 2 t}

Definition 3.20. Let (R,8®,0®) be an LA-semihyperring
and A be a non empty subset of R. The characteristic
function of A is defined as follows.

XaiR—[01]
1, x €A
:x'_)XA(x)Z{O xeA

Lemma 3.21. Let (R,8,©) be an LA-semihyperring and
A, B € P*(R) then the properties are satisfied.

° If A< Btheny, € x5
d Xa+ Xp = Xa+n

d Xa° X = XaoB

. XaVXp = Xaus

. XaNXp = Xans

Theorem 3.22. Let (R,@,©) be an LA-semihyperring
and f be a subset fuzzy of R. Then Subset fuzzy fis a
fuzzy LA-subsemihyperring (resp., left, right hyperideal)
of R if only if for every t € [0,1], level set f; is a fuzzy
LA-subsemihyperring (resp., left,right hyperideal) of R

Proof. Let f be a fuzzy left hyperideal of R and f; # @.
Let x,y € f; and r € R. By Definition 3.19 we have
f(y) = tforany t € [0,1] such that

N @)= fa®y) = min(f(0, f0)) = ¢

zEx®y
and

N\ r@=reconzrom=t

zerQy

By Definition 3.19 we have x @y € f,andx O y € f;.
Thus f; is a fuzzy left hyperideal of R.

Conversely, suppose f; is a fuzzy left hyperideal of R
forevery t € [0,1]. Let x,y € R. Assume

/\ F@ = 1@y < minfrCo, 0}

ZEx®y
choose t € [0,1] such that
J\ F@ <t <minreo, £

ZEXDy
Then x,y€f, so it must be x@ye f, but

Nzexgyf(2) <t so that x@y€éf,. That s
contradiction so that the assumption is wrong. Thus,
Azexay f (2) = min{f (x), f(y)}. Furthermore, we will
prove that A exoy f(2) = f (). Assume
N\ r@=raon<rom.
zexQy
For t € [0,1], we have
N\ ro<e<ro.
zexQy

So that y € f;. Since f; is fuzzy left hyperideal of R
then for any x€R, x*xy€eERQf,Sf, but
Nzexoy f(2) <tsothatx Oy & f;. It is contradiction,
so that the assumption is wrong. Hence, A,cxpy f(2) =
f(). So, f is a fuzzy left hyperideal of R.
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Theorem 3.23. Let R @,0) be an LA-semihyperring.

The following statements are true.

(i) A nonempty subset S is an LA-subsemihyperring of
R if only if ys is a fuzzy LA-subsemihyperring of R.

(i) A nonempty subset I is a left hyperideal (resp., right
hyperideal) of R if only if x; is an fuzzy left
hyperideal (resp., right hyperideal) of R.

Proof. i) (=) Let S be an LA-subsemihyperring of R.
Letx,yeR.Ifx@Py¢Sandx Oy & S then ys(x) =

0, xs() =0, xs(x @ y) =0 and ys(x © y) = 0 such
that

/\ Xs(2) = xs(x @ y) = 0 = min{ys(x), xs(y)}
zEXD
and Y

J\ x5 = x5 © ) 2 0 = min{xs(), x5 ()
zexQy

If x@yeS and xOyeS then ys(x) =1 and
xs(y) = 1 such that

xs(2) = 1 = min{ys(x), xs(¥)}
zex®y
and

/\ xs(2) =1 = min{ys(x), xs()}.
zexQy
Therefore, xs is a fuzzy LA-subsemihyperring of R.

(&) Let x5 be a fuzzy LA-subsemihyperring of R. Let
x,y € R such that ys(x) = 1 and ys(y) = 1 then
/\ xs(2) = xs(x @ y) = min{ys(x), xs(»)} =1

ZEXDyY
and

J\ 552 = x5 ©3) = minfrs (0, 1500} = 1
zexQy
Hence, ys(x @ y) = 1 and ys(x © y) = 1 such that
x@yeS and xOyeS. Thus, S is an LA-
subsemihyperring of R.
ii) (=)Let I be a left hyperideal of R. Let x,y € R. If
y & I then y;(y) = 0 such that

/\ X2 =x(xOy) 20=x0).
zexQy
If y € Ithen x xy € 1. Since [ is a left hyperideal of R

then

/\ x@ =0y =1=x0).
zexQy
So, yx; is a fuzzy LA-subsemihyperring of R.

(&) Let y; isa fuzzy LA-subsemihyperring of R. Let
re€R and yel. Since y; is a fuzzy LA-
subsemihyperring of R then

@ =0y zxul =1
zerQy
This implies y;(r ©® y) =1suchthat r O y € R©®
I < I. Hence, I is a hyperideal of R.

4. CONCLUSION

The set of all fuzzy subsets of LA-semihyperring is
also LA-semihyperring so that the algebraic
hyperstructure satisfies all the axioms on the left almost
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structure. A fuzzy subset of an LA-semihyperring can be
considered as fuzzy sub LA-semihyperring, fuzzy left
hyperideal, or fuzzy right hyperideal so that all sub fuzzy
and hyperideal fuzzy properties are fulfilled. A fuzzy
subset is fuzzy sub LA-semihyperring (fuzzy hyperideal)
if and only if the level set is also fuzzy sub LA-
semihyperring (fuzzy hyperideal). A subset of LA-
semihyperring (hyperideal) is sub LA-semihyperring
(hyperideal) if and only if the characteristic function is
also sub LA-semihyperring (hyperideal).

ACKNOWLEDGMENTS

The authors gratefully acknowledge the reviewer who
has been willing to review our article. Your comments
and suggestions have really helped in the development of
our article.

REFERENCES

[1] F. Marty, “Sur une generalization de la notion
de groupe,” pp. 45-49.

[2] L. A. Zadeh, “Fuzzy sets,” vol. 8, no. 3, pp.
338-353.

[3] A. Rosenfeld, “Fuzzy groups,” vol. 35, no. 3,
pp. 512-517.

[4] N. Kuroki, “On fuzzy semigroups,” vol. 53, no.
3, pp. 203-236.

[5] P. Corsini and V. Leoreanu, Applications of
Hyperstructure Theory. Dordrecht: Kluwer
Academic, 2003.

[6] J. Ahsan, J. N. Mordeson, and M. Shabir, Fuzzy
semirings with applications to automata theory,
vol. 278. Springer.

[7] M. K. Sen, R. Ameri, and G. Chowdhury,
“Fuzzy hypersemigroups,” vol. 12, no. 9, pp.
891-900.

[8] T. K. Dutta, S. Kar, and S. Purkait, “Interval-
valued fuzzy prime and semiprime ideals of
hypersemiring,” Ann. Fuzzy Math. Informatics,
vol. 9, no. January, pp. 261-278, 2015.

[9] N. Kehayopulu, “Hypersemigroups and fuzzy
hypersemigroups,” vol. 10, no. 5, pp. 929-945.

[10] S.Nawaz, I. Rehman, and M. Gulistan, “On left
almost semihyperrings,” vol. 16, no. 4, pp. 528—
541.

417



