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ABSTRACT

Let Zy, k > 1, k € N be a commutative ring with unity, polynomial f = ay + a;x + -+ a,x™ € Z;[x], a; € Z;. We
can construct c(f)= (ay, ..., a,,) be an ideal of Z, generated by ay, ..., a,. If (ag,...,a,) = 1 or a; unit of Z; for i =
0, ...,m, then c(f) = Z,, for k composite.. For k is prime, because all of the elements in Z, is unit, then c(f) = Z, for

every f € Z;[x].
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1. INTRODUCTION

A ring R is a set with two binary operations and
satisfies some properties. A subset A of ring R,
which itself a ring, is a subring of ring R. If every
element r € R and a € A, both ra and ar are in A,
then A is an ideal of R [1].

A set of integers modulo k, Z;, k > 1,k € N is
an example of a ring with two binary operations,
that is, addition and multiplication modulo k . If k
is prime, that is Zp, then every element of Z,, has an
inverse over multiplication modulo n. A set of
integers modulo p, Zp, is a field [1].

A polynomial ring over Zj, is denoted Z [x], is
Zilx] ={ap + a;x + -+ a,x"|a; €EZ;, n is
nonnegative integer}. An element of Z[x] is
denoted f, with ag, a4, ..., a, is the coefficient of f.
Coefficients of the polynomial f in Zj[x] can form
an ideal, is denoted c(f) = (ag, a4, ..., ay) [2]. In
this paper, we will discuss a characteristic of the
coefficient of a polynomial f over Z, ,k > 1, k €
N.

2. PRELIMINARIES

An ideal is formed from a subring. Therefore, we
introduce a discussion about ring and subring of
ring. The definition of ring and subring refer to [1].

Definition 2.1. A ring R is a set with two binary
operations, that is an addition (denoted by a + b)
and multiplication (denoted by ab), such that for
every a,b,c € R:

(i) Commutative over addition thatisa +b = b +
a

(i1) Associative over addition thatis (a + b) + ¢ =
a+ (b+c)

(ii1) There is an additive identity 0. That is, there is
an element 0 in R, such that a + 0 = a, for all
ainR

(iv) There is the additive inverse —a in R, such that
a+(—a)=0

(v) Associative over multiplication that is a(bc) =
(ab)c

(vi) Distributive over addition that is a(b +c) =
ab + ac dan (b + c)a = ba + ca

A ring R is commutative if and only if for every
a,b € R, ab = ba. If aring R has a multiplicative
identity, then ring R is called a ring with unity. A
nonzero element a of a commutative ring with unity
need not have a multiplicative inverse. When it
does, then a is called unit if there is a~* such that
aa~! = 1,1 is a notation of unity. If every nonzero
element of ring R is a unit, then ring R is a field, as
the definition 2.2 below.
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Definition 2.2 ([3]) Field is a commutative ring with
unity, in which every nonzero element of the field is
a unit.

Corollary 2.3 ([3]) For every prime p, Z,, the ring
of integers modulo p is a field.

In the main result, we discuss an ideal formed from
the coefficient of a polynomial over R. So, the
definition of an ideal of a ring, polynomial over ring,
and an ideal generated by coefficients f will be
explained.

Definition 2.4. A subring A of ring R is called an
ideal of R if and only if for every r € R,a €
A,ra,ar € A. An ideal A of R is called a proper
ideal of R if A C R.

For example, let R be a commutative ring with unity
and ¢ € R. Let I be the set of all multiples of c, that
is, I = {rc|r € R}. Then I is called principal ideal
generated by c, also denoted by (c) [4].

Definition 2.5. [1] Let R be a commutative ring. A
set

R[X] = {Clo +ax+ -+ anxn|ai ER,nis
nonnegative integer}

is called a ring of polynomials over R.
Let f, g € R[x], that is
f=ay+ax+ -Tll- Ao X" 1+ apx™
i=0
and

g =Dbo+bix+ -+ by 1x™ 1+ byx™
m

= Z bl-xi
i=0

Two polynomials over R are equal, that is, f =
g, if and only if a; = b;, for all nonnegative
integers i (defined a; = 0 for i > n, and b; = 0 for
i >m).

Let f = ag + -+ apx™, with a, # 0, then we
say that f has degree n, denoted by deg(f) = n,
the term a,, is called the leading coefficient of f [5].
If f = a,x™, a, # 0, then f is called a monomial.
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For example, Let f = x? — 5x + 4 € Z[x], then
f is called monic polynomial since the leading
coefficient, a,, is unity in Z[x].

Theorem 2.6. [2] Let f € R[x], and ag,aq, ..., a,
are coefficients of f. An ideal generated by
coefficients f denoted by c(f), that is

C(f) = (ao,al, ...,an) = {Z ra;,r; € R}

i=0

For example, let f = x2 — 5x + 4 € Z[x], then

C(f) = (4" _5,1)
={4r, + (=51r) + 1y, 1, €L}
=7

is an ideal in Z.

A set of integers modulo k, Z,, k > 1,k €N is a
ring, so we can form polynomial over ring Zj, k >
1,k €N, denoted Zj[x]. The main result will
discuss the characteristic of a polynomial f over
Zy , k > 1, k € N such that c(f) = Zj. To analyze
it, we need to discuss the greatest common divisor
(gcd) of two nonzero integers that refers to [1].

Definition 2.7. The greatest common divisor (gcd)
of two nonzero integers a and b is the largest of all
common divisors of a and b, denoted by gcd(a, b).

If gcd(a, b) = 1, then a and b are relatively prime.

Theorem 2.8. For every nonzero integer a and b,
there is s,t € Z such that gcd(a,b) = as + bt.
Moreover, gcd(a, b) is the smallest positive integer
of the form as + bt.

Theorem 2.9. If a and b are relatively prime, then
there is s,t € Z such that as + bt = 1

3. MAIN RESULT

In this section, we will discuss the characteristic
of polynomials over a ring of integers modulo k, Zj,
k > 1,k € N, such that c(f) = Zj. The discussion
is divided into k is even, k is odd, and k is prime.
The result are

Theorem 3.1 Let Zg, k composite, is a
commutative ring with unity, and f = aq + a; +
o4 apx™ € Zi[x), a; € Zy, c(f) is an ideal of Zj,.
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If gcd (ay, ..., ap) = 1 or a; is unit in Z;, for some
i=0,..,n,thenc(f) =Z

Proof:

e Suppose gcd(ay, ...,a,) = 1. We will prove
that c(f) = Z

Let f =ag+ -+ apx™ € Zi[x].
Since c(f) is ideal of Zy, it is clear that c(f) € Z.
Now, we will prove that Z; S c(f)

If gcd(ay,...,a,) =1 then by theorem 2.9,
Arg, ., Ty € Zy, such  that  (rpao + -+
ray,)(mod k) =1, (it means 3q € Z such that
ToQo + -+ ma, = qk + 1).

Therefore 1 € c(f)

For any r € Z, since Zj have unity, and 1 €
c(f), then

r=r.1=r(ryay+ -+ may,)
= ((rrp)ag + -+ + (rry)ay)
Ifrr; =t; € Zy, for 0 < i < n, then
T =teag + -+ tha, € c(f)

So At; = rr; € Iy, such that
r=tyag+ -+ tpa, € c(f)

So c(f) = Zy

e Suppose a; is unit in Z. We will prove
c(f) = Zy

Let f =ag+ -+ apx™ € Z[x]

Since c(f) is ideal in Zy, it's clear that c(f) S Z

Now, we will prove that Z; S c(f)

If a; is unit in Z, for some i =0, ...,n then
In,=a; '>na=a;7'aq; =1

We obtain
(1) For i =0, then 1 =ra; = rya,, choose 17 =
0,j =1, ...,n, such that
ToQo + -+ mma, =190+ 0.a; + -+ 0.a,
=19a9+0=1€c(f)
(2) For 0 <i<n, then 1=ra;, choose r; =
0,j=0,..,n,i# j,such that
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Tolg + -+ 1ma,
= 0.(10 + -+ ria; + .-
+0.a,=0+10; +0=1
€c(f)

(3) Fori = n, then 1 = r;,a,, Therefore,

Tog + -+ 1,a,
=0.a9g+-+0.a,_1 +r,a,
=0+ma,=1€c(f)

Hence 1 € ¢(f)

For any r € Z, since Zj have unity, and 1 € c(f),
then

r=r.1=r(ryay+ -+ ma,)
= ((rro)ag + -+ (rmy)ay)
ifrr; = t; € Zy, for 0 < i < n, then
r =toay + -+ tha, € c(f)

So Elti =TT € Zk such that
r=tyay+ -+ tpa, € c(f)

So ¢(f) = Z
Note that, if a; = 1, which is 1 is unity in Z,, clearly

c(f) = Z.

The following is the example of theorem 3.1

Example 3.2 Let f =3+ 2x €Zg[x] then
gcd(2,3) = 1 but 3 and 2 are not Zg. We have

c(f) = (3,2) = {3ry + 2r1|r; € Z}

and 0 € c(f) because Jry=0,171 =0 - 31y +
27'1 = 0

1 €c(f) because 1y =1,13, =2 - 31y +2r; =
1

2€c(f) because A1y = 0,17y, =1 - 31y + 21 =
2

3€c(f) because Iry =1, =0- 31y +2r; =
3

4 € c(f) because Iry =0,17 =2 - 31y + 21y =
4

5€ c(f) because Iry =1,y =1 - 31y + 2y
5

So, c(f) = Zs.
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But, if gcd (ay, ...,a,) # 1 and a; is not unit
in Z;, k composite then is not necessarily c(f) = Z;
as the example

Example 3.3 Let f = 2 4+ 4x € Zg[x]. We know
that gcd(2,4) = 2 # 1 and 2 and 4 is not unit in Zg.
Then c(f) =(2,4) = {2ry + 4r|r; € L} =
{0,2,4} # Zg

For k is a prime, that is Zj, because every element
of Z,, is unit then c(f) = Z,, as follow:

Corollary 3.2 Let Z,, p prime is a commutative ring
with unity and f = ay + -+ a,x™ € Z,[x], a; €
Ly, c(f) is ideal in Zy, then c(f) = Zy,.

Proof:

Suppose Zp,p prime is a commutative ring with
unity, then Vr € Ly, 1S unit since Ly 1s field.

Letf = ag + -+ apx™ € Z,[x], a; € Z, for some
i=0,..,n

Since a; € Zp, then a; is unit, therefore, by
theorem 3.1, ¢(f) = Z,.

4. CONCLUSION

Based on the discussion above, we can conclude
that if gcd(ay, ..., ay) = 1 or a; is unit in Z;, for
some i =0,..,n, then c(f) = Zy, k composite.
Especially for p is a prime, if Z,, p prime, then

c(f) = Zp-
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