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1. INTRODUCTION

Fudenberg and Levine [1] put forward the game learning theory, the
goals of the bounded rationality agents are to maximum their long-
term payoff and regret minimization by constantly adjusting their
strategies from their known information. Recently, many scholars
focused on the study Nash equilibrium (NE) of multi-agent stochas-
tic game (MASG). Yang and Wang [2] researched the multi-agent
reinforcement learning (MARL) from the perspective of game the-
ory. Rubinstein [3] investigated that bounded rational participants
continuously modified their cognition in repeated games in which
compared current strategies with previous ones to make optimal
strategy choices. Asienkiewicz and Balbus [4] presented the exis-
tence analysis of NE for random games under certain conditions.
Watkins [5,6] first proposed the Q-learning method, and proved
the convergence of Q-learning. Littman [7] proposed a minimax
Q-learning for two-person zero-sum stochastic game. Shoham et
al. [8] discussed Nash-Q learning in general-sum stochastic game.
Therefore, Q-learning and various improved learning algorithms
play an important role in the implementation of NE for the MASG.

Reinforcement learning [9] solved the MASG by interacting with
complex environment and learning from experiences. Bowling and
Velson [10,11] proposed a classic method to evaluate MARL algo-
rithm. The MARL has recently been extensively used in wire-
less sensor networks [12], event-triggered consensus system [13],
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traffic signal controllers [14], numerical algorithm [15], compara-
tive analysis [16], integrodifferential algebraic [17], computational
algorithm [18], and other fields. But the majority MARL algo-
rithms either lack a rigorous convergence guarantee [19], poten-
tially converge only under strong assumptions such as the exis-
tence of an unique NE [20,21], or provably non-convergent in all
cases [22]. Zinkevich [23] identified the nonconvergent behavior of
the value-function method in general-sum stochastic game. Mina-
gawa [24] considered a sufficient condition for the uniqueness of
NE in strategic-form game. However, Hansen et al. [25] proposed
the concept of no regret to measure convergence, which came up
with a new criteria to evaluate convergence in zero-sum self-plays
[26,27]. Regret minimization has been used in a variety of games in
recent years [28]. Inspired by research works mentioned above, we
mainly studies the value function with regret minimization algo-
rithm for solving the NE of MASG. The central idea of regret mini-
mization is that the agent obtained a payoff after the agent has taken
an action in the learning process, agents can retrospect the history
of actions and payoff taken so far, and the agent regret not hav-
ing taken another action, namely, the best action in hindsight. The

agents’ goal is to minimize the cumulative regret, written as the sum
T

Z(V*(s, a) — V'(s, a)) of the difference between the values of V at
=1
the action a at time ¢ and the true optimum of V* of the action a. Dif-

ferent from [29] in which considered the expected average time pay-
off and limited space for states/actions, this paper considered the
expected sum of discount payoff in an unlimited time range, which


https://doi.org/10.2991/ijcis.d.210520.001\relax 
https://www.atlantis-press.com/journals/ijcis/
https://orcid.org/0000-0003-0656-781X
http://creativecommons.org/licenses/by-nc/4.0/

1634 L. Liu and W. Jia. / International Journal of Computational Intelligence Systems 14(1) 1633-1641

means regret minimization can be regard as discounted expected
payoff optimization criterion. In this paper, the idea of regret
minimization is introduced to the value function, and the value
function with regret minimization algorithm is designed. Further-
more, we analyze the effect of discount factor to the expected pay-
off. Finally, the single-agent stochastic game (SASG) and spatial
prisoner’s dilemma (SDP) are investigated in order to support the
theoretical results. The simulation results show that when the temp-
tation parameter is small, the Cooperation strategy is dominant;
when the temptation parameter is large, the defection strategy is
dominant. Therefore, we improve the level of cooperation between
agents by setting appropriate temptation parameters.

The remainder of this paper is structured as follows: in Section 2, we
introduce the model of MASG, and analyze the discount factor to
the influence of discounted expected payoff. In Section 3, the idea
of regret minimization is introduced to the value function, and the
value function with regret minimization algorithm is designed. In
Section 4, a simple stochastic game and the SDP game are investi-
gated in order to support the theoretical results. Finally, we present
some brief summaries.

2. PROBLEM DESCRIPTION AND
PREREQUISITES

2.1. The Model of Multi-Agent Stochastic
Game

A framework of MASG is given as follows [7]:

Let N = {1,...,n} denote the set of all agents, a MASG is a tuple
<N,8.,d,,D,R,;,y >, where,

1

o Nis the number of agents;
o & is the set of states;

. {‘Q{i}ieN is the set of action for the i-th agent,
o = gf; X --- X g, denotes the joint action set of all agents;

« DEXAXS >[0,11(Vs€S,Vacd, Y D(|s,a)=1)is
sSes
a state transition probability function, and s’ represents the
possible state at the next moment;

e R, :Sx9 xS — R,ie Nis the payoff function of the i-th
agent, giving the expected payoff received by the agent under
joint actions in each state;

e y € (0,1) denotes the discount factor. When y — 0, the agent is
regarded as myopic, which means that the agent is only worried
about immediate payoff. When y — 1, the agent is known as
farsighted, which means that the agent more interested about
future payoftf.

In infinite-horizon process [9], the agents’ discounted payoff from
time step ¢ to horizon is,

o
ng — f’f“ + }’T’£+2 + J/2’,’&3 4o = J/1—17,5+l. (1)
=1

The model of MASG as shown in Figure 1.
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Figure 1
and environment.

The interaction of multi-agent

7; . 8§ — d;denotes the strategy of agent i. Let 7 = (x4, ..., 7,) be
all agents’ joint strategy, the value function V7 defines the long-term
cumulative payoff of agent i in any state s at time ¢, taking action a
under the joint strategy x as follows:

acd s'es

,Vse S, te{1,2,...,T},

Vi(s,a) = 2 7(s,a)- <Rf(s'|s, a)+7y Z DS |s, a)Vf(s’))

2

where T denotes terminate time, i.e. horizon. Equation (2) is
referred to as Bellman updated equation of V* for agent i,
and records the payoff value by obtaining on the Markov chain
Sp> 81y e s Sy, Siys - With the state s as the initial state. The item
Ri(s'|s, a")+y V7 (s") denotes staring from the state s, taking action a,
at time ¢, the agent s payoff value obtained by 1-step transition to s’
and plus the discounted expected payoff collected from the state 5.
To solve the MASG, Equation (2) has rewritten as an iterative for-
mula of the dynamic programming equations as follows:

VE*l(s,a) = R(s'|s,a) + 7 Z DS |s, )V, a). (3)

s'es

The optimal value function of agent i is defined by

Vi(s,a) = max <Ri(s’|s, a)+y Z D s, @) Vi (S, a)) , (4

s'es

as rational agents, they attempt to find the best response policy in
favor of all their states.

Definition 2.1. (Nash equilibrium NE of the MASG) Let
< N, &, %,9,R,y > be the MASG, if a policy #* =
(zy, ... ,n'i*, ,ﬂ':)T is a NE, _; = (F1s e s Ty Wiy e ,ﬂ'n)T,
then Va; € (i € N), Vs € &, the following inequality holds:

Vi(s, 7ri*, nfi) > Vs, 77.':),V7l’l- ell,

where I1; is the strategy space of agent i, V,(s, z}, #*) denotes the
discount accumulation payoff. z7* is the NE of the MASG such that
each individual strategy z;" is a best response to others. The NE of
the MASG describes each agent maximize own discounted expected
payoff, and no agent can obtain higher benefit by unilaterally chang-
ing its strategy as long as all other agents keep their strategies
invariant.
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2.2. The Analysis of Discount Factor

For a Markov decision process (MDP) system, we consider
the discount factor to the influence of the expected payoff in
MASG. Now we make a simple experiment about the MASG <
N, S, d;,D,R,y >, where different discount factor y, the transition
probability function & and payoff function R are as follows:

2/31/2 0 0 0 21003
1/3 0 1/3 0 1/3 02101
=0 0o o0 1/32/3|,R=|10210
1/41/2 0 1/4 0 20021
0 1/41/21/4 0 02021

V(s) Convergent Graph Under policy Pi

@
3
g
|
% 08
o
T o6
B
3
2 =
g o4 —wP1)
— v
vPe)
02 1 _VI’(A)
)

0 10 20 30 40 50 60 70 80 890 100

Number of Iteration step

(a) y=0.1

V(s) Convergent Graph Under policy Pi

o
E}
= -
>
T2/
B f
E 10/
T |
gos )
g :
o 06 —vP(1)
—Vvhiz)
0.4 VP(a)
.
0.2 V\»‘A)
—]

0 10 20 30 40 50 60 70 8 9% 100
Number of Iteration step

(¢) y=0.5

V(s) Convergent Graph Under policy Pi

Expected Reward Value

—VPy,
V")

VP3)
—VPa)]
——vPs)

0 20 40 60 80 100 120 140 160 180 200
Number of Iteration step

(e) v =0.95

Meanwhile, V0= [0, 0,0, 0,0]" denotes initial value function vec-
tor, where T represents the transposed operator, the value function’s
convergence property under different discount factor is shown
Figure 2.

According to Figure 2(a-f), we can observe that starting fromV,,
the value function V finally converges with the number of iteration
step, and the optimal value function is unique. Through this experi-
ment, we know that the value function is sensitive to the value of dis-
count factor. When y — 0, the agent is myopic, the expected payoff
is small. When y — 1, the agent is farsighted, the expected payoff is
large. Consequently, it is easy to know that myopic agents only care
about immediate benefits, and hyperopic agents are more likely to
obtain higher benefits in the future. Another point that needs to be
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Figure 2 The diagram of the convergence of the value function under different discount factor.
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explained is that the expected payoff value will not converge when
y =L

3. THE VALUE FUNCTION WITH REGRET
MINIMIZATION ALGORITHM

3.1. The Cumulative Regret Minimization

Assuming that the finite-horizon, a policy 7 is obliged to approach
to the optimal strategy at any iteration. 9 is equivalent to the differ-
ence between V*, (4) and the value function of V7, (2) in time step.

19f = V*(s,a) — V'(s,a), (5)

where 9% denotes regret degree under adopting strategy 7 in state s.
Our goal is to minimize the agents’ accumulative regret,

ox =)' o~ (6)

t<T

where K denotes the terminal time step.

In Bubeck [30], the formula (6) is the normalized object. The loss
9% is defined as follows [31],

195 = nkl<111<1 191‘. (7)

We define the cumulative regret minimization of all agents in the

MASG as follows:
O =3 ot ®)

t<T k<K

where ©X denotes an upper bound of the agent, which means min-
imization gap between the strategic value and the optimal strategy
value.

3.2. Arithmetic Flow of the Value Function
with Regret Minimization Algorithm

The implementation steps of the value function with regret mini-
mization algorithm are as follows:

step 1: Initialization parameters. Some strategies are randomly gen-
erated, and set the discounted factor, the value of cumulative regret
degree is 0.0001.

step 2: Each agents the value function V'(s,a) is calculated by
Equation (2), and the optimal strategy V*(s,a) is calculated by
formula (4).

step 3: The cumulative regret degree ©f = Z z 191; is calculated

<T k<K
by Equation (8).

step 4: Stopping condition of iterations: does the cumulative regret
degree satisfy ©X < 0.0001 for all agents? If yes, we output the opti-
mal strategy 7*; otherwise, we return step 1.

Strategy is randomly generated

v

The value function V(s a) is calculated by equation (2)

v

The optimal value function (s, a) is found by equation (4)

Is stop condition

©F <0.0001?

Figure 3  Flow chart of value function under

regret minimization algorithm.

Once the optimal strategy is obtained by satisfying the cumula-
tive regret, the value of the discounted expected payoff is defined.
The value function under the regret minimization algorithm see
Figure 3.

4. THE NEOF A MASG
4.1. A Simple Stochastic Game

The aim of the agent is to maximize their long term discounted
expected payoff making respond to others agents. We give an exam-
ple of a SASG as follows:

Example 1.

Let N = 1, the agent’s state is & = {51,52,53}. In state s; and s,,
we select an action from the agent’s action sets & (s;) = (s,) =
{al, az}; in state s;, we choose action from &/(s;) = {az}. If we
select action a, in state s, then the payoffis R(s,, a,) = 2, and move
state s, with probability 1. If we choose action g, in state s, then
the payoffis R(s,, a,) = 3, and remain in state s, with probability 1.
In state s,, if we select a,, then we receive R(s,,a,) = 5, and move
state s, with probability 1, whereas the payoff choosing action a,
devotes R(s,,a,) = 10 and we shift to state s; with probability 0.5
and reserve in state s, with probability 0.5. If we can only select a,
in state s;, which means R(s;, a,) = 0 and we remain in state s; with
probability 1. Assume that the agent has enough farsighted and the
discount factor is y = 0.9 by the analysis of the discount factor in
Section 2.2.

The above description can be shown in Table 1. We suppose that the
horizon is T and the final payoffis r(s), Vs € §.

Assume that the decision will be made att = 0,1,2,ie. T = 3.
Moreover, Ry(s;) = R;(s,) = Ry(s;) = 0. In state s, z*(s;) = a,
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Tablel The SASG was described in Example 1.

Agent(N) 1

State(S') 5 s, S5
Action() a, a, a a, - a,
Payoff(R) 2 3 5 10 - 0
Transition probability(2)  (0.0,1.0,0.0)  (1.0,0.0,0.0) (1.0,0.0,0.0) (0.0,0.5,0.5) -  (0.0,0.0,1.0)

and V**(s;) = 0, Vt. In terminal time, the agent’s payoff R7(s;) = 0
and V3(s)) = V3(s,) = 0.

By the backward induction method, at time t = 2 in state s;, we
have

V2 (spay) =2+ V3 (s,)
V2 (spay) =3+ V3 (s1)

2,
3

So V2*(s,) = 3 and the optimal strategy z*(s;,2) = a,. In state s,,
we have

V2 (spa)) =5+ V3 (s) =5,
V2 (55,a,) = 10+ 0.9V (s,) + 0.9V>* (s5) = 10.

So V%*(s,) = 10 and the optimal strategy 7*(s,,2) = a,.
At time t = 1 in state s;, we have
Vi (spa)) =2+ V2" (sy) = 12,
V1 (sp.ay) =3+ V2" (s)) =6,
So V1*(s;) = 12 and the optimal strategy 7*(s;, 1) = a,. In state s,,
we have
V1 (sy.a)) =5+ V2" (s)) =8,
V! (s;.a,) = 10+ 0.9V2* (s,) +0.9V>* (s5) = 19.

So V1*(s,) = 19 and the optimal strategy 7*(s,, 2) = a,.
At time t = 0 in state s;, we have
VO (sp.a) =2+ VI (s,)

VO (sp,ay) =3+ VI (s)) = 15.

So V%*(s,) = 21 and the optimal strategy z*(s;,0) = a;. In state s,,
we have

VO (sy,ay) =5+ Vi (s;) =17,
VO (55.a,) = 10+ 0.9V (s,) + 0.9V (s5) = 27.1.

So V%*(s,) = 27.1 and the optimal strategy 7*(s,, 0) = a,.

Therefore, the optimal value function and the optimal strategy in
any state as follows,

t=0 t=1 t=2 t=0 t=1 t=2
S1 (21 12 3 S a; a,
Vi=ys, 1271 19 10/, t=s, la, a, a,],
53 0 o 0 S\ a4 9

where the payoff is V*(s;) = 17 in state s;, V*(s,) = 27.1 in state s,
or V*(s;) = 0 in state s;. In decision horizon, the NE of the SASG
is (ay, a,, a,) in state s;, the NE of the SASG is (a,, a,, a,) in state s,,
the NE of the SASG is (a,, a,, a,) in state s;. Therefore, the agent’s
learning behavior be able to convergence to the NE of the SASG,
and the agent is no-regret under fixed discount factor.

4.2. The Spatial Prisoners’ Dilemma

The SPD [32] can be regarded as a two-agent two-action stochastic
game < N, S8, d;,, D, R;,y >, where N = 2, agents’ state set § cor-
responds to different temptation factors, agents’ action set is &; =
{C,D} (i = 1,2). When all agents fixed strategy, we can obtain one
of the four possible payoff: R(Payoff), S(Sucker), T(Temptation),
and P(Penalty). In the multi-agent setting, if all agents select Coop-
eration (C), then they receive R(Payoff); if all agents choose Defec-
tion (D), then they obtain P(Penalty); if some agents select Coop-
eration (C) and some Defection (D), cooperators obtain Sucker (S)
and defectors gain Temptation (T). The four payoff value of SPD
satisfy the inequalities: T > R > P> Sand 2R > T+ S.

Example 2.

Let N {1,2} be the set of two agents, agents’ state sets are
S = {sl, 52}, b(b > 1) denotes the temptation parameter. In state
s, and s,, we can choose an action from &/ (s,) = &(s,) = {C,D}.
In state s;, the immediate payoff of agent 1 is R(s;,C,C) = 1,
R(s;, C,D) = 0, R(s;, D, C) = b, and R(s,, D, D) = 0, the immediate
payoft of agent 2 is R(s;, C, C) = 1, R(s;, C, D) = 0, R(s;, D, C) = b,
and R(s;,D,D) = 0. If the agent choose the action pair {C, D},
{D, C}, {D, D} in state s, then the agent will move to state s, with
probability 1; if the agent select the action pair {C, C} in state s,
then the agent remain in state s; with probability 1. In state s,, the
immediate payoff of agent 1 is R(s,,C,C) = 1, R(s,,C,D) = 0,
R(s,,D,C) = b, and R(s,,D,D) = 0, the immediate payoff of
agent 2 is R(s,,C,C) = 1, R(s,,C,D) = 0, R(s,,D,C) = b, and
R(s,, D, D) = 0. Once the the agent reach state s,, the agent remain
in state s, with probability 1. In some cases, a finite-horizon prob-
lem for the SPD must be improved by identifying the horizon T and
the terminal payoff R;(s), Vs € &. The above description is repre-
sented by Table 2.

The game starts in state s,, the NE of the agent is (D, D). The MASG
game is the prisoners’ dilemma, and no agent can obtain higher
benefit by unilaterally changing its strategy as long as all other
agents keep their strategies invariant. The discount factor can be
analyzed in state s,, we obtain,

V?(Sz) = 1—y
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Table 2 The description of the MASG, where state s, (left) and state s, (right).

Agent 2 Agent 2
C D C D
L1 0,b 1,1 0,b
Agent 1 (1,0) (0,1) Agent 1 (0,1) (0,1)
b,0 0,0 b,0 0,0
b (0,1) (0,1) b 0,1) (0,1)
State s1 State so
In state s;, the MASG game be expressed as follows: discount factor, so the SDP not converge to the NE. y > 1 shows
that the agent does not converge to the strategy (C, C) [32,33] in the
classic prisoner’s dilemma game. Thus, the payoff value of SDP is
Agent 1 independent of the discount factor. and we consider the influence
C D of different temptation factors in order to raise the level of Cooper-
ation all agents.
C L+yVils), YVi(sy), b+ 7 Vi(sy)
Agent 2 1+ 7 ViGs) Thereforle, t:ve simulate the SDP 01(11 Z 3;00 % 300 grid IWICtlh anbeveg
. 50-50 split between cooperators and defectors randomly distribute
D b+rVila) rVy(s) Vi) 1Y) on the grid and the simlzllation is for 300 generations. Zssume that
the temptation parameter setasb = 1.1,b=13,b=1.5b =17,
or b = 1.8, b = 1.9, and the temptation parameter is independent of
the discount factor y. In the graph of the final state the cooperators
are expressed by yellow, the defectors are indicated by blue, cooper-
Agent 1 ators to defectors (C to D) are represented by red, defectors to coop-
C D erators (D to C) are green.
C 1+yVi(s)), 1% b+ 1% From Figure 4(a—f) we can see the number of cooperators suddenly
1+7ViGs) v r dropped owing to agents being isolated and surrounded by defec-
Agent 2 I 14 1 1 tors, hence a few cooperators that survive will create small clusters
1-y 1-y l—y 1-y and then rise in numbers, so the cooperators quickly become domi-

where b(b > 1) represents the temptation factor by using Defection
strategy for agents.

Evidently, (D, C) and (C, D) aren’t an equilibrium of the MASG
game by virtue of agents are motivated to change their strategies,
and (D, D) is the NE for all values of y. the pair of actions (C, C) is
the NE, if we have,

4
1+7Vi(51)2b+m
e-by+b-1
SV () > —F——— (i=1,2).
(1) a-p 0 )

Assume that both of agents select Cooperation in state s, then

V; (51) =1+ym (31)

1
= Vi (Sl) = m
Meanwhile,
1 S Q-by+b-1
-y =  yd-=y)
S -DI1-by—->1-b]2>0,
Sy>1.

On the one hand, (D, D) is a NE of the MASG, but (C, C) isn’'t a
NE due to y > 1. On the other hand, y > 1 is out of the range of

nant over the defectors after a few generations when the temptation
factor b is lower.

Up until b = 1.7 the cooperators are dominant but the defectors are
outnumbering the cooperators when the temptation becomes con-
tinually higher. This means that there exist some transition point
between b = 1.7 and b = 1.9 when the defectors overtake the coop-
erators. Now we can investigate how the parameter b influences the
model by looking at the density of cooperators each round and over
time, see how the model changes behavior for different values of b,
especially in the region 1.7 < b < 1.9.

According to Figure 5(a-d), when b > 1.8 the numbers of the
defectors become further rising, then the defectors are dominant.
The game selects different temptation factor corresponds to differ-
ent states, the adoption strategy of the agent is closely related to the
temptation factor. When 1 < b < 1.8, the agent’s cooperation strat-
egy is dominant, the level of cooperation is higher. When b > 1.8,
the agent’s defection strategy is dominant, and the level of defec-
tion is higher with b is bigger. Obviously, we can improve the level
of cooperation between agents by setting appropriate temptation
parameter 1 < b < 1.8and b — 1.

5. CONCLUSION

In this paper, we give a new attempt to solve NE of MASG by using
the value function with regret minimization algorithm. We consider
the expected payoff as an optimization criterion between agents.
To begin with, the idea of regret minimization is introduced to the
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Figure 4 The agent strategy change with different b = 1.1, b = 1.3, b = 1.7 (left); the numbers of cooperators

and defectors (right).

value function, and the value function with regret minimization
algorithm is designed. Furthermore, we analyze the effect of dis-
count factor to the discounted expected payoff. Finally, the simula-
tion results show that when the temptation parameter is small, the
cooperation strategy is dominant; when the temptation parameter
is large, the defection strategy is dominant, we improve the level
of cooperation between agents by setting appropriate temptation
parameters 1 < b < 1.8 and b — 1. Hence, the value function with
regret minimization algorithm is an effective way to solve the NE
of the stochastic game. We are also interested in further research to
explore whether the value function with regret minimization algo-

rithm can be used to solve more complexity stochastic game for
the large-scale action set or continuous action space.
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Figure 5 The agent strategy change with different b (left); the numbers of cooperators and defectors (right).
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