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1. INTRODUCTION

In this paper, we consider the following fifth order Camassa-Holm (FOCH) model [29]:
my + umy + buym = 0, t>0,xelR, (1.1)
m=(1—-a?32)(1 - p?3Hu,t>0,xeR, :
where b € Risa constant, «, B € R are two parameters, « # B, ¢ # 0. Without loss of generality, we only consider the case > 0, 8 > 0.
When o < 0, 8 < 0, one can get the similar results by using the corresponding absolute values || and || instead of «, 8.

In what follows, we present some mathematical results related to the topic of this paper. Liu and Qiao [29] obtained some interesting solutions
including explicit single pseudo-peakons, two-peakon, and N-peakon solutions. Detailed dynamical interactions for two-pseudo-peakons
and three-pseudo-peakons were also investigated in their paper with numerical simulations. There have been extensive studies on high order
Camassa-Holm type equations in the mathematics physics fields [5,16,17,20,22,31,38-41]. For the case « = 8 = 1, on the circle, McLachlan
and Zhang [31] established the local well-posedness of the solution in H* with s > %, it was shown that system (1.1) witha = 8 = 1 does’t
admit finite time blow-up solutions. Tang and Liu [38] proved that the Cauchy problem for this equation is locally well-posed in the critical
Besov space B;)/lz orB, (1 <p,r <+4ooands > max{3 + ‘%, %}). The peakon-like solution and ill-posedness was also studied in [38]. For
the case b = 2, m = u — Uyx + Usxxx, Dy using the Kato's theory, the local well-posedness [39] was studied in the Sobolev space H® with
s> %. Ding [16,17] investigated the stationary solution, generality mild traveling solutions and conservative solution. Coclite, Holden and
Karlsen [5] established the existence of global weak solutions. They also presented some invariant spaces under the action of the equation.
In [20], the infinite propagation speed was considered for the case m = 4u — 5uyy + txyxx. They also proved asymptotic behavior of the

solution under the condition that the initial data decays exponentially and algebraically.

When 8 = 0 (or @ = 0), it means m = u — a*uy,. The Camassa-Holm equation, the Degasperis-Procesi equation, and the Holm-Staley
b-family equations are the special cases of equation (1.1) with b = 2, b = 3 and b € R, respectively. These equations arise at various levels
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of approximation in shallow water theory, and possess a physics background with shallow water propagation, the bi-Hamiltonian structure,
Lax pair, and explicit solutions including classical soliton, cuspon, and peakon solutions.

In 1993, Camassa and Holm [3] derived an integrable shallow water equation with peaked solitons, which was called the Camassa-Holm
equation. In 1999, Degasperis and Procesi [15] extended the Camassa-Holm equation to a new water wave equation (Degasperis-Procesi
equation). Both Camassa-Holm equation and Degasperis-Procesi equation have attracted much attention. They are completely integrable
[11,12,14,35]. Infinitely many conservation laws have been shown in [14,27,37]. For the Camassa-Holm equation, in [9,28], They proved
the local well-posedness for the initial datum in H* with s > 3/2. There were many works to study the blow-up phenomenon, such as
[8-10,24,28,32]. McKean [32] (See also [24] for a simple proof) proved that if and only if some portion of the positive part of yo = 1y — gy
lies to the left of some portion of its negative part, then the Camassa-Holm equation blow-up in finite time. The hierarchy properties, related
finite-dimensional constrained flows, and algebro-geometric solutions of the Camassa-Holm equation were proposed in [34]. In [1], they
studied the global conservative solution for the Camassa-Holm equation. Global dissipative solution have been shown in [2]. Constantin and
Strauss [13] studied the orbital stability of the peakons. Himonas and his collaborators [21] obtained the persistence properties and unique
continuation of solutions of the Camassa-Holm equation. In [25], the authors deduced the limit of the support of momentum density as ¢
goes to +o0. In [4,6,7,23,26,30,33,35,36,42], they have investigated some mathematical properties for the Degasperis-Procesi equation. For
the Holm-Staley b-family equation, mathematical studies have also been presented in [18,19,43].

The paper is organized as follows. In Section 2, we establish the local well-posedness and blow up scenario for the FOCH model. Conditions
for global existence are found in Section 3. In Section 4, we establish the property of the infinite propagation speed for the FOCH model. In
Section 5, we discuss the long time behavior for the support of momentum density of the FOCH model.

2. LOCAL WELL-POSEDNESS AND BLOW UP SCENARIO

Similar to the Camassa-Holm equation [9], we can establish the following local well-posedness theorem for the FOCH model (1.1).

Theorem 2.1. Let uy € H°(R) with s > % Then there exist a T > 0 depending on ||ug || ms, such that the FOCH model (1.1) has a unique
solution

u € C([0, T H'(R)) N C'([0, T); ™ (R)).
Morever, the map ug € H® — u € C([0, T); H*(R)) N CL([0, T); H*~1(R)) is continuous.

The proof is similar to that of Theorem 2.1 in [9,39]. To make the paper concise, we would like to omit the detail proof here. The maximum
value of T in Theorem 2.1 is called the lifespan of the solution, in general. If T < oo, that is

lim fJuflgs = oo,
t—>T-
we say the solution blows up in finite time.

Before going to the blow up scenario, we have the following Lemma.

Lemma2.2. Asm = (1 — a?32)(1 — B232)u, then

O[2 2

p= o2 _ﬂzpl ) _ﬂzp2’

u=pxm,

_ I« x|

where p; = ie w,py = ﬁeif,a #B,a>08>0.

Proof. Taking fourier transform tom = (1 — 0528)%)(1 — ﬁzaf)u, we have
= (1+ a1+ 7€)
Notice that when f(x) = e, a > 0 then
A 2a
f&) = m~
It follows that
1

o L
W) = g Ty MO =R RE) e,

|x| 1 Ix|

where p; = %6_7,‘1)2 = 35¢ * . Then,

u(x) = F L (B1(E) - p2(8) - (E)) = p1 * pa x m(x).
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Let p = p; * py, we have

1 e b
p(x) raﬂfRe « e Pdy
_lx _
=2<o¢2 B2) [“e e ﬁ]

Ol2 2

@ " @ - =

By Lemma 2.2, we can rewrite u(x, t) as
O[2 /32
@ - @t

[o4 _x [T s 2 [T e
:m[e a/iooeam(f,t)déj—l—ea/); e am(i;’,t)d‘;]

B _x [* & x [T ¢
2(a2 55 |:e ﬁ/_weﬁm(é,t)dé—l-eﬁ/x e 5m(z§,t)d$}. (2.1)

Differentiating u with respect to x, we have

u =

1 x [F & x [T ¢
Uy = m |:—€ @ /_ooearn(é,t)dé?—i-eafx e “m(%"t)dé:]
! [—% / " chmee, nde — oF / e t)ds}
2(0[2 ﬂz) —00 ’ X ) .

Then, we present the precise blow-up scenario.

Theorem 2.3. Assume that uy € H*(R) and let T be the maximal existence time of the solution u(x, t) to equation (1.1), ¢ # B, ¢ > 0, > 0
with the initial data uy(x).
(1).Ifb > %, then the corresponding solution of the FOCH model (1.1) blows up in finite time if and only if

lim inf D)} = —o0.
fim a0} = o0

(2). Ifb < 1, then the corresponding solution of the FOCH model (1.1) blows up in finite time if and only if

lim supf{uy(x, t)} = +o00.
t%Txe]R

Proof. By direct calculation, we have
Iml2, = / [ — (@2 + Bt + 02 e el
R
= Auz + (az + ,32)214 2(05 + .B Yty + o 54uxxxx + 2a2,82“uxxxx - 2(052 + ﬁz)azﬂzuxxuxxxxdx

= / W4 (@ + A, + 2% + Bt + ot Bl 4 202 B2ud, 4 2(a? + P’ Bl dx.
R
Hence
cllull?s < lImll2, < Cllull

where ¢ and C are positive constants depending on o and 8. If b > l, direct calculation we have

’ mldx = (1 — Zb)f uym?dx < (1 — 2b) 1nf{ux(x, t)}/ dx.

If
inf {uy(x,0)} > —M,
xeR

i/ m2dx < —(1 —2b)M/ m2dx
dt Jr R

then
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By using the Gronwall inequality,
Imilf. = / mldx < e” 17N / migdx = ¢ 20M g | 7.,
R R
Therefore the H*-norm of the solution is bounded on [0, T).

On the other hand,
Ol2 2
U= —F——-p1*m— m

(a2 — %)
Ol2 ,82
= W/RPI(X—E)W(EWE - mv/sz(x—S)m(S)d%‘-

p2xm

By the Sobolev’s embedding ||ux]lco < ||lu]l g, it tells us if H*-norm of the solution is bounded, then the L>®-norm of the first derivative is

bounded. B

By the same argument, we can get the similar result for b < % So, we omit the details and complete the proof of Theorem 2.3. O

3. GLOBAL EXISTENCE

In this section, we study the global existence. Before going to our main results, we give the particle trajectory as

{qt:u(q,t), 0<t<T,xeR,

q(x,0)=x, xeR, (3.1)
where T is the lifespan of the solution. Taking derivative (3.1) with respect to x, we obtain

dqt

G I = ux(q, ) qx, te (0, 7).
X

Therefore

Gx = exp{fot ux(g,9)ds}, 0<t<T, xeR,
4x(x,0) =1, xeR,

which is always positive before the blow-up time. Therefore, the function g(x, t) is an increasing diffeomorphism of the line before blow-up.
In fact, direct calculation yields

d
- m(@)a)) = [mi(@) + u(q, Yma(g) + bug(q, Ym(@)]g; = 0.
Hence, we have the following identity
m(q)qi = mo(x), 0<t<T,xeR. (3.2)

Theorem 3.1. Assume that up € H*(R), @ # B, > 0, 8 > 0, ifb= % or b = 2, then the corresponding solution of FOCH model (1.1) will
exist globally in time.

Remark 3.1. Ifa = 0 or B = 0, system (1.1) reduce to the well-known b-family equation. The global existence for b = % and Theorem 3.2 can
be reduce to the results for b-family equation [18]. The global existence for b = 2 is the new discovery compared to the b-family equation.

Proof. Let
E(t) = /Ruz +@?+ ﬂz)ui + azﬂzufmdx.
Differentiating E(f), we have
d
EE(t) = /Rzuut + 2(052 + lgz)uxuxt + Zazﬂzuxxuxxtdx

= / 2uuy — 2(052 + ﬂz)”uxxt + 2a2ﬂ2u”xxxxtdx
R

= 2/ umedx
R

=(b— 2)/ wm,dx.
R
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It yields that E(t) = E(0) when b = 2. By the Sobolev’s imbedding, we have
luxllze < llullzn < CE(t) = CE(0).
The global existence for b = 2 is completed by Theorem 2.3. Applying m on (1.1) and integration by parts, we obtain

— | mPdx = —2/ bu,m® + mmyudx
dt Jr

= —2/ buym? — uxdx

= (1—2b)/ uym?dx
R

2 2 2
lulZ < llmll> = lmollZ.

Ifb = %, then % Jr m2dx = 0. Hence,

It follows that the corresponding solution of FOCH model (1.1) exists globally when b = % O

Theorem 3.2. Supposing that ug € HY, o # B, o > 0, B > 0, mg = (1 — a?32)(1 — B232)ug does not change sign. Then the corresponding
solution to (1.1) exists globally.

Proof. We can assume that mg > 0. It is sufficient to prove u, is bounded for all ¢. In fact,
1 . “+0oo £ . X £
= —— |ea —a JOdE —e @ & ,0)d
e 2(a2—ﬂ2)|:e / e Em(E, Dt — e [mem(s>s}

1 _x [* & x [T _¢
+m [6 ﬂ[meﬁM(S,t)dé—eﬂ[c e ﬂm(g,t)ds}.

If my > 0, > B > 0, then

1 x +00 & . x ¢
Ux = 2(0[2 ’32) |:e°f/x e am(§, )ds —e ‘[weam(s,t)dg]

1 _x [* & x [t ¢
2(a2 57 [e B [weﬂm(g,t)dé—eﬂ/x e ﬂm(é,t)dg]
1 [« [ _& _x [T &
= 22— B _e“/x e am(§,t)dé +e P /_weﬂm(s,t)dé]
1 -
< -
T 2@r-pH L

1
< 555 | fR m(e, td + A m(s,t)ds]

= m/ﬂgmo(f,t)dé

it /oom(s,t)déJre*%e% /x m(é,t)dé]

and
1 [ [ _& s [Tk
ux:m _eoc/x e em(E, )dE — e aﬁmeam(é,t)dé}
1 _x [* & x [T _¢
+m [e ﬂ[ eﬁm(g,t)dS—eﬂ/x e ﬂm(é,t)dé]
S __e—é fx ewm(E tde — ef /.Jrooe_f’m(é,t)dé]
— 2(0{2 52) _ x
> — ﬁz)fm@ nd
= —m/Rmo(E,t)ds.
That is

ial < ———— | mo(e yde.
o — P /R
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Ifmy > 0,0 <« < B, then
1
22 -8 |

1 _x (% ¢ x [T ¢
2(0[2 ﬂ2)|: /_ eﬂm(é)t)ds_eﬁ/‘ e ﬁm(f},t)dg]

Uy =

o
Q=
—

Ooe_gm(g,t)dé —e @ /x egm(é,t)dé]

[\
=%

< ! T d B o _% d
- 2(0[2 82 __e / exm(§,t)ds —e f e Pm(§,1t) §i|

—00 x
1

< 2(ot2 5 _—e_§e§ /x m(g,t)d“;‘—e%{% /Oom(g,t)dg]

—00 X

RIx

1
287 —a?) _fR m(§, t)d& +Am(§,t)d§]

1
= W/Rm()(g’t)ds

and
1 x © _ & _x [* &
Uy = 2(a2 55 [ea/x e am(E, t)dE — e a/iooeam(é,t)dé]
1 _x [* & x [T _¢
2(a2 5 [e ﬂ/;ooeﬂm(é,t)dé—eﬁ/x e ﬂm(é,t)dé]
> ﬁ[egfx efgm(é,t)d“g‘—i-e_% /_we%m(é,t)dé]
> [ mnds
B*—a?) Jr
1
= _W/Rm()(é,t)dé.
That is

1
il = s [ mote. .

When my < 0, via the similar approach that is used above, we could also obtain the global existence result. So, we omit the details and
complete the proof of Theorem 3.2. O

4. INFINITE PROPAGATION SPEED

The main theorem reads as follows:

Theorem 4.1. Assume that the initial datum uy(x) € H*(R) is compactly supported in [a, c], then for t € (0, T), the corresponding solution
u(x, t) to the FOCH model (1.1) a # B, a > 0, B > 0 has the following property:

o *g B ,3
u(x’ l’) _ {2(0[2 Y2 e El(t) 2(a? 52)6 EZ(t) asx > q(C, t);

@ aF (1) — eP Fy (1), asx < q(a, t),

_ B
2(e2—p%)
where

El(t)=fe§m(x,t)dx, Fl(t)=/e_§m(x,t)dx,
R R

and

Ez(t)=/e%m(x,t)dx, F (1) =/e_%m(x,t)dx,
R R

denote continuous nonvanishing functions.

2
Furthermore, ifa > 0,0 < 8 < a 0 <b <min{3— 072’ 3} E, (t) is strictly increasing function, while Fy (t) is strictly decreasing function.

Similarly, if B > 0,0 < o < \/gﬂ, 0 <b<min{3 — Zgz , 3} E,(t) is strictly increasing function, while F,(t) is strictly decreasing function.



M. Zhu et al. / Journal of Nonlinear Mathematical Physics 28(3) 321-336 327

Remark 4.1. Theorem 4.1 implies that the strong solution u(x,t) doesn’t have compact x-support for any t > 0 in its lifespan, although the
corresponding ug(x) is compactly supported.

Proof. Since ug(x) has a compact support in the interval [a, c], so does my(x) = (1 — aza,%)(l - ﬂzaf)uo(x). Equation (3.2) tells us that
mx) = (1 — a23§)(1 — ﬂ28§)u(x) is compactly supported in the interval [g(a, t), q(c, t)] in its lifespan. Hence the following functions are
well-defined

El(t)=/e§m(x,t)dx, Fl(t)=/e_§m(x,t)dx,
R R

Ez(t):/e%m(x,t)dx, F)(t) :/e_%m(x,t)dx.
R R

Using (3.2),

m(q(x,t),t) =0, x<a or x>¢
we know
2 132
Heet) = (( T @ 2—ﬂ2>‘”2> B
T )[ el - 5o )/ 7 mede

T Y / " e
2(0{2—,8) q(a,t) mi :82) qa,t) ¢ " -

Then, for x > g(c, t), we have

o q(c,t) o ﬂ q(ct) xk
un ) = 5 /q e e — 5 /q e m(e)de

(a,t) (a,t)
o x q(c:t) £ :3 x q(c.t) £
= 2(a2 — /32)6 ¢ /;(a,t) exm(§)dE — 2002 — /32)6 P /;(a,t) efPm(&)dé
o _x ﬂ
= o« By (t E t). 4.1
et g B0~ st RO 1)

Similarly, when x < g(a, t), we have

o q(c,t) . 13 q(c,t) x—
= — o - B
u(o1) 2(a? — B2) /q(a,t) e w mE)d 2(a? — B2) /q(u,t) e 7 mE)a
o x q(ct) & B P (G
T 22— ﬂZ)ea L(a,t) e am(§)ds — 2a? = '82)85 /q(a,t) e Pm(§)d§
B

= M;xﬁegfrl(t) — WC%FZ(O (42)

On the other hand,

dE (1)

o fR ok my (&, D) de.

It is easy to get

my = —my, — bmiuy
= [(052 + ﬁz)uxxx - azﬂzuxxxxx — uyx]u — blu — (052 + ﬁz)uxx + O‘Z,Bzuxxxx]ux
= (052 + lgz)uxxxu - azlgzuxxxxx” — (b4 Duuy, + b(az + lgz)uxxux - bazlgzuxxxxu» (4.3)
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Taking (4.3) into %, we obtain

b (1) —/eﬁm dx
ar R !

= / eg [(0‘2 + ﬂz)uxxxu - azﬂzuxxxxxu — (b+ Duuy + b(az + :Bz)uxxux - hazlgzuxxxxux] dx
R
= (a® + ;‘32)/ eguxxxudx - a2ﬂ2/ eguxxxxxudx — b+ 1)/ e Uty dx
R R R
+b(a? +ﬂ2)/ eéuxxuxdx— baz,BZ/ eguxxxxuxdx
R R

5
= Z I, (4.4)
i=1

I1-I5s can be estimated as follows:

I = (¢? +ﬂ2)/ eguxxxudx
R
2 2 . 3(a 2 .
=2 +3ﬂ /eauzdx—l—M/ eiuﬁdx, (4.5)
2 R 2a R
L= _azﬂZ/ eéuxxxxxudx
R
2 x 542 x 5ap8? x
= '8—3 eauzdx—i/ ew uldx + op /eﬁuixdx, (4.6)
20° Jr 20 Jr 2 Jr
L=—0b+ 1)/ eguuxdx
R
b+1 x
= 21 e uldx, (4.7)
200 Jr
Iy = b(a? +/32)/ eguxxuxdx
R
b(a? 2 x
= LG ) )fe&uidx, (4.8)
2a R
Is = —bazﬂzf eguxxxxuxdx
R
bB? x 3bap? x
= i/ e uldx — op /eaufcxdx. (4.9)
20 R 2 R
Combining (4.5)-(4.9) to (4.4), we have
dE, (t x
1) = / e« mydx
dt R
x b—3)a? + 282 x 5 — 3b)a? x
= — [ exuldx— w/ eauidx+ﬂ/ ew il dx. (4.10)
20 Jr 200 R 2 R

2
Fora > 0,0 < 8 < \/goz, 0 < b <min{3 — Zaiz, %}, from (4.10), E; (¢) is strictly increasing for nontrivial solution.

Similary,
dF(t) / _x
= | e ampdx
dt R
b x b—3)a? +2p2 x 5 — 3b)ap? x
=—— | e auldx+ w[ e_Euidx— ﬂ/‘ e_Euixdx. (4.11)
2a R 2a R 2 R
Fora > 0,0 < B8 < \/ga, 0 <b<min{3 — Zaizz, %}, from (4.11), F; (t) is strictly decreasing for nontrivial solution.

dEx (1) =fe%mtdx
R

dt

b x b—3)B2+2a [ = 5-3b)Ba [ =

= —/ eﬂuzdx—w/ eﬂuidx—i-ﬂ/ ef 12 dx. (4.12)
26 Jr 2B R 2 R
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Forf >0,0 <a < \/g B,0 < b < min{3 — 202 21 from (4.12), E5(¢) is strictly increasing for nontrivial solution.

BTo3h
dF,(t
0211‘() /Re Bmydx
b _x b—3)B82 + 202 _x 5—3b 2 _x
:——/e ﬁuzdx—i-w/e ﬂuidx—ﬁfe Bl dx. (4.13)
28 Jr 2p R 2 R

For > 0,0 <a < \/>ﬂ 0 <b <min{3 — /32 , 3} from (4.13), F(¢) is strictly decreasing for nontrivial solution.
This complete the proof of Theorem 4.1. O
Remark 4.2. Let

) = [2((1 etd “aEy(f), asx> q(c, 1), Wt — {Z(aﬂﬂ )e ﬂEz(t) asx > q(c, 1),

5 eaFl(t) asx < q(a,t), eﬁ F (1), asx < q(a, t),

B
2(a?—p?) 2(e?—p?)

We rewrite u = u' — u”, as consequences of (4.1) and (4.2), we have

W () = —aul(x, ) = o?ul, (6 1) = (%ﬂz)e*%a(t), asx > q(c 1),

U (1) = aul(x,t) = @?ul (x,t) = e — _eaFy(b), asx < q(a, t).
and

U (x,t) = —Bul(x,t) = BHul (x,t) = @ 2'3 52) Ez(t), asx > q(c, t),

U (x,t) = Bull(x,t) = AUl (x,t) = w%ﬁ)eﬁ Fa (1), asx < q(a,t).

Theorem 4.2. Suppose the initial value uy(x) € H*R), my = (1 — a23§)(1 — ,3233)%, a > B > 0, mg doesn’t change sign on R and ug has
compact support in the interval [a, c]. Then for t € (0, T), the corresponding solution u(x, t) of equation (1.1) satisfies

e« |E (D) < ulx, e @ |E (D)), asx > qc D),

1 o
P < t) 5 -
2+ B) 2(a? — %)

x o
o |Fi(t)] < ) < —
HRD] < (D) < 5o

B e§|F1(t)|, asx < q(a,t).

v
2(a + B)

where
E1<t>=/Re§m(s,t>ds, Fl(o:/l;e*%m(s,t)ds,

denote continuous nonvanishing functions.

Remark 4.3. We assume o > f > 0 to get the above conclusion in Theorem 4.2, because the position of a, B is symmetric, then 8 > a > 0,

£ 3
we have results similar to the above conclusions about E,(t) = fR ePm(&, t)dE, Fo(t) = fR e Pm(E,t)dE,

e B < u D < z(ﬁ%e FIEOL asx > qlcD,

1 x B x
TRyt <ux,t<7eﬂFt, asx < q(a,t).
s POl U < 5t I 9(a, 1)
Theorem 4.2 can be seem as a generalization of the result in [20]. Comparing with Theorem 4.1, it show more detailed estimation by adding the
additional condition on my.

1
2(ax + B)

Proof. 1f up has a compact support set [a, c], then the corresponding myg also has a corresponding compact support set [a, c]. It is known
from (3.2) that m has the same compact support set [q(a, t), q(c, t)]. We define

é ) o _\x;a _ 1 _\x;s\
<1 - a) 202 — B2) /Re mhE = P /Re s

2= 2(a2a‘_ 82) /Rei = . (4.14)

Ui
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According to Ey (t) = [ egm(é,t)dé,Fl(t) = Jr efgm(%‘,t)dé,then

1 X X
up(x,t) = ————e @ Ei(f), u(x, t) e «Ei(t), asx>q(ct),

o
2(x+B) C 2(a?—B?)
1 x o x
uy(x, t) = meaﬂ(t), uy(x,t) = meaﬂ(t), asx < q(a,t).
According to (4.1) and (4.14), we obtain

uy(x,t) — u(x, t) = ,82) /

U, 1) — uy (x, £) = ,32)/< ‘X?‘)md;&.

{ul(x, 1) < ux, t) < ux(x,t), mo > 0,

ur(x,t) < u(x,t) < ui(xt), mg < 0.

mdé

Then, we obtain

If my > 0,

e aEl(t) <u(xt) < M%ﬂz)fﬂfl(f% asx > q(c, 1),

ea F1(t) < u(xt) < z(azoiﬂz)eﬁFl(t), asx < q(a,t).

2(O¢+ﬁ)
2(a+ﬂ)
If my <0,

s e @ By () < u(x,t) < e wEi(t), asx> q(c 1),

z(az }32
/32 ex Fi(H) < u(x,t) <

1
2(a+ﬂ)
eaFl(t) asx < q(a,t).

22 2(a+f3)

The proof of Theorem 4.2 is finished.

5. LONG TIME BEHAVIOR FOR THE SUPPORT OF MOMENTUM DENSITY

(4.15)

(4.16)

After the global existence of solution is established, we will discuss the long time behavior for the support of momentum density of the FOCH

model. Now, we give the lemma and main theorem as follows:

Lemma 5.1. Leta > B > 0, Assume the initial value ug % 0 has a compact supported set [a, c].

(1). If mo(x) > 0(£ 0), x € [a, c], then we have
lim Fi(¢t) =0.
t——+00

(2). If mo(x) < 0(z£ 0), x € [a, c], then we have
lim E;(t) =0.
t——400

Remark 5.1. By the same argument, we can get a similar conclusion for 8 > a > 0. If mp(x) > 0(z 0), x € [a, c], then we have

lim F,(t) = 0.

t——400
If mo(x) < 0(z 0), x € [a, c], then we have
t—1>15-noo Ex(H) =0.

Proof. (1) For my(x) > 0, from (3.2), we have E; (¢) > 0, F1(¢) > 0, Ex(t) > 0, F5(t) > 0, for all t > 0. As F;(¢) > 0, we claim that
i R0 =0

Otherwise, there is a constant €y > 0, for any T' > 0, there will exist a t > T, such that F; () > .

For any d < a, from (4.15) we have

d 1 (b
—q(d,t) = d,t),t) > ———e « Fi(t
dt‘i( ) = u(q(d, 1),t) > 2(a+ﬂ)e 1(®)
1 q(d,)
€0.
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It follows that

Rl

_ gy €0 e
o

<——t .
¢ - 2a(a+pB) + o

d
Taking T = 2(“672'@6’&, however, whent =T + 1,

R T
2a(a + B)

This is the contradiction. So our claim is right.

(2). For my(x) < 0, from (3.2), we have E1(t) < 0, F1(t) < 0, Ex(t) < 0, F5(t) < 0,forall t > 0. As F;(t) > 0, we claim that

lim E;(t) =0.
t——+00

Otherwise, there is a constant €y > 0, for any T > 0, for any T > 0, there will exist a t > T, such that E; (f) < —¢g.

For any h > c, from (4.16) we have

d 1 _qhn)
aq(h, 1) = u(q(h,t),t) < m(z « Ei(t)
€0 _qhb)
2@+ p)
It follows that
q(ht) €0 e‘g

Taking T = 2(a€7—0+/3)e—§) however, when t = T + 1,

|
DIEN

€0

e
- t4+ — <0,
200(a + B)

This is the contradiction. So our claim is right.

Theorem 5.2. Ifb > 1, ¢ > B > 0, and suppose that my(x) € L% and ug(x) has a compact supported set [a, c].

(1). If mo(x) > 0(£ 0), x € [a, c], then we have

q(ct) q(a,t)
ex®-1) — ea-1) — +00, ast—> +o00.

(2). If mo(x) < 0(z 0),x € [a,cl, then we have

_ 4@t _
e «b-) —¢ o@D —s 400, ast—> 400.

Remark 5.2. For the case B > « > 0, by using the properties of E; and F, in Remark 5.1, one can replace a with 8 in (5.1) and (5.2).

Proof. (1) By (3.2) and direct calculation, we have

c b c b ¢ b
< / (moﬁdx) _ ( f (m(q,t)qﬁﬁdx) _ ( / (m(q,t))%qxdx)

q(ct) 1 b
/ (m(§,1))bdE
q(a,t)

IA

(
(

qed) g@n \ 7D
= F(t) |:oz(b -1 (e"@—l) — ea®-D) )] .

) : I
/ m(&, t)e « dE / ea®-D d&
q(a.t) q(a.t)

331

(5.1)

(5.2)
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It follows
1 b
e gane-n\ 1Y (fac (mo)? dx)
Ol(b — 1) eab-1) — ¢ o > .
Fi(t)
Using the limit
lim F1 =0,
t—+o0
we can get

9(ct) q9(a.t)
e2®-D — ga®-) —» 400, ast—> 400.

(2). Direct calculation, we have

c b c b c b
</ (—mo)%dx) = (/ (—mo)%dx> = (/ (—m(q,t)qﬁ)%dx>
c . b q(ct) . b
= (/ (—=m(q t))“]xdx> = (/ (—m(E,f))bdif)
a q(at)
q(C)t) £ q(c,t) ¢ b—1
/ (-m(é) f)ea) d¢ / e *@-Ddg
q(at) q(a,t)

gt ()] b—1
—Ei(t) |a(b — (e w0 — ¢ ath)

IA

It follows
c 1 b
_ 4@ _ _qb b-1 (fa (=mo) bdx)
Ol(b— 1){e «@-D —¢ «®-D >
—E1(9)
Using the limit
lim E1 =0,
t—+00
we can obtain
_ q@b O]
e =D —¢ o) —> 400, ast—> +o0. O

Theorem 5.3. Ifb = 1, suppose that mg(x) € Ly and uy(x) has a compact supported set [a, c].

(1). If mo(x) > 0( 0), x € [a, c], then we have

q(c,t) — +o00, ast —> 4o0.

(2). If mo(x) < 0(£ 0),x € [a, c], then we have
q(a,t) — —oo, ast —> 4o00.
Proof. We only present the proof for @« > B > 0. The case § > a > 0 can be proved by the same argument. (1) As mg(x) > 0, for any
t > 0, we have F;(f) > 0. According to Lemma 5.1, we know
lim Fi(t) = 0.
Jp R0 =0
Direct calculation, we have

q(c.t)

c c e q(c,t) £
/ modx = / m(g, t)qxdx < eT/ m(E, e «dé = e @ Fi(b).
a a q

(a,t)
It follows

e >4 5 400, ast—> +00,
Fi(t)
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then we can get
q(c,t) — +o00, ast —> 4o0.
(2). As mp(x) <0, for any t > 0, we have E; (t) < 0. According to Lemma 5.1, we know
lim E;(t) =0.
t—>+00

Direct calculation, we have

/(—mo)dx—/ (—m(q, ) gx)dx

@n [0 3
<o [ et ds =~
9(at)
It follows
_awn_ [r(=mo)dx
e o« > T B —> 400, ast— 400,
—kEx
then we can get
q(a,t) — —o0, ast — 4o00. O

Theorem 5.4. If0 <b < 1L, > 8 > 0, my(x) € L% orb =0, my € Loo. Suppose that uy(x) has a compact supported set [a, c].

(1). If mo(x) > 0(£ 0) for x € [a, c], then we have

e« —e « —> 400, ast—> 4o0. (5.3)

(2). If my(x) < 0(z£ 0) for x € [a, c], then we have
R )
e« —e @ —> 400, ast—> +oo. (5.4)
Remark 5.3. For the case 8 > a > 0, by using the properties of E; and F, in Remark 5.1, one can replace a with 8 in (5.3) and (5.4).

Proof. (1). For mg(x) > 0, we have F; () > 0 forall t > 0. From Lemma 5.1, we know
t—leoo Fi(t) =0.

According to the conservation law

If0<b<1and 2y +n =1, =>{
O<y,n<l.

/ modx = / mdx = / m(q, t)qxdx
R R R
S/ _a \Y/ 1 N[ 4 \Y ]
= me @ mb e dx
|:/(; ( qx) ( %c) ( Qx)
c q Y c n € g Y
< </ me_qudx> </ mb qxdx> (/ ew qxdx>
q(c;t) £ 4 1 n 9@t ¢ 4
/ me” o d& </ mFdS) / eadE
q(a,t) q(at)

(ct)
=<F1(t>)y mhds (q eads>

q(a,t)

= (F,(1)) (/ méds)"( — e’ ))V.

By direct calculation, we obtain
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It follows
PIen) q@n\ Y modx
(ote « —qge « > fR : 7 +00,
(F1 ()Y (fR mg dé)
then we can obtain
q(c,t) q(a,t)
e« —e ¢« —> 400, ast— +00

If b = 0, we can obtain

b—0 JRr

R

) /o _a \Y/ 1 NT/a NV
fim | [ (e dae) () (e8a) ]

¢ q Y ¢ 1 n ¢ q 14
lim ( / me’qudx> ( / mﬁqxdx> ( / eaqxdx>
b—0 a a a

aen o\ . aen .\’
lim / me” ad§ (/ mﬂdé) / eadé
b—0 \ Jg(a,t) R q(a,t)

LN raen o\
= lim (F;(¢)) (/ midé) / eadg
b—0 R q(a,t)

IA

1 n (c.t) @\ Y
— lim (F)(t))" </ mé’d“g‘) (aeqa — e’ )
b—0 R
It follows
) @h\Y modx
(aeqa —ae'e > Sy 10 — 400,

1 n
(FL1(0)” (hmb—>0 fR m(l)J dé)

then we can obtain

e« —e o —> 400, ast—> +00.

(2). For mg(x) < 0, we have E;(t) < 0 for all £ > 0. From Lemma 5.1, we know

Jim B =0

1
/mdx:/ modx, /m%dx=/ m{ dx.
R R R R

Similarly, according to the conservation law

y+i=1 2
0 == —-1<1,
fo<b<land | 2y+n=1, :>{0<"_§—4b_ 1<1
0<y,n<l V= b2 <

By direct calculation, we obtain

—/ modx = —/ mdx = —/ m(q, t)qxdx
R
[ e (i) (40 o]
c Y
( —meaqxdx) </( m)qudx> (/ e*gqxdx)
( q(c 1) ) q(c,t) £ 14
—meadé ([( m)bdé) / e odE
q(a,t) q(a,t)

IA
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1 n q(ct) & Y
= (—E1 (1)) (/ m?d$> f e adt
R qa.t)
1 n ot ot
= (—E; ()" ( / mgdg) (oze_q(a) _ae—%)y_
R

It follows
(a,t) )\ Y — modx
(aeiqT — a67%> > fR 0 N 7 —> +00,
(=B ()" ( fia(—mo) b d)
then we can obtain
_q@b) _ g
e o« —e o —> 400, ast— +o0.

If b = 0, we can obtain

—/ modx = — lim | mdx = —f m(q, t)qxdx
R R R

b—0

¢ 1 14 1 n q Y
i [ (et (cmta) (2a) o]
c q Y c 1 n c q Y
lim (/ —mea qxdx> </ (—m)qudx) </ e_qudx>
b—0 a a a
q(ct) £ Y 1 n q(c,t) £ 14
= lim / —meo d§ (/ (—m)Fdé?) / e adé
b—0 \ Jg(at) R q(at)
R A P
= lim (—E;(1))” (/ m5d5> / e adE
b—0 R q(a,t)

1 n q(at) qc) \ Y
=l — v b e —we o
= gino( Ei (1) (/l‘% m dé) (ae ae ) .

IA

It follows
(a,t) @)\ Y — modx
(ozeiqT — aeiqT) > fR 0 : 7 — +oo,
(—E1 (1) (limyo fi(~mo) b d )
then we can obtain
_q@n g
e @« —e @ —> 400, ast—> +00. O

6. CONCLUSION

We have considered the FOCH model @ # 8, a > 0, 8 > 0. When «, § is negative, one can get the same results by taking absolute value ||
and |B]. This model is highly related to the classical Camassa-Holm equation, the Degasperis-Procesi equation and the Holm-Staley b-family
equation. We have studied some mathematical property, such as global existence, infinite propagation speed and long time behavior of the
support of momentum density. Another highly related equation is (1.1) with « = B. Due to (1.1) with @ = B doesn’t have the structure in
Lemma 2.2 and (2.1), some results in this manuscript may can’t been realized for « = 8.
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