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ABSTRACT

Based on the Nambu 3-bracket and the operators of the KP hierarchy, we propose the generalized Lax equation of the Lax triple.
Under the operator constraints, we construct the generalized KdV hierarchy and Boussinesq hierarchy. Moreover, we present the
exact solutions of some nonlinear evolution equations.
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1. INTRODUCTION

Nambu mechanics [8] is a generalization of classical Hamiltonian mechanics based on Liouville theorem. Poisson brackets in Hamilton
mechanics are replaced by Nambu brackets. Based on Nambu brackets, Nambu 3-algebra [10] is introduced. It is a natural generalization
of Lie Algebra with high structure. 3-algebra has been widely applied in string theory and M-branches [1,9]. In recent years, the
relationship between infinite dimensional 3-algebra and integrable system has attracted wide attention in the framework of Nambu
mechanics [2,3,14].

The Kadomtsev-Petviashvili (KP) hierarchy [5-7,13] is an important classical integrable system. There are different approaches to the
description of the KP hierarchy. One of them is described in terms of a Lax pair (B, L). By means of the operator Nambu 3-bracket, the
generalized Lax equation of the KP hierarchy with the Lax triple (B, By, L) was studied in [12], where the KP equation and other integrable
(nonintegrable) equations were derived, and the soliton wave solutions of the nonlinear evolution equations were provided. The BKP and CKP
hierarchies are two important reductions of the KP hierarchy. When the operator L satisfies the constraints L* = —dLd~! and L* = —L,
the KP hierarchy becomes the BKP and CKP hierarchies, respectively. The dKP hierarchy is the quasi classical limit of the KP hierarchy.
Based on the Lax triple (B, By, L), the generalized BKP, CKP and dKP hierarchies were investigated [4,11]. When the operator L satisfies
the constraints (L2)_ = 0 and (L?)_ = 0, the KP hierarchy becomes the KdV and Boussinesq hierarchies, respectively. Both KdV equation
and Boussinesq equation are derived from the study of shallow water waves. They both contain N-soliton solutions. Boussinesq equation
can be considered as a generalization of KdV equation, which allows solitons to propagate in two directions. The aim of this paper is to
derive the nonlinear evolution equations from the generalized Lax equation in term of the Lax triple (B, By, L) of the KAV and Boussinesq
hierarchies.

This paper is arranged as follows. In Section 2, the generalized Lax equation of KP hierarchy and operator constraints is introduced. In
Sections 3 and 4, we give the generalized KdV and Boussinesq hierarchies, respectively. Finally, a short conclusion and further discussion
are presented.
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2. GENERALIZED LAX EQUATION

The KP hierarchy can be derived from the well-known Lax equation,

oL
2 —[BpLl=BuL—LB,, n=12---. 2.1)
oty
Here B, = (L")4, n > 1. L is a pseudo-differential operator,
+oo
L=3+Y v, 22
i=0

where t = (;, 1, - - - ) are the time variables and 9 = 9/dy, x = 1, the negative powers of 9 are to be understood as the formal integration
symbols.

As the operator L satisfies the constraints (L2)_ = 0 and (L*)_ = 0, respectively, we can derive the KdV hierarchy and Boussinesq hierarchy
from the Lax equation (2.1). Here (L¥)_, k = 2, 3, denotes the integral part of L,
IM_ =1F- 15, =1F - B

The constraints (L¥)_ = 0 means [By,, Bx] = 0,7 = 1,2, ..., thus we can derive

oLk
=0,k=2,3,n=12,.... (2.3)
Otkn
Based on the operator Nambu 3-bracket, the generalized Lax equation with respect to the Lax triple (L, B,, By,)[12] is defined by
oL
= [Bu,Bu, L1-, (m,n=0,1,2--+), (2.4)
Otmn

where By = 1. The operator Nambu 3-bracket [,, ] denotes the formal integration operator part of the derived pseudo-differential operator.

Taking B, = By in (2.4), it is easy to verify that (2.4) leads to the Lax equation (2.1). Thus it is natural to derive the KP hierarchy from
(2.4). As the operator L satisfy the constraints (L3_ =0and (L*)_ =0, respectively, we can also derive the KdV hierarchy and Boussinesq
hierarchy.

In the following, we will list the usual KdV hierarchy and Boussinesq hierarchy. And we also will derive the generalized KdV hierarchy and
Boussinesq hierarchy from the generalized Lax equation (2.4).

3. GENERALIZED KdV HIERARCHY

Equating the coefficients of the operator 3 (i = 1,2, - - ) in the constraints (L?)_ = 0, we can derive
1
VI = —=Vox
1 2 0,x
V2 = — =V + ~ Voo
2 4 7
3 1
V3 = Evovo,x - gVO,xxxx
1, 11, 1
V4 = _ZVOVO,xx + EVO - ?VO,X + EVO,xxxxa
15 15 15 2 1
V5 = EVOVO,xxx + ZVO,xVO,xx - ZVO,xV() - ivo,uxxxa
(3.1)
Then we can derive B, of the KdV hierarchy are
By =0,
B, = 92 + 2vy,

3 3
B3 =07 4+ 310 + EVO,xa
By = 9 + 41/082 + 4vp,0 + 41/% + 2V0,xx>

15 15 25 15 15
Bs = 9+ 51/083 + ?Vo,xaz + (711(2) + ZVO’XX> 0+ 71/01/0,)C + gvo)xxx,
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Bs = 8% 4+ 6v90* 4 12190 + (1203 + 14v,4,) 9% + (24v0vo.x + 8V00x) D
+ 2000 + 12V0Voxx + 81/(3) + SVS,X,

2 8
+(3s3 175 245 , 161 ) 63

—Vy+ —VoVoxx + —— Vo, + —V a4+ —v
2 0 4 0V0,xx 3 0,x 16 0,xxxx 32 0,xxxx%

. s 35 ., (35, 105 , (105 175 5
B; =0’ + 7vy0 +?v0,x8 + Vo“'TVO,xx 0” + TVOVO,x—I——Vo,xxx 0

105 105 105 ,
+ TVOVO,xxx + TVO,xVO,xx + TVOVO,X

()

Taking B,, = By, we list some evolution equations of the KdV hierarchy as follows:

o For the case of B, = B3, we have

A 1 43
— = =V V0.xV0>»
3t03 4 0,xxx 0,xV0

339

(3.2)

(3.3)

which is the well-known KdV equation. Under the scaling transformation vy = %u, to3 = 4t, (3.3) becomes the usual KdV equation.

o For the case of B, = Bs, we have

vy 1 5 5 15 2
FOS = R 0,x0exx T ZVOVO,xxx + EVO,XVO,xx + ?VO,xvo-
Under the scaling transformation vy = %u, tos = 16t, (3.4) becomes the usual 5-order KdV equation.
o For the case of B, = By, we have
avo 1 7 21
?07 = avo,xxxxxxx + RVOVO,xxxxx + RVO,xVO,xxxx + EVO,xxVO,xxx

35 35, 35 4 35 3
+7VOV0,xV0,xx + ?VOVO,XXX + gvo,x + 7VO,xVQ~

Under the scaling transformation vy = %u, toy = 64t, (3.5) becomes the usual 7-order KdV equation.

(3.4)

(3.5)

In the following, we will list some evolution equations of the generalized KdV hierarchy from the generalized Lax equation (2.4) except

B, = By. We also get the single soliton solution of some nonlinear evolution equations.
o Taking the operator pair (B;, By) in (2.4), we have

R 1
E = _ZVO,xxx + VoVo,x-
Under the scaling transformation vy = —%u, t12 = —4t, (3.6) becomes the usual KdV equation.
o Taking the operator pair (B}, B3) in (2.4), we have
81/() _
dt13
o Taking the operator pair (B}, B4) in (2.4), we have
dvo 1 11 7 9
E = _EVO,xxxxx + ZVOVO,xxx + EVO,xVO,xx + EVO,XV(y

Its single soliton solution is

b 5(3 sec h26 — 1)(54/41 — 33)k?
0~ —21 + 941 :

where £ = k(wt + x) + b in which

(—1019699 + 159231/41)k*
w =
—33606 + 5214+/41

b and k are arbitrary constants.
o Taking the operator pair (B,, B3) in (2.4), we have
R 1

9
2
= Voxxxex T ZV0Voxex + < V0xVoxx — 3V0xVp-
16 2 4 0

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)
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Its single soliton solution is
5k
vy = —7(3 sech?& — 1), (3.11)
where £ = k(wt + x) + b in whichw = — %, b and k are arbitrary constants.

o Taking the operator pairs (B;, Bs) and (B, B4) in (2.4), we have

v _ v _ (3.12)
dt1s 0try
o Taking the operator pair (B}, Bg) in (2.4), we have
v 1 57 119 125
E = _@Vo,xxxxxxx + EVOVO,xxxxx + EVO,xVO,xxxx + Evo,xxvo,xxx
35 45 , 25 4 25 3
+7V0VO,xV0,xx + KVOVO,xxx + ?V(),x + ?VO,XVO' (313)
o Taking the operator pair (By, Bs) in (2.4), we have
8110 1
WZS = &Vo,xxxxxxx + ZVO Vo xxxxx 1 ZVO,xVO,xxxx + EVO,xxVO,xxx
35 5, 15 , 15 3
7 V0V0xV0.0 + gVoVoex + Vo = S V0 (3.14)
« Taking the operator pair (B3, B4) in (2.4), we have
v 1 1 1 27
8T34 = _avo,mxxxxx + EVOVO,xxxxx - ZVO,XVO,xxxx - T6V0,xxV0,xxx
141 75 , 33 ;5 27 3
o Y0V0xVoe - VoVoeer T V0 T Voo (3.15)

o Taking the operator pairs (B, B7), (B2, Bs) and (B3, Bs) in (2.4), we have
v _ i _

— - —0. (3.16)
ot;7  0dtrg  Otss

From the above evolution equations, we can conjecture that when m + n is even, the nonlinear evolution equation is ;)IA =
mn

4. GENERALIZED BOUSSINESQ HIERARCHY

Equating the coefficients of the operator 3 (i = 1,2, - - ) in the constraints (L*) _ = 0, we can derive
5 1
V2 = —Vyg — EVO,xx — V1%

1 2
V3 = 2VOVO,x + EVO,xxx — 2vov1 + gvl,xx)

S5 2 2 , 1
V4 = —VoVox t+ gvo —Vox — §V0,xxxx + 4vovix + 3vivox — V] — ng,xxx’
o, 20 10

Vs = —10vg Vg + Svpv1 + Sviviy — ?vo)xvl,x - ?Vlvo,xx — 5VoV1xx

+-v + v )

9 0,xxxXX 9 1,xxxx
(4.1)
Then we can derive B, of the Boussinesq hierarchy are

By =0,
B, = 32 + 2vy,

B3 = 93 + 3vpd + 3vox + 31,

8
By = 9%+ 41/082 + (4v1 + 6vpx)0 + 21/3 + gvo,xx + 2V1.x
5 3 2 2 25
Bs = 9”7 4+ 5v90” + (5v1 + 10vx)9” + (5vg + ?VO,xx 4+ 5v1,x)0 + 10vov;

10 10
+?V1,xx + 10vovo,x + ?Vo,xxx) (4.2)



X. Wang and ].-Q. Mei / Journal of Nonlinear Mathematical Physics 28(3) 337-343

Similarly, when m = 0, we can list some evolution equations of the Boussinesq hierarchy as follows:

For the case of B, = B,, we have

Eliminating vy, replacing vy with —u, and replacing o, with t, we can get

which is the well-known Boussinesq equation.
For the case of B,, = By, we have
0 Yo
dtos
0 1
Bty

3

Under the scaling transformation vy = %u, v =

1 2
(*VO,xxx + 2vovo,x + 4vov1 + gvl,xx) >

31/0
% = Voxx T 2V1,x
31/1
% = _§V0,xxx = 2v0.xV0 — V1,xx
382—u+(u — L2uuy)y =0
atz XXX X)X >

X

1
2
_§V0,xxxxx — 20V — 40,xV0,xx — 4V0V0,x - 2(V0V1,x)x - gvl,xxxx + 4v1vix.

—%v, tog = —t, (4.5) becomes the second equation of the Boussinesq hierarchy,

ou 1 2 4 2
5 = <_guxxx - guux + guV“r 3Vxx>x>
av 2 2 4 4, 2 1 4
E = _auxxxxx - guuxxx - guxuxx - §u Uy + g(uvx)x + gvxxxx + gVV)o
For the case of B,, = Bs, we have
R 5 5
Frede 10v1vyx — SvoxVy + 5(Voxvi)x — g(VOVO,xx)x ~ g Voo
% = (_Svlle - 51’%1’1 - E(VOle)x - EVOVI xx 1Vl xxxx) .
dtos ’ 30 3 b g ]
Under the scaling transformation vy = %u, v = —%v, tos = —t, (4.7) becomes the third equation of the Boussinesq hierarchy,

ou 10 5 ) 5 1

5 = _?VVX + §uxu + g(uxv)x + §(uuxx)x + §uxx;cxx>
av 5 5, 10 5 1

Frie <_§va touwvs 3(ux1/)x + oWt 9Vxxxx)x~
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(4.3)

(4.4)

(4.5)

(4.6)

(4.7)

(4.8)

In the following, we will list some evolution equations of the generalized Boussinesq hierarchy from the generalized Lax equation (2.4)

except B, = By.

Taking the operator pair (Bj, By) in (2.4), we have

a1y 1
E = _gvo,xxm
o )
B Av1vox — 4VoVix — 2VoVoux + 2Vg, — 3 Vi
Taking the operator pair (Bj, B3) in (2.4), we have
o _ (2vov1 + vovox — %Vl xx — lVo;cxx)x,
d0t13 ’ 37 37
o = (2vovoxx + %VOxxxx + lV1 xx — VoVix + V2 — %Vg)»
d0t13 7 9 7 37 7 3
Taking the operator pair (Bj, By) in (2.4), we have
aaTﬁ = (=vp + 397 + 3v1vox + 3vovo + 2V5,)
avy 2 2, 7
TV —=3(ViVix)x — 6VIVOVox + 6V1Voxxx — 4VoxVy — 11vivg + 3VLacV0x

2 2

5
+4voxxVix + gVOVI,xxx + gVO,xVO,xxx - §V0V0,xxxx~

(4.9)

(4.10)

(4.11)
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o Taking the operator pair (B,, B3) in (2.4), we have

avo 4 5 5 ) 1
— = | —zvo +2v{ + 2vivox + Vovox + 2Vg + ~Voxuxx | >
dty3 3 7 9 x
vy ) 7 2 2
F = _2V1,x — 5ViVixx + 2V1VoVox — gVI Voexex + 3VoxxVo + 2V1xVy + 4V1xxVox
23
2 1
+VoxxV1x + SVOVI,xxx - gVO,xVO,xxx + 2VOV0,xxxx + ZV(%’xVO — V%,xx + §V1,xxxxx- (4~12)
« Taking the operator pair (B;, Bs) in (2.4), we have
vy 1 20 , 2 20 40
?15 = _avo,xxxxxx + ?Vo,xx - §V1,xxxxx + ?Vo,xvl,xx + ?Vo,xxvl,x
25 5
+?VOV1,xxx + 10v1 Vo xxx + ?Vo,xxxVO,x + gVOVO,xxxx:
v 1 2 100
y = §V1,xxxxxx + EVO,xxxxxxx - TVOVO,xVO,xx - 2Ovl,xvl Vo — 1OVI,xVO,xVO
15
10 70 4 20
+?V0,xxxxV0,x - gvo,xxxvo,xx + §V0V0,xxxxx - 10V6V0,xxx + ?Vl,xvl,xx
20 4 5 5 25
+?v0vo,x + 10vivox + 10v1v0,x - ?vo,,mvl,x + 10V V1 xxx
5 20 10 ,
_gvovl,xxxx - ?Vl,xxvo,xx - ?Vo,x — 10V xxV1 V0. (4.13)

« Taking the operator pair (B,, B4) in (2.4), we have

aV() 2 2
2
= —Voxxxxxx T 3V0,xx + =V T 13V0xV1xx + 6VoxxVix + —VoVixxx + 2 V1V0xxx
0try 9 9 3 3
20 11 5 ) 2
+?V0,xxxV0,x + ?VOVO,xxxx — 12v1vo.xv0 — 3voxxVy — 6V1xVy — 6 0,xV0>
8v1 1 2
= — Vi — == Voo — 22V0V0xVoxx — 12V1xV1Vo + 6V1 xVo.xVo
0try 9 27
10 8 8 16 ,
_?Vo,xxxxvo,x - EVO,xxxVO,xx - gVOVO,xxxxx - ?VOVO,xxx + ?Vl,xvl,xx

26 11
3 2 2
+6V0V0,x — 16vivox — 10v; Vo,x + ?Vo,xxxvl,x + ?Vl Vixxx — ?VOVI,xxxx

7 20 4 , 10 20
+§V1,xxVO,xx - ?Vo,x + 3ViaVy — ?Vl,xxxvo,x + ?Vl V0, xxxx- (4.14)

5. SUMMARY

In this paper, in terms of the Lax triple (B, By, L), we investigated the generalized Lax equation of the KdV and Boussinesq hierarchies.
When m = 0, the generalized Lax equation reduces to the usual Lax equation. We derived integrable evolution equations from the KdV
and Boussinesq hierarchies. We got some soliton wave solutions from the nonlinear evolution equations of the generalized KdV hierarchy.
Moreover, the evolution equations for the generalized KdV hierarchy seemed to be é)at% = 0 when m + n is even. We also derived some
generalized nonlinear evolution equations from the generalized Boussinesq Lax equation. More properties of the generalized KdV and

Boussinesq hierarchies still deserve further study.
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