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ABSTRACT
Based on the Nambu 3-bracket and the operators of the KP hierarchy, we propose the generalized Lax equation of the Lax triple.
Under the operator constraints, we construct the generalized KdV hierarchy and Boussinesq hierarchy. Moreover, we present the
exact solutions of some nonlinear evolution equations.
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1. INTRODUCTION

Nambu mechanics [8] is a generalization of classical Hamiltonian mechanics based on Liouville theorem. Poisson brackets in Hamilton
mechanics are replaced by Nambu brackets. Based on Nambu brackets, Nambu 3-algebra [10] is introduced. It is a natural generalization
of Lie Algebra with high structure. 3-algebra has been widely applied in string theory and M-branches [1,9]. In recent years, the
relationship between infinite dimensional 3-algebra and integrable system has attracted wide attention in the framework of Nambu
mechanics [2,3,14].

The Kadomtsev-Petviashvili (KP) hierarchy [5–7,13] is an important classical integrable system. There are different approaches to the
description of the KP hierarchy. One of them is described in terms of a Lax pair (Bn, L). By means of the operator Nambu 3-bracket, the
generalized Lax equation of the KP hierarchy with the Lax triple (Bm, Bn, L) was studied in [12], where the KP equation and other integrable
(nonintegrable) equations were derived, and the soliton wave solutions of the nonlinear evolution equations were provided. The BKP and CKP
hierarchies are two important reductions of the KP hierarchy. When the operator L satisfies the constraints L∗ = −∂L∂−1 and L∗ = −L,
the KP hierarchy becomes the BKP and CKP hierarchies, respectively. The dKP hierarchy is the quasi classical limit of the KP hierarchy.
Based on the Lax triple (Bm, Bn, L), the generalized BKP, CKP and dKP hierarchies were investigated [4,11]. When the operator L satisfies
the constraints (L2)− = 0 and (L3)− = 0, the KP hierarchy becomes the KdV and Boussinesq hierarchies, respectively. Both KdV equation
and Boussinesq equation are derived from the study of shallow water waves. They both contain N-soliton solutions. Boussinesq equation
can be considered as a generalization of KdV equation, which allows solitons to propagate in two directions. The aim of this paper is to
derive the nonlinear evolution equations from the generalized Lax equation in term of the Lax triple (Bm, Bn, L) of the KdV and Boussinesq
hierarchies.

This paper is arranged as follows. In Section 2, the generalized Lax equation of KP hierarchy and operator constraints is introduced. In
Sections 3 and 4, we give the generalized KdV and Boussinesq hierarchies, respectively. Finally, a short conclusion and further discussion
are presented.
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2. GENERALIZED LAX EQUATION

The KP hierarchy can be derived from the well-known Lax equation,
∂L
∂tn

= [Bn, L] = BnL − LBn, n = 1, 2, · · · . (2.1)

Here Bn = (Ln)+, n ≥ 1. L is a pseudo-differential operator,

L = ∂ +
+∞∑
i=0

vi(t)∂−i−1, (2.2)

where t = (t1, t2, · · · ) are the time variables and ∂ = ∂/∂x, x = t1, the negative powers of ∂ are to be understood as the formal integration
symbols.

As the operator L satisfies the constraints (L2)− = 0 and (L3)− = 0, respectively, we can derive the KdV hierarchy and Boussinesq hierarchy
from the Lax equation (2.1). Here (Lk)−, k = 2, 3, denotes the integral part of Lk,

(Lk)− = Lk − (Lk)+ = Lk − Bk.

The constraints (Lk)− = 0 means [Bkn, Bk] = 0, n = 1, 2, . . . , thus we can derive

∂Lk

∂tkn
= 0, k = 2, 3, n = 1, 2, . . . . (2.3)

Based on the operator Nambu 3-bracket, the generalized Lax equation with respect to the Lax triple (L, Bn, Bm)[12] is defined by
∂L

∂tmn
= [Bm, Bn, L]−, (m, n = 0, 1, 2 · · · ), (2.4)

where B0 = 1. The operator Nambu 3-bracket [, , ]− denotes the formal integration operator part of the derived pseudo-differential operator.

Taking Bm = B0 in (2.4), it is easy to verify that (2.4) leads to the Lax equation (2.1). Thus it is natural to derive the KP hierarchy from
(2.4). As the operator L satisfy the constraints (L2)− = 0 and (L3)− = 0, respectively, we can also derive the KdV hierarchy and Boussinesq
hierarchy.

In the following, we will list the usual KdV hierarchy and Boussinesq hierarchy. And we also will derive the generalized KdV hierarchy and
Boussinesq hierarchy from the generalized Lax equation (2.4).

3. GENERALIZED KdV HIERARCHY

Equating the coefficients of the operator ∂−i(i = 1, 2, · · · ) in the constraints (L2)− = 0, we can derive

v1 = −1
2

v0,x,

v2 = −1
2

v2
0 + 1

4
v0,xx,

v3 = 3
2

v0v0,x − 1
8

v0,xxx,

v4 = −7
4

v0v0,xx + 1
2

v3
0 − 11

8
v2

0,x + 1
16

v0,xxxx,

v5 = 15
8

v0v0,xxx + 15
4

v0,xv0,xx − 15
4

v0,xv2
0 − 1

32
v0,xxxxx,

.... (3.1)

Then we can derive Bn of the KdV hierarchy are

B1 = ∂ ,
B2 = ∂2 + 2v0,

B3 = ∂3 + 3v0∂ + 3
2

v0,x,

B4 = ∂4 + 4v0∂
2 + 4v0,x∂ + 4v2

0 + 2v0,xx,

B5 = ∂5 + 5v0∂
3 + 15

2
v0,x∂

2 +
(

15
2

v2
0 + 25

4
v0,xx

)
∂ + 15

2
v0v0,x + 15

8
v0,xxx,
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B6 = ∂6 + 6v0∂
4 + 12v0,x∂

3 + (12v2
0 + 14v0,xx)∂

2 + (24v0v0,x + 8v0,xxx)∂

+ 2v0,xxxx + 12v0v0,xx + 8v3
0 + 8v2

0,x,

B7 = ∂7 + 7v0∂
5 + 35

2
v0,x∂

4 +
(

35
2

v2
0 + 105

4
v0,xx

)
∂3 +

(
105

2
v0v0,x + 175

8
v0,xxx

)
∂2

+
(

35
2

v3
0 + 175

4
v0v0,xx + 245

8
v2

0,x + 161
16

v0,xxxx

)
∂ + 63

32
v0,xxxxx

+ 105
8

v0v0,xxx + 105
4

v0,xv0,xx + 105
4

v2
0v0,x

..., (3.2)

Taking Bm = B0, we list some evolution equations of the KdV hierarchy as follows:

• For the case of Bn = B3, we have
∂v0
∂t03

= 1
4

v0,xxx + 3v0,xv0, (3.3)

which is the well-known KdV equation. Under the scaling transformation v0 = 1
2 u, t03 = 4t, (3.3) becomes the usual KdV equation.

• For the case of Bn = B5, we have
∂v0
∂t05

= 1
16

v0,xxxxx + 5
4

v0v0,xxx + 5
2

v0,xv0,xx + 15
2

v0,xv2
0. (3.4)

Under the scaling transformation v0 = 1
2 u, t05 = 16t, (3.4) becomes the usual 5-order KdV equation.

• For the case of Bn = B7, we have
∂v0
∂t07

= 1
64

v0,xxxxxxx + 7
16

v0v0,xxxxx + 21
16

v0,xv0,xxxx + 35
16

v0,xxv0,xxx

+35
2

v0v0,xv0,xx + 35
8

v2
0v0,xxx + 35

8
v3

0,x + 35
2

v0,xv3
0. (3.5)

Under the scaling transformation v0 = 1
2 u, t07 = 64t, (3.5) becomes the usual 7-order KdV equation.

In the following, we will list some evolution equations of the generalized KdV hierarchy from the generalized Lax equation (2.4) except
Bm = B0. We also get the single soliton solution of some nonlinear evolution equations.

• Taking the operator pair (B1, B2) in (2.4), we have

∂v0
∂t12

= −1
4

v0,xxx + v0v0,x. (3.6)

Under the scaling transformation v0 = − 3
2 u, t12 = −4t, (3.6) becomes the usual KdV equation.

• Taking the operator pair (B1, B3) in (2.4), we have

∂v0
∂t13

= 0. (3.7)

• Taking the operator pair (B1, B4) in (2.4), we have

∂v0
∂t14

= − 1
16

v0,xxxxx + 11
4

v0v0,xxx + 7
2

v0,xv0,xx + 9
2

v0,xv2
0. (3.8)

Its single soliton solution is

v0 = 5(3 sec h2ξ − 1)(5
√

41 − 33)k2

−21 + 9
√

41
, (3.9)

where ξ = k(ωt + x) + b in which

ω = (−1019699 + 159231
√

41)k4

−33606 + 5214
√

41
,

b and k are arbitrary constants.
• Taking the operator pair (B2, B3) in (2.4), we have

∂v0
∂t23

= 1
16

v0,xxxxx + 1
2

v0v0,xxx + 9
4

v0,xv0,xx − 3v0,xv2
0. (3.10)
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Its single soliton solution is

v0 = −5k2

2
(3 sec h2ξ − 1), (3.11)

where ξ = k(ωt + x) + b in which ω = − 51k4

4 , b and k are arbitrary constants.

• Taking the operator pairs (B1, B5) and (B2, B4) in (2.4), we have
∂v0
∂t15

= ∂v0
∂t24

= 0. (3.12)

• Taking the operator pair (B1, B6) in (2.4), we have
∂v0
∂t16

= − 1
64

v0,xxxxxxx + 57
16

v0v0,xxxxx + 119
16

v0,xv0,xxxx + 125
16

v0,xxv0,xxx

+35
2

v0v0,xv0,xx + 45
8

v2
0v0,xxx + 25

8
v3

0,x + 25
2

v0,xv3
0. (3.13)

• Taking the operator pair (B2, B5) in (2.4), we have
∂v0
∂t25

= 1
64

v0,xxxxxxx + 1
4

v0v0,xxxxx + 5
4

v0,xv0,xxxx + 35
16

v0,xxv0,xxx

+35
4

v0v0,xv0,xx + 5
8

v2
0v0,xxx + 15

4
v3

0,x − 15
2

v0,xv3
0. (3.14)

• Taking the operator pair (B3, B4) in (2.4), we have
∂v0
∂t34

= − 1
64

v0,xxxxxxx + 1
2

v0v0,xxxxx − 1
4

v0,xv0,xxxx − 27
16

v0,xxv0,xxx

+141
4

v0v0,xv0,xx + 75
8

v2
0v0,xxx + 33

4
v3

0,x + 27
2

v0,xv3
0. (3.15)

• Taking the operator pairs (B1, B7), (B2, B6) and (B3, B5) in (2.4), we have
∂v0
∂t17

= ∂v0
∂t26

= ∂v0
∂t35

= 0. (3.16)

From the above evolution equations, we can conjecture that when m + n is even, the nonlinear evolution equation is ∂v0
∂tmn

= 0.

4. GENERALIZED BOUSSINESQ HIERARCHY

Equating the coefficients of the operator ∂−i(i = 1, 2, · · · ) in the constraints (L3)− = 0, we can derive

v2 = −v2
0 − 1

3
v0,xx − v1,x,

v3 = 2v0v0,x + 1
3

v0,xxx − 2v0v1 + 2
3

v1,xx,

v4 = −v0v0,xx + 5
3

v3
0 − v2

0,x − 2
9

v0,xxxx + 4v0v1,x + 3v1v0,x − v2
1 − 1

3
v1,xxx,

v5 = −10v0,xv2
0 + 5v2

0v1 + 5v1v1,x − 20
3

v0,xv1,x − 10
3

v1v0,xx − 5v0v1,xx

+1
9

v0,xxxxx + 1
9

v1,xxxx,

.... (4.1)
Then we can derive Bn of the Boussinesq hierarchy are

B1 = ∂ ,
B2 = ∂2 + 2v0,
B3 = ∂3 + 3v0∂ + 3v0,x + 3v1,

B4 = ∂4 + 4v0∂
2 + (4v1 + 6v0,x)∂ + 2v2

0 + 8
3

v0,xx + 2v1,x,

B5 = ∂5 + 5v0∂
3 + (5v1 + 10v0,x)∂

2 + (5v2
0 + 25

3
v0,xx + 5v1,x)∂ + 10v0v1

+10
3

v1,xx + 10v0v0,x + 10
3

v0,xxx, (4.2)
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Similarly, when m = 0, we can list some evolution equations of the Boussinesq hierarchy as follows:

• For the case of Bn = B2, we have
∂v0
∂t02

= v0,xx + 2v1,x,

∂v1
∂t02

= −2
3

v0,xxx − 2v0,xv0 − v1,xx, (4.3)

Eliminating v1, replacing v0 with −u, and replacing t02 with t, we can get

3
∂2u
∂t2 + (uxxx − 12uux)x = 0, (4.4)

which is the well-known Boussinesq equation.
• For the case of Bn = B4, we have

∂v0
∂t04

=
(

1
3

v0,xxx + 2v0v0,x + 4v0v1 + 2
3

v1,xx

)
x

,

∂v1
∂t04

= −2
9

v0,xxxxx − 2v0v0,xxx − 40,xv0,xx − 4v2
0v0,x − 2(v0v1,x)x − 1

3
v1,xxxx + 4v1v1,x. (4.5)

Under the scaling transformation v0 = 1
3 u, v1 = − 1

3 v, t04 = −t, (4.5) becomes the second equation of the Boussinesq hierarchy,

∂u
∂t

=
(

−1
3

uxxx − 2
3

uux + 4
3

uv + 2
3

vxx

)
x

,

∂v
∂t

= −2
9

uxxxxx − 2
3

uuxxx − 4
3

uxuxx − 4
9

u2ux + 2
3
(uvx)x + 1

3
vxxxx + 4

3
vvx. (4.6)

• For the case of Bn = B5, we have
∂v0
∂t05

= 10v1v1,x − 5v0,xv2
0 + 5(v0,xv1)x − 5

3
(v0v0,xx)x − 1

9
v0,xxxxx,

∂v1
∂t05

=
(

−5v1v1,x − 5v2
0v1 − 10

3
(v0,xv1)x − 5

3
v0v1,xx − 1

9
v1,xxxx

)
x

. (4.7)

Under the scaling transformation v0 = 1
3 u, v1 = − 1

3 v, t05 = −t, (4.7) becomes the third equation of the Boussinesq hierarchy,
∂u
∂t

= −10
3

vvx + 5
9

uxu2 + 5
3
(uxv)x + 5

9
(uuxx)x + 1

9
uxxxxx,

∂v
∂t

=
(

−5
3

vvx + 5
9

u2v + 10
9

(uxv)x + 5
9

uvxx + 1
9

vxxxx

)
x

. (4.8)

In the following, we will list some evolution equations of the generalized Boussinesq hierarchy from the generalized Lax equation (2.4)
except Bm = B0.

• Taking the operator pair (B1, B2) in (2.4), we have
∂v0
∂t12

= −1
3

v0,xxx,

∂v1
∂t12

= 4v1v0,x − 4v0v1,x − 2v0v0,xx + 2v2
0,x − 1

3
v1,xxx. (4.9)

• Taking the operator pair (B1, B3) in (2.4), we have
∂v0
∂t13

= (2v0v1 + v0v0,x − 2
3

v1,xx − 1
3

v0,xxx)x,

∂v1
∂t13

= (2v0v0,xx + 2
9

v0,xxxx + 1
3

v1,xxx − v0v1,x + v2
1 − 2

3
v3

0)x. (4.10)

• Taking the operator pair (B1, B4) in (2.4), we have
∂v0
∂t14

= (−v3
0 + 3v2

1 + 3v1v0,x + 3v0v0,xx + 2v2
0,x

)
x ,

∂v1
∂t14

= −3(v1v1,x)x − 6v1v0v0,x + 6v1v0,xxx − 4v0,xxv2
0 − 11v1,xv2

0 + 7
3

v1,xxv0,x

+4v0,xxv1,x + 5
3

v0v1,xxx + 2
3

v0,xv0,xxx − 2
3

v0v0,xxxx. (4.11)
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• Taking the operator pair (B2, B3) in (2.4), we have

∂v0
∂t23

=
(

−4
3

v3
0 + 2v2

1 + 2v1v0,x + v0v0,xx + 2v2
0,x + 1

9
v0,xxxx

)
x

,

∂v1
∂t23

= −2v2
1,x − 5v1v1,xx + 2v1v0v0,x − 7

3
v1v0,xxx + 3v0,xxv2

0 + 2v1,xv2
0 + 4v1,xxv0,x

+v0,xxv1,x + 5v0v1,xxx − 2
3

v0,xv0,xxx + 2v0v0,xxxx + 2v2
0,xv0 − v2

0,xx + 1
9

v1,xxxxx. (4.12)

• Taking the operator pair (B1, B5) in (2.4), we have

∂v0
∂t15

= −1
9

v0,xxxxxx + 20
3

v2
0,xx − 2

9
v1,xxxxx + 20

3
v0,xv1,xx + 40

3
v0,xxv1,x

+10
3

v0v1,xxx + 10v1v0,xxx + 25
3

v0,xxxv0,x + 5
3

v0v0,xxxx,

∂v1
∂t15

= 1
9

v1,xxxxxx + 2
27

v0,xxxxxxx − 100
3

v0v0,xv0,xx − 20v1,xv1v0 − 10v1,xv0,xv0

+10
9

v0,xxxxv0,x − 70
9

v0,xxxv0,xx + 4
3

v0v0,xxxxx − 10v2
0v0,xxx + 20

3
v1,xv1,xx

+20
3

v3
0v0,x + 10v2

1v0,x + 10v1v2
0,x − 25

3
v0,xxxv1,x + 10v1v1,xxx

−5
3

v0v1,xxxx − 20
3

v1,xxv0,xx − 10
3

v3
0,x − 10v0,xxv1v0. (4.13)

• Taking the operator pair (B2, B4) in (2.4), we have

∂v0
∂t24

= 1
9

v0,xxxxxx + 3v2
0,xx + 2

9
v1,xxxxx + 13v0,xv1,xx + 6v0,xxv1,x + 22

3
v0v1,xxx + 1

3
v1v0,xxx

+20
3

v0,xxxv0,x + 11
3

v0v0,xxxx − 12v1v0,xv0 − 3v0,xxv2
0 − 6v1,xv2

0 − 6v2
0,xv0,

∂v1
∂t24

= −1
9

v1,xxxxxx − 2
27

v0,xxxxxxx − 22v0v0,xv0,xx − 12v1,xv1v0 + 6v1,xv0,xv0

−10
3

v0,xxxxv0,x − 8
3

v0,xxxv0,xx − 8
3

v0v0,xxxxx − 16
3

v2
0v0,xxx + 71

3
v1,xv1,xx

+6v3
0v0,x − 16v2

1v0,x − 10v1v2
0,x + 26

3
v0,xxxv1,x + 41

3
v1v1,xxx − 11

3
v0v1,xxxx

+7
3

v1,xxv0,xx − 20
3

v3
0,x + 3v1,xxv2

0 − 10
3

v1,xxxv0,x + 20
3

v1v0,xxxx. (4.14)

5. SUMMARY

In this paper, in terms of the Lax triple (Bm, Bn, L), we investigated the generalized Lax equation of the KdV and Boussinesq hierarchies.
When m = 0, the generalized Lax equation reduces to the usual Lax equation. We derived integrable evolution equations from the KdV
and Boussinesq hierarchies. We got some soliton wave solutions from the nonlinear evolution equations of the generalized KdV hierarchy.
Moreover, the evolution equations for the generalized KdV hierarchy seemed to be ∂v0

∂tmn
= 0 when m + n is even. We also derived some

generalized nonlinear evolution equations from the generalized Boussinesq Lax equation. More properties of the generalized KdV and
Boussinesq hierarchies still deserve further study.
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