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Abstract

Classification relies on the rules expressed
by domain experts, or on the labeled attribute
explaining the output classes. However, such
information is not always available. In this
work, we explore classification according to
aggregation functions of mixed behaviour by
the variability in ordinal sums of conjunctive
and disjunctive functions. By this approach,
entities are classified into three classes: yes,
no and maybe including inclination to the
classes yes and no. By the proposed ap-
proach, domain experts (or ordinal users)
explain classification linguistically, without
stating IF–THEN rules and labeled output.
The applicability is illustrated by two exam-
ples. The discussion of the results and fur-
ther research activities conclude the paper.

Keywords: Ordinal sums, Conjunctive
functions, Disjunctive functions, Averaging
functions, Classification.

1 Introduction

In classification by the rule-based systems, domain
experts (or ordinal users) should explain classifica-
tion by the IF-THEN rules matching input with out-
put attributes. A rule-based system should be con-
sistent, which is not always an easy task [2]. In
a supervised classification, a labeled output attribute
should be available (usually expressed by the categor-
ical values, or discretized numerical values) [1]. Con-
sequently, by e.g., decision trees the solution is ob-
tained and explained. Classification by neural net-
works has shown efficiency even beyond human-level
performance [3, 11]. It holds true when well-designed
(and of sufficient size) sets of input-output data are
available for learning and validating.

In various classification tasks ranging from everyday
activities to medical or business decisions, entities are
classified into two classes, which we can mark as yes
or no. However, we might need a third class marked as
maybe. In addition, an entity might slightly or signifi-
cantly incline to the one of two extreme poles.

In flexible classification tasks, users are able to express
vague, but relevant explanation regarding the aggrega-
tion of the input attributes, like: low values mean no
interest at all (resp. reduced interest but not rejection),
high values mean full acceptance (resp. increased in-
terest), whereas a mix of high and low values indicates
medium interest. In these tasks, values of output la-
bels might not be available. Hence, aggregation func-
tions of mixed behaviour should be considered. This
work evaluates the recently proposed theoretical work
on classification by ordinal sums of conjunctive and
disjunctive functions [15] on examples and proposes a
further theoretical extension.

The remainder of paper is organized as follows. Sec-
tion 2 briefly elaborates classification with uncertainty.
Section 3 introduces ordinal sums and proposes fur-
ther contribution. Section 4 is devoted to experiments,
whereas Section 5 discusses obtained results and the
implication for the future research. Finally, Section 6
concludes the paper.

2 Classification into three classes

Generally, the goal is to classify into several classes,
whereas binary classification separates entities into
two classes. When task deals with the uncertainty,
classes should have flexible borders [17]. Three classes
yes, no and maybe cover clear acceptance, clear rejec-
tion, and entities we cannot classify into these two ex-
treme poles, respectively.

In Figure 1 low values of two attributes indicate be-
longing to the class no, high values to the class yes and
remaining to the class maybe. In this direction, two
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possible classification spaces are drawn. Nevertheless,
low values can be desired (e.g., cost). It is matter of
scaling and inversion. Next, attributes can be atomic
or compound. These cases are covered in experiments
elaborated in Section 4.

Figure 1: Classification into three classes - two possi-
ble realizations.

The motivation in this work is formalizing users expla-
nations for classification expressed linguistically, with-
out stating IF-THEN rules or assigning a labeled out-
put attribute. The proposed classification is beneficial
when users search for transparent and explainable clas-
sification, but are not able to provide clear require-
ments. The comparison with other classification ap-
proaches is discussed in [15]. The next section ex-
plores ordinal sums for solving this demand.

3 Ordinal sums of conjunctive and
disjunctive functions

The main classification of aggregation functions is due
to [8]: conjunctive, averaging, disjunctive and mixed
ones. Generally, we can express conjunctive func-
tions as 0 ≤ A(x) ≤ xi for each i ∈ {1, ...,n}, av-
eraging functions as xi ≤ A(x) ≤ x j for some i, j ∈
{1, ...,n}, disjunctive functions as xi ≤ A(x) ≤ 1 for
each i ∈ {1, ...,n} and mixed as remaining aggregation
functions. Conjunctive functions attenuate low values,
disjunctive emphasize high values, whereas averaging
provide solution between the lowest and highest value.

Ordinal sums in their origin were considered as ex-

tension methods for semigroups [6], or for posets [5].
Later, in the framework of fuzzy sets theory, they were
considered to build new t–norms/t–conorms from the
scaled versions of existing ones [16].

The ordinal sum of conjunctive and disjunctive func-
tions has been proposed by De Baets and Mesiar [7] as
follows.

For an n–ary aggregation function B : [0,1]n → [0,1]
and [a,b] ⊂ R, denote B[a,b](x) = a+(b− a) ·B( x−a

b−a )
Note that then B[a,b] is an n–ary aggregation function
on [a,b]. For B1, ...,Bk : [0,1]n → [0,1],k ≥ 2, and 0 ≤
a0 < a1 < ... < ak = 1. Let Ai : [ai−1,ai]

n → [ai−1,ai]
be given by Ai = (Bi)[ai−1,ai]. Then the ordinal sum
A : [0,1]n → [0,1],A = (< ai−1,ai,Ai >)|i = 1, ...,k is
given by

A(x) =
k

∑
i=1

(Ai(ai ∧ (ai−1 ∨x))−ai−1) (1)

is an aggregation function on [0,1]. If all B1, ...,Bk are
t–norms (t–conorms, copulas, means) then also A is a
t–norm (t–conorm, copula, mean).

Equivalently, A(x) = ∑k
i=1(ai − ai−1) · Bi(1 ∧ (0 ∨

x−ai−1
ai−ai−1

)). For our purposes, n = k = 2 is considered.
Denoting a1 = a(a0 = 0,a2 = 1), we have two next
forms of ordinal sums[15]
(i) B1,B2 : [0,1]2 → [0,1],

A(x,y) =

a ·B1(1∧
x
a
,1∧ y

a
)+(1−a) ·B2(0∨

x−a
1−a

,0∨ y−a
1−a

)

(2)

(ii) A1 : [0,a]2 → [0,a],A2 : [a,1]2 → [a,1],

A(x,y) = A1(a∧ x,a∧ y)+A2(a∨ x,a∨ y)−a (3)

Then:

• if (x,y) ∈ [0,a]2, A(x,y) = a ·B1(
x
a ,

y
a ) = A1(x,y),

• if (x,y) ∈ [a,1]2, A(x,y) = a + (1 − a) ·
B2(

x−a
1−a ,

y−a
1−a ) = A2(x,y),

• if (x,y) ∈ [0,a]× [a,1], A(x,y) = a · B1(
x
a ,1) +

(1−a) ·B2(0,
y−a
1−a ) = A1(x,a)+A2(a,y)−a,

• if (x,y) ∈ [a,1]× [0,a], A(x,y) = a · B1(1,
y
a ) +

(1−a) ·B2(
x−a
1−a ,0) = A1(0,y)+A2(x,a)−a.

If B1 is a conjunctive and B2 is a disjunctive aggre-
gation function, then A is conjunctive on [0,a]2 and
disjunctive on [a,1]2. Moreover, if B1 has a neutral
element e = 1, i.e., B1 is a semicopula [10], and B2 has
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a neutral element e = 0, i.e., B2 is a dual semicopula,
then, for (x,y) ∈ [0,1]2 \ ([0,a]2 ∪ [a,1]2) it holds
A(x,y) = x + y − a ∈ [min(x,y),max(x,y)], i.e., A is
averaging on this domain. It reflects our demands
for classification into three aforementioned classes.
The next is variation of conjunctive, disjunctive and
averaging functions in ordinal sums.

Product t-norm, its dual probabilistic sum t-conorm
and variations of averaging functions

These functions are representative of strict func-
tions. Note that product t–norm is expressed as
CP(x,y) = x · y, whereas its dual t–conorm as
DP(x,y) = x+ y− x · y.

In order to keep the expected value on edges of subin-
tervals [0,a]2 and [a,1]2, when a = 0.5, the product
t–norm on [0,0.5] is expressed as [15]

CP(x,y) = A1(x,y) = 2x · y. (4)

The dual observation holds for t–conorm on [0.5,1]:

DP(x,y) = A2(x,y) =−1+2x+2y−2x · y. (5)

The averaging function expressed by the geometric
mean for [0,a]× [a,1]∪ [a,1]× [0,a] is as follows

G(x,y) = 2x · y (6)

The averaging function expressed by the arithmetic
mean for [0,a]× [a,1]∪ [a,1]× [0,a] is as follows

W (x,y) = x+ y− 1
2

(7)

The logical perspective of averaging aggregation func-
tions [9] considers global andness and orness where
the arithmetic mean W is a logically neutral function
(andness and orness values are equal to 0.5, regardless
weights assigned to the attributes). The other averag-
ing functions are either conjunctively or disjunctively
polarized. Thus, it is possible to formalize diverse be-
haviours in the class maybe.

Geometric mean covers inclination towards the pes-
simistic or more restrictive classification into the class
maybe due to conjunctively polarization (andness mea-
sure is greater than 0.5).

In this work, another representative of averaging func-
tion, quadratic mean is introduced for [0,a]× [a,1]∪
[a,1]× [0,a] as follows

Q(x,y) =

√
x2 + y2 −

(
1
2

)2

(8)

The graphical interpretation can be seen in Figure 2.

This function handles situations, when the inclination
is to a less restrictive classification in the averaging
part for covering the intensities of belonging to the
class maybe.

Figure 2: The graphical interpretation of (8) for prod-
uct t-norm, probabilistic sum t-conorm and quadratic
mean.

Łukasiewicz t–norm, its dual Łukasiewicz t–conorm
and arithmetic mean

These functions are representative of nilpo-
tent functions. Note that Łukasiewicz t–norm
is CL(x,y) = max(0,x + y − 1) and its dual t-
conorm is DL(x,y) = min(1,x + y). Applying
AM(x,y) = A1(x, 1

2 ) + A2(
1
2 ,y)−

1
2 = x + y − 1

2 and
adjusting value 0.5 to edges of subintervals, we can
observe that for two attributes (n = 2) this aggregation
behaves as [15]

AML(x,y) = med(0,1,x+ y− 1
2
). (9)

This model corresponds with the second classification
space depicted in Figure 1.

When the neutral behaviour of class maybe is not the
case, we can manage averaging behaviour by other av-
eraging functions keeping the nilpotent behaviour for
the conjunctive and disjunctive parts of a classification
space.

4 Experiments on data

This section provides two experiments demonstrating
the applicability of the proposed classification model.

4.1 Atomic predicates in classification

A human resource manager is preparing a rewarding
model for motivating sellers in a company. Two key at-
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tributes are the sum of arranged orders in money units
and the average time spent on persuasion by telephone
calls. The requirement for rewarding is as follows:

When amount of arranged sells is high and persuasion
time is short the reward should be full (in this task
100 money units), for low amounts of arranged sells
and long persuasion time no reward is provided, oth-
erwise a medium reward should be provided ensuring
that similar workers are similarly treated.

Data are in a matrix form of D[n,3] where n is the num-
ber of evaluated workers. Attributes are worker ID,
sum of arranged orders, whose values are denoted by
x and length of calls denoted by y. Both attributes are
drawn on different scales, thus the scaling into the uni-
fied interval is advisable [1]. The transformation from
one scale into another is a matter of scaling [4]. The
simplest form for transforming into the [0,1] is by

xiN =
xi −minx

maxx −minx
(10)

where maxx = maxi=1...n(xi) and minx = mini=1...n(xi).

In practice, outliers (errors, or extremal, but valid val-
ues) cause skewed normalization. In this example,
domain expert knowledge resolves the problem when
stating: values lower than DL are unacceptable work
performance, whereas values higher than DH are ex-
cellent. The opposite holds for the time spent during
persuasion (lower values are preferable). This trans-
formation is depicted in Figure 3.

The following function transforms values of the ar-
ranged sells into the [0,1] interval.

xiN =




0 for xi ≤ DLx
xi−DHx

DHx−DLx
for DLx ≤ xi ≤ DHx

1 for xi ≥ DHx

(11)

where DLx is the limiting value for the unacceptable
work performance and DHx is the limiting value for the
excellent performance for this attribute (see Figure 3).
Analogously, the following function transforms values
of the persuasion time into the [0,1] interval. Note that
in this case, lower values are preferable.

yiN =




0 for yi ≥ DHy

1− yi−DLy
DHy−DLy

for DLy ≤ yi ≤ DHy

1 for yi ≤ DLy

(12)

Regarding the arranged sells, a manager says that sells
lower or equal to 400 stand for a weak performance,
whereas sells higher or equal to 600 are excellent.
Thus, we apply DLx = 400 and DHx = 600 into Eq.
(11). In a same way, a manager says that the average
time longer than 12 is a weak performance, whereas

Figure 3: A scaling from the real values into the unit
interval.

average time shorter than 8 is excellent. Thus, we ap-
ply DLy = 8 and DHy = 12 into Eq. (12).

No further information is provided. Based on the ex-
isting information, we apply Łukasiewicz t–norm, its
dual t–conorm and arithmetic mean for the averaging
behaviour. The input data, belonging to classes yes
(value 1), no (value 0) or medium with the intensity
in ]0,1[ and reward are shown in Table 1, where sol
stands for solution by (9).

ID SELL TIME SOL (9) REWARD
W1 694 7 1.00 100.00
W2 552 9 1.00 100.00
W3 693 10 1.00 100.00
W4 540 9 0.95 95.00
W5 574 11 0.62 62.00
W6 411 7 0.56 55.50
W7 664 13 0.50 50.00
W8 371 7 0.50 50.00
W9 500 10 0.50 50.00

W10 1000 20 0.50 50.00
W11 537 11 0.44 43.50
W12 585 14 0.43 42.50
W13 369 9 0.25 25.00
W14 498 11 0.24 24.00
W15 472 11 0.11 11.00
W16 418 10 0.09 9.00
W17 455 11 0.03 2.50
W18 324 12 0.00 0.00
W19 474 15 0.00 0.00
W20 445 11 0.00 0.00

Table 1: Classification of workers, when a = 0.5, A1 is
Łukasiewicz t-norm, A2 is Łukasiewicz t-conorm and
averaging behaviour is expressed by arithmetic mean.

Worker W20 gets no reward, because performances of
sell and time are unsatisfactory, i.e., values of 0.23
and 0.25, respectively, which is a clear belonging to
the class N (Figure 1, the second classification space).
Worker W17 has received a very low reward, because
performances are sufficient to weakly belong to the
class M (i.e, 0.28 and 0.25). The opposite holds for be-
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longing to the class Y. For a clear high performance of
one attribute and a clear low performance for another
attribute the reward is 0.5 (see W10).

4.2 Compound predicates in classification

In this example, a client of a real estate agency wishes
to evaluate flats. Two compound attributes are dis-
tance and comfort. The former is a result of aggre-
gating atomic distances (e.g., short distance to school,
work, grocery shop, public transport lines, park, etc.).
The latter is a result of aggregating atomic attributes
like: size approx. 200 m2 and strong preference of bal-
cony and (spacious basement or else spacious larder).
Clearly, both attributes get values from the unit inter-
val. The requirement is as follows:

High values of both attributes should be emphasized,
but the full satisfaction is when at least one of them is
ideal. When both are low, the satisfaction decreases,
but when one attribute is unacceptable, the flat should
be rejected. When one attribute is low and another one
is high, the inclination is more to the acceptance than
to rejection.

To meet this explanation, we apply product t-norm, its
dual probabilistic sum t-conorm and quadratic mean
for the averaging behaviour.

The input data and the solution are shown in Ta-
ble 2.The full satisfaction is when the first attribute is
ideally satisfied and another one is satisfied with a de-
gree greater than or equal to 0.5 (compare flats F2 and
F6). The same holds for the dual case of rejection.
Both high, but not ideal degrees do not ensure belong-
ing to the class Y, i.e., F5) The averaging behaviour
holds for low and high values, but the inclination is to-
wards class Y (compare F11 and F14).

5 Discussion

The experiments have demonstrated the applicability
of ordinal sums in classification. These functions are
able to handle imprecise requirements for classification
expressed linguistically. The examples have solved by
the representative functions of nilpotent (resp. strict)
functions, i.e. Łukasiewicz t–norm and its dual t–
conorm (resp. product t-norm and its dual probabilistic
t-conorm) as well as by the chosen averaging function
(arithmetic mean resp. quadratic mean). The other
combinations can be constructed to cover further re-
quirements for classification. For instance, nilpotent
conjunction for class N and strict disjunction for class
Y . Hence, this is a robust classification approach capa-
ble to cover diverse requirements posed linguistically.

The question is, whether other functions in these cat-

FLAT DISTANCE COMFORT SOL
F1 0.93 1 1.000
F2 1 0.89 1.000
F3 1 1 1.000
F4 1 0.57 1.000
F5 0.96 0.95 0.996
F6 1 0.31 0.920
F7 0.35 0.94 0.870
F8 1 0 0.866
F9 0 1 0.866

F10 0.75 0.52 0.760
F11 0.8 0.2 0.656
F12 0.51 0.62 0.628
F13 0.76 0.15 0.592
F14 0.5 0.5 0.500
F15 0.39 0.53 0.428
F16 0.23 0.58 0.3732
F17 0.12 0.58 0.317
F18 0.48 0.23 0.221
F19 0.22 0.5 0.220
F20 0.38 0.17 0.129
F21 0.17 0.06 0.020
F22 0.08 0.1 0.016
F23 0 0.23 0.000
F24 0 0 0.000
F25 0 0.43 0.000

Table 2: Classification of flats, when a = 0.5, A1 is
product, A2 is probabilistic sum and averaging be-
haviour is covered by quadratic mean (8).

egories could be a better fit. The theory offers sev-
eral parametrized families of t–norms and t–conorms.
More about these families can be found in, e.g., [4, 16].
These families usually cover basic t–norms as limiting
cases. Several families do not cover both strict and
nilpotent behaviour, or one of these behaviours is only
for a particular value of parameter. A suitable family
for our purpose is the Schweizer and Sklar family [18].

The answer can be reached by machine learning (ML),
when values of output attribute are available. In this
way, the domain experts provides their contextual im-
plicit knowledge, which is managed by the interactive
ML (iML) approach [13] and has been proven as be-
ing useful within several scenarios [12, 14]. The future
direction should consider human-in-the-loop who pro-
vides inputs for selecting the most suitable categories
of functions and consequently ML finds the best values
for parameters. Thus, the solution becomes transpar-
ent and explainable. This work examines classification
into three classes. The future work should consider
classification into the arbitrary number of classes.
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6 Conclusion

This work has examined classification into three
classes yes, no, maybe by the ordinal sums of conjunc-
tive and disjunctive functions. This approach is suit-
able when requirements for classification are expressed
linguistically, when the expert knowledge is not avail-
able in the form of IF-THEN rules, or an output labeled
attribute is not set.

Domain experts assign information how to classify
high values and low values of the considered attributes,
and how to classify low and high value. When values
of attributes are not in the unit interval, domain ex-
pert might also explain the transformation into the unit
interval linguistically. This work further proposes en-
veloping quadratic mean into the ordinal sums to com-
plete the behaviour of assigning entities into the class
maybe (inclinations to a more restrictive or optimistic
evaluation). Next, two experiments have demonstrated
the applicability on the different scenarios.

The representative nilpotent and strict functions were
applied in this work. If for a subset of data the re-
sult of classification is available, machine learning ap-
proaches might be helpful in recognizing the most suit-
able parameters for nilpotent or strict functions.
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