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Abstract

Cluster analysis aims at grouping objects
represented by some feature vectors and as
such revealing insight into subset structures
among the considered objects. However, in
many cases, the observations are subject to
experimental errors and/or uncertainty. In
such a case, a popular way is to summarize
first the information about each object and,
then, aggregate the objects via some clus-
ter algorithm. The percentile clustering by
Janowitz and Schweizer, instead, considers
the whole distribution of observed features
and, only afterwards, aggregates them. Here,
we revisit this approach in an agglomerative
clustering perspective. Moreover, we per-
form a simulation study showing some finite
sample performance of the algorithm. Some
case studies illustrate the advantages of the
whole methodology.

Keywords: Cluster analysis, distance distri-
bution function, quantiles.

1 Introduction

Cluster analysis is an important tool for unsupervised
learning, which consists of finding groups in data, pos-
sibly without the help of a response variable. Such
groups are generally characterized by the fact that ob-
jects within a group tend to be more similar than ob-
jects in different groups. In particular, agglomerative
hierarchical clustering is a popular class of methods
that: (a) provides an intuitive yet meaningful graphical
representation of data in the form of a tree (i.e. the den-
drogramm); (b) requires as an input a dissimilarity (not
necessarily distance) matrix among the objects. For an
overview, see, for instance, [3, 5].

As a matter of fact, each object to be classified is usu-
ally described by p different features (i.e. attributes)
that are here supposed to be quantitative such that each
object can be represented by some vector xi ∈ Rp.
Moreover, a suitable dissimilarity (or distance) among
the objects xi and x j (i 6= j) is considered (like the Eu-
clidean distance). However, it could be the case that
the features are subject to experimental errors and/or
are uncertain due to the intrinsic random nature of
the phenomenon under consideration. As often wit-
nessed in practice, repetitive measurements, record-
ings or evaluations of some single object might lead
to several vector representations in the data set. In case
of measurements a common approach, also in light of
data reduction, is to summarize the information gath-
ered for each object, e.g. over some time frame, by
means of a suitable aggregated centrality index (like
mean, median) and, then apply the clustering algorithm
in order to model the grouping of (different) objects
rather than the grouping of data vectors as instances of
some specific objects.

Clearly, in condensing the data in this fashion, some
information may be lost. Information which might
be useful or helpful in modeling or understanding the
features under considerations as fuzzy sets on some
universe or representing uncertainty or trends in data.
Therefore, and as already outlined in [9], it could also
be desirable “to design cluster methods which, instead
of summarizing first and then classifying, classify first
and then summarize, i.e. cluster methods that work di-
rectly with the distributed data”.

An alternate approach of using all vector representa-
tions in the data set as single instances, and as such
ignoring knowledge about its assignments to distinct
objects beforehand, may lead to different cluster struc-
tures on the one hand or, on the other hand, may lead
to cluster structures for which it might be difficult to
assign the objects under consideration in a reasonable
way.
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Consider, for instance, four objects that are measured
according to one feature (p = 1). Due to experimental
errors, for each object we have collected 3 to 5 obser-
vations of the feature, namely

x1 = (0,0,0)T , x2 = (−1,0,1)T ,

x3 = (−4−2,2,4)T , x4 = (0,−5,5.−7,7)T .

In order to cluster these objects, we may think of sum-
marizing these observations by means of the average
operator and, hence, cluster them. In such a way, all
four objects will be presented by their mean, i.e. 0, and
as such will be associated in single cluster in the first
step of any reasonable hierarchical procedure. How-
ever, in condensing the data in this fashion, we have
somehow lost the information about the different vari-
ability of the measurements. In particular, in an alter-
native agglomerative hierarchical procedure, it could
also be desirable that, first, objects x1 and x2 are clus-
tered together (since the observations have the small-
est variability around their mean value), then x3 and
x4 are joined, and, finally, the two groups are coupled
together.

By percentile clustering a series of different methods
as developed in [9] is understood as to cope with un-
certain and multiple measurements of the same fea-
tures. It is grounded on the theory of probabilistic met-
ric spaces [11]. The underlying assumption is summa-
rized in the statement that “distributions are the num-
bers of the future”, as said by Berthold Schweitzer in
1984 (see also [2]). Thus, the dissimilarity among ob-
jects should be first represented in terms of a distance
distribution function and, then, classical dissimilarity
indices could be obtained by means of a suitable per-
centile (i.e. quantile) associated with the distribution
function.

Although the idea of percentile clustering has been
grounded on an inspiring mathematical framework
(see, e.g., [10, 8]), it has only received little attention
in the literature, perhaps also due to the computational
complexity too high for the time when it had been in-
troduced.

Here, we would like to revisit such an approach by fo-
cusing on a particular method that we call Agglom-
erative Hierachical Percentile Clustering (AHPC, in
short). As the common hierarchical algorithms, the
method is based on a linkage function, but the dissim-
ilarity matrix is computed according to the percentile
approach described in [9]. Note that by considering
percentiles it is reflected that the dissimilarity coeffi-
cient of a clustering method frequently has only ordinal
significance by ranking the objects w.r.t. their dissimi-
larity (compare also, e.g., [7], but also [12, 1]).In par-
ticular, we perform a simulation study to show the per-

formance of AHPC under different linkage functions
and different percentile levels. Various suggestions for
practical applications of AHPC are hence derived.

2 The APHC algorithm

Suppose that we would like to cluster d objects that are
measured according to p different features. Moreover,
each object i is associated with a set of ni observations
related to the features, that is with a given (ni× p) data
matrix Xi.

For a fixed linkage method link chosen among single,
average and complete linkage, and a fixed c ∈ (0,1),
the AHPC can be summarized as follows:

1. For each object i and j, i 6= j, represented by the
data matrices Xi and X j calculate the Euclidean
distance di j

k` between the k-th row of Xi and the `-
th row of X j for every k = 1, . . . ,ni, `= 1, . . . ,n j.

2. Return the dissimilarity between object i and j,
i 6= j, to be equal to the c-quantile of the vector

(di j
k` : k = 1, . . . ,ni, `= 1, . . . ,n j), (1)

denoted by pi j.

3. Create the (d× d)-dissimilarity matrix P among
all the objects by setting P = (pi j) with pii = 0
and pi j = p ji.

4. Apply a hierarchical clustering algorithm with
linkage method link starting with the input given
by the matrix P.

Summarizing, the AHPC is a classical agglomerative
hierarchical algorithm whose input matrix is obtained
from the distance distribution function given in (1)
among the objects under consideration. However, be-
cause of its more general formulation, it may enjoy
some novel features. For instance, in AHPC, the num-
ber of observations related to each object can be differ-
ent, i.e. ni 6= n j, when i 6= j. This fact could be of po-
tential interest, e.g. when one object can be determin-
istically obtained from a single feature vector, while
other objects are subject to various experimental errors
or when repetitive measurements for one object might
be more costly. Moreover, it allows to incorporate prior
(expert) knowledge about the assignment of single fea-
ture vectors to objects as such seeding resp. directing
the clustering process of the objects as indicated, e.g.
also in [12].

Notice that the dissimilarity matrix P is by construction
symmetric and assigns value 0 on its main diagonal.
This initialization step is fundamental since agglom-
erative clustering requires that, in the first step, each
object is assigned to its own group.
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Figure 1: Illustration of four 2-dim objects (each with 5
observations) belonging to two different groups. Each
color corresponds to a group.

3 The simulation study

In order to provide an overview of the performance of
the algorithm we simulate three different scenarios.

Study 1: Bivariate independent Gaussian case

First, we consider a set of D objects (D ∈ {20,40})
divided into two equally sized groups. Each object is
associated with two features whose values are gener-
ated by a 2-dim Gaussian distribution with the follow-
ing mean µ and covariance matrix Σ:

G1: µ = (µ1,0), Σ11 = Σ22 = 1, and Σ12 = Σ21 = 0;

G2: µ = (−µ1,0), Σ11 = Σ22 = 1, and Σ12 = Σ21 = 0;

for µ1 ∈ {0.25,0.5,1}. Hereinafter, this case is called
the bivariate independent Gaussian case. The number
of observations associated with each object is equal to
N ∈ {5,10,25}. An illustration is given in Figure 1.

Given the previous setup, we first associate the dis-
tance distribution function between all the pairs of
objects. Then we compute the dissimilarity ma-
trix according to a related c-percentile, with c ∈
{0.25,0.50,0.75}.

Once the dissimilarity matrix is obtained, we perform
the hierarchical cluster algorithm with single, average
and complete linkage, and we calculate the agreement
of the clustering result with the group composition of
the data generating process by means of the adjusted
Rand index, shortly ARI (see, for instance, [6]). We re-
call that ARI = 1 corresponds to the perfect agreement
of two cluster composition, herein the perfect agree-
ment of the original grouping and the obtained cluster
structure.

In Figures 2–4, we illustrate the values of ARI indices
obtained from B = 250 simulations. As can be seen,

• as the value of the mean µ1 increases (i.e. the
cluster centers tends to be more separate), the ARI
assumes higher values;

• as the number of observations associated with
each object increases, the performance increases;

• comparing the linkage functions, the single link-
age seems to perform worse than the other two
methods;

• in all cases, selecting the percentile at 0.75 level
seems to work better than using the percentile at
0.25 or 0.50 level.
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Figure 2: ARI index for 20 objects belonging to two
groups, where the values are generated from the bi-
variate independent Gaussian case, with µ1 = 0.25.
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Figure 3: ARI index for 20 objects belonging to two
groups, where the values are generated from the bi-
variate independent Gaussian case, with µ1 = 0.50.
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Figure 4: ARI index for 20 objects belonging to two
groups, where the values are generated from the bi-
variate independent Gaussian case, with µ1 = 1.

Study 2: Bivariate dependent Gaussian case

Next, we consider the case when the features are not
independent, but related with some given correlation.
Again we consider a set of D objects (D ∈ {20,40})
divided into two equally sized groups. Each object is
associated with two features whose values are gener-
ated by a bivariate Gaussian distribution with the fol-
lowing mean µ and covariance matrix Σ:

G1: µ = (µ1,0), Σ11 = Σ22 = 1, and
Σ12 = Σ21 ∈ {0.5,0.75};

G2: µ = (−µ1,0), Σ11 = Σ22 = 1, and
Σ12 = Σ21 ∈ {−0.5,−0.75};

with µ1 ∈ {0.25,0.5,1}. Hereinafter, this case is called
the bivariate dependent Gaussian case. The number
of observations associated with each object is equal to
N ∈ {5,10,25}.

In Figures 5 and 6 we show the values of ARI ob-
tained from B = 250 simulations when µ1 = 0.5; the
other cases are available upon request. Here, we
find a better performance as the correlation value in-
creases, especially when we consider c-percentiles for
c ∈ {0.25,0.75}. However, comparing this case with
the independent case, we see no relevant differences.

Study 3: Five groups

Finally, we consider the case when the dimension of
the object is larger than in the previous cases. Specif-
ically, we take into account a set of D = 100 objects
divided into five equally sized groups, each group re-
lated to the Gaussian independent case. From Figures
7 and 8 we see that the performance improves as the
number of observations increases, being the 0.75 per-
centile level the better choice. Again the complete
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Figure 5: ARI index for 20 objects belonging to two
groups, where the values are generated from the bi-
variate dependent Gaussian case, with µ1 = 0.5 and
Σ12 = 0.50.
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Figure 6: ARI index for 20 objects belonging to two
groups, where the values are generated from the bi-
variate dependent Gaussian case, with µ1 = 0.5 and
Σ12 = 0.75.

method outperforms the other two linkage methods and
the ARI value increases significantly when we consider
µ1 = 1 instead of µ1 = 0.5. Moreover, in general, it
seems that the increase of the dimension of the prob-
lem does not worsen the performance of AHPC com-
pared to the previous cases.

4 Two real case studies

In order to illustrate the methodology, we analyze two
different real case studies. The first one – already dis-
cussed [9] and reconsidered here – describes monthly
combat deaths in the Vietnam War for six years from
1966 to 1971. The other one is related to the annual
shares of the generation of renewable energy sources
on the total of all possible energy sources for the 27
countries of the European Union over a period of five
years.
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Figure 7: ARI index for 100 objects belonging to five
groups, where the values are generated from the bivari-
ate independent Gaussian case, with µ1 = 0.5

0.00

0.25

0.50

0.75

1.00

single average complete
Method

Ad
jR

Percentile level: 0.25

0.00

0.25

0.50

0.75

1.00

single average complete
Method

Ad
jR

Percentile level: 0.50

0.00

0.25

0.50

0.75

1.00

single average complete
Method

Ad
jR

Percentile level: 0.75

Obs 5 10 25

Figure 8: ARI index for 100 objects belonging to five
groups, where the values are generated from the bivari-
ate independent Gaussian case, with µ1 = 1

4.1 The first case study

First, we analyze the dataset from [4] related to
monthly combat deaths in the Vietnam War over a pe-
riod of six years. The data has been also considered
in [9] for the purpose of detecting different phases
of U.S. involvement in the war. We have been inter-
ested whether by our algorithms we can re-identify the
therein achieved results. To this end, following [9], we
consider successive six-month time intervals (which
are indicated with the letters from A to L).

First, according to [9], we focus only on U.S. versus
South Vietnam deaths. Taking into account the sim-
ulation study, we perform the AHPC with complete
linkage and percentile level equal to 0.75. The cor-
responding dendrogram is visualized in figure 9. As
can be seen, the results are quite similar to the results
presented in [9]. In particular, in this case three groups
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Figure 9: Dendrogram obtained from AHPC applied to
Hartigan dataset considering U.S. versus South Viet-
nam deaths.

are selected, A,B,C,D (first two years of the war) be-
long to one group, while E (first semester of the third
year) plays the role of a singleton (outlier) group.

It should also be noted that Hartigan’s data included
U.S., South Vietnam, Third World and Enemy deaths.
If we elaborate a similar analysis by considering also
these two additional feature, the resulting dendrogram
is visualized in Figure 11. As can be seen, there are
common behaviour in the two dendrograms, especially
when three groups are considered as an optimal cutting
tree. In particular, A, B, C, and D are also grouped
together, while E plays the role of an outlier group.

4.2 The second case study

We analyze the production of renewable energy
sources for the countries of the European Union in the
period from 2015 to 20191.

Our interest depends on the fact that, in the recent
years, the EU has invested, on average, almost 20 bil-
lion Euro per year in clean energy research and inno-
vation, which is considered a priority by the Energy
Union 2. In fact, Europe’s new growth strategy (Euro-
pean Green Deal 3) aims to transform the EU economy
into a sustainable one by 2050, with the aim of reduc-
ing greenhouse gas emissions by at least 55% by 2030.
Achieving the EU’s climate targets will require signif-

1For further details, see
https://ec.europa.eu/eurostat/web/energy/data

2COM(2015) 80 final; JRC SETIS
https://setis.ec.europa.eu/publications/setis

3COM(2019) 640 final
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Figure 10: Cluster composition (three groups) related
to AHPC applied to Hartigan dataset considering U.S.
versus South Vietnam deaths. Each color corresponds
to a different group

icant decarbonisation and an integrated energy system
largely based on renewable energies.

EU electricity production from renewable sources is al-
ready expected to rise from the level of 32% in 2020 to
around 65% by 2030 4 and to 80% by 2050 5. Evi-
dence of the fact that the energy system is gradually
shifting towards clean energy technologies is that the
share of renewable energy in final energy consump-
tion has risen from 10% in 2005 to the 20% target for
2020 and the share of energy renewables in the elec-
tricity sector rose to just over 32% 6. Furthermore, de-
spite the COVID 19 pandemic, the European energy
system has shown a greener energy mix, with a 34%
decrease in the production of electricity from coal in
the EU and an increase in electricity generation from
renewable sources equal to 43% in the second quarter
of 2020 7.

The importance of renewable energy in the European
Union supports the choice of considering this crucial
issue as a case study. Specifically, we analyze the
shares of renewable energy sources on the total of all
possible energy sources for the countries of the Euro-
pean Union from 2015 to 2019 (see Eurostat 8). In
particular, we consider the total amount of electricity

4COM(2020) 562 final
5COM(2018) 773 final
6For further details, see

https://ec.europa.eu/eurostat
7Quarterly Report on the European Electricity Markets,

Volume 13, N. 2.
https://ec.europa.eu/energy/data-analysis

8For further details, see
https://ec.europa.eu/eurostat/web/energy/data

C D J L A B

K

F

H I

E G

0
50

00
10

00
0

15
00

0
20

00
0

Cluster Dendrogram

hclust (*, "complete")

He
igh

t

Figure 11: Dendrogram obtained from AHPC applied
to Hartigan dataset considering U.S., South Vietnam,
Third World and Enemy deaths.

generation from all energy sources and the shares of
hydro, wind, solar, solid biofuels power generations
and also the share of other sources that includes elec-
tricity generation from gaseous and liquid biofuels, re-
newable municipal waste, geothermal, and tide, wave
and ocean. Notice that it is also important to consider
minor renewable sources as they affect the total pro-
duction of renewable energy. Each country is hence
associated with a data matrix formed by the share val-
ues per each year in the considered period.

Thus, we apply the AHPC to the data under consid-
eration algorithm with complete linkage and percentile
level equal to 0.75. The resulting dendrogram is shown
in the Figure 12. Taking into account a possible group-
ing into three clusters, the composition of each group
is visualized in Table 1.

Cluster 1 Cluster 2 Cluster 3
Austria Belgium Hungary Denmark
Croatia Bulgaria Italy Germany
Latvia Czech Rep Lithuania Ireland

Romania Cyprus Luxembourg Portugal
Slovenia Estonia Malta Spain
Sweden Finland Netherlands

France Poland
Greece Slovakia

Table 1: Cluster composition related to Figure 12 when
three groups are considered.

Figure 13 shows, instead, the results of a ‘classical’
clustering procedure performed by previous averag-
ing the values observed in the considered time period.
Comparing the results we see some differences in the
composition of the groups. In particular, in the latter
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Figure 12: Dendrogram obtained from AHPC applied
to Shares Renewable dataset considering the shares of
renewable power generation of the different Countries
of the European Union on the total of all possible en-
ergy sources (linkage method: complete, percentile
level 0.75). Period: 2015–2019.

case Germany, Ireland, Portugal and Spain shift from
the third group to the second one.

In order to provide an interpretation of the obtained
groups, for the sake of presentation, we can consider
Figure 14, which shows the boxplots of the shares of
renewable power generation on the total of all possible
energy sources for all countries in a group (i.e. the dis-
tribution of the values of each group feature). It seems
that, on average, the countries belonging to the first
group and the third group are more focused on a single
energy source, while the countries of the second group
tends to focus on a multi-source system.

As a follow-up of our study, we restrict to the share of
renewable power generation of the different countries
of the European Union with respect to the total value
of renewable energy production (i.e. ignoring the pro-
duction by non-renewable energy). Such an analysis
tends to group together countries that have focused on
similar types of renewable energies. As can be seen
from Figure 15, four clusters seem to be suitable to
consider. In particular, we notice that Malta forms a
singleton group, since its production of renewable en-
ergy is almost totally focused on solar energy.

5 Additional comments

Clustering methods as unsupervised machine
learning technique are often applied for detecting
(sub)structures within data samples for obtaining
deeper insights into a problem or process to be
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Figure 13: Dendrogram obtained from hierarchical
clustering applied to Shares Renewable dataset con-
sidering the shares of renewable power generation of
the different Countries of the European Union on the
total of all possible energy sources (linkage method:
complete). Average values in the period 2015-2019 are
considered.

modelled. Nowadays hybrid approaches in machine
learning try to incorporate and combine expert knowl-
edge available beforehand and available measurement
or simulation data. The APHC algorithm as discussed
in this paper may be seen as a step in this direction
where the aim is to cluster objects represented by sev-
eral observations/measurements w.r.t. a certain amount
of different features within one data set. As already
indicated in [12] some directing resp. seeding of the
clustering process by considering initial classification
results, which would correspond to the assignment to
objects in our approach, would be worth considering
instead of single data items.

By starting from objects, rather than instances, we
may incorporate expert knowledge into the clustering
process at an initial level of the process. We may
even allow that objects may be represented by different
amount of data instances in the data set as this might
appear more often in practical situations where mea-
surements for different objects might not be available
to the same extent or where measurements are simple
recorded according to different frequency regimes.

As outlined in, e.g. [1], it may be of practical and the-
oretical interest that the final cluster size distribution is
approximately uniform, i.e. leading to clusters of sim-
ilar size, however this has not been the main interest
of our present analysis. Moreover, we assume that in
case of imbalanced data setsit might be reasonable not
to impose any additional conditions on the final cluster
size beforehand.
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Figure 14: The shares of renewable power generation
on the total of all possible energy sources for the dif-
ferent groups.

By calculating a dissimilarity matrix on the basis of the
c-percentile of the a distance distribution function as-
signed to two objects, we employ an ordered weighted
aggregation function at the second step of the APHC
algorithm, similarly as discussed in [12] and [1]. The
investigation of more general OWA-based linkages, as
also discussed in [12] and [1], has not been applied
(yet) in step 4 of the APHC algorithm, but will be of
interest for future studies.
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