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Abstract

The paper is focused on an overview of
graded structures of opposition with general-
ized intermediate quantifiers. This article fo-
cuses mainly on achieving two goals. Firstly,
classical structures of opposition (square,
hexagon, cube) are introduced. Then, graded
extensions of mentioned structures are con-
structed using linguistic expressions of natu-
ral language.
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1 Introduction

The efforts to understand a natural language were
already made by Aristotle in the times of Ancient
Greece. Using the Aristotle’s square of opposition,
he tried to understand classical quantifiers. It was not
until modern times when new generalized quantifiers
appeared, which was a contribution of a Polish mathe-
matician Andrzej Mostowski [20] in the 50’s of the last
century.

Numerous mathematicians followed his work. A few
years later, this topic began to be interesting for lin-
guists and philosophers, who laid a question of how
to formalize expressions such as "for several", etc.
Mostowski’s exact approach to generalized quantifiers
was further elaborated in works of Barwise and Copper
([16]).

These works inspired many authors to deal with the
studies of various special types of generalized quanti-
fiers. A special group of quantifiers, which are com-
mon in a natural language, was worked out by P.L. Pe-
terson in his book Intermediate quantifiers. In [32], the

author continued in the work of Thompson, who was
the first to introduce quantifiers "A few", "Many", and
"Most" in 1982. Later in his book, Peterson came up
with one more quantifier "Almost all" and studied in-
termediate quantifiers from the point of view of their
position in the Peterson’s square of opposition. At the
beginning of his book, he presented the basic idea char-
acterizing the group of intermediate quantifiers:

Intermediate quantifiers express logical quantities
which fall between Aristotle’s two quantities of

categorical propositions - universal and particular.

Fuzzy quantifiers, as it proved later that they charac-
terize many objects very well, were proposed by L.A.
Zadeh in [38] in 1983. Fuzzy quantifiers were repre-
sented using fuzzy numbers.

2 Classical Structures of Opposition

In this section, we review classical structures of op-
position, which are called square, hexagon and cube.
We will start with the Aristotle’s square of opposition.
Before considering a generalization of the mentioned
structures, we will also refresh the hexagon of opposi-
tion and the cube of opposition.

2.1 Aristotle’s square of opposition

A natural language used in a common human life car-
ries an incredibly strong expressive power, which helps
us determine the validity of any statement. Special ex-
pressions of a natural language used to characterize the
number/amount of objects having a certain property
are called quantifiers. It concerns expressions, such as
"All", "Almost all", "Roughly half", "Many", "More
than a third", etc.

Classical quantifiers "All" and "Some” were analyzed
by the Aristotle’s square of opposition, which was
first studied and proposed by a philosopher Aristotle
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in [33] in Ancient Greece for the purposes of ana-
lyzing logical relationships between various quantified
statements. Aristotle introduced logic which currently
holds his name and where the crucial role is played
by the Aristotle’s square of opposition with categorical
syllogisms.

From the point of view of predicate logic, the Aristo-
tle’s square of opposition is formed by the properties
of quantifiers contrary, sub-contrary, sub-alterns, and
contradictory, which are defined as follows:

• We say that two formulas are contradictory if in
any model they cannot be both true, and they can-
not be both false.

• We say that two formulas are contrary if in any
model they cannot be both true, but both can be
false.

• We say that two formulas are sub-contrary if in
any model they cannot be both false, but both can
be true.

• A formula is sub-altern of another one, called a
super-altern formula, if, in any model, it must be
true if its super-altern is true. At the same time,
the super-altern must be false if the sub-altern is
false.

Below is presented the Aristotle’s square of opposition
with individual properties. The full diagonal line be-
tween formulas A, O and formulas E, I denotes them
to be contradictory. The dashed line between individ-
ual formulas A and E denotes contrary. Similarly, the
dotted line between I and O characterizes sub-contrary
and, finally, the arrow describes the sub-altern prop-
erty.

A : All S are P E : No S are P

I : Some S are P O : Some S are not P

It proved later that Aristotle’s logic is full of imper-
fections, which then slowed down its subsequent de-
velopment. One of the most famous examples is the
impossibility to work with individual subjects of type
"Socrates" as the statement "Socrates is a man" cannot
be interpreted in Aristotle’s logic. More information
can be found in [7].

The first one to find a way to the currently known first-
order predicate logic was a German logician Gottlob
Frege (see [15]). Using the first-order predicate logic,
the basic Aristotle’s statement were transformed into

the following formulas:

A :All S are P (∀x)(Sx⇒⇒⇒ Px)∧∧∧ (∃x)Sx,
(1)

E :No S are P (∀x)(Sx⇒⇒⇒¬¬¬Px), (2)
I :Some S are P (∃x)(Sx∧∧∧Px), (3)

O :Some S are not P (∃x)(Sx∧∧∧¬¬¬Px)∨∨∨¬¬¬(∃x)Sx.
(4)

A very important role is played by the "existential im-
port” which was discussed in [23]. At this point we
will just mention other authors who have dealt with
this issue [1, 3]. From the propositional logic point
of view, the Aristotle’s square was later developed in
[18, 30]. In addition, it was even more deeply elabo-
rated from the first-order predicate logic point of view
by other authors in [2, 9, 32].

2.2 The Hexagon of opposition

An extension into the hexagon was discovered by the
French logicians Jacoby, Sesmat and Blanché [34, 6],
and it was also studied by Bézeiau [4]. A different ver-
sion of hexagon is the so-called Sherwood-Czezowski
hexagon [11, 35]. The arrows of subalternation are the
same, but crucial difference = horizontal diagonal is
contrary instead of contradictory, so there are fewer
subcontraries as well.

In this subsection, we will be interested in Béziau ap-
proach, who in [4] suggested to extend a square of op-
position by adding two new formulas U and Y that are
defined as the disjunction of the two top corners of the
square and the conjunction of the two bottom corners.

U : All or No B’s are A

∗A : All B’s are A E : No B’s are A

I : Some B’s are A ∗O : Some B’s are Not A

Y : Some but Not All B’s are A

The diagonal lines represent contradictories, which
means that the formulas A and E are contraries, A and
E entail U, while Y entails both formulas I and O. The
formulas I and O are sub-contraries. It is interesting
to see that the logical hexagon obtains three Aristo-
tle’s squares of opposition, namely, AEIO,AYOU and
EYUI.

In [36], we can find differences between the Aristotle
hexagon and Duality hexagon. A logical hexagon with
many examples was described in [13].

Atlantis Studies in Uncertainty Modelling, volume 3

392



A o

I e

i E

a O

Figure 1: Moretti’s cube of opposition

2.3 The cube of opposition

The objective of this subchapter is to familiarize the
reader with the structures of opposition which are
called cubes of opposition although Béziau states in
his publication [5] that cubes of opposition do not ex-
ist, but there are only combinations of squares of op-
position. Nevertheless, there is a large group of au-
thors (Pellissier, Moretti, Dubois, Prade, Rico, Ciucci,
Moyse, Lesot) who deal with these interesting struc-
tures of opposition.

In this chapter, we will study the Moretti’s cube of op-
position [19] and the Johnson-Keynes’ cube (JK-cube)
[17].

Let’s recall that the Aristotle’s square of opposition
is formed by two positive and two negative quanti-
fiers. Changing S and P into their negation, ¬¬¬S and
¬¬¬P respectively, leads to another similar square of op-
position aeio. Then the 8 formulas, A, E, I, O, a, e,
i, o create a cube of opposition, which requires that
S,P,¬¬¬P,¬¬¬S are non-empty. These assumptions ensure
the consistency of both squares of opposition forming
a cube of opposition.

To construct a cube of opposition as an extension of
the Aristotle’s square, we have to define new formulas
as follows:

a :All ¬¬¬S’s are not P (∀x)(¬¬¬Sx⇒⇒⇒¬¬¬Px),
(5)

e :All ¬¬¬S’s are P (∀x)(¬¬¬Sx⇒⇒⇒ Px), (6)
i :Some ¬¬¬S’s are not P (∃x)(¬¬¬Sx∧∧∧¬¬¬Px), (7)
o :Some ¬¬¬S’s are P (∃x)(¬¬¬Sx∧∧∧Px). (8)

It is interesting to observe that the Moretti’s cube of op-
position is based on four vertices A, E, a, e from which
arrows leave, while the four vertices where the arrow
arrive are I, O, i, o. As we can see above, the Moretti’s
cube of opposition is formed by six squares of opposi-
tion AEIO, AaOo, AeOi, aEoI, eEiI and aeoi.

A E

I O

a e

i o

Figure 2: JK-cube of opposition

Another interesting structure of opposition is the JK-
cube of opposition AEIOaeio, which was initially pre-
sented as an octagon by Johnson and Keynes consisting
of 4 squares AEIO, aeio, AeOi and aEoI.

2.4 Peterson’s square of opposition

In this section, we continue with an extension of the
Aristotle’s square of opposition into the Peterson’s
square of opposition by intermediate quantifiers “Al-
most all, Most and Many”.

The first version of the Peterson’s (complete) square
of opposition was introduced as a generalization of
the classical Aristotelian one introduced by Peterson
in (1979) in [31]. He, at first, considered the inter-
mediate quantifiers “Almost-all” and “Many” with an
assumption that he took “Most” in the sense of “Al-
most all”. Thompson, in [37], followed up Peterson’s
work and proposed the intermediate quantifier “Most”
as synonymous with “more than half”. Peterson in his
book started with an explanation of how to integrate
new quantifiers in the Aristotle’s square. Later, in [32],
he showed how “A few” comes in. He explained re-
lationships between “A few”, “Many” and “Most” by
introducing Aristotle’s square replacing main formulas
A,E,I,O by quantifiers “A few” and “Most”, “Most”
and “Many”, “Few” and “Many”, respectively.

We conclude this section with a note that in a similar
way to the Aristotelian hexagon construction by adding
new formulas U and Y, we can construct the Peterson’s
hexagon of opposition.

3 Graded structures of opposition

The second part of this paper is devoted to graded
structures of opposition with generalized intermedi-
ate quantifiers (graded Peterson’s square cube and
hexagon of opposition). We will start with special ex-
pressions of a natural language which are called inter-
mediate quantifiers because they lie between classical
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A : All B’s are A

��

E : No B’s are A

��
P : Almost-all B’s are A

��

B : Almost all B’s are not A

��
T : Most B’s are A

��

D : Most B’s are not A

��
K : Many B’s are A

��

G : Many B’s are not A

��
I : Some B’s are A O : Some B’s are not A

Figure 3: Peterson’s square of opposition

ones (universal and existential). Intermediate quanti-
fiers are expressions of a natural language, for exam-
ple, A few, Most, Several, Almost all, etc. We can find
them in several areas from common life :

• Most people during the COVID pandemic work at
home.

• Many people after undergoing COVID have wors-
ened chronic diseases.

• Almost all shares grow with growing economy.

3.1 Fuzzy type theory

In this section, we will remind the main concepts and
properties of the fuzzy type theory (higher-order fuzzy
logic) and the theory of evaluative linguistic expres-
sions. We will not go into the detail. The reader can
find details in several papers [22, 24, 25].

Recall at this point, that the formal theory of intermedi-
ate quantifiers is developed within Łukasiewicz fuzzy
type theory (Ł-FTT). The algebra of truth values is a
linearly ordered MV∆∆∆-algebra extended with the delta
operation (see [10, 29]). A special case is the standard
Łukasiewicz MV∆-algebra.

L = 〈[0,1],∨,∧,⊗,→,0,1,∆〉. (9)

The basic syntactical objects of Ł-FTT are classical,
namely the concepts of type and formula. The atomic
types are ε (elements) and o (truth values). General
types are denoted by Greek letters α,β , . . .. We will
omit the type whenever it is clear from the context. A
set of all types is denoted by Types.

The language consists of variables xα , . . ., special con-
stants cα , . . . (α ∈ Types), symbol λ , and parentheses.
The connectives (which are special constants) are fuzzy

equality/equivalence≡, conjunction∧∧∧, implication⇒⇒⇒,
negation ¬¬¬, strong conjunction &&&, strong disjunction
∇∇∇, disjunction ∨∨∨, and delta ∆∆∆. The fuzzy type theory
is complete, i.e., a theory T is consistent iff it has a
(Henkin) model (M |= T ). We sometimes apply its
equivalent version: T ` Ao iff T |= Ao.

3.2 Evaluative linguistic expressions

An important role in our model of intermediate quan-
tifiers is played by evaluative linguistic expressions.

Evaluation language expressions play a very impor-
tant role, because we use it to define generalized in-
termediate quantifiers. We are speaking about expres-
sions of a natural language, such as small, medium, big,
very short, more or less deep, quite roughly strong, ex-
tremely high, etc. Their theory is the basic constituent
of the fuzzy natural logic.

The semantics of evaluative linguistic expressions is
formulated in a special formal theory T Ev of Ł-FTT
which was introduced in [25] and less formally ex-
plained in [28] where also formulas for direct compu-
tation are provided.

Another motivation, fundamental assumptions, and
formalization of our theory are in detail described in
[25].

3.3 Definition of Intermediate Quantifiers

The theory of intermediate quantifiers is a special for-
mal theory T IQ of Ł-FTT extending T Ev. A detailed
structure of T IQ and precise definitions can be found
in [22, 26].

In [26], the first version of the definition of generalized
quantifier was introduced. Later, in [23], we explained
the motivation why it was necessary to modify this def-
inition. Further comparison of the two definitions and
a detailed explanation of the examples were given in
[21].

Below we introduce modified definitions of positive in-
termediate quantifiers as follows:

Definition 3.1 Let Ev be a formula representing an
evaluative expression, x be variables and A,B,z be
formulas. Then either of the formulas represents the
quantifier “〈Quantifier〉 B’s are A”.

(Q∀Ev x)(B,A)≡ (∃z)[(∀x)((B|z)x⇒⇒⇒ Ax)∧∧∧
Ev((µB)(B|z))], (10)

(Q∃Ev x)(B,A)≡ (∃z)[(∃x)((B|z)x∧∧∧Ax)∧∧∧
Ev((µB)(B|z))]. (11)
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By putting of the concrete evaluative expressions we
obtain the list of generalized intermediate quantifiers
as follows:

Definition 3.2 [23]

A: All B are A := (∀x)(Bx⇒ Ax),

E: No B are A := (∀x)(Bx⇒¬Ax),

P: Almost all B are A := (Q∀BiExx)(B,A),

B: Almost all B are not A := (Q∀BiExx)(B,¬A),

T: Most B are A := (Q∀BiVex)(B,A),

D: Most B are not A := (Q∀BiVex)(B,¬A),

K: Many B are A := (Q∀¬Sm v̄x)(B,A),

G: Many B are not A := (Q∀¬Sm v̄x)(B,¬A),

F: A few B are A := (Q∀SmSix)(B,A),

V: A few B are not A := (Q∀SmSix)(B,¬A),

S: Several B are A := (Q∀SmVex)(B,A),

Z: Several B are not A := (Q∀SmVex)(B,¬A),

I: Some B are A := (∃x)(Bx∧Ax),

O: Some B are not A := (∃x)(Bx∧¬Ax).

By *A, *E, *P, *B, *T, *D, *K, *G, *F, *V, *S, *Z, *I,
*O we denote intermediate quantifiers with presuppo-
sition. For the precise definition see [23].

Proposition 3.3 ([23]) Let M be a model such that
B = M(y) ⊂∼ Mα , Z = M(z) ⊂∼ Mα . Then for any
m ∈Mα

M(y|z)(m) = (B|Z)(m) =

{
B(m), if B(m) = Z(m),

0 otherwise.

One can see that the operation B|Z takes only those
elements m∈Mα from the fuzzy set B whose member-
ship B(m) is equal to Z(m), otherwise (B|Z)(m) = 0.
If there is no such an element, then B|Z = /0. We can
thus use various fuzzy sets Z to “pick proper elements”
from B.

3.4 Graded Peterson’s square

Needless to say, the graded Peterson square of oppo-
sites is constructed as an extension of the graded Aris-
totle’s square. Let us recall the work of other authors
who in their publications studied the graded Aristotle’s
square from the point of view of other mathematical
theories. A generalization of the square of opposition
to many-valued logic was introduced by Dubois and
Prade in [12]. The authors proposed a graded Aristo-
tle’s square of opposition and a cube of opposition in-
cluding its graded version that associates the traditional

square of opposition with a dual square of opposi-
tion. Another graded extensions of Aristotle’s square,
named polygons of opposition, are constructed by us-
ing quantifier-based operators in fuzzy formal concept
analysis (see [8]).

In Subsection 2.4, we explained how Peterson ap-
proached the construction of a square of opposition
with intermediate quantifiers. The main idea is based
on the position of intermediate quantifiers, all of which
lie among the classical ones. This idea has been fol-
lowed up in the approach of introducing mathemati-
cal definitions using evaluative language expressions
that behave monotonically. The next step was to for-
mally define the properties that form the classical Pe-
terson square in fuzzy logic. The complete graded Pe-
terson’s square with generalized intermediate quanti-
fiers was formally proved in [22]. Below we recall
main generalized definitions (contrary, contradictory,
sub-contrary and sub-alterns), which generalized the
classical ones.

Definition 3.4 Let T be a consistent theory of Ł-FTT,
M |= T be a model, and P1,P2 be closed formulas.

• P1 and P2 are contraries if M(P1)⊗M(P2) = 0.

• P1 and P2 are weak-contraries if 0 < M(P1)⊗
M(P2)< 1.

• P1 and P2 are subcontraries if M(P1)⊕M(P2) =
1.

• P1 and P2 are contradictories if both M(∆∆∆P1)⊗
M(∆∆∆P2) = 0 and M(∆∆∆P1)⊕M(∆∆∆P2) = 1.

• P2 is a subaltern of P1 if M(P1)≤M(P2).

In Figure 4, we introduce graded Peterson’s square
AEPBTDKGFVSZIO which will be from now called
graded 7-square of opposition. This square was con-
structed as an extension of the basic graded Peterson’s
square [22] by adding new quantifiers “A few” and
“Several”, which were designed and studied in detail
in [27].

Recall that all the above properties between the indi-
vidual intermediate quantifiers have been syntactically
proven in our previous papers (see [22, 23]) and there-
fore they are fulfilled in every model of T IQ. The quan-
tifier Many, which behaves ambiguously, has a special
position in our theory. In [23], we have shown that
there are two models of how to interpret the quantifier
Many.

Atlantis Studies in Uncertainty Modelling, volume 3

395



A : All B’s are A E : No B’s are A

P : Almost all B’s are A B : Almost all B’s are not A

T : Most B’s are A D : Most B’s are not A

K : Many B’s are A G : Many B’s are not A

F : A few B’s are A V : A few B’s are not A

S : Several B’s are A Z : Several B’s are not A

I : Some B’s are A O : Some B’s are not A

Figure 4: 7-graded Peterson’s square of opposition

3.5 Graded Peterson’s hexagon

We start with definitions of new generalized interme-
diate quantifiers as follows:

• UExBi := Almost all B are A or
Almost all B are not A

• UVeBi := Most B are A or Most B are not A

• Y¬¬¬Sm := Many B are AandMany B are not A.

3.6 Example of graded logical hexagon with
intermediate quantifiers

Let us consider a model M |= T [B] such that T IQ `
(∃x)Bx and let M(A) = a > 0 (e.g., a = 0.2). The
degrees inside in generalized Peterson’s square follow
from the definitions of contrary, weak-contrary, contra-
dictories, sub-contraries and subalterns. The formula I
is sub-contrary with U,UExBi,UVeBi as well as O is sub-
contrary with U,UExBi,UVeBi. The formula U is super-
altern of all of them and the formula Y is sub-altern of
all of them.

By an extension of Peterson’s square adding quanti-
fiers “A few” and “Several” we can define new quanti-
fiers that can represent new lower and upper forms of
quantifiers.

3.7 Graded Peterson’s cube

This subsection is devoted to graded Peterson’s cube
of opposition which is constructed as an extension of
graded Aristotle’s cube of opposition. Another cube
of opposition, a structure that generalizes the square of

U : M(A∨∨∨E) = 0.5

UExBi : M(P∨∨∨B) = 0.6

UVeBi : M(T∨∨∨D) = 0.75

A : M(A) = 0.2 E : M(E) = 0.5

P : M(P) = 0.3 B : M(B) = 0.6

T : M(T) = 0.35 D : M(D) = 0.75

K : M(K) = 0.6 G : M(G) = 0.8

I : M(I) = 1 O : M(O) = 1

Y¬¬¬Sm : M(K&&&G) = 0.4

Y : M(I&&&O) = 1

Figure 5: Graded Peterson’s hexagon of opposition

opposition invented in ancient logic which can be gen-
erated from the composition of a binary relation with
a subset, by the effect of set complementation on the
subset, on the relation, or on the result of the composi-
tion was introduced in [14].

At this point, let’s just remind that the construction of
a graded Aristotle’s cube of opposites from a classical
Aristotle’s square is based on the same idea as in the
classical case replacing B and A into their negation,¬¬¬B
and ¬¬¬A. We can introduce mathematical definitions of
generalized quantifiers1 which form the second graded
Peterson’s square.

We continue with an extension of graded 7-square of
opposition AEPBTDKGFVSZIO, which was intro-
duced as a generalization of Peterson’s square, to the
graded Peterson’s cube of opposition aepbtdkgfvszio
with intermediate quantifiers. Let us recall that aepbt-
dkgfvszio form the second square of opposition and so
all mathematical properties can be proved analogously.

Below we present examples of natural language lin-
guistic expressions which represent new forms of in-
termediate quantifiers forming a graded cube of oppo-
sition as follows:

1(Q∀Ev x)(¬¬¬B,¬¬¬A) ≡ (∃z)[(∀x)((¬¬¬B|z)x ⇒⇒⇒ ¬¬¬Ax) ∧∧∧
Ev((µ(¬¬¬B))(¬¬¬B|z))]

Atlantis Studies in Uncertainty Modelling, volume 3

396



A E

I O

a e

i o

P

T

K

F

S

B

D

G

V

Z

p

t

k

f
s

b

d
g

v

z

Figure 6: 7-graded Peterson’s cube of opposition

Let us consider a model M |= T [B]. Let us, for exam-
ple, assume that

• d:Most people who do not smoke have higher lung
capacity.

is true in the degree 0.8. The from the property of con-
trary with T we observe that

• T:Most people who smoke have higher lung ca-
pacity

may be true at most in the degree 0.2. Because, T is
superaltern of S, we can conclude, that

• S:Several people who smoke have higher lung ca-
pacity

could be true, for example, in the degree 0.4 as well as

• Z:Several people who smoke do not have higher
lung capacity

may be true in the degree 0.9 because S and Z are sub-
contrary.

In Figure 4, we introduce a 7-graded cube of opposi-
tion with seven generalized intermediate quantifiers as
a generalization of the graded Peterson’s square. All
the properties were syntactically proven in [21].

4 Conclusion

This article was devoted to an overview of the struc-
tures of opposition. In the beginning we reminded the
readers the classical structures of opposition (Aristo-
tle’s square, Blanché hexagon and). Furthermore, by
introducing additional squares we presented J-K and

Moretti’s cubes. In the second part, we generalized all
the mentioned structures and introduced graded struc-
tures of opposition with intermediate quantifiers. The
idea for future is to compare graded Aristotle’s square
proposed by Dubois et. all with our approach. The
main difference between the two approaches is in the
different definitions of the quantifier Some. Another
idea is to continue studying generalized logical syllo-
gisms which relate to proposed graded structures of op-
position.
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