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Abstract

Following the extensively studied line of re-
search of proposing new construction meth-
ods of fuzzy implication functions, recently
a construction method based on a quadratic
polynomial function and a given fuzzy im-
plication function was proposed. The im-
portance of this method relies on the fact
that some additional properties are preserved
from the original fuzzy implication func-
tion to the generated one for some quadratic
polynomial functions. In this paper, the
preservation of two pairs of additional prop-
erties under this method is deeply studied
providing some quadratic construction meth-
ods with this behaviour.

Keywords: Fuzzy implication function,
quadratic polynomial construction, ordering
property, left neutrality principle, contrapos-
itive symmetry.

1 Introduction

Within the theoretical study of fuzzy implication func-
tions, the search of new construction methods has been
always a hot topic. The disposal of a great number of
different models with different additional properties is
necessary in order to choose the model which fits best
the meaning and desired properties in each application
(see [13]).

There are many construction methods. One of the
strategies relies on the transformation of one or two
given fuzzy implication functions to generate a new
one. Among these methods, we can highlight the fol-
lowing ones: the upper, lower and medium contrapos-
itivisations, the conjugation, the reciprocation and the
maximum, minimum or convex combinations of fuzzy
implication functions (see [4]), some methods based

on new types of contrapositivisations [1], horizontal
and vertical threshold generation methods [8, 9, 10],
the FNI-method [2, 12], the ⊛-composition [14, 15],
among others. For an extensive compilation, we refer
the reader to [3] and specially the chapter [11] for more
details.

Although many construction methods can be proposed,
researchers are always interested in methods which (i)
provide operators with a simple expression and (ii) pre-
serve the additional properties of the initial fuzzy im-
plication function to the generated implication. These
assets ensure that researchers can use the method to
generate fuzzy implication functions which are not
prone to numerical errors and which satisfy the desired
additional properties.

Recently, a construction method based on quadratic
polynomial functions was proposed in [7]. Starting
from a polynomial F : [0,1]3 → R and a fuzzy impli-
cation function I, a new fuzzy implication function is
obtained by means of IF(x,y) = F(x,y, I(x,y)). This
method generates fuzzy implication functions with a
simple expression, easy to implement in any applica-
tion. In [7], a full characterization of those functions
F : [0,1]3 → R providing always a fuzzy implication
function through the method was proved. Addition-
ally, characterizations of quadratic functions preserv-
ing some specific additional properties were also pre-
sented. Indeed, results were presented for the preser-
vation of the pairs (NP) and (CP(Nc)), (NP) and (IP),
and (IP) and (CP(Nc)), see Section 2 for the details.
However, many other important additional properties
were not studied in [7]. In this paper, we will deal with
the ordering property (OP) in conjunction with either
(NP) or (CP(Nc)).

The structure of the paper is as follows. Section 2
includes some preliminaries about fuzzy implication
functions and the additional properties which will be
studied in the paper. Section 3 recalls the basic facts
on the construction method based on quadratic poly-
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nomial functions. Then, Section 4 is devoted to find-
ing quadratic constructions preserving the pairs (i)
(CP(Nc)) and (OP), (ii) (NP) and (OP). Finally, the
paper ends with Section 5 devoted to some conclusions
and future work.

2 Preliminaries

Let us provide some definitions and results that will
be used throughout this paper. First, we present the
definition of fuzzy negation.

Definition 2.1 ([6, Definition 1.1]). A decreasing
function N : [0,1]→ [0,1] is a fuzzy negation, if N(0)=
1 and N(1) = 0. A fuzzy negation N is

(i) strict, if it is continuous and strictly decreasing,

(ii) strong, if it is an involution, i.e., N(N(x)) = x for
all x ∈ [0,1].

There are many different fuzzy negations. Maybe the
most well-known is the classical negation given by
Nc(x) = 1− x for all x ∈ [0,1].

Next, we recall the definition of a fuzzy implication
function.

Definition 2.2 ([6, Definition 1.15]). A binary func-
tion I : [0,1]2 → [0,1] is called a fuzzy implication
function if it satisfies:

(I1) I(x,z)≥ I(y,z) when x ≤ y, for all z ∈ [0,1].

(I2) I(x,y)≤ I(x,z) when y ≤ z, for all x ∈ [0,1].

(I3) I(0,0) = I(1,1) = 1 and I(1,0) = 0.

Let us denote by I the class of all fuzzy implication
functions. Note that from the definition, we can de-
duce that for all I ∈ I , I(0,x) = 1 and I(x,1) = 1
for all x ∈ [0,1], while the symmetric values I(x,0)
and I(1,x) are not determined from the definition. We
recall some additional properties of fuzzy implication
functions which will be used in this work:

• The left neutrality principle,

I(1,y) = y, y ∈ [0,1]. (NP)

• The identity principle,

I(x,x) = 1, x ∈ [0,1]. (IP)

• The ordering property,

x ≤ y ⇐⇒ I(x,y) = 1, x,y ∈ [0,1]. (OP)

• The law of contraposition with respect to a fuzzy
negation N,

I(N(y),N(x)) = I(x,y), x,y ∈ [0,1], (CP(N))

and in particular with respect to the classical
negation Nc,

I(1−y,1−x)= I(x,y), x,y∈ [0,1]. (CP(Nc))

Moreover, we can define the concept of the natural
negation of a fuzzy implication function, which is al-
ways a fuzzy negation in the sense of Definition 2.1.

Definition 2.3. Let I be a fuzzy implication function.
The function NI defined by NI(x) = I(x,0) for all x ∈
[0,1] is called the natural negation of I.

As we have already mentioned in the introduction,
there exist different construction methods of new fuzzy
implication functions from given ones. One of them
that will be important in the proofs of some of the re-
sults is recalled in the following proposition.

Proposition 2.1 ([4]). Let I1, I2 be two fuzzy impli-
cation functions and λ ∈ [0,1]. The binary function
I : [0,1]2 → [0,1] given by

I(x,y) = (1−λ )I1(x,y)+λ I2(x,y) for all x,y ∈ [0,1]
(1)

is always a fuzzy implication function.

Fuzzy implication functions constructed as in Eq.
(1) are called convex linear combinations of I1 and
I2. Moreover, it is well known that this construction
method preserves (NP), (IP), (OP) and (CP(Nc)), but
in general, it does not preserve (EP) (see [4] for more
details).

3 Construction of Fuzzy Implication
Functions from Polynomial Ternary
Functions

As it is aforementioned in the introduction, in [7] a
method that allows to construct fuzzy implication func-
tions from polynomial ternary functions is presented.
The idea of this method is as follows. Let F : [0,1]3 →
R be a ternary function whose expression is given by

F(x,y,z) =ax2 +by2 + cz2 +dxy+

exz+ f yz+gx+hy+ iz+ j,
(2)

where coefficients a,b,c,d,e, f ,g,h, i, j are in R and let
us consider a fuzzy implication function I ∈I . For all
x,y∈ [0,1] let us take z= I(x,y) and define the function
IF : [0,1]2 → R by

IF(x,y) = F(x,y, I(x,y)) for all x,y ∈ [0,1]. (3)
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In this way, in [7] it is investigated when Expression
(3) satisfies the conditions to be a fuzzy implication.
An immediate example of this construction method is
when we consider the projection on the third variable
F(x,y,z) = z, which yields the original fuzzy implica-
tion function I. However, we want to emphasize that
the resulting value F(x,y, I(x,y)) could be out of [0,1].
For instance, let us consider the Rescher implication

IRS(x,y) =

{
1 if x ≤ y,
0 if x > y,

and the ternary function F(x,y,z) = x+ y+ z. Thus,
if we take x = y = 1 it follows F(1,1, IRS(1,1)) = 3 ̸∈
[0,1].

In [7] a full characterization of those functions F sat-
isfying that IF is a fuzzy implication function for any
given fuzzy implication I is proved (see Theorem 3.1.).
However, this is a very tough demand and many times
we are interested only in obtaining fuzzy implication
functions IF satisfying a concrete additional property
for any fuzzy implication function I satisfying that
property. This is a key point because there is no re-
lationship between the two results. Indeed, the set of
functions F which provide always a fuzzy implication
function is not contained in the set of functions F pro-
viding always a fuzzy implication function satisfying
one concrete property (given that the initial implication
also satisfies it), not vice versa. For further details, see
Example 4.1 in [7].

Let us recall for the sake of completeness, two results
of [7] which will be used in this paper. First, the func-
tion IF must satisfy the boundary conditions inherent
to fuzzy implication functions for any I ∈ I .

Proposition 3.1 ([7, Proposion 3.2]). Let F : R3 →R
be a quadratic function of the form (2) and I : [0,1]2 →
[0,1] be a fuzzy implication function. Then the follow-
ing statements are equivalent:

(i) IF fulfils the boundary conditions (I3) and
IF(0,x) = IF(x,1) = 1 for all x ∈ [0,1].

(ii) a = b = 0, e = −(d + g),h = − f , j = −g, and
i = 1− c+ g. Moreover, in this case, the expres-
sion of F is given by

F(x,y,z) = cz2 +dxy− (d +g)xz+

f yz+gx− f y+(1− c+g)z−g
(4)

with c,d,g, f ∈ R.

As pointed out in the introduction, in [7] some char-
acterizations of those quadratic constructions that pre-
serve some desired additional properties such as (NP),
(IP) or (CP(Nc)) are presented.

Proposition 3.2 ([7, Proposion 4.1]). Let F : [0,1]3 →
R be a quadratic function of the form (4) and I :
[0,1]2 → [0,1] be a fuzzy implication function. Then
the next properties hold:

(i) If I satisfies (NP), then IF fulfils (NP) if and only
if f + c = 0.

(ii) If I satisfies (IP), then IF fulfils (IP) if and only if
d = 0.

(iii) If I satisfies (CP(Nc)), then IF fulfils (CP(Nc)) if
and only if d +g− f = 0.

4 On the Preservation of some
Additional Properties

In this section we will investigate those quadratic con-
structions that preserve at the same time two interest-
ing additional properties from the initial given fuzzy
implication function I to the generated one IF . First,
we will analyze the pair formed by the left neutrality
principle (NP) and the ordering property. Then, we
will study the ordering property (OP) and the contra-
positive symmetry with respect to Nc (CP(Nc).

4.1 Quadratic constructions preserving (NP) and
(OP)

Let us study the quadratic constructions preserving
(NP) and (OP).

Proposition 4.1. Let F : [0,1]3 → R be a quadratic
function of the form (4) and I : [0,1]2 → [0,1] a fuzzy
implication function that satisfies (NP) and (OP). If IF
fulfils (NP) and (OP), then f + c = 0 and d = 0.

Moreover, in this case, F is given by

Fα,β (x,y,z) =αz2 −βxz−αyz+βx+αy+

(1−α +β )z−β
(5)

where α,β ∈ R.

Proof. If IF satisfies (NP) then according to Proposi-
tion 3.2-(i) we obtain the condition f + c = 0. More-
over, it is well known that (OP) implies (IP). Conse-
quently, since I satisfies (OP), it satisfies also (IP) and
we obtain d = 0, by applying Proposition 3.2-(ii). In
this case, taking α = c and β = g, it is clear that F is
given by Expression (5).

Remark 4.1. Note that although IFα,β
satisfies the ad-

ditional properties (NP) and (OP), it is not always a
fuzzy implication function. For instance, if we consider
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α = 0 and β = 2 in Expression (5) and the Gödel im-
plication

IGD(x,y) =

{
1 if x ≤ y,
y if x > y,

we obtain

(IGD)F0,2
(x,y) =

{
1 if x ≤ y,
−2xy+2x+3y−2 if x > y,

which is not a fuzzy implication function since for all

x > y, we have that
∂ (IGD)F0,2

(x,y)

∂x = 2−2y > 0 and then
(IGD)F0,2

is not decreasing in the first variable.

Now let us investigate when IFα,β
is a fuzzy implication

function in the sense of Definition 2.2.

Theorem 4.1. Let F : [0,1]3 →R be a quadratic func-
tion of the form (2) and IF the binary function given by
(3). Suppose that IF = Iα,β , where

Iα,β (x,y) =αI(x,y)2 −βxI(x,y)−αyI(x,y)+βx+

αy+(1−α +β )I(x,y)−β

(6)
with α , β such that −1 ≤ β ≤ 0 and 0 ≤ α ≤ 1+β .
Then for each I in INP,OP, the function Iα,β is also in
INP,OP, that is, Iα,β is a fuzzy implication function that
fulfils (NP) and (OP).

Proof. Let us denote by P the region in R2 of all pairs
(α,β ) delimited by the restrictions given in the theo-
rem and depicted in Figure 1. Due to the convexity
of P, in order to prove the theorem, we only need to
prove that functions I0,0, I1,0 and I0,−1, corresponding
to the vertices of the region P, are fuzzy implication
functions satisfying (NP) and (OP).

- The function corresponding to the vertex (0,0) is
given by I0,0(x,y) = I(x,y), which is by hypothesis a
fuzzy implication function satisfying (NP) and (OP).

- The case corresponding to the vertex (0,−1) is given
by the function I0,−1(x,y) = xI(x,y)− x + 1. Let us
consider any x ∈ [0,1] and δ > 0, such that x + δ ∈
[0,1], and any fixed y ∈ [0,1]. We have that

I0,−1(x+δ ,y)− I0,−1(x,y)
= (x+δ )I(x+δ ,y)− (x+δ )+1− xI(x,y)+ x−1
= xI(x+δ ,y)+δ I(x+δ ,y)−δ − xI(x,y)
= x(I(x+δ ,y)− I(x,y))+δ (I(x+δ ,y)−1)≤ 0.

Last inequality is due to the fact that I(x + δ ,y)−
I(x,y)≤ 0 and I(x+δ ,y)−1 ≤ 0 since I is a fuzzy im-
plication function. Now, let us consider any y ∈ [0,1]
and δ > 0, such that y + δ ∈ [0,1], and any fixed
x ∈ [0,1]. We have that

I0,−1(x,y+δ )−I0,−1(x,y)= x(I(x,y+δ )−I(x,y))≥ 0

because I(x,y+δ )− I(x,y)≥ 0 due to the fact that I is
increasing in the second variable. Therefore, since (I3)
is also satisfied, I0,−1 is a fuzzy implication function.
Now, by Proposition 3.2-(i), it satisfies (NP). To prove
(OP), by Proposition 3.2-(ii), it satisfies (IP) and with
the monotonicities, I0,−1(x,y) = 1 for all x≤ y. Finally,
it is easy to prove that 0 ≤ I0,−1(x,y) = xI(x,y)− x+
1 < 1 for all x > y, thus fulfilling (OP).

- Finally, the case corresponding to the vertex (1,0) is
given by the function I1,0(x,y) = I2(x,y)−yI(x,y)+y.
Let us consider any x ∈ [0,1] and δ > 0, such that x+
δ ∈ [0,1], and any fixed y ∈ [0,1]. We have that

I1,0(x+δ ,y)− I1,0(x,y) = I2(x+δ ,y)− yI(x+δ ,y)
+y− I2(x,y)+ yI(x,y)− y = (I(x+δ ,y)− I(x,y))·
(−y+ I(x,y)+ I(x+δ ,y))≤ 0.

Last inequality is due to the fact that I is decreas-
ing in the first variable and that it satisfies (NP) and
consequently, I(x,y) ≥ y. Now, let us consider any
y ∈ [0,1] and δ > 0, such that y+ δ ∈ [0,1], and any
fixed x ∈ [0,1]. We have that

I1,0(x,y+δ )− I1,0(x,y) = I2(x,y+δ )− (y+δ )·
I(x,y+δ )+ y+δ − I2(x,y)+ yI(x,y)− y =
(I(x,y+δ )− I(x,y)) · (I(x,y)− y)+
δ (1− I(x,y+δ ))+(I2(x,y+δ )− I(x,y+δ )·
I(x,y))≥ 0.

Last inequality is due to the fact that I is increasing in
the second variable and that it satisfies (NP).

Analogously to the previous case, I1,0 satisfies (NP)
and I1,0(x,y) = 1 for all x ≤ y. We must prove that
I1,0(x,y)= I2(x,y)−yI(x,y)+y< 1 for all x> y. How-
ever, this is equivalent to show I2(x,y)− yI(x,y) <
1 − y for all x > y. Now, if we have in mind that
function I(x,y)(I(x,y)−y) with the conditions 0 ≤ y ≤
I(x,y) ≤ 1 takes values between 0 (when I(x,y) = y)
and 1−y (when I(x,y) = 1) the result follows immedi-
ately.

Finally, due to the convexity of the set of eligible pa-
rameter values P, each point (α,β ) ∈ P is a convex
combination of the vertices of P. The fuzzy implica-
tion function Iα,β corresponding to the point (α,β ) can
be expressed as the same convex combination of fuzzy
implication functions I0,0, I0,−1 and I1,0 corresponding
to the vertices of P. As the family of all fuzzy impli-
cation functions is a convex set [4, 5], Iα,β is a fuzzy
implication function and the theorem is proved. Note
that the convex combination preserves (NP) and (OP)

Theorem 4.1 gives a sufficient condition for our pur-
poses, let us now provide a necessary one in the fol-
lowing result.
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Theorem 4.2. Let F : [0,1]3 →R be a quadratic func-
tion of the form (2) and IF the binary function given by
(3). Suppose that for each I in INP,OP, the function
IF is also in INP,OP. Then IF = Iα,β given by Eq. (6)
with α , β such that −1 ≤ β ≤ 0, −1 ≤ α +β ≤ 1 and
α ≥ 0.

Proof. Let us denote by P∪P′ the region of all pairs
(α,β ) delimited by the restrictions of parameters given
in the theorem (see Figure 2) and suppose that for
each I in INP,OP, the function IF is also in INP,OP.
First of all, we already know from Proposition 4.1 that
the quadratic function F is of the form (5) and conse-
quently IF is an Iα,β of the form (6). Let us see that
parameters α,β are in P∪P′ through some steps.

• Let us consider I as the Gödel implication func-
tion. It is clear that IGD ∈INP,OP. A simple com-
putation leads to

Iα,β (x,y) =−βxy+ y(1+β )+βx−β

for all x > y. Moreover, it must fulfil that 0 ≤
Iα,β (x,y) < 1 for all x > y and, in particular, 0 ≤
Iα,β (x,0)< 1 which leads to −1 ≤ β ≤ 0.

• Similarly, the Fodor implication, which is given
by

IFD(x,y) =
{

1 if x ≤ y,
max{1− x,y} otherwise,

is in INP,OP and so is the corresponding Iα,β .
Again, a straightforward computation shows that

Iα,β (x,y) = (α +β )x2 − (α +β )x+αxy− x+1

for all x> y and 1−x≥ y. First, this operator must
be decreasing in the first variable. This implies
that 2(α+β )x−1−(α+β )+αy≤ 0 for all x> y
and 1−x ≥ y implying that −1 ≤ α +β ≤ 1. Sec-
ond, this operator must be increasing with respect
to the second variable, which leads to αx ≥ 0 for
all x ∈ [0,1] implying that α ≥ 0.

Joining Theorems 4.1 and 4.2 the characterization of
the whole region of parameter values which provide
quadratic construction methods of fuzzy implication
functions preserving (NP) and (OP) is not obtained.
Indeed, we only derive that such region must be be-
tween P and P′ (see again Figure 2). Note that the re-
gion would be characterized by P′ if the function I2,−1
corresponding to the vertex (2,−1) is a fuzzy implica-
tion function. This is still an open problem. On the
contrary, if such I2,−1 is not a fuzzy implication func-
tion then more restrictions would be necessary to char-
acterize the region between P and P′.

Figure 1: A set P of eligible pairs of coeficients (α,β )
for the quadratic construction of fuzzy implication
functions preserving (NP) and (OP).

Figure 2: Set P already described in Figure 1 jointly
with set P′ of potential eligible pairs of coefficients
(α,β ) for the quadratic construction of fuzzy impli-
cation functions preserving (NP) and (OP).

4.2 Quadratic constructions preserving (CP(Nc))
and (OP)

We will perform a similar analysis to the one carried
out in the previous subsection. This first result gives
some conditions on the parameters of the quadratic
function of the form (4) when function IF satisfies
(CP(Nc)) and (OP).
Proposition 4.2. Let F : [0,1]3 → R be a quadratic
function of the form (4) and I : [0,1]2 → [0,1] be a fuzzy
implication function that satisfies (CP(Nc)) and (OP).
If IF fulfils (CP(NC)) and (OP) then d +g− f = 0 and
d = 0.

Moreover, in this case, F is given by

Fα,β (x,y,z) =αz2 −βxz+βyz+βx−βy

+(1−α +β )z−β
(7)

where α,β ∈ R.
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Proof. Similar to the proof of Proposition 4.1 by using
Proposition 3.2-(ii) and (iii).

Remark 4.2. Note that although IFα,β
satisfies

(CP(Nc)) and (OP) it is not always a fuzzy implica-
tion function. For example, if we consider α = 0 and
β = 3 in Expression (7) and we apply the method to
the Rescher implication IRS, given by

IRS(x,y) =
{

1 if x ≤ y,
0 if x > y,

which satisfies (CP(Nc)) and (OP), we obtain

(IRS)F0,3
(x,y) =

{
1 if x ≤ y,
3(x− y−1) if x > y,

which is not a fuzzy implication function since
(IRS)F0,3

( 3
4 ,0

)
=− 3

4 .

Let us study when IFα,β
is a fuzzy implication function

that satisfies (CP(Nc)) and (OP).

Theorem 4.3. Let F : [0,1]3 →R be a quadratic func-
tion of the form (2) and IF the binary function given by
(3). Suppose that IF = Iα,β , where

Iα,β (x,y) =αI(x,y)2 −βxI(x,y)+βyI(x,y)+βx−βy

+(1−α +β )I(x,y)−β

(8)
with α , β such that −1 ≤ β ≤ 0, 1+β ≤ α ≤ −1−
β . Then for each I in ICP(Nc),OP, the function Iα,β is
also in ICP(Nc),OP, that is, Iα,β is a fuzzy implication
function that fulfils (CP(Nc)) and (OP).

Proof. Let P denote the region of all pairs (α,β ) em-
bedded by the restrictions given in the theorem (see
Figure 3). Due to the convexity of P, in order to prove
the result we only need to check that the operators
I−1,0, I0,−1 and I1,0 corresponding to the vertices of
the region P are fuzzy implication functions satisfying
(CP(Nc)) and (OP). We will show it step by step.

- The case corresponding to the vertex (−1,0) is given
by the function I−1,0(x,y) = −I2(x,y)+ 2I(x,y). Let
us check the monotonicities. Let us consider any x ∈
[0,1] and δ > 0, such that x+δ ∈ [0,1], and any fixed
y ∈ [0,1]. We have that

I−1,0(x+δ ,y)− I−1,0(x,y)
=−I2(x+δ ,y)+2I(x+δ ,y)+ I2(x,y)−2I(x,y)
= (I(x+δ ,y)− I(x,y))(2− I(x,y))
+(I(x,y)I(x+δ ,y)− I2(x+δ ,y))≤ 0.

The last inequality is due to the fact that I is decreasing
in the first variable. Now, let us consider any y ∈ [0,1]

and δ > 0, such that y+ δ ∈ [0,1], and any fixed x ∈
[0,1]. We have that

I−1,0(x,y+δ )− I−1,0(x,y)
=−I2(x,y+δ )+2I(x,y+δ )+ I2(x,y)−2I(x,y)
= (I(x,y+δ )− I(x,y))(1− I(x,y))
+(I(x,y+δ )− I(x,y))((1− I(x,y+δ ))≥ 0.

The last inequality is due to the fact that I is increas-
ing in the second variable. Therefore, since (I3) is also
satisfied, I−1,0 is a fuzzy implication function. Now,
by Proposition 3.2-(iii), it satisfies (CP(Nc)). To prove
(OP), by Proposition 3.2-(ii), it satisfies (IP) and with
the monotonicities, I−1,0(x,y) = 1 for all x≤ y. Finally,
it is easy to prove that 0 ≤ I−1,0(x,y) = −I2(x,y) +
2I(x,y)< 1 for all x > y, thus fulfilling (OP).

- The case corresponding to the vertex (0,−1) is pro-
vided by the function I0,−1(x,y) = xI(x,y)− yI(x,y)−
x+ y+1. Analogously, to the previous case, I0,−1 sat-
isfies (CP(Nc)) and I0,−1(x,y) = 1 for all x≤ y. Finally,
it is clear that 0 ≤ I0,−1(x,y) = xI(x,y)− yI(x,y)− x+
y+ 1 < 1 for all x > y since it is equivalent to show
that (x− y)(I(x,y)−1)< 0 for all x > y. Thus (OP) is
satisfied.

Now, we will prove the monotonicities. Let us consider
any x ∈ [0,1] and δ > 0, such that x+ δ ∈ [0,1], and
any fixed y ∈ [0,1] such that x > y. We have that

I0,−1(x+δ ,y)− I0,−1(x,y)
= (x+δ )I(x+δ ,y)− yI(x+δ ,y)− x−δ + y+1
−xI(x,y)+ yI(x,y)+ x− y−1
= (x− y)(I(x+δ ,y)− I(x,y))+δ (I(x+δ ,y)−1)
≤ 0.

The last inequality is due to the fact that I is decreasing
in the first variable and x > y. Let us check the other
monotonicity. Let us consider any y ∈ [0,1] and δ > 0,
such that y+ δ ∈ [0,1], and any fixed x ∈ [0,1] such
that x > y. We have that

I0,−1(x,y+δ )− I0,−1(x,y)
= xI(x,y+δ )− (y+δ )I(x,y+δ )− x+ y+δ +1
−xI(x,y)+ yI(x,y)+ x− y−1
= (x− y)(I(x,y+δ )− I(x,y))+δ (1− I(x,y+δ ))
≥ 0.

The last inequality is due to the fact that I is increasing
in the second variable and x > y.

- The case corresponding to the vertex (1,0) is given
by the function I1,0(x,y) = I2(x,y) that straightfor-
wardly it is a fuzzy implication function that satisfies
(CP(Nc)) and (OP) when I also satisfy them.

Due to the convexity of the set of eligible parame-
ter values P, each point (α,β ) ∈ P is a convex com-
bination of the vertices of P. The fuzzy implication
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Figure 3: A set P of eligible pairs of coefficients (α,β )
for the quadratic construction of fuzzy implications
preserving (CP(Nc)) and (OP).

function Iα,β corresponding to the point (α,β ) can be
expressed as the same convex combination of fuzzy
implication functions I−1,0, I0,−1 and I1,0 correspond-
ing to the vertices of P. As the family of all fuzzy
implication functions is a convex set [4, 5], Iα,β is a
fuzzy implication function and the theorem is proved.
Note that the convex combination preserves (OP) and
(CP(Nc)).

In a similar way as it was done in the previous subsec-
tion, now we want to investigate when IFα,β

is a fuzzy
implication function that satisfies (CP(Nc)) and (OP).
While Theorem 4.3 provides a sufficient condition for
our purposes, let us now present a necessary one in the
following result.

Theorem 4.4. Let F : [0,1]3 →R be a quadratic func-
tion of the form (2) and IF the binary function given
by (3). Suppose that for each I in ICP(Nc),OP, the
function IF is also in ICP(Nc),OP. Then IF = Iα,β

given by Eq. (8) with α,β such that −1 ≤ β ≤ 0 and
−1 ≤ α +β ≤ 1.

Proof. Let us denote by P∪P′ the region of all pairs
(α,β ) bounded by the restrictions of parameters given
in the theorem (see Figure 4) and suppose that for each
I in ICP(Nc),OP, the function IF is also in ICP(Nc),OP.
First of all we already know from Proposition 4.2 that
the quadratic function F is of the form (7) and conse-
quently IF is an Iα,β of the form (8). Let us see that
parameters α,β are in P∪P′ through some steps.

• Let us consider I the Rescher implication IRS. It
is obvious that IRS ∈ ICP(Nc),OP and we get that

Iα,β (x,y) = β (x− y−1)

for all x > y. Now, 0 ≤ Iα,β (x,y) < 1 must hold
for all x > y, that is, 0 ≤ β (x− y− 1) < 1 which
implies −1 ≤ β ≤ 0.

• Similarly, the Fodor implication is in ICP(Nc),OP
and so is the corresponding Iα,β . In this case, we

Figure 4: Set P already described in Figure 3 jointly
with set P′ of potential eligible pairs of coefficients
(α,β ) for the quadratic construction of fuzzy impli-
cation functions preserving (CP(Nc)) and (OP).

have that

Iα,β (x,y) = (α +β )x2 − (α +β )x−βxy− x+1

for all x > y and 1− x ≥ y. This operator must be
decreasing with respect to the first variable, that
is, 2x(α +β )− (α +β )−βy− 1 ≤ 0 must hold
for all x > y and 1−x ≥ y. In particular, if we take
y= 0 we have 2x(α+β )−(α+β )−1≤ 0 which
implies that −1 ≤ α +β ≤ 1.

Joining Theorems 4.3 and 4.4, unfortunately again the
characterization of the whole region of parameter val-
ues which provide quadratic construction methods of
fuzzy implication functions preserving (CP(Nc)) and
(OP) is not obtained. Such a region must be between
P and P′ (see again Figure 4).

5 Conclusions and Future Work

In this paper, the preservation of pairs of additional
properties via the construction method of fuzzy im-
plication functions from a given one and a quadratic
polynomial functions started in [7] has been resumed.
In particular, the cases corresponding to the preserva-
tion of (i) (NP) and (OP), (ii) (CP(Nc)) and (OP) have
been investigated. In both cases, sufficient conditions
to ensure the preservation are given, but the full charac-
terization of the quadratic construction methods which
preserve these pairs of additional properties remain un-
solved. Indeed, in both cases, two regions P∪P′ of pa-
rameter values are presented and the region is sought
is between P and P′.

In the future work, we plan to solve completely these
two problems as well as the open problem left in [7] on
the preservation of the pair (CP(Nc)) and (NP).
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